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We propose aquasi-Newton algorithm for solving optimization problemswith nonlinear equal-
ity constraints. It is designed for pr'oblems with few degrees of freedom and does not reguire the
calculation of Lagrange multipliers. It can also be extended to Iargéscale systems through the
use of sparse matrix factorizations. The algorithm has the same superlinear and global properties
as the reduced Hessian method developed in our previous paper (Biegler, Nocedal and Schmid,
1995). This report directly reworksthe theory presented in that paper to consider the multiplier
freecase.

1. Introduction.
We consider the nonlinear optimization problem

mim/(x) (1.1)
subject to c(x) = 0, (1.2)

where/ : R"” —s R and ¢ : R” —> R™ are smooth functions. We assume that the first
derivatives of / and c are available, but our algorithm does not require second derivatives.
The successive quadratic programming (SQP) method for solving (1.1)-(1.2) generates,
at an iterate #*, a search direction di by solving

: T T '
dl’é]lltl"]' g(xx) d + \d"W{x,)d | (1.3)
subject to c(x) + A{x)'d = 0, (1.4)

where g denotes the gradient of /, W denotes the Hessian of the Lagrangian function
L(x, A) = f(x) + ATc(x), and A denotes the n x m matrix-of constraint gradients

A(z) = [Vei(z), ..., Vem(2)]. (1.5)
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A new iterate is then computed as
X\ = X + aedy, . (16)

where a, is a steplength parameter chosen so as to reduce the value of the merit function.
In this study we will use the t\ merit function

" (x) =1(x) +mlleC)Ila, (L7)

where /i is a penalty parameter; see for example Conn (1973), Han (1977) or Fletcher
(1987). This penalty parameter is normally based on Lagrange multiplier values or
their estimates but here we consider a simpler measure that does not require Lagrange
multiplier estimates, but still maintains descent properties for (fi*x).

The solution of the quadratic program (1.3)-(1.4) can be written in a simple form if
we choose a suitable basis of R" to represent the search direction d. For this purpose,
we introduce a nonsingular matrix of dimension n, which we write as

[YiZd, (1.8
where Y, e R™™ and Z, € R«*("-™), and assume that
AlZ, = 0. | (19)

(From now on we abbreviate A(xy) as Ax, g(Xk) as g, €tc.) Thus Z is a basis for the
tangent space of the constraints. We can now express d, the solution to (1.3)-(1.4), as

de = Yipy + Zipz (110

for some vectors py € R™ and p, € R"~". Due to (1.9) the linear constraints (1.4)
become
c + AlYpy = 0. (2.11)

If we assumethat Ak has full column rank then the nonsingularity of [Yk Zk] and equation
(2.9) imply that the matrix A"Y is nonsingular, so that py is determined by (1.11):

pv = —[ALYi] lex. (1.12)
Substituting this in (1.10) we have
| d = -YJAIYH]-'Ck + Zie. (1.13)
The SQP sub-problem can now be expressed exclusively in terms of the variables p,.
Substituting (1.10) into (1.3), considering Yypy as constant, and ignoring constant terms,
we obtain the unconstrained quadratic problem

.. (ZT gk + ZTWiYipe) 02+ \ D2 (ZTWiZp)pe. 1 4 )
z .




Assuming that Z%W,Zy is positive definite, the solution of (1.14) is
pr=—(2 WiZd~| g « + ZIWYepy). (1.15)

This determines the search direction of the SQP method.
In our previouspaper (Biegler, Nocedal and Schmid, 1995) the cross term [Z W, Y, \py
is approximated by a vector it;*,

[Z|WkYk] py* W, ) (1 16)

without computing the matrix Z%WYx. This allows the rate of convergence of the algo-
rithm to be 1-step Q-superlinear, as opposed to the 2-step superlinear rate for methods
that ignore the cross term (Byrd (1985) and Yuan (1985)). The null space step (1.15) of
our algorithm will be given by '

P, = -{ZIWkZW)-1ZIge + (o), (1.17)

where 0 < (x < 1 is a damping factor described in our previous paper.

Here the cross term is approximated either by a finite difference estimate along Yypy
or by a quasi-Newton method in which the rectangular matrix Z*W is approximated
by a matrix S, using Broyden's method. We then obtain wy by multiplying this matrix
by Ypy, i.€., .

We = SYipy.

In this study, we update S+\ 0 that it satisfies the following secant relation:
Scti(xm - x) = Zl+io(xicH) - ZIg{xd). - (118)

Let us now consider how to approximate the reduced Hessian matrix Z*WZ,. Prom
(1.6), (1.10) and (1,18) we obtain

[SctiZiJaxp, = -aScH(Yupy) + ZMgixk+i) - ZIg(x).

Since S+\ approximates Z'W, this suggests the following secant equation for 27&+1, the
quasi-Newton approximation to the reduced Hessian Z'WZ:

_ B8k =y, . (1.19)
where s and y are defined by s = ap, and
Vk = ZZ+|9(Xk+0 - Zlg{Xk) - W, (120)

with
Wi = aSu(Ykpy). (1.21)
We will update By by the BFGS formula (cf. Fletcher (1987))

By.sgs] By + eyl

Biy1 = By — —g—
sg Brsi vise

(L22)
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provided s'y* is sufficiently positive. As a result, the null space step is computed from:

BPz = Z0BK + ORI (1.23)

Note asin our previous paper, that two correction terms, Wk and Wk are applied. The
first term, WK, is used in the null space step (1.23) and makesUse of the matrix 5*. The
second term, Wk is used in (1.20) for the BFGS update of Bk and is computed using the
new Broyden matrix 5fc+i, and takes into account the steplength a*. We will see below
that it is useful to incorporate the most recent information in Wk-

Finally, as noted by Orozco (1993), an interesting relationship in the definition of
basis representations and Lagrange multipliers occurs for a particular choice of Z and Y,
If we define the Lagrange multiplier estimates by:’

AKX = -[YixfAIXT'Yixfgix). « (1.24)

and partition x into m basic or dependent variables (which without loss of generality are
assumed to be the first m variables) and n — m nonbasic or control variables, we induce
the partition ' '

A" = [CEINX), (1.25)

where the m x m basis matrix C(x) is assumed to be nonsingular. We now define Z(x)

and Y{x) tobe
W ['*«;I*« ]y(n-[J]- (A

This choice is particularly advantageous when A(X) is large and sparse, because a sparse
LU decomposition of C{x) can often be computed efficiently, and this approach will be
considerably less expensive than a QR factorization of A(x). It is also straightforward
to show that for any points X, X for which C(X), C(X) are nonsingular, we have

ZR)'VLOGY)T = Z(R)'9(X) : (1.27)

This allows us to make the following equivalence in the calculation of %.

VK = ZI+gixk+\)-ZIg{xi)-VBx
= ZJVL(Z+, Awi) - Zilo{x) - We (1.28)

when (1.26) is chosen for Y and Z.

In the next section we discuss the revised reduced Hessian algorithm in detail. In
particular, we briefly describe the calculation of the correction terms wy and Wi~ the
conditions under which BFGS updating takes place, the choice of the damping parameter
Ok, and the procedure for updating the weight fix in the merit function. Most of these
steps are identical to the ones in our previous paper. Section 3 presents an analysis of the
local behavior of the algorithm, shows that the rate of convergence is at least R-linear
and summarizes the properties related to superlinear convergence. Numerical results
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and extensions to consider variable bounds are described in a companion paper (Biegler,
Schmid and Ternet, 1995). '

Regarding our notation, throughout the paper the vectors py and p, are computed at
Zfc, and could be denoted by py* and p/™\ but we will normally omit the superscript
for smplicity. The symbal || « || denotes the 12 vector norm or the corresponding induced
matrix norm. When using the I\ or <» norms we will indicate it explicitly by writing
[l 1M or || » Hoc A solution of problem (1.1) is denoted by x*, and we define

& =X -x+t and  a = max{|le|], [le*+i]l}. (1.29)

2. Details of the Multiplier-Free Algorithm

In this section we consider* how to cal cul ate approximations wi andW to (Z%WY.)py
to be used in the determination of the search direction p, and in updating 27, respectively.
We aso discuss when to skip the BFGS update of the reduced Hessian approximation,
as wdl as the sdlection of the damping factor Ck and the penalty parameter /i&.

To approximate to (Z'WY)py we propose two approaches that have dight modi-
fications to those proposed in our earlier paper. First, we consder a finite difference
approximation to Z][W aong the direction Y,py. The second approach defines wy, and
Wy in terms of a Broyden approximation to Z%W, as discussed in 81, and requires no
additional function or gradient evaluations. Our algorithm will normally use this second
approach, although it is sometimes necessary to use finite differences.

2.1. Calculating wy and_wk Through Finite Differences.

We first calculate the range space step py a % through equation (1.12). Next we
compute the reduced gradient of the Lagrangian at X + Yipy and define

W = Z(Xk + Ykpyfg(Xk + Ykpy) - Zl Ok- (21)
After the step to the new iterate x+\ has been taken, we define
Wk = a W (22)

which requires a new evauation of gradients if a, » 1. These correction terms are
substituted for the ones used in our previous paper:

Wi = ZI[VL{X + Yipvy X) - VL(X%\] - (23
We = ZWL{X + aYipy, Xv) - VL{X, A*.1)] (24)

2.2. Using Broyden's Method to Compute wy and .

We can approximate the rectangular matrix Z"W by a matrix 5* updated by Broy-
den's method, and then compute w, and W, by post-multiplying this matrix by Yipy
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or by a multiple of this vector. As discussed in 81 it is reasonable to impose the secant
equation (1.18) on this Broyden approximation, which can therefore be updated by the
formula (cf. Fl etcher (1987))

Sw™ Qe i Eak) (29)
Skk -
where
Vk Z_jf+I0(S*+I) ZIg(X) (2.6)
= ZifcH - X (2.7)
thus, defining _
We = SYipy  and Wi = aScHiYpy. (2.8)

As in our previous paper, we apply a safeguard on these updates to make sure that
Wi, and Wi remain bounded. At the beginning of the algorithm we choose a positive
constant T and define

. r
w = { Wy if [lwx(l £ W"PY"

2.9
wk%ﬁ otherwise. (2.9)

On the other hand, the correction Wy will be safeguarded by choosing a sequence of
positive numbers {7} such that E-gl” < 00, and set

G if W\ < aglipyll /v«

W — ai .
W = fat otherwise.

(2.10) -

Asthe iterates converge to the solution, py — 0, we see from (2.8) and from the bounded-
ness of Yy that these safeguards dlow the Broyden updates S, to become unbounded, but
in a controlled manner. In our previous paper, it was shown that these Broyden updates
S do, in fact, remain bounded, so that the safeguards become inactive asymptotically.

2.3. Update Criterion.

It is wel known that the BFGS update (1.22) is well defined only if the curvature
condition sy, > O is satisfied. This condition can dways be enforced in the uncon-
strained case by performing an appropriate line search; see for example Fletcher (1987).
However when constraints are present the curvature condition s%y, > 0 can be difficult
to obtain, even near the solution.

To show thiswe first note from (1.20), (1.10) and from the Mean Vdue Theorem that

Yk = Z%+ ngC+i ~ Ekgk - VVk
= Z11VL(Ze1, \) — Z{ VL(ze, X)) — Wy

. .
= Z P szxL{Xk + rakdk1 \*)dl’) akdk + (ch+i - Zk)TVL(Xk'I'u K) -

= ZIWad + (Z*.i - Zib)'VL(xfc.i, A¥) -

= ZFWiZgsk + O (a" llskll + allpvll) + axZf WiYipy — i, - (1)

6




where we have defined

. 1 .
ZTW = ZI £ V23 L{x + Tad, X.)dr. (2.12)
Jo
Thus SR
sy = S'{ZIZ)sc + O@)\\sd + [ag (ZIWiY)py - #57%] + O(o\a\ \\py |-
(2-13)

Near the solution, the two O(a&) terms will vanish, while the first term on the right
hand side will be positive since Z"W"Zk can be assumed positive definite. Nevertheless
the bracketed terms in (2.13) are of uncertain sign and can make s*yk negative. To avoid
.this problem and also ensure that the quasi-Newton approximation remains boi mded we
apply the same updating criterion developed in our previous paper.

Update Criterion |.
Choose a constant y;g > 0 and a segquence of positive numbers {] k} such that Ej*fc < 00
(this is the same sequence {7*} that was used in (2.10)).

e IfWK is computed by Broyden's method, and if both s*yk > 0 and

Ibvil < 7*3M (2.14)

hold at iteration k, then update the matrix Bk by means of the BFGSformula (1.22)
with Sk and y* given by (1.20). Otherwise, set Bp4y == Bj.

e // Wk is computed by finite differences, and if both sEyk > 0 and

lpvll < Yuallpzll/oi’? (2.15)

hoId at iteration k, then update the matrix Bk by means of the BFGSformula (1.22)
with Sk and yk given by (1.20). Otherwise, set Bk+i = Bk.

Here Ok is replaced by any quantity which is of the same order as the error €, and, asin
our previous paper, we use the optimality condition (I1ZjjTitdl + ||cfc|). Moreover, define

sersk
5l | Breskll

Prom Byrd and Nocedal (1989), the behavior of cosO* for BFGS updates can be described
by the following theorem.

cosfy = (2.16)

Theorem 2.1 Let {B} be generated by the BFGS formula (1.22) where, for all _k>\,
S "0 and

T

%" = m>0 . (217
op Sk

Hye

S M. 2.18
" | (2.18)




Then, there exist constants /3\,02,03 > 0 such that, for any k > 1, the relations

cosOj 2 fa (2.19)
fls;l

hold for at least f*fc] values of j € [l,fc].

Thistheorem refersto theiterates for which BFGS updating takes place, but since for
the other iterates Bk+\ = £*, the theorem characterizes the whole sequence of matrices
{Efc}. Theorem 2.1 states that, if s*y* is always sufficiently positive, in the sense that
conditions (2.17) and (2.18) are satisfied, then at least half of the iterates at which
updating takes place are such that cosOj is bounded away from zero and BjSj = o(||SJ])).
Since it will be useful to refer easily to these iterates, we make the following definition.

Definition 2,1 We define J to be the set of iterates for which BFGS updating takes
place and for which (2.19) and (2.20) hold. We call J the set of "good iterates’, and
define J, = Jfl {1,2,...,A;}.

Note that if the matrices Bk are updated only a finite number of times, their condition
number is bounded, and (2.19)-(2.20) are satisfied for all fc. Thus in this case all iterates
are good iterates.

For the case when BFGS updating takes place an infinite number of times, we assume
that all functions under consideration are smooth and bounded. If at a solution point
x* the reduced Hessan ZjW+Z,, is positive definite, then for all x¢ in a neighborhood
of x* the smallest eigenvalue of Z W~ ZK is bounded away from zero (VVA is defined in
(2.12)). We now show that in such a neighborhood with a* sufficiently small that Update
Criterion | implies (2.17)-(2.18). For the case when W" is computed by Broyden's method.
Using (2.13), (2.14) and (2.10), and since 7* converges to zero, we have

Ty > C\sd - O(PANs) -O(vellsell?)
> m\s\\, (2.21)

for some positive constants C,m. Also, from (2.11), (2.14) and (2.10) we have that

kel < Ollsell) + O(vEllsell) + OCrelisell)
< O{\s). (2.22)

We thus see from (2.21)-(2.22) that there is a constant M such that for all k for which
updating takes place

2
Iyel?
¥ Sk

which together- with (2.21) shows that (2.17)-(2.18) hold when Broyden's method is used.




- For w, computed by the finite difference formula (2.2), from (1.20) and the Mean
Vdue theorem there is a matrix W such that .

ve = Zpp10k+1— Zp gk — Dy

= Zg;_lVL(xk-i-l, MY - Z{V
L% A) - adZX + Yiey) VL{X + Yiby, A) - 2%VL (%, A))]

= (Zied - ZY VLK1, A) + ZH(VL(Xiesl, A) - VL(s*, A)
—e{(Zzx + Yivy) - Z)'VL(X% + Yipv, A)
+ZT(VL(zi + Yipy) A) - VX (Xte, AL))]

= ZWiZs + aZl(Wi - W)Yy + O(aw) \s¢ ||

= Z;{szk.‘ik + O{ ak)\\sk\\

assuming Yipy- = O{ay). Reasoning as before we see that (2.21) and (2.22) aso hold
in this case, and that (2.17)-(2.18) are satisfied in the case when finite differences are
used. These arguments show that, in a neighborhood of the solution and whenever BFGS
updating of By takes place, s\yy is sufficiently positive, as stipulated by (2.17)-(2.18).

2.4. A Multiplier-free Approach for. Choosing ny.
We will choose \i so that for somep > 0,

MH|ZIAC)M*)]+plle()II (223)

and show that this approach ensures a descent direction for the merit function. Moreover,
for-the good iterates J, it is a direction of strong descent.

Since d" satidfies the linearized constraint (1.11) it is easy to show (seeeq. (2. 24) of
Byrd and Noceda (1991)) that the directiona derivative of the I\ merit function in the
direction d* is given by

DN dd) = glde - WidMIXx. (2.29)

Also, the fact that the same right inverse of A(X)" is used in (112) and (124) implies
that .
90" YOpy = \()'c(x). (2.25)

We now show the following relation between Kuhn-Tucker points and merit functions
with /i chosen by (2.23).

Theorem 2,1 Assume that A(x) is of full column rank for all x € D and that Z(X) is
norm bounded. If (p"x) is defined by (1.7) and fx satisfies (2.23) for all x G D, then
D<t>"™{x\d) > 0 for all d satisfying t(x) + A(x)'d = 0 if and only ifX is a Kuhn Tucker
point.




Proof. The proof is similar to the one in Fletcher (1987) for <€u(X) with /i > ||A(Z)|lec-
The if part follows from:

0< Dgulx;d) = gxfd-n\\c(X)\i

| o) ZGYPNCON + X{%) (%)

< 909 Z(x)pPNCCN

< 9(®)'Z(p: (2.26)

~for all p, € H™~™. This implies Z(X)"g{x)" = 0. Now if, in addition, c¢(X) = O then X is
a Kuhn-Tucker point. If we assume ¢(X) 0 then we can show the contradiction:

0< Z%(xd) = \X)'cX) - /il|c)]li
s -pllc(9)lli- .
< 0 (2.27)

The only if part follows from substitution of the Kuhn-Tucker conditions:

Z®)'gx) = 0

cx) = 0 ‘ (2.28)
into the directional derivative:
D/ (xi<f) = 7 9T Z(X)pfLWE(X)\iHX) Tc(X)
= 0. ‘ (2.29)
D

To show strong descent directions for good iter ates, we recall the decomposition (1.23)
and use (2.25) to obtain

Déy, (zx;di) = g;{zkpz — pxlick|ls + z\;{ck
= (ZTg + Gwe)Tps — Gewlpz ~ prlleklls + M ex.  (230)

Now from (1.23) we have that
BkSK = —OL(Z¥ g + CifcA) . (2.31)
As shown in our previous paper,

cosf. = —~(ZZAK_+ {KWK)'Pz

. (2.32)
\\2%gk + tkWK\\PZA\'
If we satisfy the following property for fiy:
HMc\>\Xlc\ & 2p\\c\ (2.33)
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or, equivalently, from (2.25):
Widlcll > igjYkPvl + 2p\\ck\\ ' (2.34)
‘then substituting in (2.30), leads to: ' |
Déy,(zxidi) < 1128 gk + Cewrll llpzll cos 8 — Gewf pz — 20llells. (2.35)

Note also from (2.31) that

wn . liftn | 230
iBeskll 129k + Crwrll

We now concentrate on the good iterates J, as given in Definition 2.1. Ifj G J, we have

from (2.36) and (2.20) that

%Hzf 9; + Gusll < Hp¥) - ig\\zi_ 9 + Cjwjll (2.37)
Using this and (2.19) in (2.35) we obtain, for j 6 J,
Doizdl;) < —z & 5@V cos6, - Geuf 5 ~ 20l
< MNNgf - *SNgTzw)  _cwia) _me [,

where we have dropped the non-positive term — f cosQI\WJI\%fa. Since we can assume
“that /% > 1 (it is defined as an upper bound in (2.20)), we have

D¢y (zj:d;) < — fy BT9il* + ¢jcondslg] 2; ‘”]:I ‘Zp?@;ﬂfw

It is now clear that if
2Cj cos 6)\gjZjWj| - CiwjpVv* < p\\g |[i, (2.38)

then for all j G J,
DgH(xy,dj) < -~ 117112 - pWcijh. (2.39)

This means that if (2.38) holds, then for the good iterates, j € J, the search direction dj
is a strong direction of descent for the t\ merit function in the sense that the first order
reduction is proportional to the KKT error.
We will choose £ so that (2.38) holds for all iterations. To see how to do this we
note from (1.23) that
pe = ~B;'2l g - (B,




so that for 'j = k (2.38) can be written as
Ck[2cosB\glZawi\ + W' BI*ZIge + CkwiBMwi] < pllcidfi. (2.40)

It is clear that this condition is satisfied for a sufficiently small and positive value of £.
Specificdly, at the beginning of the algorithm we choose a constant p > 0 and, at every
iteration fc, define A

@ = min{l,Cfc} ' (241)

where Ot is the largest value that satisfies (2.40) as an equdlity.
The penalty parameter /z* must satisfy (2.23), so we define it a every iteration of
the algorithm by

pe-r - if meegllells 2 lof Yipyl + 20flexlls
= , 242
He { g7 Yipvl/llckll1 + 3p  otherwise. . (242)

Note that for ¢, = Qjlc = /Zci and thus fx is only updated when ¢, ~ O.

The damping factor £ and the updating formula for the penalty parameter fi, have
been defined so as to give strong descent for the good iterates J. We now show that
they ensure that the search direction is aso a direction of descent (but not necessarily of
strong descent) for the other iterates, k & J. Since (2.38) holds for al iterations by our
choice of @ we have in particular

~Cewipz < pllexl.
Using this and (2.42) in (2.35), we have
Dy, (zi; di) < ~1Z)fgi + Cewsell ilp2i| cos & — prellcellr- (2.43)

The directiona derivative is thus non-positive. Furthermore, since w, = 0 whenever
¢« = 0 (regardless of whether w is obtained by finite differences or through Broyden's
method), it is easy to show that this directional derivative can only be zero at astationary
point of problem (1.1)-(1.2).

2.5. The Algorithm

- Using the modifications of the reduced Hessan algorithm for the multiplier-free
method, we now give a complete description of the algorithm. As with the previous pa-
per, the algorithm includes an approximation for the cross term using Broyden's method
and finite differences, and based on the relative sizes of py and p,. Calculation of the
cross term and updating of the reduced Hessian proceed in the same manner as in our
previous paper.

‘Algorithm |




10.

11.
12.
13.

. Choose constants 77 E (0,1/2), p> 0and rrf with0<r <r' < 1, and positive

constants F .and ;4 for conditions (2.9) and (2.15), respectively. For conditions
(2.10) and (2.14), select a summable sequence of positive numbers {7*}. Set k := 1
and choose a starting point xi, an initial value.(JL\ > O for the penalty parameter,
an (n—m) x (n— m) symmetric and positive definite starting matrix B\ and an
(n — m) x n starting matrix S\.

Evaluate /* ,</*, ¢* and Ak, and.compute % and Z*.

Set findiff = false and compute py by solving the system

(AIYk)by = -Cc*. (range space step) (2.44)

Calculate tu* using Broyden's method, from equations (2.8) and (2.9).

Choose the damping parameter C,k from equations (2.40). and (2.41) and compute
p.from
Bipz = k8 + CkWK]- (null space step) (2.45)

If (2.15) is satisfied and (2.14) is not satisfied, set findiff = true and recompute Wk
from equation (2.1).

If findiff = true use thi-s new value of w" to choose the damping parameter £¢ from
equations (2.40) and (2.41) and recompute p, from equation (2.45).

Define the search direction by

dc = Ypy + Zfcp,, . (2.46)
and set & = 1
Test the line search condition

<t>ny(xk + <*kdk) < <I>ny{xk) + vakDcfrAixkidk). (2.47)

If (2.47) is not satisfied, choose a new a* E [rak,r'ak] and go to 9; otherwise set

Xfc+irfc + afod®. - (2.48)

Evaluate /*+i,0¥4.1,c*+i, A*.i, and compute Yjkd and Z*+i.
Update X* so as to satisfy (2.42).

Update £4+! using equations (2.5) to (2.7). If findiff = false calculate #J* by

Broyden's method through equations (2.8) and (2.10); otherwise calculate Wk by
(2.2). :
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14. If s%yk < Oorif (215) is not satisfied, set -BMH = By. Else, compute -
s = <Py | (2.49)
VK = Zl+if{xcti) - ZIg{x) - Wi, (2.50)
and compute By+x by the BFGS formula (1.22).
15. Set A :=k+1,andgoto 3.

3. Convérgence Results

In this section we summarize severa convergence results for Algorithm |I. Many of the
results of the our previous paper carry over directly and are thus stated without proof.
Nevertheless, there are some important departures which are noted as well.

3.1. Semi-Local Behavior of the Algorithm.

Wefirst show that the merit function <f>” decreases significantly at the good iterates J,
and that this gives the algorithm a weak convergence property. To establish the results
of this section we restate the following assumptions from our previous paper.

Assumptions 3.1 The sequence {x} generated by Algdrithm | is contained in a convex
set D with the following properties.

() The functions/ : R" -> Rand ¢ : R" -* R™ and their first and second derivatives
are uniformly bounded in norm over D.

(1) The matrix A(X) has full column rank for all x € D, and there exist constants 70
and fa such that

VWY XNAIXFYIX)} -1, IZ()[I<iflb, (3.)

for all x € D.
(1) For al k > 1 for which By is updated, (2.17) and (2.18) hold.

(IV) The correction term to* is chosen so that there is aconstant K > 0 such that for all

llwll < KllcfeU : _ (3.2

The following result from our previous paper concerns the good iterates J, as given
in Definition 2.1.
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Lemma 3.1 If Assumptions 3.1 hold and if fij = fj, is constant for all sufficiently large
J, then there is a positive constant 7” such that for all largej G J,

$u(z;) — dulzien) 2 M [INj112+ IMB] o 33

It is now easy to show that the penalty parameter settles down, and that the set of
iterates is not- bounded away from stationary points of the problem.

Theorem 3.2 If Assumptions 3.1 hold, then the weights {&k} *° constant for all suffi-
ciently large k and JimM,->00(\Zk 9K\ + ljc1l) = 0.

Proof. First note that by Assumptions 3.1 (1)-(11) and (2.25) that {IfiifI* py|/[|c*[|i} =
{PfScM=1li} ~ {111} is bounded. Therefore, since the procedure (2.42) increases Af
by at least p whenever it changes the penalty parameter, it folows that there is an index
foo and avaue /i such that for al k > fco, Wb = A*U“h *kat MIlck|j > Afcd + 2p|[c* ji. If
BFGS updating is performed an infinite number of times, by Assumptions 3.1-(l11) and
Theorem 2.1 there is an infinite set J of good iterates, and by Lemma 3.1 and the fact
that <f>n(xk) decreases at each iterate, we have that for k> &q

x
bu(The) — Bul@rs1) = Y (bul(®) — Sulzin1))

J=ko
2 Y (Bulz) - dalzia))
§63N[Kosk] |
2 1 X 127 esl® + lleslha).
jedn[koK]

By Assumption 3.1-(1) “w(X) is bounded below for all XED, so the last sum is finite,
and thus the term inside the sgquare brackets converges to zero. Therefore

im (fj A +1M10-0. (3.4)

If BFGS ubdating is performed a finite number of times then, as discussed étfter
Definition 2.1, dl iterates are good iterates, and in this case we obtain the stronger
result

lim (HAffjtH + Hddli) = 0,

3.2. Local Convergence

In this section we show that if x+ is aloca minimizer that satisfies the second order
optimality conditions, and if the penalty parameter X* is chosen large enough, then x*:
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is a point of attraction for the sequence of iterates {xk} generated by Algorithm I. To
prove this result we will make the following assumptions. In what follows G denotes the
reduced Hessian of the Lagrangian function, i.e.

Gy = ZFV2, L(xk, M) 2. . (3.5)

Assumptions 3.2 The point z* is a loca minimizer-for problem (1.1)-(1.2) at which
the following conditions hold.

(1) Thefunctions/ : R" -> Randc : R" -» R™ axe twice conti nuoudly differentiable in
aneighborhood of x*, and their Hessians are Lipschitz continuous in a neighborhood
of z..

(2) The matrix A(x+) has full column rank. This implies that there exists a vector
A* G R"™ such that
VL(z*, A) = g(Xm) + ADF)\* =0.

(3 Fordl geR"~", g”0, we have q'G*q > 0.
(4) There exist constants 70, /2 and 7 such that, for al x in a neighborhood of x*,
WYiXHAIXFYiX"WK-to,  WZ(x)\<f30, (36)
and .
W Y()Z()]-N\<ye. 3.7

(5) Z(X) and X(x) are Lipschitz continuous in a neighborhood of x«, i.e. there exist
constants j, and 7” such that

@ -ADI < mlle_ gy (3.8)
WZ(9 - Z@N 5 7zlIx-z], (3.9)

for al x, z near x».

Note that (1), (3) and (5) imply that for all (x, X) sufficiently near (x,,A»), and for all

qeER™™M,
mM\g\\’<q'G(x,\)g< M\q\\?, (3.10)

for some positive constants m, M. We aso note that Assumptions 3.2 ensure that the
conditions (2.17)-(2.18) required by Theorem 2.1 hold whenever BFGS updating takes
place in a neighborhood of x*. Therefore Theorem 2.1 can be applied in the convergence
analysis.

The following lemma is proved by Xie (1991) for very general choices of Y and Z.
Their result generdizes Lemma 4.1 of Byrd and Noceda (1991); see also Powell (1978).
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Lemma 3.3 // Assumptions 3.2 hold, then for all x sufficiently near x*
Till* - x.|| £ [lc)]| + \Z{x)"gfx)\_< 2\ - x|, (311
for some positive constants 71,72+

Thisresult states that, near z*, the quantities c(x) and Z(x)'g(x) may be regarded
as a measure of the error at x. The next lemma states that, for a large enough weight,
the merit function may also be regarded as a measure of the error.

Lemma 3.4 Suppose thét Assumptions 3.2 hold at x«. Thenfor any \x aatiéfyi ng (2.23)
there exist constants 73 > 0 and 74 > 0, such that for all x sufficiently near x*

TI* " *.||2_.< M*) ~M*") <74 [\\Z(ng(X)\\2 + [lcO)|lij - 812
Proof. To show the lé&ft inequality holds we can write:
() () = 1) ile(@)]]a-1(*)) (313)

1(*) + X(xfe(x) + AIICOON - X(xfe()} - /(x.) (3.14)
> L(x A) + (AK - \(x)fcx) + phe\Wi - /(x.)  (3.15)
> LA +||lcO)i-/(x.) (3.16)

(3.17)

where the last inequality follows for all x sufficiently near x*. Expanding the lagt in-
equality in a Taylor series leads to:

Bu(e) = dulee) 2 TL(E )T (2~ 2) + 3@ — 2 Vi L(za Az - z.)
+f fle(@)l + Mle@)? - Mlc)I? + O\ -x.|)°  (318)
Now we note that | _
AMX)f = U-éx - x)'Ajg(x - x) + O\ - x\\)3 (3.19)

In Lemma 4.2 of Byrd and Nocedal (1991) it isshown that if Assumptions 3.2 are satisfied
there exist sufficiently large values of v such that:

o [(X - X)(Vial(Xo A) + VAAR)(X - X.) > 27la; - x.f (3.20)

Now since thereexists a K. > 0 such that |lc(&)]li <K\ — xm\ we have for ||i —x,|| £
P/(2vKo): :

Pu(z) = dul(za) 2 2wz — 2+ fle(2)h + Qs ) ° (3.21)

> 73lk-ar.ll? (32

(3.23)
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for all x sufficiently close to x*. Theright inequality follows directly from:

1(*) + Hlc(X)||i-/(x*) (3;24)

Ms)-</>*(*e) =
= L(x, A) - f(x.) + MK()Ili " Hxfe(X)} (325
< Oflz —x4%) + p\c(x)h . (3.26)
< wulz@) o@)|° + ] * (327)
D

Note that the left inequality in (3.12) implies that for a sufficiently large value of
the penalty parameter, the merit function will have a strong local minimizer at x*. We
will now use the descent property of Algorithm | to show convergence of the algorithm.
However, due to the non-convexity of the problem, the line search could generate a step
that decreases the merit function but that takes us away from the neighborhood of x*.
To rule this out we make the following assumption.

Assumption 3.3 The line search has the property that, for all large A, <*((1 — 9)xk +
Oxk+i) < Ox(#c) f°" all 6 E [0,1]. In other words, x/t+i isin the connected component of
the leve set {x : <Bu¥) < 4>p{xk)} that contains x*.

There is no practical line search algorithm that can guarantee this condition, but it
is likely to hold close to x*. Assumption 3.3 is made by Byrd, Nocedal and Yuan (1987)
when analyzing the convergence of variable metric methods for unconstrained problems,
as wdl as by Byrd and Nocedal (1991) in the analysis of Coleman-Conn (1984) updates
for equality constrained optimization.

Lemma 3.5 Suppose that the iterates generated by Algorithm | are contained in a convex
region D satisfying Assumptions 3.1. If an iterate Xkq is sufficiently close to a solution
point x* that satisfies Assumptions 3.2, and if the weight /i*y is large enough, then the
sequence of iterates converges to x*.

Proof. The proof is virtually identical to the one given in our previous paper. By
Assumptions 3.1 (I)-(I1) and (1.24) we know that {||Afc|}} is bounded. Therefore the
procedure (2.42) ensures that the weights /x* are constant, say fjb = /i for all large
fc. Moreover, if an iterate gets sufficiently close to x*, we know by (2.42) and by the
continuity of A that (2.23) is satisfied. For such a value of /i, Lemma 3.2 implies that
the merit function has a strict local minimizer at x*. Now suppose that once the penalty
parameter has settled, and for a given e > 0, there is an iterate Xkq such that

Y3 o
o]
Y2 raY0

ko = 24l <

where 70 is such that || « |i < 701 < - Assumption 3.3 shows that for any k_> kq, x*
is in the connected component of the level set of x*o that contains Xfe, and we can
~assume that c is small enough that Lemmas 3.3 and 3.4 hold in this level set. Thus since
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4>iii"K) < <j>n(k,) for A; > /to, and since we can assume that lg"<fedll <~ 1>"* have from
Lemmas 3.3 and 3.4, for any k > ko '
_l . 1
lzx ~ 2ol < 73 2(Bulze) — Bulz.))?

1
o 73 (Bulzre) ~ dulae))?

1
() [h2hgwal? + AL

<
. % 1
$ ¢ ) [12Egkl? + Hollesel]®
1274%0 3
< (BB, - ai)
< E

This implies that the whole sequence of iterates remains in a neighborhood of radius e
of x+. If e is small enough we conclude by (3.12), by the monotonicity of {(f>n{xJ)} and
Theorem 4.2 that the iterates converge to x».

D

3.3. R-Linear Convergence.

For the rest of the paper we assume that the iterates generated by Algorithm |
converge to x«, which implies that for all large k and some p > 0, i* = /x and

WO\ 2 WOFe()\+ pMX)\ (3.28)

The analysis that follows depends on how often BFGS updating is applied, and to make
this concept precise we define U to be the set of iterates at which BFGS updating takes
place,

U = {k: By = BFGYB s Y}, (3.29

and let
Uc = UD {12 ...&}. (3.30)

The number of elements in Uy, will be denoted by \UJ\. The following result from our
previous paper carries over directly to the multiplier-free method.

Theorem 3.6 Suppose that the iterates {x} generated by Algorithm | converge to a
point X* that satisfies Assumptions 3.2. - Then for any k £U and any j > k

llz; — 2|} < CrlU, (331)

for some constants C> 0 andO0<r < 1.

19




This result implies that if {\UKVK} is bounded away from zero, then Algorithm | is
R-lineaxly convergent. However, BFGS updating could take place only a finite number
of times, in which case this ratio would converge to zero. It is also possible for BFGS
updating to take place an infinite number of times, but every time less often, in such a
way that \U,\Vk —¥ 0. We therefore need to examine the iteration more closaly.

We make use of the matrix function ip defined by

Y(B) = tr{B) - In(cfct(B)), (3.32)
where tr denotes the trace, and det the determinant. It can be shown that
Incond(B)<V>(£), (3.33)
for any positive definite matrix B (Byrd and Nocedal (1989)). We also make use of the

‘weighted quantities

Vk = G7%, &= G, | (3.34)
By = G;Y2B;G;?, (3.35)
cos by, = —ﬂ—@"— (3.36)
||£7‘«*||||**||
and
=240, 330

One can show (see eq. (3.22) of Byrd and Nocedal (1989)) that if By is updated by
the BFGS formula then

o =T § -
P(Brs1) = ¢(B)+“.!¥°." —l—hgi~—§:+hcoszsk

fli- (3.38)

Gk Gk
— +In — .
c0829k 60829;,]
This expression characterizes the behavior of the BFGS matrices By, and will be
crucial to the analysis of this section. However before we can make use of this relation

we need to consider .the accuracy of the correction terms. We begin by showing that when
finite differences axe used to estimate w, and TU\, these axe accurate to second order.

~Lemma 3.7 /I at the iterate x,, the corrections wi and Wi are computed by the finite

difference formulae (2.1)-(2.2), and if x« is sufficiently close to a solution point z* that
satisfies Assumptions 3.2, then

o =O(lbvll), (339
IK - Z/W.yrepy|l = Ofad\py\l) . (340)
and
' 1@k — axZTW.Yipv|l = Oloxlipv]). - (34))
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Proof. The proof requires only a minor modi_ficatibn of the same property proved in the
previous paper. Recdling that VL(z, A) = g(X) + A(X)A, we have from (2.1) that
We = Z0% + i) g+ Yin)-Z(x)'904)
= Z(% + Yip) VL% + Yipy, A) - Z(6)VL(x, A)
(Z(% + YdPy) - Z(%) 'VL(X% + Yipy,\*)
_ +ZE>T [ Vial{x + rYipy, A)rfr] Yipy
= ZIWiYipy + (Z(x + npy) - Z(x*))'VL(a* + Yipy, A)
= ZyWiYipy + Olon)lpvl (342)

The above result follows for x, in the neighborhood of £ where (3.6)-(3.9) hold because:

| VL(X + Yipy, A) = O(]IX - xm\)) + O(|by]]) = O(ar) (343)
where & is defined by (1.29). Also a simple computation shows that

[ZIW - Z2W.]Yiey = OViblIPvil)) (k44

Using these facts in (3.42) yields the desired result (3.40). To prove (3.41), we only note
that ax < 1, and reason in the same manner. D

Next we show that the condition number of the matrices B, is bounded, and that
a the iterates U at which BFGS updating takes place the matrices By are accurate
approximations of the reduced Hessian of the Lagrangian.

Theorem 3.8 Suppose that the iterates {x} generated by Algorithm | converge to a
solution point x* that satisfies Assumptions 3.2. Then {|BA} and {\B"\\} are bounded,
and for allkeU

I(Bx = 2" Z.)pall = oflldll)- (3.45)

| Proof. Again, the proof follows aong the same lines as the one in our previous paper,
but with dight modification. Consider only iterates k for which BFGS updating of Bk
takes place. We have from (2.50), (2.48), (2.46), (2.12) and (2.49)

i = 2 agk+1— ZI0k - Wi

ZE+1VL(xk+11X1) - Z][\_/L(inxi)-wk
= (Zgy1 - ZkaL(Xk+1, A) + thVLfO'H, A) - VL(Xk, A)) - Wk

= @ Z)VLXw A) + 21 VAL(d + Tad A)rir] ady - w,

= W@V Zie, + Yipy) W+ O(<T(ld] + arlipv)
= ZWZs + adZW - ZTW.)Vipy + (aZiW.Yipy - W)
+0(a)M\s\\ + a\py\). (3.46)




Since W, can be computed by Broyden's method or by. finite differences, we consider
these two cases separately.

Part I. We first assume that Wi is determined by Broyden's method. A simple com-
putation shows that \Z]J[Wk - ZJW«\ = 0{oy), and from (2.10) we have that W, =
O(|lpy|l/7fc)- Using this and Assumptions 3.2 in (3.46) we have

Yo = ZIWZs+ {ac+ |+ 17%)0(@* [lpyll) + Ofaghsy
= (Z%WiZy - G)sc + Gse + (@ + 1+ 1/7)O(alipyll) + Olor)lsell{3.47)

Recalling (3.34) and noting that yi*Sk = y%s, we have
JUK = S(Z2WiZ - G)sc + proll” + @¢ + 14 1/m)0(ak oyl del + Ofow) s,

since ||5ic| and \s\ are of the same order. Therefore

vyh _ . s"{ZIW,Z,-G.)s
\SK\\2 \\h\\? R
+{ok +1+ 1/%)0 (l—l-"—’l’—;;f""—ﬂ) + Olo)
= 14+ 0{(ox)+(ox+14+1/%)0 (A]yfjiu (348)

5 |
Similarly from (3.47) and (3.34) we have
o < W(ZIWe2, - G)selPIGT
+2(1 + K{a)NZIWiZe - G)s\ WG7YA\ Wsd\ + (I + O(as)?IS* )P
+2(0k + 1+ 1/7)0(larpyDIG:* || (1 + O(FfISHI + W2%WiZ - G.)selllGT 1)
+(ok + 1+ 1/m)*O(llawpv )2, (3.49)

and thus

il | syl
o < 1+0(o,,)+(a,,+1+1/«7,,)(1+a,,)o(—”§k")

apv|?Y :
+(a,=+1+1/7,,)20(" ||§fﬁ=|*| j. (3.50)

At this point we invoke the update criterion, and note from (2.14) that if BFGS
updating of By takes place at iteration fc, then |[afcpy|| < 78|l where {7*} is summable.
Using this, the assumption that o, converges to zero, and (3.48) we see that for large k

i 5k

W =1+ O(Uk + ‘]’k], (351)
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and using (3.50)

llg |12
= =1+ 00k + V)-
”33\‘."2 ( k 7’:)
Therefore I ”2 | 15/\
LLIZ —L— = 1+ Cl@@ + 7%)- (3.52)

Vi Whr vk

We now consider x/>(Bk+|) given by (3.38). A simple expansion shows that for large
fc, In(l + O(ax + 7)) = OCTA: + 7*). Using this, (3.51) and (3.52) we have

4>(BM) = 1>(Bk) + O{Ok +Ik) +1n C052 g + [| - _))—..H -In-~-1 . (353)
L COStk COS%eJ

Note that for x > 0 the function 1 — x + Inx is non-positive, implying that the term in
square brackets is non-positive, and that In cos” 0y is also non-positive. We can therefore
delete these terms to obtain

iKBy) <*I*{B,) + O(ax + 7.). (3.54)

Before proceeding further we show that a similar expression holds when finite differences
are used.

Part I1. Let us now consider the iterates k for which updating takes place and for which
W is computed by finite differences. In this case (2.15) holds. Again we begin by
considering (3.46), '

Yi = Zj17ZA +afch =27 W.)Yepy+(ax ZT W, Yipy — D) +O(ok) |3k |+ llpe)-
Using (3.41) the second and third terms are of order a*(a*||py||)- Thus

Ve = ZIWiZisi + Oor)(llsell + arlipyll)
{ZIWZ - G)sc + G.sc + O(a)(\s\ + a*||pyl)). (3.55)

Noting once more that y%5 = y*Sk and recalling the definition (3.34) we have
ylh = s\{ZIWk”Zk - G)8 + \.\h\\2 + O(ak)(\\s'k\\2 +C!4=||Pv||i|§k||)_,

since ||i*|| and ||s*|| are of the same order. Therefore

yjsk S "{ZIWKZ-G.)sc o ek

+0{ak)y|+; !

PE - _p/\p 0{a )\ I"I’)
= 14+0(cx)+0 ( ”clT'fpl'i'") . (3.56)
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Similarly from (3.55) and (3.34) we have
ivi  _<  WZjWiZi-G)sd\A\G: '\ |
+2(1 + O@))\{ZjWiZ - G)s\ ||G:Y3|| p*|| + (1 + Ofa))\5\?

i
i ("“"”Y" G220 (1 + O@))\8\ + 2T Wi Ze — GL)sullllGr 2 ])

+40(\apy\),
and thus : 2\
e 1 2 p AFA
T - < 1+ Ola) +ap (i) + 00 '..af..- . B3

The rest of the proof is identical to the one in our previous paper. We note from
(2.15) that if BFGS updating of By takes place at iteration *;, then ||py|| < 7fd||PzII/cr]‘d2.
Using this, (3.56) and the fact that Gk converges to zero, we see that for large k

-..T-
Y. Sk 2
||$lu2 =1+0(),

and using (3.57)

TR,
HeE llgell® Nael® . 'n(nm‘ W

We now consider ip(Bi+i) given by (3.38). Noting that In(l + 0(aj/?)) = 0{a\®) for all
large A, we see that if updating takes place at iteration k

Therefore

W(Ber) = *PB) + 0@ + Incos § + fl- A +in—~r-1 . (359)
L cos2® cos’dj
Since both In cos? f)k as well as the term inside the square brackets are non-positive, we
can delete them to obtain

rPBW)<M(BY) + O@@\?). (3.60)

We now combine the results of Parts | and Il of this proof. Let us subdivide the set of
iterates U for which BFGS updating takes place into two subsets: U* corresponds to the
iterates in which W is computed by Broyden's method, and U" to the iterates in which
finite differences are used. We also define U’y = U'n{1,2, ..A:} and U'£ = U" n{1,2, ...fc}.

Summing over the set of iterates in £*, using (3.54) and (3.60), and noting that
Bj+\ = Bj for j £ JAc we have

$(Bes+1) < ¢(Bx)+Cn . a2+C Y, % +%3 £.7ii (3.61)
jeuy jeu'y jeu'
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for some constants CyC,,Cs. By (3.31) and since \U;\ < \Uj\,

12 _
E ) N E ¢

JEU" J"GU" o
< z cV2 U1
jeu”
- \zut\cuzrifz
t=i
< 00
Similarly :
E°| <o
jev’

and since {7*} is summable we conclude from (3.61) that {xp(Bk)} is bounded above. By
(3.32) tI>(Bk) = SILiCt" - Im"t)> where Zj are the eigenvalues of i?*, and it is easy to see
that th|S|mpI|esthat both Hi?Il and HB"!! are bounded.

1/9

To prove (3.45), we sum relations (3.53) and (3.59), recalling that a*, 7* and o® are
summable, to obtain

w(Bk+1)<C+Zf'nOOBZQ<+[I- «—"Hn Qko D,
k

2
jEUs p cos

“for some constant C. Since |p(Bk+\) > 0, and since both Incos’ 0* and the term inside
the square brackets are non-positive we see that

lim Incos? 0% = 0
Kiceu
and _ .
j|=lim 1- q:- +In q:-jl—bo.
A2 cos< 8, cos* 8

Now, for a; > 0 thefunction 1—x+Inx is concave and has its unique maximizer at x = 1.
Therefore the relations above imply that

lim cosfj* = lim g* = 1. (3.62)
ke®? e,
Now from (3.36)-(3.37)
WG:"\By-G.)p )\ _ \{BNS\
IG+p, 2 H3el1?
_ N\BEW - 2inBydk + 55
Bt

= —qi.-;-—zﬁk+1.
Cos
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We propose aquasi-Newton algorithm for solving optimization problemswith nonlinear equal-
ity constraints. It is designed for pr'oblems with few degrees of freedom and does not reguire the
calculation of Lagrange multipliers. It can also be extended to Iargéscale systems through the
use of sparse matrix factorizations. The algorithm has the same superlinear and global properties
as the reduced Hessian method developed in our previous paper (Biegler, Nocedal and Schmid,
1995). This report directly reworksthe theory presented in that paper to consider the multiplier
freecase.

1. Introduction.
We consider the nonlinear optimization problem

mim/(x) (1.1)
subject to c(x) = 0, (1.2)

where/ : R"” —s R and ¢ : R” —> R™ are smooth functions. We assume that the first
derivatives of / and c are available, but our algorithm does not require second derivatives.
The successive quadratic programming (SQP) method for solving (1.1)-(1.2) generates,
at an iterate #*, a search direction di by solving

: T T '
dl’é]lltl"]' g(xx) d + \d"W{x,)d | (1.3)
subject to c(x) + A{x)'d = 0, (1.4)

where g denotes the gradient of /, W denotes the Hessian of the Lagrangian function
L(x, A) = f(x) + ATc(x), and A denotes the n x m matrix-of constraint gradients

A(z) = [Vei(z), ..., Vem(2)]. (1.5)
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A new iterate is then computed as
X\ = X + aedy, . (16)

where a, is a steplength parameter chosen so as to reduce the value of the merit function.
In this study we will use the t\ merit function

" (x) =1(x) +mlleC)Ila, (L7)

where /i is a penalty parameter; see for example Conn (1973), Han (1977) or Fletcher
(1987). This penalty parameter is normally based on Lagrange multiplier values or
their estimates but here we consider a simpler measure that does not require Lagrange
multiplier estimates, but still maintains descent properties for (fi*x).

The solution of the quadratic program (1.3)-(1.4) can be written in a simple form if
we choose a suitable basis of R" to represent the search direction d. For this purpose,
we introduce a nonsingular matrix of dimension n, which we write as

[YiZd, (1.8
where Y, e R™™ and Z, € R«*("-™), and assume that
AlZ, = 0. | (19)

(From now on we abbreviate A(xy) as Ax, g(Xk) as g, €tc.) Thus Z is a basis for the
tangent space of the constraints. We can now express d, the solution to (1.3)-(1.4), as

de = Yipy + Zipz (110

for some vectors py € R™ and p, € R"~". Due to (1.9) the linear constraints (1.4)
become
c + AlYpy = 0. (2.11)

If we assumethat Ak has full column rank then the nonsingularity of [Yk Zk] and equation
(2.9) imply that the matrix A"Y is nonsingular, so that py is determined by (1.11):

pv = —[ALYi] lex. (1.12)
Substituting this in (1.10) we have
| d = -YJAIYH]-'Ck + Zie. (1.13)
The SQP sub-problem can now be expressed exclusively in terms of the variables p,.
Substituting (1.10) into (1.3), considering Yypy as constant, and ignoring constant terms,
we obtain the unconstrained quadratic problem

.. (ZT gk + ZTWiYipe) 02+ \ D2 (ZTWiZp)pe. 1 4 )
z .




Assuming that Z%W,Zy is positive definite, the solution of (1.14) is
pr=—(2 WiZd~| g « + ZIWYepy). (1.15)

This determines the search direction of the SQP method.
In our previouspaper (Biegler, Nocedal and Schmid, 1995) the cross term [Z W, Y, \py
is approximated by a vector it;*,

[Z|WkYk] py* W, ) (1 16)

without computing the matrix Z%WYx. This allows the rate of convergence of the algo-
rithm to be 1-step Q-superlinear, as opposed to the 2-step superlinear rate for methods
that ignore the cross term (Byrd (1985) and Yuan (1985)). The null space step (1.15) of
our algorithm will be given by '

P, = -{ZIWkZW)-1ZIge + (o), (1.17)

where 0 < (x < 1 is a damping factor described in our previous paper.

Here the cross term is approximated either by a finite difference estimate along Yypy
or by a quasi-Newton method in which the rectangular matrix Z*W is approximated
by a matrix S, using Broyden's method. We then obtain wy by multiplying this matrix
by Ypy, i.€., .

We = SYipy.

In this study, we update S+\ 0 that it satisfies the following secant relation:
Scti(xm - x) = Zl+io(xicH) - ZIg{xd). - (118)

Let us now consider how to approximate the reduced Hessian matrix Z*WZ,. Prom
(1.6), (1.10) and (1,18) we obtain

[SctiZiJaxp, = -aScH(Yupy) + ZMgixk+i) - ZIg(x).

Since S+\ approximates Z'W, this suggests the following secant equation for 27&+1, the
quasi-Newton approximation to the reduced Hessian Z'WZ:

_ B8k =y, . (1.19)
where s and y are defined by s = ap, and
Vk = ZZ+|9(Xk+0 - Zlg{Xk) - W, (120)

with
Wi = aSu(Ykpy). (1.21)
We will update By by the BFGS formula (cf. Fletcher (1987))

By.sgs] By + eyl

Biy1 = By — —g—
sg Brsi vise

(L22)
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provided s'y* is sufficiently positive. As a result, the null space step is computed from:

BPz = Z0BK + ORI (1.23)

Note asin our previous paper, that two correction terms, Wk and Wk are applied. The
first term, WK, is used in the null space step (1.23) and makesUse of the matrix 5*. The
second term, Wk is used in (1.20) for the BFGS update of Bk and is computed using the
new Broyden matrix 5fc+i, and takes into account the steplength a*. We will see below
that it is useful to incorporate the most recent information in Wk-

Finally, as noted by Orozco (1993), an interesting relationship in the definition of
basis representations and Lagrange multipliers occurs for a particular choice of Z and Y,
If we define the Lagrange multiplier estimates by:’

AKX = -[YixfAIXT'Yixfgix). « (1.24)

and partition x into m basic or dependent variables (which without loss of generality are
assumed to be the first m variables) and n — m nonbasic or control variables, we induce
the partition ' '

A" = [CEINX), (1.25)

where the m x m basis matrix C(x) is assumed to be nonsingular. We now define Z(x)

and Y{x) tobe
W ['*«;I*« ]y(n-[J]- (A

This choice is particularly advantageous when A(X) is large and sparse, because a sparse
LU decomposition of C{x) can often be computed efficiently, and this approach will be
considerably less expensive than a QR factorization of A(x). It is also straightforward
to show that for any points X, X for which C(X), C(X) are nonsingular, we have

ZR)'VLOGY)T = Z(R)'9(X) : (1.27)

This allows us to make the following equivalence in the calculation of %.

VK = ZI+gixk+\)-ZIg{xi)-VBx
= ZJVL(Z+, Awi) - Zilo{x) - We (1.28)

when (1.26) is chosen for Y and Z.

In the next section we discuss the revised reduced Hessian algorithm in detail. In
particular, we briefly describe the calculation of the correction terms wy and Wi~ the
conditions under which BFGS updating takes place, the choice of the damping parameter
Ok, and the procedure for updating the weight fix in the merit function. Most of these
steps are identical to the ones in our previous paper. Section 3 presents an analysis of the
local behavior of the algorithm, shows that the rate of convergence is at least R-linear
and summarizes the properties related to superlinear convergence. Numerical results
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and extensions to consider variable bounds are described in a companion paper (Biegler,
Schmid and Ternet, 1995). '

Regarding our notation, throughout the paper the vectors py and p, are computed at
Zfc, and could be denoted by py* and p/™\ but we will normally omit the superscript
for smplicity. The symbal || « || denotes the 12 vector norm or the corresponding induced
matrix norm. When using the I\ or <» norms we will indicate it explicitly by writing
[l 1M or || » Hoc A solution of problem (1.1) is denoted by x*, and we define

& =X -x+t and  a = max{|le|], [le*+i]l}. (1.29)

2. Details of the Multiplier-Free Algorithm

In this section we consider* how to cal cul ate approximations wi andW to (Z%WY.)py
to be used in the determination of the search direction p, and in updating 27, respectively.
We aso discuss when to skip the BFGS update of the reduced Hessian approximation,
as wdl as the sdlection of the damping factor Ck and the penalty parameter /i&.

To approximate to (Z'WY)py we propose two approaches that have dight modi-
fications to those proposed in our earlier paper. First, we consder a finite difference
approximation to Z][W aong the direction Y,py. The second approach defines wy, and
Wy in terms of a Broyden approximation to Z%W, as discussed in 81, and requires no
additional function or gradient evaluations. Our algorithm will normally use this second
approach, although it is sometimes necessary to use finite differences.

2.1. Calculating wy and_wk Through Finite Differences.

We first calculate the range space step py a % through equation (1.12). Next we
compute the reduced gradient of the Lagrangian at X + Yipy and define

W = Z(Xk + Ykpyfg(Xk + Ykpy) - Zl Ok- (21)
After the step to the new iterate x+\ has been taken, we define
Wk = a W (22)

which requires a new evauation of gradients if a, » 1. These correction terms are
substituted for the ones used in our previous paper:

Wi = ZI[VL{X + Yipvy X) - VL(X%\] - (23
We = ZWL{X + aYipy, Xv) - VL{X, A*.1)] (24)

2.2. Using Broyden's Method to Compute wy and .

We can approximate the rectangular matrix Z"W by a matrix 5* updated by Broy-
den's method, and then compute w, and W, by post-multiplying this matrix by Yipy
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or by a multiple of this vector. As discussed in 81 it is reasonable to impose the secant
equation (1.18) on this Broyden approximation, which can therefore be updated by the
formula (cf. Fl etcher (1987))

Sw™ Qe i Eak) (29)
Skk -
where
Vk Z_jf+I0(S*+I) ZIg(X) (2.6)
= ZifcH - X (2.7)
thus, defining _
We = SYipy  and Wi = aScHiYpy. (2.8)

As in our previous paper, we apply a safeguard on these updates to make sure that
Wi, and Wi remain bounded. At the beginning of the algorithm we choose a positive
constant T and define

. r
w = { Wy if [lwx(l £ W"PY"

2.9
wk%ﬁ otherwise. (2.9)

On the other hand, the correction Wy will be safeguarded by choosing a sequence of
positive numbers {7} such that E-gl” < 00, and set

G if W\ < aglipyll /v«

W — ai .
W = fat otherwise.

(2.10) -

Asthe iterates converge to the solution, py — 0, we see from (2.8) and from the bounded-
ness of Yy that these safeguards dlow the Broyden updates S, to become unbounded, but
in a controlled manner. In our previous paper, it was shown that these Broyden updates
S do, in fact, remain bounded, so that the safeguards become inactive asymptotically.

2.3. Update Criterion.

It is wel known that the BFGS update (1.22) is well defined only if the curvature
condition sy, > O is satisfied. This condition can dways be enforced in the uncon-
strained case by performing an appropriate line search; see for example Fletcher (1987).
However when constraints are present the curvature condition s%y, > 0 can be difficult
to obtain, even near the solution.

To show thiswe first note from (1.20), (1.10) and from the Mean Vdue Theorem that

Yk = Z%+ ngC+i ~ Ekgk - VVk
= Z11VL(Ze1, \) — Z{ VL(ze, X)) — Wy

. .
= Z P szxL{Xk + rakdk1 \*)dl’) akdk + (ch+i - Zk)TVL(Xk'I'u K) -

= ZIWad + (Z*.i - Zib)'VL(xfc.i, A¥) -

= ZFWiZgsk + O (a" llskll + allpvll) + axZf WiYipy — i, - (1)
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where we have defined

. 1 .
ZTW = ZI £ V23 L{x + Tad, X.)dr. (2.12)
Jo
Thus SR
sy = S'{ZIZ)sc + O@)\\sd + [ag (ZIWiY)py - #57%] + O(o\a\ \\py |-
(2-13)

Near the solution, the two O(a&) terms will vanish, while the first term on the right
hand side will be positive since Z"W"Zk can be assumed positive definite. Nevertheless
the bracketed terms in (2.13) are of uncertain sign and can make s*yk negative. To avoid
.this problem and also ensure that the quasi-Newton approximation remains boi mded we
apply the same updating criterion developed in our previous paper.

Update Criterion |.
Choose a constant y;g > 0 and a segquence of positive numbers {] k} such that Ej*fc < 00
(this is the same sequence {7*} that was used in (2.10)).

e IfWK is computed by Broyden's method, and if both s*yk > 0 and

Ibvil < 7*3M (2.14)

hold at iteration k, then update the matrix Bk by means of the BFGSformula (1.22)
with Sk and y* given by (1.20). Otherwise, set Bp4y == Bj.

e // Wk is computed by finite differences, and if both sEyk > 0 and

lpvll < Yuallpzll/oi’? (2.15)

hoId at iteration k, then update the matrix Bk by means of the BFGSformula (1.22)
with Sk and yk given by (1.20). Otherwise, set Bk+i = Bk.

Here Ok is replaced by any quantity which is of the same order as the error €, and, asin
our previous paper, we use the optimality condition (I1ZjjTitdl + ||cfc|). Moreover, define

sersk
5l | Breskll

Prom Byrd and Nocedal (1989), the behavior of cosO* for BFGS updates can be described
by the following theorem.

cosfy = (2.16)

Theorem 2.1 Let {B} be generated by the BFGS formula (1.22) where, for all _k>\,
S "0 and

T

%" = m>0 . (217
op Sk

Hye

S M. 2.18
" | (2.18)




Then, there exist constants /3\,02,03 > 0 such that, for any k > 1, the relations

cosOj 2 fa (2.19)
fls;l

hold for at least f*fc] values of j € [l,fc].

Thistheorem refersto theiterates for which BFGS updating takes place, but since for
the other iterates Bk+\ = £*, the theorem characterizes the whole sequence of matrices
{Efc}. Theorem 2.1 states that, if s*y* is always sufficiently positive, in the sense that
conditions (2.17) and (2.18) are satisfied, then at least half of the iterates at which
updating takes place are such that cosOj is bounded away from zero and BjSj = o(||SJ])).
Since it will be useful to refer easily to these iterates, we make the following definition.

Definition 2,1 We define J to be the set of iterates for which BFGS updating takes
place and for which (2.19) and (2.20) hold. We call J the set of "good iterates’, and
define J, = Jfl {1,2,...,A;}.

Note that if the matrices Bk are updated only a finite number of times, their condition
number is bounded, and (2.19)-(2.20) are satisfied for all fc. Thus in this case all iterates
are good iterates.

For the case when BFGS updating takes place an infinite number of times, we assume
that all functions under consideration are smooth and bounded. If at a solution point
x* the reduced Hessan ZjW+Z,, is positive definite, then for all x¢ in a neighborhood
of x* the smallest eigenvalue of Z W~ ZK is bounded away from zero (VVA is defined in
(2.12)). We now show that in such a neighborhood with a* sufficiently small that Update
Criterion | implies (2.17)-(2.18). For the case when W" is computed by Broyden's method.
Using (2.13), (2.14) and (2.10), and since 7* converges to zero, we have

Ty > C\sd - O(PANs) -O(vellsell?)
> m\s\\, (2.21)

for some positive constants C,m. Also, from (2.11), (2.14) and (2.10) we have that

kel < Ollsell) + O(vEllsell) + OCrelisell)
< O{\s). (2.22)

We thus see from (2.21)-(2.22) that there is a constant M such that for all k for which
updating takes place

2
Iyel?
¥ Sk

which together- with (2.21) shows that (2.17)-(2.18) hold when Broyden's method is used.




- For w, computed by the finite difference formula (2.2), from (1.20) and the Mean
Vdue theorem there is a matrix W such that .

ve = Zpp10k+1— Zp gk — Dy

= Zg;_lVL(xk-i-l, MY - Z{V
L% A) - adZX + Yiey) VL{X + Yiby, A) - 2%VL (%, A))]

= (Zied - ZY VLK1, A) + ZH(VL(Xiesl, A) - VL(s*, A)
—e{(Zzx + Yivy) - Z)'VL(X% + Yipv, A)
+ZT(VL(zi + Yipy) A) - VX (Xte, AL))]

= ZWiZs + aZl(Wi - W)Yy + O(aw) \s¢ ||

= Z;{szk.‘ik + O{ ak)\\sk\\

assuming Yipy- = O{ay). Reasoning as before we see that (2.21) and (2.22) aso hold
in this case, and that (2.17)-(2.18) are satisfied in the case when finite differences are
used. These arguments show that, in a neighborhood of the solution and whenever BFGS
updating of By takes place, s\yy is sufficiently positive, as stipulated by (2.17)-(2.18).

2.4. A Multiplier-free Approach for. Choosing ny.
We will choose \i so that for somep > 0,

MH|ZIAC)M*)]+plle()II (223)

and show that this approach ensures a descent direction for the merit function. Moreover,
for-the good iterates J, it is a direction of strong descent.

Since d" satidfies the linearized constraint (1.11) it is easy to show (seeeq. (2. 24) of
Byrd and Noceda (1991)) that the directiona derivative of the I\ merit function in the
direction d* is given by

DN dd) = glde - WidMIXx. (2.29)

Also, the fact that the same right inverse of A(X)" is used in (112) and (124) implies
that .
90" YOpy = \()'c(x). (2.25)

We now show the following relation between Kuhn-Tucker points and merit functions
with /i chosen by (2.23).

Theorem 2,1 Assume that A(x) is of full column rank for all x € D and that Z(X) is
norm bounded. If (p"x) is defined by (1.7) and fx satisfies (2.23) for all x G D, then
D<t>"™{x\d) > 0 for all d satisfying t(x) + A(x)'d = 0 if and only ifX is a Kuhn Tucker
point.




Proof. The proof is similar to the one in Fletcher (1987) for <€u(X) with /i > ||A(Z)|lec-
The if part follows from:

0< Dgulx;d) = gxfd-n\\c(X)\i

| o) ZGYPNCON + X{%) (%)

< 909 Z(x)pPNCCN

< 9(®)'Z(p: (2.26)

~for all p, € H™~™. This implies Z(X)"g{x)" = 0. Now if, in addition, c¢(X) = O then X is
a Kuhn-Tucker point. If we assume ¢(X) 0 then we can show the contradiction:

0< Z%(xd) = \X)'cX) - /il|c)]li
s -pllc(9)lli- .
< 0 (2.27)

The only if part follows from substitution of the Kuhn-Tucker conditions:

Z®)'gx) = 0

cx) = 0 ‘ (2.28)
into the directional derivative:
D/ (xi<f) = 7 9T Z(X)pfLWE(X)\iHX) Tc(X)
= 0. ‘ (2.29)
D

To show strong descent directions for good iter ates, we recall the decomposition (1.23)
and use (2.25) to obtain

Déy, (zx;di) = g;{zkpz — pxlick|ls + z\;{ck
= (ZTg + Gwe)Tps — Gewlpz ~ prlleklls + M ex.  (230)

Now from (1.23) we have that
BkSK = —OL(Z¥ g + CifcA) . (2.31)
As shown in our previous paper,

cosf. = —~(ZZAK_+ {KWK)'Pz

. (2.32)
\\2%gk + tkWK\\PZA\'
If we satisfy the following property for fiy:
HMc\>\Xlc\ & 2p\\c\ (2.33)
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or, equivalently, from (2.25):
Widlcll > igjYkPvl + 2p\\ck\\ ' (2.34)
‘then substituting in (2.30), leads to: ' |
Déy,(zxidi) < 1128 gk + Cewrll llpzll cos 8 — Gewf pz — 20llells. (2.35)

Note also from (2.31) that

wn . liftn | 230
iBeskll 129k + Crwrll

We now concentrate on the good iterates J, as given in Definition 2.1. Ifj G J, we have

from (2.36) and (2.20) that

%Hzf 9; + Gusll < Hp¥) - ig\\zi_ 9 + Cjwjll (2.37)
Using this and (2.19) in (2.35) we obtain, for j 6 J,
Doizdl;) < —z & 5@V cos6, - Geuf 5 ~ 20l
< MNNgf - *SNgTzw)  _cwia) _me [,

where we have dropped the non-positive term — f cosQI\WJI\%fa. Since we can assume
“that /% > 1 (it is defined as an upper bound in (2.20)), we have

D¢y (zj:d;) < — fy BT9il* + ¢jcondslg] 2; ‘”]:I ‘Zp?@;ﬂfw

It is now clear that if
2Cj cos 6)\gjZjWj| - CiwjpVv* < p\\g |[i, (2.38)

then for all j G J,
DgH(xy,dj) < -~ 117112 - pWcijh. (2.39)

This means that if (2.38) holds, then for the good iterates, j € J, the search direction dj
is a strong direction of descent for the t\ merit function in the sense that the first order
reduction is proportional to the KKT error.
We will choose £ so that (2.38) holds for all iterations. To see how to do this we
note from (1.23) that
pe = ~B;'2l g - (B,




so that for 'j = k (2.38) can be written as
Ck[2cosB\glZawi\ + W' BI*ZIge + CkwiBMwi] < pllcidfi. (2.40)

It is clear that this condition is satisfied for a sufficiently small and positive value of £.
Specificdly, at the beginning of the algorithm we choose a constant p > 0 and, at every
iteration fc, define A

@ = min{l,Cfc} ' (241)

where Ot is the largest value that satisfies (2.40) as an equdlity.
The penalty parameter /z* must satisfy (2.23), so we define it a every iteration of
the algorithm by

pe-r - if meegllells 2 lof Yipyl + 20flexlls
= , 242
He { g7 Yipvl/llckll1 + 3p  otherwise. . (242)

Note that for ¢, = Qjlc = /Zci and thus fx is only updated when ¢, ~ O.

The damping factor £ and the updating formula for the penalty parameter fi, have
been defined so as to give strong descent for the good iterates J. We now show that
they ensure that the search direction is aso a direction of descent (but not necessarily of
strong descent) for the other iterates, k & J. Since (2.38) holds for al iterations by our
choice of @ we have in particular

~Cewipz < pllexl.
Using this and (2.42) in (2.35), we have
Dy, (zi; di) < ~1Z)fgi + Cewsell ilp2i| cos & — prellcellr- (2.43)

The directiona derivative is thus non-positive. Furthermore, since w, = 0 whenever
¢« = 0 (regardless of whether w is obtained by finite differences or through Broyden's
method), it is easy to show that this directional derivative can only be zero at astationary
point of problem (1.1)-(1.2).

2.5. The Algorithm

- Using the modifications of the reduced Hessan algorithm for the multiplier-free
method, we now give a complete description of the algorithm. As with the previous pa-
per, the algorithm includes an approximation for the cross term using Broyden's method
and finite differences, and based on the relative sizes of py and p,. Calculation of the
cross term and updating of the reduced Hessian proceed in the same manner as in our
previous paper.

‘Algorithm |




10.

11.
12.
13.

. Choose constants 77 E (0,1/2), p> 0and rrf with0<r <r' < 1, and positive

constants F .and ;4 for conditions (2.9) and (2.15), respectively. For conditions
(2.10) and (2.14), select a summable sequence of positive numbers {7*}. Set k := 1
and choose a starting point xi, an initial value.(JL\ > O for the penalty parameter,
an (n—m) x (n— m) symmetric and positive definite starting matrix B\ and an
(n — m) x n starting matrix S\.

Evaluate /* ,</*, ¢* and Ak, and.compute % and Z*.

Set findiff = false and compute py by solving the system

(AIYk)by = -Cc*. (range space step) (2.44)

Calculate tu* using Broyden's method, from equations (2.8) and (2.9).

Choose the damping parameter C,k from equations (2.40). and (2.41) and compute
p.from
Bipz = k8 + CkWK]- (null space step) (2.45)

If (2.15) is satisfied and (2.14) is not satisfied, set findiff = true and recompute Wk
from equation (2.1).

If findiff = true use thi-s new value of w" to choose the damping parameter £¢ from
equations (2.40) and (2.41) and recompute p, from equation (2.45).

Define the search direction by

dc = Ypy + Zfcp,, . (2.46)
and set & = 1
Test the line search condition

<t>ny(xk + <*kdk) < <I>ny{xk) + vakDcfrAixkidk). (2.47)

If (2.47) is not satisfied, choose a new a* E [rak,r'ak] and go to 9; otherwise set

Xfc+irfc + afod®. - (2.48)

Evaluate /*+i,0¥4.1,c*+i, A*.i, and compute Yjkd and Z*+i.
Update X* so as to satisfy (2.42).

Update £4+! using equations (2.5) to (2.7). If findiff = false calculate #J* by

Broyden's method through equations (2.8) and (2.10); otherwise calculate Wk by
(2.2). :

13




14. If s%yk < Oorif (215) is not satisfied, set -BMH = By. Else, compute -
s = <Py | (2.49)
VK = Zl+if{xcti) - ZIg{x) - Wi, (2.50)
and compute By+x by the BFGS formula (1.22).
15. Set A :=k+1,andgoto 3.

3. Convérgence Results

In this section we summarize severa convergence results for Algorithm |I. Many of the
results of the our previous paper carry over directly and are thus stated without proof.
Nevertheless, there are some important departures which are noted as well.

3.1. Semi-Local Behavior of the Algorithm.

Wefirst show that the merit function <f>” decreases significantly at the good iterates J,
and that this gives the algorithm a weak convergence property. To establish the results
of this section we restate the following assumptions from our previous paper.

Assumptions 3.1 The sequence {x} generated by Algdrithm | is contained in a convex
set D with the following properties.

() The functions/ : R" -> Rand ¢ : R" -* R™ and their first and second derivatives
are uniformly bounded in norm over D.

(1) The matrix A(X) has full column rank for all x € D, and there exist constants 70
and fa such that

VWY XNAIXFYIX)} -1, IZ()[I<iflb, (3.)

for all x € D.
(1) For al k > 1 for which By is updated, (2.17) and (2.18) hold.

(IV) The correction term to* is chosen so that there is aconstant K > 0 such that for all

llwll < KllcfeU : _ (3.2

The following result from our previous paper concerns the good iterates J, as given
in Definition 2.1.
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Lemma 3.1 If Assumptions 3.1 hold and if fij = fj, is constant for all sufficiently large
J, then there is a positive constant 7” such that for all largej G J,

$u(z;) — dulzien) 2 M [INj112+ IMB] o 33

It is now easy to show that the penalty parameter settles down, and that the set of
iterates is not- bounded away from stationary points of the problem.

Theorem 3.2 If Assumptions 3.1 hold, then the weights {&k} *° constant for all suffi-
ciently large k and JimM,->00(\Zk 9K\ + ljc1l) = 0.

Proof. First note that by Assumptions 3.1 (1)-(11) and (2.25) that {IfiifI* py|/[|c*[|i} =
{PfScM=1li} ~ {111} is bounded. Therefore, since the procedure (2.42) increases Af
by at least p whenever it changes the penalty parameter, it folows that there is an index
foo and avaue /i such that for al k > fco, Wb = A*U“h *kat MIlck|j > Afcd + 2p|[c* ji. If
BFGS updating is performed an infinite number of times, by Assumptions 3.1-(l11) and
Theorem 2.1 there is an infinite set J of good iterates, and by Lemma 3.1 and the fact
that <f>n(xk) decreases at each iterate, we have that for k> &q

x
bu(The) — Bul@rs1) = Y (bul(®) — Sulzin1))

J=ko
2 Y (Bulz) - dalzia))
§63N[Kosk] |
2 1 X 127 esl® + lleslha).
jedn[koK]

By Assumption 3.1-(1) “w(X) is bounded below for all XED, so the last sum is finite,
and thus the term inside the sgquare brackets converges to zero. Therefore

im (fj A +1M10-0. (3.4)

If BFGS ubdating is performed a finite number of times then, as discussed étfter
Definition 2.1, dl iterates are good iterates, and in this case we obtain the stronger
result

lim (HAffjtH + Hddli) = 0,

3.2. Local Convergence

In this section we show that if x+ is aloca minimizer that satisfies the second order
optimality conditions, and if the penalty parameter X* is chosen large enough, then x*:
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is a point of attraction for the sequence of iterates {xk} generated by Algorithm I. To
prove this result we will make the following assumptions. In what follows G denotes the
reduced Hessian of the Lagrangian function, i.e.

Gy = ZFV2, L(xk, M) 2. . (3.5)

Assumptions 3.2 The point z* is a loca minimizer-for problem (1.1)-(1.2) at which
the following conditions hold.

(1) Thefunctions/ : R" -> Randc : R" -» R™ axe twice conti nuoudly differentiable in
aneighborhood of x*, and their Hessians are Lipschitz continuous in a neighborhood
of z..

(2) The matrix A(x+) has full column rank. This implies that there exists a vector
A* G R"™ such that
VL(z*, A) = g(Xm) + ADF)\* =0.

(3 Fordl geR"~", g”0, we have q'G*q > 0.
(4) There exist constants 70, /2 and 7 such that, for al x in a neighborhood of x*,
WYiXHAIXFYiX"WK-to,  WZ(x)\<f30, (36)
and .
W Y()Z()]-N\<ye. 3.7

(5) Z(X) and X(x) are Lipschitz continuous in a neighborhood of x«, i.e. there exist
constants j, and 7” such that

@ -ADI < mlle_ gy (3.8)
WZ(9 - Z@N 5 7zlIx-z], (3.9)

for al x, z near x».

Note that (1), (3) and (5) imply that for all (x, X) sufficiently near (x,,A»), and for all

qeER™™M,
mM\g\\’<q'G(x,\)g< M\q\\?, (3.10)

for some positive constants m, M. We aso note that Assumptions 3.2 ensure that the
conditions (2.17)-(2.18) required by Theorem 2.1 hold whenever BFGS updating takes
place in a neighborhood of x*. Therefore Theorem 2.1 can be applied in the convergence
analysis.

The following lemma is proved by Xie (1991) for very general choices of Y and Z.
Their result generdizes Lemma 4.1 of Byrd and Noceda (1991); see also Powell (1978).
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Lemma 3.3 // Assumptions 3.2 hold, then for all x sufficiently near x*
Till* - x.|| £ [lc)]| + \Z{x)"gfx)\_< 2\ - x|, (311
for some positive constants 71,72+

Thisresult states that, near z*, the quantities c(x) and Z(x)'g(x) may be regarded
as a measure of the error at x. The next lemma states that, for a large enough weight,
the merit function may also be regarded as a measure of the error.

Lemma 3.4 Suppose thét Assumptions 3.2 hold at x«. Thenfor any \x aatiéfyi ng (2.23)
there exist constants 73 > 0 and 74 > 0, such that for all x sufficiently near x*

TI* " *.||2_.< M*) ~M*") <74 [\\Z(ng(X)\\2 + [lcO)|lij - 812
Proof. To show the lé&ft inequality holds we can write:
() () = 1) ile(@)]]a-1(*)) (313)

1(*) + X(xfe(x) + AIICOON - X(xfe()} - /(x.) (3.14)
> L(x A) + (AK - \(x)fcx) + phe\Wi - /(x.)  (3.15)
> LA +||lcO)i-/(x.) (3.16)

(3.17)

where the last inequality follows for all x sufficiently near x*. Expanding the lagt in-
equality in a Taylor series leads to:

Bu(e) = dulee) 2 TL(E )T (2~ 2) + 3@ — 2 Vi L(za Az - z.)
+f fle(@)l + Mle@)? - Mlc)I? + O\ -x.|)°  (318)
Now we note that | _
AMX)f = U-éx - x)'Ajg(x - x) + O\ - x\\)3 (3.19)

In Lemma 4.2 of Byrd and Nocedal (1991) it isshown that if Assumptions 3.2 are satisfied
there exist sufficiently large values of v such that:

o [(X - X)(Vial(Xo A) + VAAR)(X - X.) > 27la; - x.f (3.20)

Now since thereexists a K. > 0 such that |lc(&)]li <K\ — xm\ we have for ||i —x,|| £
P/(2vKo): :

Pu(z) = dul(za) 2 2wz — 2+ fle(2)h + Qs ) ° (3.21)

> 73lk-ar.ll? (32

(3.23)
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for all x sufficiently close to x*. Theright inequality follows directly from:

1(*) + Hlc(X)||i-/(x*) (3;24)

Ms)-</>*(*e) =
= L(x, A) - f(x.) + MK()Ili " Hxfe(X)} (325
< Oflz —x4%) + p\c(x)h . (3.26)
< wulz@) o@)|° + ] * (327)
D

Note that the left inequality in (3.12) implies that for a sufficiently large value of
the penalty parameter, the merit function will have a strong local minimizer at x*. We
will now use the descent property of Algorithm | to show convergence of the algorithm.
However, due to the non-convexity of the problem, the line search could generate a step
that decreases the merit function but that takes us away from the neighborhood of x*.
To rule this out we make the following assumption.

Assumption 3.3 The line search has the property that, for all large A, <*((1 — 9)xk +
Oxk+i) < Ox(#c) f°" all 6 E [0,1]. In other words, x/t+i isin the connected component of
the leve set {x : <Bu¥) < 4>p{xk)} that contains x*.

There is no practical line search algorithm that can guarantee this condition, but it
is likely to hold close to x*. Assumption 3.3 is made by Byrd, Nocedal and Yuan (1987)
when analyzing the convergence of variable metric methods for unconstrained problems,
as wdl as by Byrd and Nocedal (1991) in the analysis of Coleman-Conn (1984) updates
for equality constrained optimization.

Lemma 3.5 Suppose that the iterates generated by Algorithm | are contained in a convex
region D satisfying Assumptions 3.1. If an iterate Xkq is sufficiently close to a solution
point x* that satisfies Assumptions 3.2, and if the weight /i*y is large enough, then the
sequence of iterates converges to x*.

Proof. The proof is virtually identical to the one given in our previous paper. By
Assumptions 3.1 (I)-(I1) and (1.24) we know that {||Afc|}} is bounded. Therefore the
procedure (2.42) ensures that the weights /x* are constant, say fjb = /i for all large
fc. Moreover, if an iterate gets sufficiently close to x*, we know by (2.42) and by the
continuity of A that (2.23) is satisfied. For such a value of /i, Lemma 3.2 implies that
the merit function has a strict local minimizer at x*. Now suppose that once the penalty
parameter has settled, and for a given e > 0, there is an iterate Xkq such that

Y3 o
o]
Y2 raY0

ko = 24l <

where 70 is such that || « |i < 701 < - Assumption 3.3 shows that for any k_> kq, x*
is in the connected component of the level set of x*o that contains Xfe, and we can
~assume that c is small enough that Lemmas 3.3 and 3.4 hold in this level set. Thus since
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4>iii"K) < <j>n(k,) for A; > /to, and since we can assume that lg"<fedll <~ 1>"* have from
Lemmas 3.3 and 3.4, for any k > ko '
_l . 1
lzx ~ 2ol < 73 2(Bulze) — Bulz.))?

1
o 73 (Bulzre) ~ dulae))?

1
() [h2hgwal? + AL

<
. % 1
$ ¢ ) [12Egkl? + Hollesel]®
1274%0 3
< (BB, - ai)
< E

This implies that the whole sequence of iterates remains in a neighborhood of radius e
of x+. If e is small enough we conclude by (3.12), by the monotonicity of {(f>n{xJ)} and
Theorem 4.2 that the iterates converge to x».

D

3.3. R-Linear Convergence.

For the rest of the paper we assume that the iterates generated by Algorithm |
converge to x«, which implies that for all large k and some p > 0, i* = /x and

WO\ 2 WOFe()\+ pMX)\ (3.28)

The analysis that follows depends on how often BFGS updating is applied, and to make
this concept precise we define U to be the set of iterates at which BFGS updating takes
place,

U = {k: By = BFGYB s Y}, (3.29

and let
Uc = UD {12 ...&}. (3.30)

The number of elements in Uy, will be denoted by \UJ\. The following result from our
previous paper carries over directly to the multiplier-free method.

Theorem 3.6 Suppose that the iterates {x} generated by Algorithm | converge to a
point X* that satisfies Assumptions 3.2. - Then for any k £U and any j > k

llz; — 2|} < CrlU, (331)

for some constants C> 0 andO0<r < 1.
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This result implies that if {\UKVK} is bounded away from zero, then Algorithm | is
R-lineaxly convergent. However, BFGS updating could take place only a finite number
of times, in which case this ratio would converge to zero. It is also possible for BFGS
updating to take place an infinite number of times, but every time less often, in such a
way that \U,\Vk —¥ 0. We therefore need to examine the iteration more closaly.

We make use of the matrix function ip defined by

Y(B) = tr{B) - In(cfct(B)), (3.32)
where tr denotes the trace, and det the determinant. It can be shown that
Incond(B)<V>(£), (3.33)
for any positive definite matrix B (Byrd and Nocedal (1989)). We also make use of the

‘weighted quantities

Vk = G7%, &= G, | (3.34)
By = G;Y2B;G;?, (3.35)
cos by, = —ﬂ—@"— (3.36)
||£7‘«*||||**||
and
=240, 330

One can show (see eq. (3.22) of Byrd and Nocedal (1989)) that if By is updated by
the BFGS formula then

o =T § -
P(Brs1) = ¢(B)+“.!¥°." —l—hgi~—§:+hcoszsk

fli- (3.38)

Gk Gk
— +In — .
c0829k 60829;,]
This expression characterizes the behavior of the BFGS matrices By, and will be
crucial to the analysis of this section. However before we can make use of this relation

we need to consider .the accuracy of the correction terms. We begin by showing that when
finite differences axe used to estimate w, and TU\, these axe accurate to second order.

~Lemma 3.7 /I at the iterate x,, the corrections wi and Wi are computed by the finite

difference formulae (2.1)-(2.2), and if x« is sufficiently close to a solution point z* that
satisfies Assumptions 3.2, then

o =O(lbvll), (339
IK - Z/W.yrepy|l = Ofad\py\l) . (340)
and
' 1@k — axZTW.Yipv|l = Oloxlipv]). - (34))
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Proof. The proof requires only a minor modi_ficatibn of the same property proved in the
previous paper. Recdling that VL(z, A) = g(X) + A(X)A, we have from (2.1) that
We = Z0% + i) g+ Yin)-Z(x)'904)
= Z(% + Yip) VL% + Yipy, A) - Z(6)VL(x, A)
(Z(% + YdPy) - Z(%) 'VL(X% + Yipy,\*)
_ +ZE>T [ Vial{x + rYipy, A)rfr] Yipy
= ZIWiYipy + (Z(x + npy) - Z(x*))'VL(a* + Yipy, A)
= ZyWiYipy + Olon)lpvl (342)

The above result follows for x, in the neighborhood of £ where (3.6)-(3.9) hold because:

| VL(X + Yipy, A) = O(]IX - xm\)) + O(|by]]) = O(ar) (343)
where & is defined by (1.29). Also a simple computation shows that

[ZIW - Z2W.]Yiey = OViblIPvil)) (k44

Using these facts in (3.42) yields the desired result (3.40). To prove (3.41), we only note
that ax < 1, and reason in the same manner. D

Next we show that the condition number of the matrices B, is bounded, and that
a the iterates U at which BFGS updating takes place the matrices By are accurate
approximations of the reduced Hessian of the Lagrangian.

Theorem 3.8 Suppose that the iterates {x} generated by Algorithm | converge to a
solution point x* that satisfies Assumptions 3.2. Then {|BA} and {\B"\\} are bounded,
and for allkeU

I(Bx = 2" Z.)pall = oflldll)- (3.45)

| Proof. Again, the proof follows aong the same lines as the one in our previous paper,
but with dight modification. Consider only iterates k for which BFGS updating of Bk
takes place. We have from (2.50), (2.48), (2.46), (2.12) and (2.49)

i = 2 agk+1— ZI0k - Wi

ZE+1VL(xk+11X1) - Z][\_/L(inxi)-wk
= (Zgy1 - ZkaL(Xk+1, A) + thVLfO'H, A) - VL(Xk, A)) - Wk

= @ Z)VLXw A) + 21 VAL(d + Tad A)rir] ady - w,

= W@V Zie, + Yipy) W+ O(<T(ld] + arlipv)
= ZWZs + adZW - ZTW.)Vipy + (aZiW.Yipy - W)
+0(a)M\s\\ + a\py\). (3.46)




Since W, can be computed by Broyden's method or by. finite differences, we consider
these two cases separately.

Part I. We first assume that Wi is determined by Broyden's method. A simple com-
putation shows that \Z]J[Wk - ZJW«\ = 0{oy), and from (2.10) we have that W, =
O(|lpy|l/7fc)- Using this and Assumptions 3.2 in (3.46) we have

Yo = ZIWZs+ {ac+ |+ 17%)0(@* [lpyll) + Ofaghsy
= (Z%WiZy - G)sc + Gse + (@ + 1+ 1/7)O(alipyll) + Olor)lsell{3.47)

Recalling (3.34) and noting that yi*Sk = y%s, we have
JUK = S(Z2WiZ - G)sc + proll” + @¢ + 14 1/m)0(ak oyl del + Ofow) s,

since ||5ic| and \s\ are of the same order. Therefore

vyh _ . s"{ZIW,Z,-G.)s
\SK\\2 \\h\\? R
+{ok +1+ 1/%)0 (l—l-"—’l’—;;f""—ﬂ) + Olo)
= 14+ 0{(ox)+(ox+14+1/%)0 (A]yfjiu (348)

5 |
Similarly from (3.47) and (3.34) we have
o < W(ZIWe2, - G)selPIGT
+2(1 + K{a)NZIWiZe - G)s\ WG7YA\ Wsd\ + (I + O(as)?IS* )P
+2(0k + 1+ 1/7)0(larpyDIG:* || (1 + O(FfISHI + W2%WiZ - G.)selllGT 1)
+(ok + 1+ 1/m)*O(llawpv )2, (3.49)

and thus

il | syl
o < 1+0(o,,)+(a,,+1+1/«7,,)(1+a,,)o(—”§k")

apv|?Y :
+(a,=+1+1/7,,)20(" ||§fﬁ=|*| j. (3.50)

At this point we invoke the update criterion, and note from (2.14) that if BFGS
updating of By takes place at iteration fc, then |[afcpy|| < 78|l where {7*} is summable.
Using this, the assumption that o, converges to zero, and (3.48) we see that for large k

i 5k

W =1+ O(Uk + ‘]’k], (351)
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and using (3.50)

llg |12
= =1+ 00k + V)-
”33\‘."2 ( k 7’:)
Therefore I ”2 | 15/\
LLIZ —L— = 1+ Cl@@ + 7%)- (3.52)

Vi Whr vk

We now consider x/>(Bk+|) given by (3.38). A simple expansion shows that for large
fc, In(l + O(ax + 7)) = OCTA: + 7*). Using this, (3.51) and (3.52) we have

4>(BM) = 1>(Bk) + O{Ok +Ik) +1n C052 g + [| - _))—..H -In-~-1 . (353)
L COStk COS%eJ

Note that for x > 0 the function 1 — x + Inx is non-positive, implying that the term in
square brackets is non-positive, and that In cos” 0y is also non-positive. We can therefore
delete these terms to obtain

iKBy) <*I*{B,) + O(ax + 7.). (3.54)

Before proceeding further we show that a similar expression holds when finite differences
are used.

Part I1. Let us now consider the iterates k for which updating takes place and for which
W is computed by finite differences. In this case (2.15) holds. Again we begin by
considering (3.46), '

Yi = Zj17ZA +afch =27 W.)Yepy+(ax ZT W, Yipy — D) +O(ok) |3k |+ llpe)-
Using (3.41) the second and third terms are of order a*(a*||py||)- Thus

Ve = ZIWiZisi + Oor)(llsell + arlipyll)
{ZIWZ - G)sc + G.sc + O(a)(\s\ + a*||pyl)). (3.55)

Noting once more that y%5 = y*Sk and recalling the definition (3.34) we have
ylh = s\{ZIWk”Zk - G)8 + \.\h\\2 + O(ak)(\\s'k\\2 +C!4=||Pv||i|§k||)_,

since ||i*|| and ||s*|| are of the same order. Therefore

yjsk S "{ZIWKZ-G.)sc o ek

+0{ak)y|+; !

PE - _p/\p 0{a )\ I"I’)
= 14+0(cx)+0 ( ”clT'fpl'i'") . (3.56)
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Similarly from (3.55) and (3.34) we have
ivi  _<  WZjWiZi-G)sd\A\G: '\ |
+2(1 + O@))\{ZjWiZ - G)s\ ||G:Y3|| p*|| + (1 + Ofa))\5\?

i
i ("“"”Y" G220 (1 + O@))\8\ + 2T Wi Ze — GL)sullllGr 2 ])

+40(\apy\),
and thus : 2\
e 1 2 p AFA
T - < 1+ Ola) +ap (i) + 00 '..af..- . B3

The rest of the proof is identical to the one in our previous paper. We note from
(2.15) that if BFGS updating of By takes place at iteration *;, then ||py|| < 7fd||PzII/cr]‘d2.
Using this, (3.56) and the fact that Gk converges to zero, we see that for large k

-..T-
Y. Sk 2
||$lu2 =1+0(),

and using (3.57)

TR,
HeE llgell® Nael® . 'n(nm‘ W

We now consider ip(Bi+i) given by (3.38). Noting that In(l + 0(aj/?)) = 0{a\®) for all
large A, we see that if updating takes place at iteration k

Therefore

W(Ber) = *PB) + 0@ + Incos § + fl- A +in—~r-1 . (359)
L cos2® cos’dj
Since both In cos? f)k as well as the term inside the square brackets are non-positive, we
can delete them to obtain

rPBW)<M(BY) + O@@\?). (3.60)

We now combine the results of Parts | and Il of this proof. Let us subdivide the set of
iterates U for which BFGS updating takes place into two subsets: U* corresponds to the
iterates in which W is computed by Broyden's method, and U" to the iterates in which
finite differences are used. We also define U’y = U'n{1,2, ..A:} and U'£ = U" n{1,2, ...fc}.

Summing over the set of iterates in £*, using (3.54) and (3.60), and noting that
Bj+\ = Bj for j £ JAc we have

$(Bes+1) < ¢(Bx)+Cn . a2+C Y, % +%3 £.7ii (3.61)
jeuy jeu'y jeu'
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for some constants CyC,,Cs. By (3.31) and since \U;\ < \Uj\,

12 _
E ) N E ¢

JEU" J"GU" o
< z cV2 U1
jeu”
- \zut\cuzrifz
t=i
< 00
Similarly :
E°| <o
jev’

and since {7*} is summable we conclude from (3.61) that {xp(Bk)} is bounded above. By
(3.32) tI>(Bk) = SILiCt" - Im"t)> where Zj are the eigenvalues of i?*, and it is easy to see
that th|S|mpI|esthat both Hi?Il and HB"!! are bounded.

1/9

To prove (3.45), we sum relations (3.53) and (3.59), recalling that a*, 7* and o® are
summable, to obtain

w(Bk+1)<C+Zf'nOOBZQ<+[I- «—"Hn Qko D,
k

2
jEUs p cos

“for some constant C. Since |p(Bk+\) > 0, and since both Incos’ 0* and the term inside
the square brackets are non-positive we see that

lim Incos? 0% = 0
Kiceu
and _ .
j|=lim 1- q:- +In q:-jl—bo.
A2 cos< 8, cos* 8

Now, for a; > 0 thefunction 1—x+Inx is concave and has its unique maximizer at x = 1.
Therefore the relations above imply that

lim cosfj* = lim g* = 1. (3.62)
ke®? e,
Now from (3.36)-(3.37)
WG:"\By-G.)p )\ _ \{BNS\
IG+p, 2 H3el1?
_ N\BEW - 2inBydk + 55
Bt

= —qi.-;-—zﬁk+1.
Cos
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It is deax from (3.62) that the last term converges to O for k 6 £/, which implies that
(3.45) holds.

a

This result immediately implies that the iterates are R-linearly convergent, regardiess
of how often updating takes place.

Theorem 3.9 Suppose that the iterates {x} generated by Algorithm | converge to a
solution point x+ that satisfies Assumptions 3.2. Then the rate of convergenceis at least
Rlinear. .
Proof. Theorem 3.8 implies that the condition number of the matrices {£¢} is bounded.
Therefore all the iterates are good iterates, and reasoning as in the proof of Theorem 3.6
we conclude that for all |
\\Xj-x*\< Cr1,

for some constants C > 0and 0<r < 1.
D

Asinour previous paper, we aso note that the Broyden matrices S* are bounded and
this follows directly from R-linear convergence and the well-known bounded deterioration
property for Broyden's method (df. Lemma 8.2.1 in Dennis and Schnabel (1983)).

3.4. Superlinear Convergence

Without the correction terms Wk and xfik, and using appropriate update criteria, Al-
gorithm 1 is 2-step Q-superlinearly convergent. This was proved by Noceda and Overton
(1985) assuming that Y* and Zk are orthogonal bases, and that a good starting matrix
B\ is used. This result has been extended by Xie (1991) for more genera bases and for
any positive definite starting matrix B\.

To establish 1-step superlinear convergence we need to assume that the steplengths
otk have the value 1 for all large A, When a smooth merit function, such as Fletcher's
differentiable function (Fletcher (1973)) is used, it is not difficult to show that near the
solution unit steplengths give a sufficdent reduction in the merit function and will be
accepted.

However the non-differentiable £\ merit function (1.7) used in this paper may reject
steplengths of one, even though the lower bound on \i is wesker than [Ajoo« Thus the
multiplier-free method can still suffer from the Maratos effect; the algorithm must be
modified to dlow unit steplengths and to achieve a fast rate of convergence. (In the
numerical experiments described in the next section, we employ a non-monotone line
search (or watchdog technique) of Chamberlain et a (1982) that alows unit steplengths
to be accepted for al large fc. The analysis of the modified algorithm would be similar
to that presented in 85.5 of Byrd and Noceda (1991).)

Nevertheless, if we assume that the iterates generated by Algorithm | converge R-
linearly to a solution and that unit steplengths are taken for al large fc, then the per-
formance of the method is no longer influenced by the merit function and the analysis is
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identical to that of our previous paper. The convergence result can therefore be summa-
rized by:

Theorem 3.10 Suppose that the iterates generated by Algorithm | converge R-linearly
to a point x+ that satisfies Assumptions 3.2, and that a+ = 1 for all large k. Then the
rate of convergence is 1-step Q-superlinear.
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identical to that of our previous paper. The convergence result can therefore be summa-
rized by:

Theorem 3.10 Suppose that the iterates generated by Algorithm | converge R-linearly
to a point x+ that satisfies Assumptions 3.2, and that a+ = 1 for all large k. Then the
rate of convergence is 1-step Q-superlinear.
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