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ABSTRACT

We propose a quasi-Newton algorithm for solving large optimization problems with
nonlinear equality constraints. It is designed for problems with few degrees of free-
dom, and is motivated by the need to use sparse matrix factorizations. The algorithm
incorporates a correction vector that approximates the cross term Z'WYpy in or-
der to estimate the curvature in both the range and null spaces of the constraints.
The algorithm can be considered to be, in some sense, a practical implementation
of an algorithm of Coleman and Conn. We give conditions under which local and
superlinear convergence is obtained.

Key words. successive quadratic programming, reduced Hessian methods, constrained
optimization, quasi-Newton method, large-scale optimization.

Abbreviated title: A Reversed Coleman-Conn Method

1. Introduction.

We consider the nonlinear optimization problem
nin/(a;) (LD

subject to ¢(x) = 0, 1.2

where / : R" -> R and ¢ : R" > R™ are smooth functions. We assume that the first
derivatives of / and c are available, but our algorithm does not require second derivatives.

The successive quadratic programming (SQP) method for solving (1.1)-(1.2) gener-
ates, at an iterate £*, a search direction d* by solving

20 g(xifd+ 7 (fwd (13)




subject to c(x) + A(x)'d = 0, (1.4)

where g denotes the gradient of /, W denotes the Hessan of the Lagrangian function
L(x, A) = f(x) + \"c(x), and A denotes the n x m matrix of constraint gradients

A(z) = [Vei(z), ..., Vem(z)]. (15)
A new iterate is then computed as
Tk = Tk + agdy, (1.6)

where a is a steplength parameter chosen so as to reduce the value of the merit function.
In this study we continue to use the £\ merit function

<154 (X)M )N, (L7)

where \i is a penalty parameter; see for example Conn (1973), Han (1977) or Fletcher
(1987). We could have used other merit functions, but the essential points we want to
convey in thisarticle are not dependent upon the particular choice of the merit function.

The solution of the quadratic program (L3)-(1.4) can be written in a smple form if
we choose a suitable basis of R" to represent the search direction dy. For this purpose,
we introduce a nonsingular matrix of dimension n, which we write as

[YZi], (1.8)
where Y, e R™™ and Z, € R™("-™), and assume that
AZ, = 0. . (1.9)

(From now on we abbreviate A(xy) as Aw 9(Xx) as Ok, €tc.) Thus Zy is a basis for the
tangent space of the constraints. We can now express dy, the solution to (1.3)-(1.4), as

de = Yy + Zipy, (1.10)

for some vectors py 6 R™ and p, e R"~". Due to (1.9) the linear constraints (1.4)
become
cx + Al Yepy = 0. . (111)

If we assume that A, hasfull column rank then the nonsingularity of [Yy Z,) and equation
(1.9} imply that the matrix ALYy is nonsingular, so that py is determined by (1.11):

py = -[AL£ Y ]~ce (1.12)
Substituting thisin (1.10) we have
de = -YJAIY ]~ + Zep. (1L13)

Note that
YJAIYY (1.14)

isaright inverse of A£, and that the first term in (1.13) represents a particular solution
of the linear equations (1.4).




We have thus reduced the size of the SQP sub-problem which can now be expressed
exclusively in termsof the variablesp,. Indeed, substituting (1.10) into (1.3), considering
YkPy as constant, and ignoring constant terms, we obtain the unconstrained quadratic
problem

min - (Z20 + ZZWYdy)'p; + V2 (ZZWiZ )P (L15)
PzER"-

Assuming that Z%W,Z, is positive definite, the solution of (1.15) is
Pz =—(Z{WaZy) " [ti[gc + ZIWLYipy). (116)

This determines the search direction of the SQP method.

Weareparticularly interested in the class of problemsin which the number of variables
nislarge but n - missmall. In thiscase it is practical to approximate Z][\ViZx using
a variable metric formula such as BFGS. On the other hand, the matrix Z%W,Yy, of
dimension (n — m) x m may be too expensive to compute directly when m is large.
For this reason several authors smply ignore the "cross term”  Zj\ViYypy in (1.16) and
compute only an approximation to the reduced Hessan £*WZ,\ see Coleman and Conn
(1984), Nocedal and Overton (1985), and Xie (1991). This approach is quite adequate
when the basis matrices Yy and Z, in (1.8) are chosen to be orthonormal (Gurwitz and
Overton (1989)).

Therefore in this paper we approximate the cross term [Z*W,Yi]py by a vector w,

\Ue VWYpy £3 W, @1

without computing the matrix Z][WiYx. Instead we consider a finite difference approxi-
mation given by either:

wie = ZIIVL(X + Yipy, Xi) - VL(a*, A*)]. (1.18)

or
We = Z{X + Yipy) g0 + Yipy) - Zlgk (1.19)

2. Development of the revised algorithm

We will see that addition of the 'cross term® approximation can be done without sub-
stantially increasing the cost of the iteration, and we will show that the rate of conver-
gence of the new algorithm is 1-sep Q-superlinear, as opposed to the 2-step superlinear
rate for methods that ignore the cross term (Byrd (1985) and Yuan (1985)). The null
space step (1.16) of our algorithm will be given by

p, = -{ZIWZ)~[Zlge + Ohtifd, (2.2)
where 0 < Ok_< 1 isa damping factor to be discussed later on.

To approximate the reduced Hessan matrix Z"WiZy, Wit = VL L(XH, A*+i), we
have that

Zj Wear(Zes1 — 24) = 2§ (Vo L(@err, Mer1) - Vil {Xe Arern)]s (22)




when Xk+\ is close to x,- We use thisrelation to establish the following secant equation
for the quasi-Newton approximation to the reduced Hessan Z*WkzZ*

Bk+iSk = yk, (2.3)
with Sk and y* defined by
Sk = OLyp, (24)
and
Y = Z\W,L(xtu AitH) - ViL{x, A*+)] - W, (2.5)
or
VK = ZZ+igk+i - Z|gk - Wy, (26)
Here we define
Wi = a*[ZftVL(X* + npy, A*,y) - VL(s*,.A*.1)], 27)
or
Wi = adZ(@ib + Ypy)'g(x« + Yipy) - Z%gd], (2.8)

We will update By by the BFGS formula (cf. Fletcher (1987))

By 5,51 B, T

(2.9
szksk y{sk’ (29)

provided 5Yjfib is sufficiently positive and use this matrix for the nullspace step:
Pz = -iBy)-[2%g, + Cfdiifd, (2.10)

We would like to highlight a subtle, but important point. We have defined two correction
terms, wy and W,. Both are approximations to the cross term (ZTWY)py. The first
term, w,; which is needed to define the null space step (2.1) - and thus the new iterate
XjbH. The second term, WK, which is used in (2.5) to define the BFGS update of 7%, is
computed using the new multiplier A+, and also takes into account the steplength a*.
The Lagrange multiplier estimates A* needed in the definition (2.5) of y* will be

defined by
A = —{YT A Y g (2.11)

This formula is motivated by the fact that, at a solution x* of (1.1)-(1.2), we have
-j * = A*A and since YAjIAYi]"t isaright inverse of AE,

X. = \Y?A]-'Y?g..

Using the same right inverse (1.14) in the definitions of py and A* will allow us a con-
venient simplification in the formulae presented in the following sections. We stress,
however, that other Lagrange multiplier estimates can be used, or multiplier estimates
may also be avoided if (1.19), (2.8) and (2.6) are used.

2.1. Update Criterion.

It is wel known that the BFGS update (2.9) is well defined only if the curvature con-
dition sEyx > 0 is satisfied. This condition can always be enforced in the unconstrained
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case by performing an appropriate line search; see for example Fletcher (1987). However
when constraints are present the curvature condition §[yx > 0 can be difficult to obtain,
even near the solution.

To see this we first note from (2.5), (2.4) and from the Mean Value Theorem that

Yk

Zl \lJ V izL(zt + 'rakdk,,\kﬂ)df] apdy — Wy,

= Z|Wkakdk-Wk
= ZZWZ& + aZ* EWYpy-Wi (2.12)
where we have defined
Wi = 11 VA L(x + rad, Xy)dr. (2.13)
Jo
Thus .
s{yk = sf (ZEWka)\ $k + oty s [\Z" W, Yy ])py — SW. (2.19)

Near the solution, the first term on the right hand side will be positive since ZjW,Z
can be assumed positive definite. Nevertheless the last two terms are of uncertain sign
and can make gyx negative. Several reduced Hessian methods in the literature set Wy
equal to zero for all A, and update By only if py is small enough compared with s that
the first term in the right hand side of (2.14) dominates the second term (see Nocedal
and Overton (1985), Gurwitz and Overton (1989), and Xie (1991)).

Also, skipping the BFGS update is desirable in some circumstances and we now
present a strategy for deciding when to do so. Here we define a, = max[\\g\\, ||e* +i||
where g, = xx — #¢ and a, converges to zero if the iterates converge to x*.

Update Criterion I.

Choose a constant® > 0 and a sequence of positive numbers {j} such that EgT** < oo.

o Ifwg is set to zero and if both s*y, > 0 and
| < "%
lovll < mellpel (2.15)

hold at iteration k, then update the matrix Bk by means of the BFGSformula (2.9)
with s¢ and yx given by (2.4) <*nd (2.5). Otherwise, set By+\ = By.

» |fWkis computed by finite differences and if both sEyy > 0 and

|lpv||<7r d||Pz||/ai" (2.16)

hold at iteration k, then update the matrix By by means of the BFGSformula (2.9)
with s and yx given by (2.4) and (2.5). Otherwise, set By +i = By.

Note that a, requires knowledge of the solution vector x«, and is therefore not com-
putable. However we will later see that a; can be replaced by any quantity which is of
the same order as the error g, for example the optimality conditions (||Zjpfc|| + [jegl])-
Nevertheless for convenience we will leave a, in (2.16).




We now closely consider the properties of the BFGS matrices B, when Update Cri-
terion | isused. Let us define

T
codfr =/* 2* Ex (217)
8K\ WBK8K\\
which, as we will see, is a measure of the goodness of the null space step ZkVz- We begin
by restating a theorem from Byrd and Nocedal (1989) regarding the behavior of cos6k
when the matrix £* is updated by the BFGS formula.

Theorem 2.1 Let {Bk} be generated by the BFGS formula (29) where, for al k> \,
Sk~ 0 and

™
%" > m>0 (2.18)
3% 8k

2
Ioel” g, (219)
Yi, Sk

Then, there exig condants /3i,02,(h > 0 such that, for any k>1, the relations

o0 >_ fii (2.20)
ms"l%?ﬁﬂ < fh 221)
3

hold for at least \"k] values of j € [l fe].

Thistheorem refersto theiterates for which BFGS updating takes place, but since for
the other iterates Bk+\ = B*, the theorem characterizes the whole sequence of matrices
{Bit}. Theorem 2.1 states that, if s\, is always sufficiently positive, in the sense that
conditions (2.18) and (2.19) are satisfied, then at least half of the iterates at which
updating takes place are such that cosOj is bounded away from zero and Bj§ = 0(||s;{|).
Since it will be useful to refer easily to these iterates, we make the following definition.

Definition 2.1 We define J to be the set of iterates for which BFGS updating takes
place and for which (2.20) and (2.21) hold. We call J the set of "good iterates’, and
define Jx = Jn {1,2, ..*&}.

Note that if the matrices B¢ are updated only a finite number of times, their condition
number is bounded, and (2.20)-(2.21) are satisfied for all k. Thus in this case all iterates
are good iterates.

We now study the case when BFGS updating takes place an infinite number of times.
Assume that all functions under consideration are smooth and bounded. If at a solution
point x* the reduced Hessian ZjW+Z* is positive definite, then for all x* in a neigh-
borhood of x+ the smallest eigenvalue of ZQV\7ka is bounded away from zero (W* is
defined in (2.13)). We now show that in such a neighborhood Update Criterion | implies
(2.18)-(2.19).

If WK is computed by the finite difference formula (2.7), we see from (2.5) and the
Mean Value theorem that there is a matrix Wk such that

Vk = ?{[VL(zkﬂv\Hl) - VL(Ik + o Yipv, '\k+l)]
= .ZEW@}Z}sk.




(A dlightly more involved relation follows from (2.6).)

Nevertheless, (2.18)-(2.19) are satisfied in the case when finite differences are used.
These arguments show that, in a neighborhood of the solution and whenever BFGS
updating of Bk takes place, §jTy* is sufficiently positive, as stipulated by (2.18)-(2.19).

2.2. Choosing /J* and Ot-

We will now see that by appropriately choosing the penalty parameter \iy and the
damping parameter Ot for it;*, the search direction generated by our method is always
a descent direction for the merit function. Moreover, for the good iterates J, it is a
direction of strong descent.

Since dy satisfies the linearized constraint (1.11) it is easy to show (see eq. (2.24) of
Byrd and Nocedal (1991)) that the directional derivative of the I\ merit function in the
direction dk is given by

D4>pk(Xk;dk) = gldk - Al*”<*"| (222)

The fact that the same right inverse of A£ is used in (1.12) and (2.11) implies that
9 Yiry = \lce. (2.23)
Recalling the decomposition (1.10) and using (2.23) we obtain

Déy(zisde} = gf Zipz - N\C\\ +Afex
= (Z89 + Gwe) oz — Guwips — mellels + Mae.  (224)

Now from (2.4) and (2.10) we have that
BkSk = -ot{Zlgk + OkW*). (2.25)
Substituting this in (2.17) we obtain

cos0, - T°KOk+<:w)'p,

Recalling the inequality Aj[ot < [JAjblloo|Qblli. and using (2.26) in (2.24) we obtain, for all
*

D<f>N (X dk) < -\ZZgy + Okay ||pz||cosO* - Ckwfoz " (P* ~ I|JA*lloo)lIQK]i.  (2.27)
Note also from (2.25) and (2.4) that

INI llpzll (2.28)

IBrsell = 1128 ge + Geuwnell’

We now concentrate on the good iterates J, as given in Definition 2.1. 1fj e J, we have
from (2.28) and (2.21) that




Using thisand (2.20) in (2.27) we obtain, for j € J,

D<ty(xyd) < M 2 gj+Gw; f eosd; — GeuT P = (s ~ Aslloo) lesth

IN

2¢:c080; .
= ‘%"zi""gf“z“"—"'cf}'f (o7 Zjw;) - T oS - (1 — IMsllooNicslhn,

where we have dropped the non-positive term —C* “°*jiI"Sill%/A3- Since we can assume
that /23 > 1 (it is defined as an upper bound in (2.21)), we have

Dt dj) < AWZIG\2 + AcosrIAZ A - CiwfpP] - (4 - IIANUIIGHI.

It is now clear that if -

2Cicosg\giZw\ - (jwjpP <. pWcjWu (2.30)
for some constant p, and if .
H>Ui\\co + 2p, (2.32)
then for all j 6 J,
Dtrdj) < _-2j l—\l\ngj\\Z -PIICA. (2.32)

This means that if (2.30) and (2.31) hold, then for the good iterates, | € J, the search
direction dj is a strong direction of descent for the t\ merit function in the sense that
the first order reduction is proportional to the KKT error.
We will choose C* so that (2.30) holds for all iterations. To see how to do this we
note from (2.10) that
pz=—B; & gr—viDp wi,

%0 that for j = A; (2.30) can be written as

Cx[2cos Oklgf Zwe| + wi B Y2 gi + CKVEBZ'W] < plcih. (2.33)

It is clear that this condition is satisfied for a sufficiently small and positive value of (-
Specifically, at the beginning of the algorithm we choose a constant p > 0 and, at every
iteration fc, define

a = min{l,&} (2.34)

where (i is the largest value that satisfies (2.33) as an equality.
The penalty parameter px must satisfy (2.31), so we define it at every iteration of
the algorithm by

-l if Mfci 2 f{Aklloo + 20 (2.35)

e o ~ P*|loo +3p otherwise.

The damping factor Ob and the updating formula for the penalty parameter fiy have
been defined so as to give strong descent for the good iterates J. We now show that
they ensure that the search direction is also a direction of descent (but not necessarily of
strong descent) for the other iterates, k £ J. Since (2.30) holds for all iterations by our
choice of £fic, we have in particular

~Cewi pz < plickllr.
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Using this and (2.35) in (2.27), we have
Dy, (zx; ) < —11ZF gx + Crweell llpzl| cos B -pkilck\li. (2.36)

The directional derivative is thus non-positive. Furthermore, since Wk = 0 whenever
Ck =0, it is easy to show that this directional derivative can only be zero at a stationary
point of problem (1.1)-(1.2). Note, as shown in (Biegler et al (1996)) that the condition
on pk can also be replaced by a weaker condition:

pellelii > \GIYpy\ (2.37)

and the same results hold, without calculation of the multipliers.

2.3. The Algorithm

We can now give a complete description of the algorithm that incorporates all the
ideas discussed so far, and that specifies when to apply finite differences to approximate
the crossterm. Theideaisto consder therelative sizes of py and p,. Update Criterion |
generates the three regions i2i,i?2 and R$ as shown in (Biegler et al (1995)). The
algorithm starts by calculating py and p, with Wk = Wk = 0. If the search direction is
in iJi, we proceed. Otherwise we recompute Wk by finite differences, use this value to
recompute p,, and proceed. The reason for applying finite differences in this fashion is
that in the regions R2 and R3 the convergence path is not sufficiently tangential to the
constraints to give a superlinear step. Therefore we need to resort to finite differences to
obtain a good estimate of w*. The mativation behind this strategy will become clearer
when we study the rate of convergence of the algorithm in 85.

Note from Updating Criterion | that the BFGS update of Bk is skipped if the search
direction isin R$. A precise description of the algorithm follows.

Algorithm |

1. Choose constants g e (0,1/2), p>0and T,T* withO<r <r' <1, and 74 > 0
for (2.16). For (2.15), sdlect a summable sequence of positive numbers {7*}. Set
k := 1 and choose a starting point x\, an initial value p.\ for the penalty parameter,
an (n -m) x (n-m) symmetric and positive definite starting matrix B\.

2. Evaluate /* ,£* ,<* and J4*, and compute V* and Z*.
3. Set findiff =false, Wk = TU* = 0 and compute py by solving the system
(AlYK)py = -c*. (range space step) (2.38)
4. Computep, from
BkPz = —Z]zék— (null space step) (2.39)

5. If (2.15) is not satisfied and <7k < S, a preset tolerance, set findiff = true and
recompute WK from equation (1.18) or (1.19).

6. If findiff = true use this new value of WKk to choose the damping parameter (* from
equations (2.33) and (2.34) and recompute p, from equation (2.10).

9




7. Define the search direction by
dk = Yepy + Zkpa (2.40)
andseta,=1.

8. Test the line search condition
tfVijb(* +3%%) < <t>n(**) + V<*kD<f>n{x dJ. (241)
9. If (241) is not satisfied, choose a new a* € [ra,T'a] and go to 9; otherwise set
X=X+ k. (2.42)

10. Evaluate /*+ii0* +i>*+ii A+ and compute Y,+x and Zic.i-
11. Compute the Lagrange multiplier estimate
A =-[ YAANT YAgNU (2.43)
and update fix so as to satisfy (2.35).
12. Ufindiff = true calculate Wi by (2.7) or (2.8).
13. If 'y < 0 or if (2.16) is not satisfied, set £fcti = By. Else, compute

S = apz (2.44)
Yo = Z\YL{X+\W) - VL(X*, Awid)] - Wy (245
and compute £fcH by the BFGS formula (2.9).
14. Setk:=A +1,andgoto 3.

In the next sections we present several convergence results for Algorithm 1. The
analysis, which does not assume that the BFGS matrices B, are bounded, is based on the
results of Byrd and Nocedal (1991), who have studied the convergence of the Coleman-
Conn updating algorithm. We also make use of some results of Xie (1991), who has
analyzed the algorithm proposed by Nocedal and Overton (1985) using non-orthogonal
bases Y and Z. The main difference between this paper and that of Xie stems from our
use of the correction terms w, and Wy, which are not employed in his method.

3. Semi-Local Behavior of the Algorithm.

Wefirst show that the merit function <f> decreases significantly at the good iterates J,
and that this gives the algorithm a weak convergence property. To establish the results
of this section we make the following assumptions.

Assumptions 3.1 The sequence {x} generated by Algorithm | is contained in a convex
set D with the following properties.

(1) The functions/ : R" -> Rand ¢ : R" -> R™ and their first and second derivatives
are uniformly bounded in norm over D.
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(1) The matrix A(x) has full column rank for all x e D, and there exist constants 70
and Po such that

WYOOLAK) YY) <70, IZ()|| < A), (3.1
for all x e D.

(I11) Thecorrection term WK is chosen so that thereis a constant K > 0 such that for all
IKII<|c¥]]. (32
(V) For all k > 1 for which By is updated, (2.18) and (2.19) hold.

Note that condition (1) is rather strong, since it would often be satisfied only if
D is bounded, and it is far from certain that the iterates will remain in a bounded
set. Nevertheless the convergence result of this section can be combined with the local
analysis of 84 to give a satisfactory semi-global result. Condition (I1) requires that the
basis matrices Y and Z be chosen carefully, and is important to obtain good behavior in
practice. Note that (3.1) and (2.38) imply that

|[NPYj <7ol|c*||. (33

Relation (3.2) holds for the finite difference approach, since (1.18) implies that wy =
O(YKPy), and since (1) ensures that {||cfc|[} is uniformly bounded (see (4.19)). Condition
(1V) isjustified in the last paragraphs of §2.1, where it is shown that (2.18) and (2.19)
are satisfied whenever BFGS updating takes place in a neighborhood of a solution point.
Condition (1V) and Theorem 2.1 ensure that at least half of the iterates at which BFGS
updating takes place are good iterates. The following result concerns the good iterates
J, as given in Definition 2.1.

Lemma 3.1 If Assumptions 3.1 hold and if\ij = /z is constant for all sufficiently large
J, then there is a positive constant 7* such that for all largej G J,

bu(z5) — bu(@isa) 2 % [1276ill? + IMIi] o (34)

Proof. Follows exactly as in (Biegler et al (1995))
It is now easy to show that the penalty parameter settles down, and that the set of
iterates is not bounded away from stationary points of the problem.

Theorem 3.2 If Assumptions 3.1 hold, then the weights {/i*} are constant for all suffi-
ciently large k and

lizn inf (| 27 gell + llexll) = 0.

Proof. Follows exactly as in (Biegler et al (1995))

4. Local Convergence

In this section we show that if x* is a local minimizer that satisfies the second order
optimality conditions, and if the penalty parameter /i* is chosen large enough, then Z*
is a point of attraction for the sequence of iterates {z*} generated by Algorithm I. To

n




prove this result we will make the following assumptlons In what follows G denotes the
reduced Hessan of the Lagrangian function, i.e.

Gk = Z*[V2ul (Xiy\W) Zi. (4.1)

Assumptions 4.1 The point x+ is a local minimizer for problem (1.1)-(1.2) at which
the following conditions hold.

(1) Thefunctions/: R" -* Rand c: R" -+ R™ aretwice continuoudly differentiablein
aneighborhood of x«, and their Hessians are Lipschitz continuous in a neighbor hood
of X*.

(2 The matrix A(x*) has full column rank. This implies that there exists a vector
A* G R™ such that
VL(x*, A*¥) = g(x*) + A(X*)\y =

(3) For all qGR™™, g” 0, we have q'G+q > 0.
(4) Thereexist constants 70, /2 and y, such that, for al rr in a neighborhood of x*,
WOOLAK)YO)l-W\ < 20, [1Z(*)] < A), 4.2)
and
Ty ()Z ()]-*[ks7e. (43

(5) Z(x) and X(x) are Lipschitz continuous in a neighborhood of rr*, i.e. there exist
constants y, and 7A such that

MA@ =A@ £ wliz.« (4.4)
WZ(X) - ZOW £ YAX-A, (4.5)

for all x,z near x».

Note that (1), (3) and (5) imply that for all (x,A) sufficiently near (x,,A,), and for all
geR"-"
m|M <" C2(x,A)e<M |glI%, ' (4.6)

for some positive constants m,M. We also note that Assumptions 4.1 ensure that the
conditions (2.18)-(2.19) required by Theorem 2.1 hold whenever BFGS updating takes
place in a neighborhood of x*, as argued at the end of §83.3. Therefore Theorem 2.1 can
be applied in the convergence analysis.

The following two lemmas are proved by Xie (1991) for very general choices of Y and
Z. Ther result generalizes Lemmas 3.1 and 4.2 of Byrd and Nocedal (1991); see also
Powel (1978).

Lemma4.1 If Assumptions J*.| hold, then for all x sufficiently near x+
Till* - x\\ < [lc()]| + WZ{X)"gDON < 72[]x - x|, 4.7)

for some positive constants 71,72-




This result states that, near g*, the quantities c(x) and Z(x)'g(x) may be regarded
as a measure of the error a x. The next lemma states that, for a large enough weight,
the merit function may also be regarded as a measure of the error.

Lemma 4.2 Suppose that Assumptions 4-1 hold at x,,, Thenfor any fi > |JA«<oo there
exist constants 73 > 0 and 74 > 0, such that for all x sufficiently near x«

73X - X.J? < 4,(X) - *,(«) < 74 [||Z(2)"0@)|P + H*)h] e 49

Note that the Ieft ineguality in (4.8) implies that for a sufficiently large value of the
penaty parameter, the merit function will have a strong local minimizer at 2*. We
will now use the descent property of Algorithm | to show convergence of the agorithm.
However, due to the non-convexity of the problem, the line search could generate a step
that decreases the merit function but that takes us awvay from the neighborhood of z».
To rule this out we make the following assumption.

Assumption 4.2 The line search has the property that, for al large k, *((1 — O)xk +
OffcH) < <f>n{xk) for all 0e[0,1]. In other words, Xk+i isin the connected component of
the levd sat {x: <Bu(¥) <.<f>n(x)} that contains x.

There is no practical line search algorithm that can guarantee this condition, but it
is likely to hold cose to rr«. Assumption 4.2 is made by Byrd, Nocedd and Y uan (1987)
when analyzing the convergence of variable metric methods for unconstrained problems,
as wdl as by Byrd and Nocedd (1991) in the anayss of Coleman-Conn updates for
equality constrained optimization.

L emma 4.3 Suppose that theiteratesgenerated by Algorithm| are contained in a convex
region D satisfying Assumptions 3.1 If an iterate X, is sufficiently close to a solution
point x* that satisfies Assumptions 4-1, and if the weight fi,, is large enough, then the
sequenceofiteratesconvergestox+.

Proof. Follows exactly as in (Biegler et a (1995)).

4.1. R-Linear Convergence.

For the rest of the paper we assume that the iterates generated by Algorithm |
converge to 2*, which implies that for al large A, /z2 = fi > ||A,||. The analysis that
follows depends on how often BFGS updating is applied, and to make this concept precise
we define U to be the set of iterates at which BFGS updating takes place,

U = {k: Bpy| = BFGS(B, s, uk)}, (4.9)

and let
% = tfn{l, 2,...,*}. (4.10)

The number of elements in Uy will be denoted by \U,\.

Theorem 4.4 Suppose that the iterates {x} generated by Algorithm | converge to a
point x, that satisfies Assumptions 4-1- Then for any k eU and any j >k

llz; ~ z.il < Criv, (41

for some constantsC> 0Oand0<r< 1.




Proof. Follows exactly asin (Biegler et a (1995)).

This result implies that if {|£*1/&} is bounded away from zero, then Algorithm | is
R-linearly convergent. However, BFGS updating could take place only a finite number
of times, in which case this ratio would converge to zero. It is aso possible for BFGS
updating to take place an infinite number of times, but every time less often, in such a
way that \UKVk -> 0. We therefore need to examine the iteration more closaly.

We make use of the matrix function ip defined by

¥(B) = tr(B) - In(det(B)), (4.12)
where tr denotes the trace, and det the determinant. It can be shown that
Incond(B) < ~(B), (413

for any positive definite matrix B (Byrd and Noceda (1989)). We aso make use of the
weighted quantities

i = G7'%y,, § = GJ%s, (4.14)
By = G:"?£*G;?, (4.15)
. iThe.
= Tk (+19)
and ) 5;{3&5&
= T 4.17)

One can show (see eg. (3.22) of Byrd and Noceda (1989)) that if By is updated by
the BFGS formula then

P % RN N
Y{Bry1) = v{B:) + E 1 ln-s'-z?k + Incos® 6
* l' B kaéfu;] ¥ (418)

This expression characterizes the behavior of the BFGS matrices 'Bk, and will be
crucia to the analysis of this section. However before we can make use of this relation
we need to consider the accuracy of the correction terms. We begin by showing that when
finite differences are used to estimate Wk and 1Ujt, these are accurate to second order.

Lemma4.5 // at the iterate Xk, the corrections Wk and Wk are computed by the finite
differenceformulae (1.18)-(2.7) or (1.19)-(2.8); and ifxk issufficiently close to a solution
point x* that satisfies Assumptions 4-1, then

wi = O(lipvll), (4.19)
IK - Z2W.Ypy\\ = Ofollpvil) (4.20)

and _
W - ZJW.YEHTrW = O(adipv])). (4.21)
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Proof. The proof for the formulae (1.18)-(2.7) follow exactly as in (Biegler et a (1995)),
while the proof for the formulae (1.19)-(2.8) follow exactly as in (Biegler et a (1996)).

Next we show that the condition number of the matrices Bk is bounded, and that
a the iterates U at which BFGS updating takes place the matrices Bk axe accurate
approximations of the reduced Hessian of the Lagrangian.

Theorem 4.6 Suppose that the iterates {xk} generated by Algorithm | converge to a
solution point x+ that satisfies Assumptions4.1. Then{|I£*|} and {H-B"!!} are bounded,
and for all k €U

NE* - Z2W.Z)pA\ = of|l<f]]). (4.22)

Proof. Here we consider only the definition of y, using (2.5). A similar proof using (2.6)
fdlows aong the linesshown in (Biegler et al, 1996). We will only consider iterates k for
which BFGS updating of By takes place. We have from (2.45), (2.42), (2.40), (2.13) and
(2.44)

Yo = ZFIVL(Zr41, Me41) — VEI(Tky A1)} — B
R
= ZJ B’ VZXXL{Xk + Takdk, A*+1)<fTJ akdk - W
0 _

= ZIWi(Zeps + Yipy) — W
= ZTWiZisk + ap{ZT Wi — 2TW.)Yapy + (ax ZTW.Yipy — W), (4.23)

Since W is either zero or computed by finite differences, we need to consider these two
cases separately.

Part |. Let usfirst assume that Wk is zero. A simple computation shows that || 2T W, —
Zj W.||= O(ay). Usng Assumptions 4.1 in (4.23) we have

ve = 2Zf “-:kzksk + (ox + D)O(arlipv )
= (ZTWiZr — G.)sk + Gasy + (o + DO(axllpvl)- (4.24)

Recalling (4.14) and noting that Sk = yjsk we have
yj§* = SW(ZIWiZi - G)sc + \&f + @ +1)0(exlipvl)5kll,

gnce [sfd and ||s*|| are of the same order. Therefore

~T = TsTIX
i 8k 3x (ZEWLZ, — G,)sp ("aﬂ’v")
Peok g% e +(ox + 1)0 (XSEExD
T 5l (@ + DO 5,7
= 140(ox) +{ox+1)0 (M) . (4.25)

Similarly from (4.24) and (4.14) we have

fok _<  WawaGAIGH! + 2{AWizeG)s\ [GTY piell + prcll

1
+2(a + NO(laicpvIDIIGSI (P11 + WZWAZK - G)sWNG:AY
+(ox + 1)°0(llarerr])’




and thus

lgel? 2 (uakpvn)
TN <14 0(ox) + (1 +0x)*0 Tl (4.26)

At this point we invoke the update criterion, and note from (2.15) that if BFGS
updating of By takes place at iteration fc, then |[afcpy|| < 7fcjgbl| where {7*} is summable.
Using this, the assumption that a, converges to zero, and (4.25) we see that for large k

9L &k
rh-,;,gl;? =1+ O[a'k + 'Yk)3 (427)
L [
and using (4.26) 15 _ 1+ O(ox + ).
Therefore — = =1+ Olox + %) (4.28)
Vi 3k | ¥k "5

We now consider ip(ﬂ}!tdjzgive,wl N w

i8). A simple expansion shows that for large
it, In(l + O(<jx +7*)) = O{ax + 7*). Using this, (4.27) and (4.28) we have
r ~ -1
$(Bra) = $(Be) + 0@ + 1) + oS G & 11 - —Tom 4 n~AT| o (429)
L A COStic]
Note that for x 2.0 the function 1 — x 4- Inx is non-positive, implying that the term in
square brackets is non-positive, and that Incos?6” is also non-positive. We can therefore

delete these terms to obtain

*{BiH) < *{BW) + O(ax + 710). (4.30)

Before proceeding further we show that a smilar expression holds when finite differences -
are used.

Part 1. Let us now consider the iterates k for which updating takes place and for which
Wy is computed by finite differences. In this case (2.16) holds. Again we begin by
consdering (4.23),

Yo = ZEWZise + alZWk - Z2WH)Ypy + (@ZiWFYipy - ).
Using (4.21) the last term is of order O*(ctjfdpY|)> and so is the second term. Thus

Yo = ZIWZs + Ofaal\p\)

Noting that y£& = yEsc and recalling the definition (4.14) we have
V& = SZWWZe - G)sc + W\ + Ofoxaxlipvllllael),

since |[s'fd and ||sfc|| are of the same order. Therefore

Fd 1+_sl(zlwkzk_-G_)&+o(akM)

W5 \? | li3ell
= 1+O(0k)+OAtIE"). (412)
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Similarly from (4.31) and (4.14) we have

Toe < NZEWize - G)sH\BA 2R HaEZ -G 1116221 W, + P
+<1,0 (\aey\WG;h\ [foil + \{ZIW.Z, -G.)skuuc:""u])
\

+3O0(llewpvl))?,

and thus

eI ("akp\'") 20 [ Nowpeli?
=2 <1+ 0(0x) + 00| ——— | + 00 | ——5— | - 4.33)
e <1 ¥ O ARG ‘
We now invoke Update Criterion |, and note from (2.16) that if BFGS updating of
B, takes place at iteration A, then ||py|| < 7fdlbz||/~’2. Using this, (4.32) and the fact
that ak converges to zero, we see that for large k

"T"'

Yi Sk 1/2
—-_— = 1 + O '
Ical2 (@)

and using (4.33)

o112
el _ , , o172,
\h\\>
Therefore _
IR
Tk 3k \\Sﬂ?\)‘;lg; .
We now consider ip{Bk+i) given by (4.18). Noting that In(l +o{G\3) = O(a\'?) for all
large A, we see that if updating takes place at iteration A,

=1+06J ). (4.34})

$(Bes1) = $(Be) + (G2 + INcoS 6+ [I - - A - +1n- 2-1.—] . (4.35)
_ [ cos*» COS*r ]

Since both Incos? 6 as well as the term inside the square brackets are non-positive, we
can delete them to obtain

ABw)<MBY)  + O(GYD. (4.36)

We now combine the results of Parts | and |l of this proof. Let us subdivide the set of
iterates U for which BFGS updating takes place into two subsets: U' corresponds to the
iterates in which Wi, = 0, and U" to the iterates in which finite differences are used. We
also defineU'y = U'D {1,2, ..A;} and U% = U" d{1,2,..A;}.

Summing over the set of iterates in Uy, using (4.30) and (4.36), and noting that
B;4y = Bj for j £ Uy, we have

+By) <IP(B) +C, £ G¥?+C, £ 0i +C; £ 4, (4.37)

jeuy jeul Jeu,
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for some constants Ci,C,,C$. By (4.11) and since \U![\ < \Uj\,

EaT N E cvrlue

j€u” j€u"

< Y oMl
jeu"”
U\

— Clﬂrsf?
=1

< 00.

Similarly
E 2} <eo,

jeu
and since {7*} is summable we conclude from (4.37) that {i/)(BQ_} is bounded above. By
(4.12) t/j{By) = 5Z2=("t ~— Ini*), where I{ are the eigenvaues of £, and it is easy to see
that this implies that both [[2*d| and HB"H are bounded.

To prove (4.22), we sum relations (4.29) and (4.35), recdling that o®, 7" and a* are
summable, to obtain

$(Bei) < C+ E fincos @+ [| - - +|n—%]),
. hinias X cos gk

J vk

for some constant C. Since ip(B+\) > 0, and since both Incos’ 0, and the term inside
the sguare brackets are non-positive we see that

lim Incos® O* =0,

fc-*oo

k€U
and

- -

limj1l-—++In “-J—}O.
i—e'zgl cos? 0 cos? 8,

Now, for x > 0 thefunction 1—a; +Inx is concave and hasits unique maximizer at x = 1.
Therefore the relations above imply that

limcosCr: = lim G = 1. (4.38)
fc-400 fféffp
keu

Now from (4-16)-(4.17)

WG:"2(By . -C20PZI 12 _ 1(5*-nhw?

) Tz
1Gi?pzl|? 15
HBidrl® — 257 Bysy + 315

=2
Qi -

It is clear from (4.38) that the last term converges to O for k € U, which implies that
(4.22) holds.




u

This result immediately impliesthat the iterates are R-linearly convergent, regardiess
of how often updating takes place.

Theorem 4.7 Suppose that the iterates {x} generated by Algorithm | converge to a
solution point x* that satisfies Assumptions 4-1- Then the rate of convergenceis at least
R-linear.

Proof. Theorem 4.6 impliesthat the condition number of the matrices {J3*} is bounded.
Therefore all the iterates are good iterates, and reasoning as in the proof of Theorem 4.4
we conclude that for all j ‘

flz; -zl < Cr,

for some constantsC> 0and 0<r < 1.

5. Superlinear Convergence

Without the correction terms wy and Wy, and using appropriate update criteria, Al-
gorithm | is 2-step Q-superlinearly convergent. This was proved by Noceda and Overton
(1985) assuming that Y, and Z, are orthogonal bases, and assuming that a good starting
matrix B\ is used. This result has been extended by Xie (1991) for more genera bases
and for any starting matrix B\ > 0. In this section we will show that if the correction
terms are used in Algorithm I, the rate of convergence is 1-sep Q superlinear. This re-
ault is possible by Update Criterion | and by the selected application of finite difference
approximations, which dlow BFGS updating to occur more frequently.

Of course, to establish superlinear convergence we need to ensure that the steplengths
a have the vaue 1 for al large k. We assume that the iterates generated by Algorithm |
converge R-linearly to asolution and that unit steplengths are taken for al large k. There
are a number of stepsize strategies (e.g., Watchdog, second order corrections) that will
ensure unit steps near the solution. We begin by showing that the damping parameter
O usd in (2.39) to ensure that descent directions are aways generated, has the vaue
of 1 for al large A,

" We have shown in Theorem 5.6 that HB™!! is bounded above. Also (4.19), (4.2) and
(2.38) show that, when finite differences are used, wi = O(]|py||) = OflkkH). Noting that
Il IL< Il « 111, we therefore see that there is aconstant C such that the left hand side of
(2.33) can be bounded by

Ge[2cos Bilgf Zywe| + wi By Z{ gy + Cewf By i) < [GeClllexll + Cellendl)lck

ance g%z, = O(|leik|[). As the iterates converge to the solution, and since (x < 1, the
term insde the square brackets is less than the constant p given in (2.33), showing that
C* = 1 for dl large k. This, and the remarks made at the end of 84 show that al the
safeguards included in Algorithm | become inactive asymptotically.

The accuracy of wy and By in a neighborhood close to the solution lead to the
following lemma, which is an application of the well-known result of Boggs, Tolle and
Wang (1982).
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Lemmab5,1 Suppose that the iterates generated by Algorithm | converge R-linearly to a
point x+ that satisfies Assumptions 4.1, and that a, = 1 for all large k. If, in addition

lim | Bipz + wy — ZTW.dy)| —

0, . 51
o, A 5.1)

then therate of convergenceis|-step Q-superlinear.

Proof. The proof folows exactly as in (Biegler et ai (1995)).

We can now prove the fina result of this section. The analysis is complicated by the
fact that BFGS updating may not aways take place, and by the fact that the correction
terms are sometimes computed by finite differences. We therefore consider the following
three sets of iterates, based on Update Criterion | and illustrated in Figure 2.

o R = (il 1891 < wie 11},
s R, = {j i Rl eIl < 1611/},
o Ry = {jllp > 1p§711/5}%},
and note that both 7* and & are summable.

Theorem 5.2 Suppose that the iterates generated by Algorithm | converge R-linearly to
a point x* that satisfies Assumptions 4 1, and that a, = 1 for all large k. Then the rate
of convergenceisl-step Q-superlinear.

| Proof. Since d* = YkPy + ZkPz we have

[ f,: ] = [V Ze]™"d;.

Therefore assumption (4.3) implies that
1P = O(fd), 1Pl = 0(11411). (52)
Now

| Bkpz + wi — ZTW.dxl] |Bepz — ZTW.Zipzll + llwr — ZTW.Yipy))
| Bipz — ZTW. 25, + llun — ZTW.Yipvll

+O(llex i llp=ll)-

" Since by (5.2) the last term is of order o(||p.|) = o([[rf/t|]), the objective of the proof is
to show that

IA A

\Bep, - %W.Zps\ + Wi - fiW.YkpyW = o(||4]]), (5.3)

for this together with (5.1) will give the desired result. We consider the three regions
i7,172 and H3 separately. Algorithm | is designed so that in R2 and #3, w, must be
computed by finite differences. On the other hand since p, is recomputed in step 7, after
which we can be in any of the three regions, we see that in i 2, W = o(||pv|)-
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