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ABSTRACT

We propose a quas-Newton algorithm far solving large optimization problems with
nonlinear equality condraints. It is desgned for problems with few degrees of free-
dom, and ismotivated by the need to use parse matrix factorizations. Thealgorithm
incorporates a correction vector that approximates the crossterm Z WYpy in or-
de to estimate the curvature in both the range and null spaces of the congraints.
The algorithm can be conddered to be, in some sense,- a practical implementation
of an algorithm of Coleman and Conn. We give conditions under which local and
superlinear convergence is obtained. ’
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Abbreviated titlee A Reduced Hessan Method

1. Introduction.
We consider the nonlinear optimization problem

i) (1

subject to ¢{x) = 0, 1.2)

where / : R" -« R and ¢ : R" -+ R™ are smooth functions. We are particularly
interested in the case when the number of variables n is large, and the algorithm we
propose, which is a variation of the successive quadratic programming method, is designed
to be efficient in this case. We assume that the first derivatives of / and ¢ are available,
but our algorithm does not require second derivatives.




The successive quadratic programming (SQP) method for solving (1.1)-(1.2) gener-
ates, at an iterate x,, a search direction d¢ by solving

Jmin g Xk)Td'*\W{ x9d (1.3

subject to c(x) + A(x)'d = 0, (1.4)

where g denotes the gradient of /, W denotes the Hessian of the Lagrangian function
X(x, A) = f(x) + X'¢(x)j and A denotes the n x m matrix of constraint gradients

A(z) = [Va(z), ..., Vem(z)] . (1.5)
A new iterate is then computed as
Teer = 2r + Ay, (1.6)

where g, is asteplength parameter chosen so as to reduce the vaue of the merit function.
In this study we will use the t\ merit function

*, (%) =1(*) + li|K*)II. (1-7)

where /i is a penalty parameter; see for example Conn (1973), Han (1977) or Fletcher
(1987). We could have used other merit functions, but the essential points we want to
convey in this article are not dependent upon the particular choice of the merit function.

The solution of the quadratic program (1.3)-(1.4) can be written in asmple form if
we choose a suitable basis of R" to represent the search direction dy. For this purpose,
we introduce a nonsingular matrix of dimenson n, which we write as

[V Zd (1.8)
where Yy G R™™ and Z, € R™("~"), and assume that
A"Z, = 0. (1.9)

(Fvom now on we abbreviate A(xx) as Ay, 9(Xk) as gy etc.) Thus Z is a basis for the
tangent space of the constraints. We can now express d*, the solution to (1.3)-(1.4), as

de = Ykpy + Zypz, (110)

for some vectors py € R™ and p, € R™*™. Due to (1.9) the linear constraints (1.4)

become
¢k + Al Yipy =0. (1.11)

If we assume that A, has full column rank then the nonsingularity of [ Yx Z] and equation
(1.9) imply that the matrix AjYx is nonsingular, so that py is determined by "(1.11):

py = -[itfr<]-'c*. " (1.12)
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Substituting this in (1.10) we have
de = -YJAY'e + Zes (1.13)

Note that
AL A (1.14)

is aright inverse of A%, and that the first term in (1.13) represents a particular solution
of the linear equations (1.4).

We have thus reduced the size of the SQP sub-problem which can now be expressed
exclusively in terms of the variables p,. Indeed, substituting (1.10) into (1.3), considering
YKPY as constant, and ignoring constant terms, we obtain the unconstrained quadratic
problem

sz_in (Zhk + ZZwYpy) 'pi + \p \ZIWZ)pt. (1.15)
Assuming that Z*"WZk is positive definite, the solution of (1.15) is
b = -(ZIWZY-[Zlge + ZIWLYipv). (1.16)

This determines the search direction of the SQP method.

Weareparticularly interested in the class of problemsin which the number of variables
nislarge but n — missmall. In thiscaseit is practical to approximate Z%W,Z, using
a variable metric formula such as BFGS. On the other hand, the matrix Z%W,Y, of
dimension (n — m) x m may be too expensive to compute directly when m is large.
For this reason several authors simply ignore the “cross term" ZfWY,py in (1.16) and
compute only an approximation to the reduced Hessan ZjW,Z,\ see Coleman and Conn
(1984), Nocedal and Overton (1985), and Xie (1991). This approach is quite adequate
when the basis matrices Y, and Z, in (1-8) are chosen to be orthonormal (Gurwitz and
Overton (1989)).

However, for large problems computing orthogonal bases can be expensive, and it
is more efficient to obtain Y, and Z, by smple elimination of variables (cf. Fletcher
(1987)). Unfortunately, in this case ignoring the cross term Z%W,Y,py can make the
algorithm inefficient, asisillustrated by an example given in acompanion paper (Biegler,
Nocedal and Schmid (1993)). The central point is that if the basis matrices Y, and Zy
are not orthogonal, the range space component Y,py may be very large and ignoring the
contribution from the cross term in (1.16) can result in a poor step.

Thereforein this paper we suggest ways of approximating the cross term [Zj\V,Yi]py
by a vector w*,

[ZWYdpr « w, (1.17)

without computing the matrix Z$W,Y«. We will see that this can be done without sub-
stantially increasing the cost of the iteration, and we will show that the rate of conver-
gence of the new algorithm is 1-step Q-superlinear, as opposed to the 2-step superlinear




rate for methods that ignore the cross term (Byrd (1985) and Yuan (1985)). The null
space step (1.16) of our algorithm will be given by

P, = -(ZIWZ)-[Zlge + Ob*¥, (1.18)

where 0 < (x < 1 is a damping factor to be discussed later on.

To describe our first strategy for computing the vector wi we consider a quasi-Newton
method in which the rectangular matrix Z%W is approximated by a matrix <&, using
Broyden's method. We then obtain wy by multiplying this matrix by %py, i.e,

wg = SiYepy.
How should Sk be updated? Since W*+i = Vji(xfc+i, A*+i), we have that
ZI Weri(Ze41 - X)) « ZPF[ViL(Fk+urk+i) - V, Z(x*, A*,)], (1.19)

when £fcH is close to £&+ We use this relation to establish the following secant equation:
we demand that Sk+i satisfy

SHH(F*FH - %) = ZFIVAXIDH, Ana) - Vil (X AibH)). (1.20)

One point in this derivation requires clarification. In the left hand side of (1.19) we
have Z%Wk+ij and not £&+W*+i. We could have used Zk+\ in (1.19), avoiding an
inconsistency of indices, but thisisnot necessary since wewill show that using Z* instead
of Zjk+ in (L20) results in algorithms with all the desirable properties. This fact will
not be surprising to readers familiar with the analysis of SQP methods - see for example
Coleman and Conn (1984) or Nocedal and Overton (1985).

Let us now consider how to approximate the reduced Hessian matrix Z%WkZk. Using
(1.6) and (1.10) in (1.20) we obtain

[Skt1Zelonpy = —axSkpr (Yipy) + ZF [V L(Zig12 Ak41) = Vo L(Ziy Akgr)]-

Since 5*+i approximates ZjW*, this suggedts the following secant equation for 27*+i,
the quasi-Newton approximation to the reduced Hessian Zf WgZ:

Bis18e = Yr,y (1.21)
where s and yi are defined by
: Sk = <y
and
Yk = ZI[ViL(Xcty AjtH) - ViL(x*, Aiby)] - W, (1.22)
with

Wi = axSeq1{Yapy) (1.23)




We will update By by the BFGS formula (cf. Fletcher (1987))

Bys;, s{ B

. 1.24
sT Bisy Yk Sk (129

Biy1 = B -

provided sty, is sufficiently positive.

We would like to highlight a subtle, but important point. We have defined two
correction terms, w, and™W,. Both are approximations to the cross term (Z'WY)py.
The first term, wy, which is needed to define the null space step (1.18) - and thus the
new iterate xq+i - makes use of the matrix 5*. The second term, W which is used
in (1.22) to define the BFGS update of By, is computed using the new Broyden matrix
Sjt+i, and takes into account the steplength a.. We will see below that it is useful to
incorporate the most recent information in~W.

The Lagrange multiplier estimates A* needed in the definition (1.22) of y, will be
defined by

Xi = -[Y?AJ-'Y 2. (1.25)
This formula is motivated by the fact that, at a solution x, of (1.1)-(1.2), we have
—0Om = AnXm, and since KJAK,]"** is aright inverse of J4"\

A. = -\YjA]-'Y7g..

Using the same right inverse (1.14) in the definitions of py and A* will allow us a con-
venient simplification in the formulae presented in the following sections. We stress,
however, that other Lagrange multiplier estimates can be used, and that the best choice
in practice might be the one that involves the least computation or storage. :
We can now outline the sequential quadratic programming method analyzed in this

paper.
Algorithm |

1. Choose constantstj € (0,1/2) and r,r' withO<r < T* < 1. Set k: = 1 and choose
astarting point xi and an (n-m) x (n-ra) symmetric and positive definite starting
matrix B\.

2. Evaluate fy,gwck and Ay, and compute Y, and Z.
3. Compute py by solving the system
(AlY)py = -Ck. (range space step) (1.26)
4. Compute an approximation wy to (Z*WY\)py.
5. Choose the damping parameter ( € (0,1] and compute p, from
Bp, = [Zak + (], (null space step) (1.27)
Define the search direction by )
de = Yipy + Zeps' (1.28)




6. Set c*k = 1 and choose the weight fx, of the merit function (1.7).
7. Test the line search condition
Pup (Th + ords) < b (21} + noe Doy, ixkidy), (1.29)
where D"dK) is the directional derivative of the merit function <j> in the
direction dy.

8. If (L29) is not satisfied, choose a new a* € [Ta,T'a] and go to (7); otherwise set

Xk+i =x¢ + adk. . (1.30)

9. Evaluate A+i,0Ji-+ii* +i, A+, and compute Y/-,; and Z*+i.
10. Compute the Lagrange multiplier estimate
A = -{ Y AK+ Y AgN. (1.31)
Define Wk (as will be discussed in 8§3), and compute
*k = otkPz, (1.32)

and
y* = ti[[VXL_(xk+u\k+i) - VXL (Xyo Aib+Q] - TJI*. (1.33)

If the update criterion (to be discussed in 83.3) is satisfied, compute 2?*.i by the
BFGS formula (1.24); else set J¥*+ = By. .

11. Set k:=k+Ilfand goto (3).

The algorithm has been Ieft in a very general form, but in the next sections we
discuss all its aspects in detail. In 82 we consider the choice of the basis matrices Y, and
Zfc. In 83 we describe the calculation of the correction terms w, and~W, the conditions
under which BFGS updating takes place, the choice of the damping parameter £*, and
the procedure for updating the weight fi, in the merit function. 84 and 85 present an
analysis of the local behavior of the algorithm, and show that the rate of convergence is
at least R-linear. 86 presents a superlinear convergence result, and some final remarksin
87 conclude the paper.

We now make a few comments about our notation. Throughout the paper, the
vectors py and p, are computed at x, and could be denoted by p/* and p/*K but we
will normally omit the superscript for simplicity. The symbol || ¢ || denotes the 12 vector
norm or the corresponding induced matrix norm. When using the I\ or &> norms we will
indicate it explicitly by writing ||« |li or || *|loo. A solution of problem (1.1) is denoted by
x*, and we define -

& = X - Xn  and & = max{||¢;]], [le* +ill}. (1-34)
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Here, and for the rest of the paper, VI (i, A) indicates the gradient of the Lagrangian
with respect to x only.

2. The Basis M atrices,

Aslong as Zk spans the null space of Aj[, and [Yk ZK] is honsingular, the choice of Yk
and ZKk is arbitrary. However, from the viewpoint of numerical stability and robustness
of the algorithm it is desirable to define Yk and Zk to be orthonormal, i.e.

Z()'209 = lom -
YX)'YX) = I
Y(X)'Z(x) = O.

One way of obtaining these matrices is by forming the QR factorization of A. However,
for large problems computing this QR factorization is often too expensive. Therefore
many researchers, including Gabay (1982), Gilbert (1991), Fletcher (1987), Murray and
Prieto (1992), and Xie (1991), consider other, non-orthogonal, choices of Y and Z. For
example, if we partition x into m basic or dependent variables (which without loss of
generality are assumed to be thefirst m variables) and n—m nonbasic or control variables,
we induce the partition

where the mxm basis matrix C(x) is assumed to be nonsingular. We now define Z(x)

and Y(x) to be - _
—C(2)P'N(z
Z(z):[ ¢ )[ N( )[ Y(z)} g . @

When A(x) islarge and sparse, a sparse LU decomposition of C(x) can often be computed
efficiently, and this approach will be considerably less expensive than the QR factorization
of A. Note that from the assumed nonsingularity of C(x) both Y(x) and Z(x) vary
smoothly with x, provided the same partition of the variables is maintained. In our
implementation of the new algorithm (Biegler, Nocedal and Schmid (1993)) we choose
Yy and Zk by (2.2).

There is a price to pay for usng non-orthogonal bases. If the matrix C is ill-
conditioned (and this can be difficult to detect) the step computation may be inaccur ate.
Moreover, even if the basis is well conditioned the range space step Ykpy could be large
and ignoring the cross term can cause serious difficulties. This phenomenon is illustrated
in a 2-dimensional example given in Biegler, Nocedal and Schmid (1993). It is shown in
that example that if the cross term ZJWKYKPr is ignored, the ratio \\xk + rf*||/[[E*|| can
be arbitrarily large, even close to the solution. It is also shown that these inefficiencies
disappear if the cross term is approximated as suggested in the following sections.

In the rest of the paper we alow much freedom in the choice of the basis matrices.
They can be given by (2.2), can be orthonormal, or can” be chosen in other ways. The

-1

AX)" = (C(x) N(X)) ey



only restrictions we impose are that A"Zk = 0 is satisfied, that the nxn matrix [ Yy Z] is
nonsingular and well-conditioned, and that this matrix varies smoothly in a neighborhood
of the solution.

3. Further Detéils of the Algorithm

In this section we consider how to calcul ate approximations wi and~v3y to {Z WY\ )py
to be used in the determination of the search direction p, and in updating 2&, respectively.
We aso discuss when to skip the BFGS update of the reduced Hessian approximation,
as wdl as the sdection of the damping factor £ and the penalty parameter /z&.

To calculate approximations to (Z'WY)py we propose two approaches. First, we
condder a finite difference gpproximation to Z%W; along the direction Y,py. While
this approach requires additional evaluations of reduced gradients at each iteration, it
gives rise to a very good step. The second, more economica approach, defines Wk and
W in terms of a Broyden approximation to Z"Wk, as discussed in 81, and requires no
additional function or gradient evauations. Our agorithm will normally use this second
approach, but as we will later see, it is sometimes necessary to use finite differences.

3.1. Calculating wy and JDy Through Finite Differences.

We firgt calculate the range space step py at xx through equation (1.26). Next we
compute the reduced gradient of the Lagrangian at x, + Yipy and define

W = ZIVL (G + Yiprl) - VL(xg AN, (3.1)
After the step to the new iterate Xk+i has been taken, we define
W = Z\[VL(Xk + akYkpy,\k+X) - VL(Xk, A*+1)], (32)

which requires a new evauation of gradientsif a* ~ 1.

We note that thisfinite difference approach is very smilar to the algorithm of Coleman
and Conn (1982, 1984). Sarting at a point z; the Coleman-Conn algorithm (with -
steplength a, = 1) is given by

Zp, = -Z(z)Bj;'Z(Z) "9(zK) (3.3)
Yoy = -Y@IAZ) Y@z + Ze) (3.4)
Zi41r = Zk+ ZkPz+ Y,py. (3.5

Let us now congider Algorithm |, and to better illustrate its smilarity with the Coleman
and Conn method, let us assume that instead of (3.1), WK is defined by

-

W = Z(% + Yipy)'g0% + Yupy) - ZILz)"g(x0),




which differs from (3.1) by terms of order O(||py||]). Then Algorithm | with a, = 1, is
given by

Yipe = -Y(XK)[AX)Y(@))-'c(z) (3.6)

Zyp, = -Z(x)Bj-TZ(x) "g(x) + ww}
= —Z(zx)B; (Z(zk + Yipy )T o(zk + Yapy)]- (3.7)
Thel = Xk + Yipy + Zipe. (3.8)

The similarity between the two approaches is apparent in Figure 1, especially if we
consder the intermediate points in the Coleman-Conn iteration to be the starting and
final points, respectively.

zi + Yepy Thq1

Coleman-Conn step The step of Algorithm 1

Figure 1

In the Coleman-Conn algorithm, the approkimation By to the reduced Hessian Zj\V,Zy
is obtained by moving along the null space direction Zp,, and making a new evaluation
of the function and constraint gradients. To be more precise, Coleman and Conn define

y* = Zj[TL(X *+ Zkpg W) - VI{zx, Ax)],

and s = ZI\xk+\ - £%], and apply a quasi-Newton formula to update By. Algorithm 1,
using finite differences, amounts essentially to the same thing. To see this, note that if
formula (3.2) is used in (1.33) then

Vi = ZT[VL(zk41. Aet1) ~ VL(X + @Yidvs Arg)]s

which represents a difference in reduced gradients of the Lagrangian along the null space
direction Zp,, .

Byrd (1990) and Gilbert (1989) showed that the sequence {z+ Zp;} (but not the se-
quence {z}) generated by the Coleman-Conn method converges one-step Q-superlinearly.




If Algorithm | always computed the correction terms Wk and Wk by finite differences, its
cost and convergence behavior would be similar to those of the Coleman-Conn method.
However, we will often be able to avoid these additional gradient evaluations by using
the more economical approach discussed next.

3.2. Using Broyden's Method to Compute Wk and I0¢ e

We can approximate the rectangular matrix ZjWk by a matrix Sk updated by Broy-
den's method, and then compute Wk and Wk by post-multiplying this matrix by Y*p,
or by a multiple of this vector. As discussed in 81 it is reasonable to impose the secant
equation (1.20) on this Broyden approximation, which can therefore be updated by the
formula (cf. Fletcher (1987))

= — Si5)5T
S c, (»——;.g%, (3.9)

where
Vn = Z%[VL(z+\W) - VL(x*, A**)] (3.10)
and
Pk = **4j - **e (3.11)
We now define
WKk = KYkpy and IE* = aSk+iYkpy. (3.12)

It should be noted that this approach requires the storage of the (n — m)xn matrix
Sk* For problems where n — m is small this expenseis far less than the storage of a full
Hessian approximation to WKk. On the other hand, if n - m is not very small it may
be preferable to use a limited memory implementation of Broyden's method. Here the
matrices Sk are represented implicitly, using, for example, the compact representation
described in Byrd, Nocedal and Schnabel (1992). The advantage of the limited memory
implementation is that it only requires the storage of a few n-vectors to represent S.

Thereis no guarantee that the Broyden approximations Sk will remain bounded, and
therefore we need to safeguard them. At the beginning of the algorithm we choose a
positive constant T and define

wy if il < iz llevl
Wy 1= { fipvi (3.13)

112 .
wkmﬁfh— otherwise.

The correction Wk will be safeguarded in a different way. We choose a sequence of positive
numbers {7*} such that EgL"jt < 00, and set

e if Tl < ovellno v

o* -.-:{{ sesdigd) otherwise.

(3114)
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As the iterates converge to the solution, p, -» 0, so that from (3.12) and from the
boundedness of Yk we see that these safeguards alow the Broyden updates Sk to become
unbounded, but in a controlled manner. We will show in 84 and 85 that with safeguards
(3.13) and (3.14) Algorithm | is locally and R-linearly convergent, and that this implies
that the Broyden updates Sk do, in fact, remain bounded, so that the safeguards become
inactive asymptotically.

Our Broyden approximation to the correction terms Wk and ZZ* was motivated by
recent work of Gurwitz (1993). She approximates Z"Wkzk by the BFGS formula with

Sc = ZE [aker ~ 2]

and
Ve = ZEIVL(Zre1, Mes1) = VI(h Aer)]s

and approximates Z][WKYk by a matrix Dk using Broyden's formula (3.9) with
5t = Y [zi41 — 24]

Y = ZEIVL(zhe10 Akgr) = VL Z g1 )] = Bips.

Since the updates may not always be defined, Gurwitz proposes to sometimes skip the
update of 27 or Dk, and shows 1-step Q-superlinear convergence if and only ifone of the
updates is taken at each iteration. We will argue below that it is preferable to update
an approximation to Z%WKk, as is done in Algorithm I, instead of an approximation to
ZjWKYK, as proposed by Gurwitz.

A related method was derived by Coleman and Fenyes (1992). Their partitioned
Lower Half Update (LHU) simultaneously updates approximations to ZjWkZk and
Z"WKkYKy by means of a new variational problem. The resulting updating formula re-
quires the solution of a cubic equation, and its roots can correspond to cases where
updates should be avoided (e.g. s%yk < 0). The drawback of this approach is that
choosing the correct root is not always easy.

Finally, an earlier proposal, due to Tagliaferro (1989), consists of approximating the

matrix
(ZTWi2 ZTWYi]

using aformula that can be viewed as an extension to the PSB update. One disadvantage
of this approach is that the matrices generated by this updating procedure may become
very ill-conditioned.

3.3. Update Criterion. ' ,

It is well known that the BFGS update (1.24) is wel defined only if the curvature
condition gyk > O is satisfied. This condition can always be enforced in.the uncon-
strained case by performing an appropriate line search; see for example Fletcher (1987).
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However when constraints are present the curvature condition s*y, > 0 can be difficult
to obtain, even near the solution.
To seethiswefirst notefrom (1.33), (1.28), (1.32) and from the Mean Value Theorem

that

LY |
vk = 2F }_{0 V2oL {x¢ + rad Ajt+i)dj ack - Wi

Z{Wk opdy _ .V-Vk

ZIWZis + aZlW Y, - WK, (3.15)
where we have defined
Wy = J/0l V2L (X + rad, X )dT. (3.16)
Thus ) 3
*Ivk = s (AWKZK) s + ad (ZWKYK) PY - 4w (3.17)

Near the solution, the first term on the right hand side will be positive since Z%W, Zy
can be assumed positive definite. Nevertheless the last two terms are of uncertain sign
and can make sjy* negative. Several reduced Hessan methodsin the literature set VJy
equal to zero for all fc, and update By only if py is small enough compared with s that
the first term in the right hand side of (3.17) dominates the second term (see Nocedal
and Overton (1985), Gurwitz and Overton (1989), and Xie (1991)).

Skipping the BFGS update may appear to be a crude heuristic, but we argue that
it gives rise to a sound algorithm. Firgt of all, the last two termsin (3.17) normally
converge to zero faster than thefirst term, so that theright hand side of (3.17) will often
be positive and BFGS updating will take place frequently. Furthermore, if the right
hand side of (3.17) is negative, the range space step Y,py is reatively large, resulting in
sufficient progress towards the solution. These arguments will be made more precise in
.

We conclude that skipping the BFGS update is desirable in some circumstances and
we now present a strategy for deciding when to do so. Recall that ¢, defined by (1.34),
converges to zero if the iterates converge to x«.

Update Criterion |*
Choose a constant 7y > 0 and a sequence of positive numbers {7*} such that ££27* < 00

(this is the same sequence {7*} that was used in (3.14))-
e Ifwy is computed by Broyden's method, and if both gy, > 0 and

1Pl 2 NP2 . (319

hold at iteration k, then update the matrix B, by means of the BFGSformula (1.24)
with s, and y given by (1.32) and (1.33). Otherunse, set Bi+i = By.
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+ Ifw, iscomputed by finite differences, and if both sgyk > 0 and

Ipel] < Yeallpeil/o)? (3.19)

hold at iteration k, then update the matrix Bk by means of the BFGSformula (1.24)
with Sk and yk given by (1.32) and (1.33). Otherwise, set Bjb., = Bk.

Note that & requires knowledge of the solution vector z«, and is therefore not com-
putable. However we will later see that a can be replaced by any quantity which is of
the same order as the error e+, for example the optimality conditions (|[Zjff*|| + [gfc]).
Nevertheless for convenience we will leave & in (3-19).

We now closdly consider the properties of the BFGS matrices Bk when Update Cri-
terion | is used. Let us define

sT Bysi
skl l Beaeli’

which, as we will see, is a measure of the goodness of the null space step Z* p,. We begin
by restating a theorem from Byrd and Nocedd (1989) regarding the behavior of cosf*
when the matrix Bk is updated by the BFGS formula.

(3.20)

cosfly =

Theorem 3.1 Let {Bk) be generated by the BFGSformula (1.24) where, for all £ > 1,

s;-ilOand

T
y.i,‘.i > m>0
%k 3% (3.21)
(171 P
e =M
Yi Sk (3.22)
Then, there exist constantsfix, fa, (3% > 0 such that, for any k > 1, the relations
cosOj > Pi (3.23)
Biedl
g < WBit ) (3.24)
f18yn

hold for at least \"k] values ofj € [l,fc].

This theorem refers to the iterates for which BFGS updating takes place, but since for
the other iterates i?*+i = £*, the theorem characterizes the whole sequence of matrices
{Bk}. Theorem 3.1 states that, if sjy* is dways sufficently poditive, in the sense that
conditions (3.21) and (3.22) are sdtisfied, then at leest hdf of the iterates at which
updating takes place are such that codif; is bounded away from zero and BJsJ. =' O(||$j]).
Since it will be useful to refer eadly to these iterates, we-make the following definition.
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Definition 3.1 We define J to be the set of iterafes for which BFGS updating takes
place and for which (3.23) and (3.24) hold. We call J the set of "good iterates’, and
define Jx = Jd {1,2,...,*}.

Note that if the matrices By are updated only afinite number of times, their condition
number is bounded, and (3.23)-(3.24) are satisfied for al k. Thusin this case all iterates
are good iterates.

We now study the case when BFGS updating takes place an infinite number of times.
Let us assume that all functions under consideration are smooth and bounded. If at a
solution point a the reduced Hessian ZjW,,Z+ is positive definite, then for all x, in a
neighborhood of X, the smallest eigenvalue of Zj\WZ, is bounded away from zero (W is
defined in (3.16)). We now show that in such a neighborhood Update Criterion | implies
(3.21)-(3.22).

Let us first consider the case when W, is computed by Broyden's method. Using
(3.17), (3.18) and (3.14), and since 7* converges to zero, we have

2 Cllaali® — O(vEllsell*) ~ O(rellsill?)
> m\s\ (3.25)

\'

SE Uk

for some positive constants C,m. Also, from (3.15), (3.18) and (3.14) we have that

lyll < Ollsall) + O(xZlisell) + OCralissll) |
< Ollsell)- (326)

We thus see from (3.25)-(3.26) that thereis a constant M such that for all k for which
updating takes place :

Hyell®
—— < M
Ve !

which together with (3.25) shows that (3.21)-(3.22) hold when Broyden's method is used.
UWR is computed by the finite difference formula (3.2), we see from (1.33) and the
Mean Vaue theorem that there is a matrix Wy such that

Vk = ZE[VI(Zis1: Aegr) — VI(Z + 0xYapvs Aesr)]
= ZEWkaSk.
Reasoning as before we see that (3.25) and (3.26) also hold in this case, and that (3.21)-
(3.22) are satisfied in the case when finite differences are used. These arguments show

that, in a neighborhood of the solution and whenever BFGS updating of Bk takes place,
sfyk is sufficiently positive, as stipulated by (3.21)-(3.22).

3.4. Choosing fiy and (k-

We will now see that by appropriately choosing the, penalty parameter '/)& and the
damping parameter Ok for ti;*, the search direction generated by Algorithm I is always
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a descent direction for the merit function. Moreover, for the good iterates J, it is a

direction of strong descent.
Since dk satisfies the linearized constraint (1.11) it is easy to show (see eq. (2.24) of
Byrd and Noceda (1991)) that the directional derivative of the I\ merit function in the

direction dk is given by
D4>wixk\dy) = gjdk - HK\c\i. (3.27)

The fact that the same right inverse of Aj is used in (1.26) and (1.31) implies that
atYipy = Mer. (3.28)
Recalling the decomposition (1.28) and using (3.28) we obtain

Du(zi\ k) = OFxpz — selleslls + A jer
= (Zg + CKVIKTPL ~ OfdjiPz ~ h*licdcfi + **ece (3.29)

Now from (1.32) and (1.27) we have that
Bisc = -ak(Zjge + &»*)e (3.30)
Substituting this in (3.20) we obtain

—(ZT g + Gowi) o2
costy = gk Ikt kUL Pr 331
12T o + Ceonl] el (331)

Recalling the inequality ArGe < IA/t||oolicik]li, and using (3.31) in (3.29) we obtain, for all
k, ,

Dy (xr' d) < -\ZIge + ati>ft|| 11ftlicos™ - (kwipz - (tte - \WX\co)\c\\i. (3.32)
Note also from (3.30) and (1.32) that

\BKIAW\  \ZIgk + Cewel]

We now concentrate on the good iterates J, as given in Definition 3.1. Ifj € J, we have
from (3.33) and (3.24) that

Y2IQi + Cirll < IpPHL < jUjg + Ocoil] (334)

Using this and (3.23) in (3.32) we obtain, for j € J,
Déy,(xjdf) < ZN\Zfg + CirlPoosd) - awjA” ~ (H - UAUUGh.
< AP - Mp(@zwy - <wip? - (w - WAUNCIU,
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where we have dropped the non-positive term —(.] cosoawa?/ fa. Since we can assume
that p; > 1 (it is defined as an upper bound in (3.24)), we have

Wwixjidi) <_-jPfgiW? + facosOjlgiziwjl - QwapP] - {x - IIAjIU)IA.

It is now clear that if

20 ccsBAQIZwA - Qwjp{’ < p\gj\\, (3.35)
for some congtant />, and if
N > Halloo + 2p, (3.36)
then for all j € J, 5
Déui(xfidi) < -jIIZjgiW? - PucIuL (3.37)

This means that if (3.35) and (3.36) hold, then for the good iterates, j € J, the search
direction dj is a strong direction of descent for the i\ merit function in the sense that
the first order reduction is proportional to the KKT error.
We will choose Ok o that (3.35) holds for all iterations. To see how to do this we
note from (1.27) that
pz = =B ZLgx — By w,

so that for j = k (3.35) can be written as
Cu{2008 84l Zuwal + wi By "3 _gu + Gt By wi] < pllealls. (339)

It is dear that this condition is satisfied for a sufficently small and positive value of Ot
Soedfically, at the beginning of the algorithm we choose a congtant p > 0 and, at every
iteration &, define
G = min{l,G} (3.39)
where Ot is the largest value that satisfies (3.38) as an equality. '
The penalty parameter fj., must satisfy (3.36), so we ddfine it at every iteration of
the algorithm by

a _ |« "W-i = Haloo +2p 3.40
*k\" JIAfloo + 3> otherwise, (3-40)

The damping factor @ and the updating formulafor the penaty parameter fik have
been defined so as to give strong descent for the good iterates J. We now show that
they ensure that the search direction is aso a direction of descent (but not necessarily of
strong descent) for the other iterates, k £ J. Since (3.35) holds for all |terat|ons by our
choice of Ok, we have in particular .

—Gewipy < pllealh.
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Usng this and (3.40) in (3.32), we have
Dy, (zx: di) < 112 gk + CGewell Ipell cos i — prllexfl- (341)

The directiona derivative is thus non-positive. Furthermore, since wy = 0 whenever
@ = 0 (regardless of whether w is obtained by finite differences or through Broyden's
method), it is easy to show that this directiona derivative can only be zero at astationary
point of problem (1.1)-(L2).

3.5. The Algorithm

We can now give a complete description of the agorithm that incorporates al the
ideas discussed so far, and that specifies the only remaining question, namely when to
apply finite differences and when to use Broyden's method to approximate the cross term.
The ideais to consder the relative szes of py and p,. Update Criterion | generates the
three regions R\, R2 and R3 illustrated in Figure 2. The agorithm starts by computing
it* through Broyden's method and by caculating py and p,. If the search direction
isin R\ or #3, we proceed. Otherwise we recompute w, by finite differences, use this
vaue to recompute p,, and proceed. The reason for applying finite differences in this
fashion is that in the middle region Ri neither Broydens method*is good enough, nor is
the conver gence sufficiently tangential, to give a superlinear step. Therefore we need to
resort to finite differences to obtain a good estimate of wi. The motivation behind this
drategy will become dearer when we study the rate of convergence of the algorithm in
%.

. b
il fpvll = lip:ll/o?
Ry
[IPvll = flWPZW
R,
[
R,
{2l
Figure 2

Note from Updating Criterion | that the BFGS update of Bk is skipped if the search
direction isin Rs. A precise description of the agorithm follows
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Algorithm |1

1.

10.

11.
12.

Choose constants 77 £ (0,1/2),p> Oand T,T' with O < r < r' < 1, and positive
constants F and ;4 for conditions (3.13) and (3.19), respectively. For conditions
(3.14) and (3.18), select a summable sequence of positive numbers { 7*}. Set k=1
and choose a starting point x\, an initial vaue fi\ for the penalty parameter, an
(n—m) x (n — m) symmetric and positive definite starting matrix B\ and an
(n — m)xn starting matrix S.

. Evaluate fkffk*k &"d Ak, and compute Yk and Zk-
. St findiff = false and compute py by solving the system

(AIYK)pY = -c*. (range space step) (3.42)

Calculate WE using Broyden's method, from equations (3.12) and (3.13).

Choose the damping parameter O: from equations (3.38) and (3.39) and compute

p, from
BPz = -[ZIge + CKWK)- (nuU space step) (3.43)

If (3.19) is satisfied and (3.18) is not satisfied, set findiff = true and recompute w*
from equation (3.1). -

«
If findiff = true use this new value of 10* to choose the damping parameter (t from
equations (3.38) and (3.39) and recompute p, from equation (3.43).

Define'the search direction by
dk = Yipy + Z4pz, (3.49)
and set & = 1.
. Test the line search condition
<f>m(Fk+ <) < <t>vi(*k) + VOtKDAIxK; dl). (3.45)

If (3.45) is not satisfied, choose a new a* € [raj*r'a*] and go to 9; otherwise set
S*+H = X + ad (3.46)
Evauate A+iM+HiiC/feriMfc+ii 4,d compute 1M+ and Z* +i.
Compute the Lagrange multiplier estimate
*fti = - [nEiA*+i]" R+I AL . o (347)

and update /4t so as to satisfy (3.40).
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13. Update Sk+i using equations (3.9) to (3.11). If findiff = false calculate Wy by
Broyden's method through equations (3.12) and (3.14); otherwise calculate Wy by

(3.2).
14. If s'yk < 0 or if (3.19) is not satisfied, set By+\ = By. Else, compute
H = a*p,, (3.48)
Yk = Z%[VL(Xcty A0 - VI(**, AfctQJ - TO*, (3.49)

and compute Byt+i by the BFGS formula (1.24).
15. Set k:=k+ 1, and go to 3.

We mentioned in 83.1 that, when using finite differences, there are various ways of
defining wy and TeJ, but for concreteness we now assume in steps 6 and 13 that they are
computed by (3.1) and (3.2), respectively. We should also point out that the curves in
Figure 2 may intersect, creating a fourth region, and in practice we should stipulate a
new set of conditions in this region. We will not discuss these conditions here and leave
this to the paper that considers the implementation of the algorithm (Biegler, Nocedal
and Schmid (1993)). '

In the next sections we present several convergence results for Algorithm Il. The
analysis, which does not assume that the BFGS matrices By or the Broyden matrices S¢
axe bounded, is based on the results of Byrd and Nocedal (1991), who have studied the-
conver gence of the Coleman-Conn updating algorithm. We also make use of some results
of Xie (1991), who has analyzed the algorithm proposed by Nocedal and Overton (1985)
using non-orthogonal bases Y and Z. The main difference between this paper and that
of Xie stems from our use of the correction terms w, and W, which are not employed in
his method.

4. Semi-Local Behavior of the Algorithm.

Wefirg show that the merit function <j> decreases significantly at the good iterates J,
and that this gives the algorithm a weak convergence property. To establish the results
of this section we make the following assumptions.

Assumptions 4.1 The sequence {x.} generated by Algorithm Il is contained in a convex
set D with the following properties.

(1) Thefunctions/: R" -« Rand c¢: R" -« R™ and their first and second derivatives
are uniformly bounded in norm over D.

(1) The matrix A(x) has full column rank for all x 6 D, and there exist constants 70
and fio such that

Y () Az)TY (@) < 7. 12(2)[|<A>, . (4D
for all x € D. ’
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(1) For dl k = 1 for which By is updated, (3.21) and (3.22) hold.

(IV) The correction term WK is chosen so that there is a constant n > 0 such that for all
K,
IKH < KIMIY/Z, (4.2)

Note that condition () is rather strong, since it would often be satisfied only if
D is bounded, and it is far from certain that the iterates will remain in a bounded
set. Nevertheless the convergence result of this section can be combined with the loca
analysis of 85 to give a satisfactory semi-globa result. Condition (I1) requires that the
basis matrices Y and Z be chosen carefully, and is important to obtain good behavior in
practice. Notethat (4.1) and (3.42) imply that

linpvll < 70|M|. 4.3

Condition (I11) isjustified in the last paragraphs of §83.3, where it is shown that (3.21)
and (3.22) are satisfied whenever BFGS updating takes place in a neighborhood of a
solution point. Condition (111) and Theorem 3.1 ensure that at least half of the iterates
at which BFGS updating takes place are good iterates.

We have left some freedom in the choice of w* since (4.2) auffices for the analysis of
this section. Relation (4.2) holds for the finite difference approach, since (3.1) implies
that Wk = O(YkPy), and since (1) ensures that {||c*|} is uniformly bounded (see (5.21)).
Furthermore, the safeguard (3.13) and (4.3) immediately imply that (4.2) is satisfied
when the Broyden approximation is used.

The following result concerns the good iterates J, as given in Definition 3.1.

Lemma 4.1 If Assumptions 4-1 hold and if/ij = ft is constant for all sufficiently large
j,» then there is a positive constant 7y, such that for all largej € J;

du(z;) — du(zi41) 2 M [\\ggjf + IM],]. (4.4

Proof. Using (3.37) we havefordl j € J
Déy;(zj3d5) < =bz (127 5117 + Yesth (4.5)
where 62 = min(/7//?3,/>). Note that the line search enforces the Armijo condition (3.45),
Bu;(25) = $u;(B541) 2 —na; Dy (xi; ). (46)

It is then clear from (4.5) that (4.4) holds, provided the a-, j € J, can be bounded from
below. Suppose that af < 1, which means that (4.6) faled for a steplength &

buy (27 + 8d;) — By, (25) > nE&D,, (253 d;), @y
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where

ra< a (4.8)

(see step 10 of Algorithm I1). On the other hand, expanding to second order we have
*Mi(*i + &dj) - tvMi) < &DA(x;.dj) + &b, \dj\ (4.9)

where b\ depends on /ij. Combining (4.7) and (4.9) we have
(r,- ~aD xjidj)) < axXwWdjw?. (4.10)
Next we show that, for j 6 «/,

<12 < HWZfg)W? + [KiHi], (4.12)
for some constant 63. To do this we make repeated use of the following elementary result,
ab>0 => a’+2ab+b’<3a?+3b (4.12)

Using (3.44), (4.12), (4.1) and (4.3) we have
IK-I2 < 1z + 202080 190 + (e )12
< 3[1Z0 + 1]
< 3 [fito&tf + 7oA[c|] ¢ . (4.13)

Also by (3.34), (4.12), (4.2) and noting that || * ||< || * ||i we have that for j € J
B < g5 (1270l +2602F 0l sl + st

5 2ot + G

< g (1270l + ei]

<

since Ci < 1- Since||cJ||l isuniformly bounded on D, we seefrom thisrelation and (4.13)
that (4.11) holds, where

bs = max{97/22,3(3/c®M ™ . A qup lc(z)D)-

Combining (4.10), (4.5) and (4.11), and recalling that rj < 1 we obtain
. (1—n)b,
a > bibs (4.14)
This relation and (4.8) imply that the steplengths aj are bounded away from zero for all
j € «, and since by assumption fij = ft for all largej we conclude that (4.4) holds with
T = T/ mm{1,(1 - 77)7-62/(6163)}.
D
It is now easy to show that the penalty parameter settles down, and that the set of
iterates is not bounded away from stationary points of the problem.
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Theorem 4.2 If Assumptions 4.1 hold, then the weights {fi,} are constant for all suffi-
ciently large k and

iminf(lZ || + [lell) = 0.

fc-KX)

Proof, First note that by Assumptions 4.1 (1)-(11) and (3.47) that {|JJAL|} is bounded.
Therefore, since the procedure (3.40) increases /z* by at least p whenever it changes the
penalty parameter, it follows that there is an index kg and a value /x such that for al
k>kofiy = fx> _IAH + 2p.

If BFGS updating is performed an infinite number of times, by Assumptions 4.1-(111)
and Theorem 3.1 there is an infinite set J of good iterates, and by Lemma 4.1 and the
fact that <f>n(xk) decreases at each iterate, we have that for k > fco>

k

bu(zre) — Su(zenr) = 3 (8u(25) - Bulzie))

i=ko

> D (¢ulz) — dulzinr))
FEJO[ko £}

s w2 2 gl + liclh).
j€In[kok)

By Assumption 4.1-(1) <f>*(x) is bounded below for all x 6 D, so the last sum is finite,
and thus the term inside the square brackets converges to zero. Therefore

Lm (|g5ill + INIi) = 0. (4.15)

| =0
If BFGS updating is performed a finite number of times then, as discussed after
Definition 3.1, all iterates are good iterates, and in this case we obtain the stronger

result
Jim (Y ZTgill + Hexlly) = 0.

5. Local Convergence

In this section we show that if x, is a local minimizer that satisfies the second order
optimality conditions, and if the penalty parameter * is chosen large enough, then X
is a point of attraction for the sequence of iterates {z*} generated by Algorithm Il. To
prove this result we will make the following assumptions. In what follows G denotes the
reduced Hessian of the Lagrangian function, i.e.

Gy = ZIVAL (%W Zi (5.1)

Assumptions 5.1 The point xy is a local minimizer for problem (1.1)-(1.2) at which
the following conditions hold.
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(1) Thefunctions/ : R" —e Rand ¢ : R" —« R™ are twice continuoudly differentiablein
aneighborhood of x, and their Hessians are Lipschitz continuous in a neighborhood

- ofa*.
(2) The matrix A(xy) has full column rank. This implies that there exists a vector

A* 6 R™ such that
VL(Xm, A.) = g(Xm) + A(Xm)Xm = 0.

(3) Foral g€R"~™, g~ 0, we have q'G.q > 0.
(4) There exist constants 70, 0o and 7 such that, for all a in a neighborhood of X,
WYI[AX) Y-\ < 70, [[Z(X)|< fa (5.2
and
NIr(x)Z()]- < 7c. (5.3)

(5) Z{x) and A(x) are Lipschitz continuous in a neighborhood of x.; i.e. there exist
constants 7, and 7A such that

WX(X) - X@W\ < FAX-2\\, (5.4)
WZ(X)-Z@W\ < FAX-ZA\, (5.5)

for al z,z near xp,.

Note that (1), (3) and (5) imply that for all (z, A) sufficently near (i.,A.), and for all
q eRB___m,
mM\g\\’< g'G(x,X)g<M\\df, (5.6)

for some positive constants m,M. We also note that Assumptions 5.1 ensure that the
conditions (3.21)-(3.22) required by Theorem 3.1 hold whenever BFGS updating takes
place in a neighborhood of x., as argued at the end of 83.3. Therefore Theorem 3.1 can
be applied in the convergence analysis.

The following two lemmas are proved by Xie (1991) for very genera choices of Y and
Z. Their result generalizes Lemmas 4.1 and 4.2 of Byrd and Noceda (1991); see also
Powdl (1978).

Lemma 5.1 If Assumptions 5.1 hold, then for all x sufficiently near x,
Till* ~* || < IK*)|| + HZ(*)'5(*)II < Tall* - * (5.7)
for some positive constants 71,72—

This result states that, near x,, the quantities c(x) and Z(x)'g(x) may be regarded
as a measure of the error at x. The next lemma states that, for a large enough weight,
the merit function may aso be regarded as a measure of the error.
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Lemma 5.2 Suppose that Assumptions 5.1 hold at x«. Then for any // > HA*I™ there
exist constants 73 > 0 and 74 > 0, such that for all x sufficiently near X

U - Al < M%) ~ *,.(%.) <.74 [||IZ)Tir(x)||? + Howil] . (5.8)

Note that the left inequality in (5.8) implies that for a sufficiently large value of the
penalty parameter, the merit function will have a strong local minimizer at z*. We will
now use the descent property of Algorithm Il to show convergence of the algorithm.
However, due to the non-convexity of the problem, the line search could generate a step
that decreases the merit function but that takes us away from the neighborhood of z*.
To rule this out we make the following assumption.

Assumption 5.2 The line search has the property that, for al large A, " ((1 — 0O)xk +
O£*+i) M 4>ii{’k) for al 0 € [0,1]. In other words, Xk+\ isin the connected component of
the level set {x : <€u(2) <.<t>n(xk)} that contains a*.

There is no practical line search algorithm that can guarantee this condition, but it
is likely to hold close to z*. Assumption 5.2 is made by Byrd, Nocedal and Yuan (1987)
when analyzing the convergence of variable metric methods for unconstrained problems,
as wel as by Byrd and Nocedal (1991) in the analysis of Coleman-Conn updates for
equality constrained optimization.

Lemma 5.3 Suppose that the iterates generated by Algorithm |1 are contained in a con-
vex region D satisfying Assumptions 4-1 //<*** iterate x is sufficiently close to a solution
point x* that satisfies Assumptions 5.1, and if the weight /x* is large enough, then the
sequence of iterates converges to z*. '

Proof. By Assumptions 4.1 (1)-(I1) and (3.47) we know that {||JA*|]} is bounded. There-
fore the procedure (3.40) ensures that the weights /& are constant, say /i* = /1 for all
large k. Moreover, if an iterate gets sufficiently close to z«, we know by (3.40) and by
the continuity of A that \i > ||A,||. For such value of *, Lemma 5.2 implies that the
merit function has a strict local minimizer at z*. Now suppose that once the penalty
parameter has settled, and for a given ¢ > 0, thereis an iterate z/ such that

I T

Ty — T -

ko 727470

where 70 is such that || ¢ ||i < 70| * | Assumption 5.2 shows that for any A: > fco, %k
is in the connected component of the level set of z* that contains z”, and we can
assume that e is small enough that Lemmas 5.1 and 5.2 hold in this level set. Thus since
<f>n(xk). < <Pt*(*ko) f°" k » "0* and since we can assume that [§flfifcl_< 1, we have from

Lemmas 5.1 and 5.2, for any k > kg L.
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llzs~zall < 75 Hulzk) - du(z))2
1

15 2 (Bu(2k) — Hu()7
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IA
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) (1ZE gu? + Sollwl]
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This implies that the whole sequence of iterates remains in a neighborhood of radius €
of x*. If € is small enough we conclude by (5.8), by the monotonicity of {<t>p(xk)} and
Theorem 4.2 that the iterates converge to Xm.
a
The assumptions of this lemma, which is modeled after a result in Xie (1991), are
restrictive - especially the assumption on the penalty parameter. One can relax these as-
sumptions and obtain a stronger result, such as Theorem 4.3 in Byrd and Nocedal (1991),
but the proof would be more complex, and is not particularly relevant to Algorithm [1
sinceit isonly based on the properties of the merit function. Thereforeinstead of further
analyzing the local convergence properties of the new algorithm, we will proceed to study
its rate of convergence.

5.1. R-Linear Convergence.

For the rest of the paper we assume that the iterates generated by Algorithm 11
converge to £, which implies that for all largefc, /i* = fi > ||A*||. The analysis that
follows depends on how often BFGS updating is applied, and to make this concept precise
we define U to be the set of iterates at which BFGS updating takes place,

U = {* : Bk+i = BFGS(By, S Yh (5.9

and let
U= Un{l,2. . K. (5.10)

The number of elements in Uk will be denoted by \UK\-

Theorem 5.4 Suppose that the iterates {**} generated by Algorithm Il converge to a
point x,, that satisfies Assumptions 5.1. Then for any k € U and anyj > k = '

flz; — z.]| < V" (5.11)

25




for some constantsC > 0 and0<r < 1.

Proof. Using (4.4) and (5.8) we have for z € J,
7
M*i) ~ M*i+i) >_T—:IM*i)~*M(*01' (5.12)

Let us define r = (1 - 77/74)*. Then for i € «/
Ou(x,-H) - thu(*) < r* [*,(%) - <A(X)]. (5.13)

We know that the merit function decreases at each step, and by (5.8) we have, forj > k
ad keU,

-1 1
T3 2(Bu(z;) — Du(2.))?

-1 1
73 H(Bulze) — Pufz.))2.

We continue in this fashion, bounding the right hand side by terms involving earlier
iterates, but using now (5.13) for al good iterates. Since by Theorem 3.1 at least half of
the iterates at which updating takes place are good iterates, i.e. \JK\ > \\Uk\, we have

IA

ll=5 = 2.l

IA

lles ==l < T;% [r‘.“ﬂ(‘bn(zl) - ¢n(3-))]%
1
'TFs [rQIU&l(qb#(zI) - ¢”(3_))] 3

th(‘f’u(’-‘ 1) ¢,.(z.))%]rwtl
CrlUsl

IA

HoIA

a

This result implies that if {\UkVk} is bounded awvay from zero, then Algorithm 11 is
R-linearly convergent. However, BFGS updating could take place only a finite number
of times, in which case this ratio would converge to zero. It is also possible for BFGS
updating to take place an infinite number of times, but every time less often, in such a
way that \UkVk —e 0. We therefore need to examine the iteration more closely.

We make use of the matrix function rp defined by

P»{B) = tr(B) - In(de*(B)), (5.14)
where tr denotes the trace, and det the determinant. It can be shown that
Incond(U) < tf(fl), (5.15)

for any positive definite matrix B (Byrd and Nocedd (1989)). We also make use of the
weighted quantities B
% =G  h=Gi'V (5.16)
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By = GZ”ZB G:"\ (5.17)

cosdk = —--\ (5.18)
I|£fc«*|IIMI
and
- §k Bkik

One can show (see eq. (3.22) of Byrd and Nocedd (1989)) that if Bk is updated by
the BFGS formula then

- 5
W(Bes1) = o(Bi)+ "_’;f‘![ ~In —F—il :+1ncos A
k
Gk Gk
1- — 4| =
+[ cos? 6; ncos’ﬂk] ; (5_20)

This expresson characterizes the behavior of the BFGS matrices By, and will be
crucid to the analysis of this section. However before we can make use of this relation
we need to consider the accuracy of the correction terms. We begin by showing that when
finite differences are used to estimate w, and tZ”, these are accurate to second order.

Lemma 55 // at the iterate x, the correctionswy and WK are computed by the finite
difference formulae (3.1)-(3.2), and if Xk is sufficiently close to a solution point x,, that
satisfies Assumptions 5.1; then

»k = O([lpyl]), (5.21)
IK - ZJW.Y,p*\\ = Otelfev])) (5.22)

and
\Wy - ZJW.YKPW = O(a\\py\). (5.23)

Proof. Recdling that Vi(x,A) = g(X) + A(X)\, we have from (3.1) that

ZEIVL(ze + Yive M) = Vi(z M)
= Z[[VL(zk + Yapv, M) — Vi(zk, A)] + ZI[(AKK + Yiey) - A)(Xic - A))]

= 2] I-jol V2L {Xk + 1Yy, AT Yipy + ZIHAXK + Yiev) - A)(Xi - A)]
= ZIWiYapy + ZE[(A(ze + Yiry) = Ae)(Mx -X)]. (5.24)

Let us assume that X, isin the neighborhood of x+ were (5.2)-(5.5) hold. Then \\\\«—*\\ =
O{llexll) = O(cry), where a is defined by (1.34). Therefore the last term in (5.24) is
O{llp«lle*), which proves (5.21). Also asmple computation shows that

[ZfWi - zaw ]5*PY = O(*MIPVIN).) (5.25)
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Using these facts in (5.24) yields the desired result (5.22). To prove (5.23), we only note

that ak < 1, and reason in the same manner.
a

Next we show that the condition number of the matrices Bk is bounded, and that
a the iterates U at which BFGS updating takes place the matrices Bk are accurate
approximations of the reduced Hessan of the Lagrangian.

Theorem 5.6 Suppose that the iterates {xk} generated by Algorithm Il converge to a
sol ution point X, that satisfies Assumptions 5.1. Then {|B*[} and {\\B"1]} are bounded,
andfor all k6 U

[1(5, - ZWnZ+)p A\ = of[<f*{]). (5.26)

Proof, We will only consider iterates k for which BFGS updating of Bk takes place. We
have from (3.49), (3.46), (3.44), (3.16) and (3.48)
Yk = ZIVL(ze41, Ae1) = VL 2k, Aen)] — T

1 .
= Zf } V2, L(zi + rads, A*+1)drj\ ady - Wi

= opZI Wi(Zipy + Yipy) - B

= ZIWiZisp + <*KZIWK - Z}Wy)Ykey + (CtkZ)WAKPY - 0%).  (5.27)
Snce WKk can be computed by Broyden's method or by finite differences, we need to
condder these two cases separately.

Part I. Let us fird assume that W is determined by Broyden's method. A simple
computation shows that ||ZJW* - Z]W,\\ = O(ay), and from (3.14) we have that W =
0(11PYI1/7*)- Udng this and Assumptions 5.1 in (5.27) we have

z7 ﬁ:kzk-’k +(ox + 1+ 1/)0(axllpv(l)
[ZIWKZK - G)sKk + Gpsc + (ak + 1 + 1/7%)0(" *11PY]))- (5.28)
Recdling (5.16) and noting that yjsk = yjsk we have
i 5 = L (ZIWiZs — Go)ai + 113l + (0i + 1+ 1/1)0(exllpe i,
gnce \\&k\\ and ||5jt|| are of the same order. Therefore

Yk

e _ o, A& HWZ - L+ 170 (Noxpell
T G ()
= 1+0fa) +{ac+ 1+ A jr) . (5.29)

Smilarly fram (5.28) and (5.16) we have
ViV < WZWiZe - G)sMNAG\ + 2\ ZjWiZi - G)s\ [1G: Y| [liall + [IBikIP

+2A<rie + 1+ 1/7)0(||a* pv|)IK?2:*[| (I"H + \ZIWZi - GG 1""’Il)
+{or + 1+ 1/1)°0((|larp )% '
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and thus

N#il® Hewpyl]
B S 1000+ @+ 141/ + 000 (—_”usku )
2
ok + 1+ 1/7)%0 (Lﬁ%) . (5.30)

At this point we invoke the update criterion, and note from (3.18) that if BFGS
updating of B, takes place at iteration A, then \a,pyll < 7jlk*Il where {7*} is summable.
Using this, the assumption that a, converges to zero, and (5.29) we see that for large k

=T =
ey = 1+ On+ ), (5.31)
and using (5.30) -
{:';%Illl_z =14 O(o% + 1)
Therefore
t6E =y 777w - LTV, (5.32)

We now consider if>(-Bk+i) given by (5.20). A simple expansion shows that for large
k, In(l + O(a, + 7*)) = O(cry + Tiby Using this, (5.31) and (5.32) we have

_ . [ - i
ﬂl(BHq) = tﬁ(Bk) +O0{ox +7) + Incos® § k+\l--~ 4+ln ir-] . (5.33)
[ w0k COS0+J .

Note that for z > 0 the function 1 — x + In X is non-positive, implying that the term in
square bracketsis non-positive, and that In cos? § is also non-positive. We can therefore
delete these terms to obtain

*(Bk+) <. HBK) + O(ax + 7*). (5.34)

Before proceeding further we show that a smilar expression holds when finite differences
are used.

Part I1. Let us now consider theiterates k for which updating takes place and for which
W is computed by finite differences. In this case (3.19) holds. Again we begin by
considering (5.27),

Ve = ZIWZise + adZIWi - ZjWn)Yiey + (@ZIW.Yipy - W).
Using (5.23) the last term is of order tfjt(afc||p,||), and so is the second term. Thus
Yo = ZEIWiZisi +O(oweglpell)
= (ZTWi2x - Gy)sc + Gs + 0(<7*a*||pylD)- (5.35)
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Noting once more that yfs, = yjsk and recdling the definition (5.16) we have
T3, = sT(ZFWiZi - Gu)se + \N\? + O(orariipellll3cil)s

ance WK\ and \\sk\\ are of the same order. Therefore

s, _d{ZIWZE)x 9/.,||¢E_||\
MM~ ~)

el — ° +

= 1+0(cn.—)-ll-.0 Cilil?r'jl_ (5_5

Smilarly from (5.35) and (5.16) we have

iTie < WZTWezy - m)s(f\\G "W+ 2\ (ZIWRZy - G.)s\ WGZMA\ N+ pref®
+,0 Q\akp*\\\\e A\ [IND + WZIWZ - G)s\\G: ”2\\]\
+0lO(\apy\\)\

and thus

liul? (toumed)
Wl o ) 4 O(oy) + 0,0 { E222YHY) 4 520 . 5.37
Bk (o) ARG (5-37)

We now invoke Update Criterion |, and note from (3.19) that if BFGS updating of
Bk takes place at iteration k, then ||py|| < 7fd||Pz||/"i"- Using this, (5.36) and the fact
that ak converges to zero, we see that for large k '

-T-
Vi 3k 1 2
||;k||2 =1+ 0, /

and using (5.37)
(PR 1/2
= =140 .
Tz = 1+ O
Thereore 5? _ Lel? el
Yk Yl 118% 1/2
e = p—e— =140 . 5.38
Tir =~ 1l b (@) (5.55)
We now consider tI>(B,+i) given by (5.20). Noting that In(l + O(@\/?)) = O@\/?) for all
large it, we see that if updating takes place at iteration k

N — 12 e ) ‘ﬂc
+(Bk+i) = HB,) + 0{a\'d) + In cos* 9 + [fl -c-o§0fc+ In=2%| (5.39)

Since both Incos? 0& as well as the term inside the square brackets are non- posmve we
can delete them to obtain

P(Brs1) < $(Bi) + Oiol'). (5.40)
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We now combine the results of Parts | and |l of this proof. Let us subdivide the set of
iterates U for which BFGS updating takes place into two subsets: U* corresponds to the
iterates in which Wk is computed by Broyden's method, and U" to theiterates in which
finite differences are used. We also define U'y = U'H {1,2,..A:} and U% = U"C\{1,2,..&}.

Summing over the set of iterates in Uk, using (5.34) and (5.40), and noting that
2%+ = Bj for j £ Uk, we have

B <¥B)+d £ T+ E 4+ £ T (541)

jeuy jeU; jeu!

for some constants Ci,C2,Cz. By (5.11) and since \Uj\ < \Uj\,

Z r,rJIV2 Z cH 2
Jeur jeuw
e il
Jeur
\U"\
= Y. CY¥T

=1

< 00

In

1A

Similarly

E*i<».

Jeu
and since {7*} is summable we conclude from (5.41) that {tp(TSk)} is bounded above, fiy
(5.14) if>(Bk) = SLi('t — I»')» where /, are the eigenvalues of J3*; and it is easy to see
that this implies that both \\B,\\ and HAL1 are bounded.

To prove (5.26), we sum rdations (5.33) and (5.39), recalling that <r*, 7* and aJj* are

summable, to obtain

Bin)<C+ S [ncosde+ J1 - —% _ 12 _|[},
Y(Birs1) < J‘EEU*( cos &+[ mzak+ p—y )

for some constant C. Since tf>(|§k+i) > 0, and since both Incos’0* and the term inside
the square brackets are non-positive we see that

lim Incos’&k =0,
fc—00
and .
lim [1 N+ in—22.t _o.
f - &
el cos ¢ cos 9;;' ;
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Now, for x > 0 the function 1-z+Ina: is concave and has its unique maximizer at x = 1.
Therefore the relations above imply that

lim cosbk = lim 4* = 1. (5.42)
it-eQ i+©0
kel kel

Now from (5.18)-(5.19)

UGBy = Gpell® _ l(Be = Daull?
IG~ el i
IBedell® - 28Bh + 35

5{5;,

i
= — — 2§, 4 1.
cos 62 ¢

It is clear from (5.42) that the last term converges to O for k 6 £/, which implies that

(5.26) holds.
D

This result immediately implies that the iterates are R-linearly convergent, regardless
of how often updating takes place.

Theorem 5*7 Suppose that the iterates {x&} generated by Algorithm Il converge to a
solution point x,, that satisfies Assumptions 5.1. Then the rate of convergence is at least

R-linear.

Proof. Theorem 5.6 implies that the condition number of the matrices {£*} is bounded.
Therefore all the iterates are good iterates, and reasoning as in the proof of Theorem 5.4
we conclude that for all j

[1*; - *.]| < Cr»',

for someconstantsC > 0and 0 <r < 1.
D

We can now show that the Broyden matrices Sk are bounded. This is easy to do,
since we have established that theiterates {xk} converge R-linearly. We make use of the
well-known bounded deterioration property for Broyden's method (cf. Lemma 8.2.1 in
Dennis and Schnabel (1983)), which states that under Assumptions 5.1

H3bH - ZTw.\\ < \\s - Z7w.\\ + <7,

for some constant C > 0. Due to the R-linear convergence of { X"}, we obtain:

k
ISker = ZTVY € NS - ZTWN+CD o
L. =1

< 00,
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which shows that the matrices S, remain bounded. We then see from (3.12) that the
Broyden corrections w, and W satisfy

Wi = O(W\pr\Y) - Wi = O(|I/>v[]), (5.43)

and it is clear that the safeguards (3.13) and (3.14) become inactive for all large k.
Therefore the algorithm will not modify the information supplied by Broyden's method,
asymptotically, and this is important in establishing superlinear convergence.

6, Superlinear Convergence

Without the correction terms wy and TDy, and using appropriate update criteria,
Algorithm [l is 2-step Q-superlinearly convergent. This was proved by Nocedal and
Overton (1985) assuming that Yy and Zy are orthogonal bases, and assuming that a
good starting matrix B\ is used. This result has been extended by Xie (1991) for more
general bases and for any starting matrix B\ > 0. In this section we will show that
if the correction terms are used in Algorithm II, the rate of convergence is 1-step Q
superlinear. Thisresult is possible by Update Criterion | and by the selected application
of finite difference approximations, which allow BFGS updating to occur more frequently.

To establish superlinear convergence we need to ensure that the steplengths a* have
thevalue 1 for all largek. When a smooth merit function, such as Fletcher's differentiate
function (Fletcher (1973)) is used, it is not difficult to show that near the solution unit
steplengths give a sufficient reduction in the merit function and will be accepted. However
the non-differentiable I\ merit function (1.7) used in this paper may reject steplengths
of one, even very close to the solution. This so-called "Maratos effect™ requires that the
algorithm be madified to allow unit steplengths and to achieve a fast rate of conver gence.
We will not consider this modification here, so as not to complicate the already lengthy
analysis of this paper and since it does not affect the main structure of the algorithm or
its essential properties. In the companion paper (Biegler, Nocedal and Schmid (1993)),
which is devoted to a numerical investigation of Algorithm |1, we describe how to incor-
por ate the non-monotone line search (or watchdog technique) of Chamberlain et al (1982)
that allows unit steplengths to be accepted for all large k. The analysis of the modified
algorithm would be similar to that presented in 85.5 of Byrd and Nocedal (1991).

In theremainder of this section we assume that theiterates generated by Algorithm |1 -
converge R-linearly to a solution and that unit steplengths are taken for all large k. We
begin by showing that the damping parameter 0>, used in (3.43) to ensure that descent
directions are always generated, has the value of 1 for all large k.

We have shown in Theorem 5.6 that HIS"' ! is bounded above. Also (5.21), (5.2) and
(3.42) show that, when finite differences are used, wy = <3(||pyl}) = O(lk*|})> and by
(5.43) we see that thisis also the case when Broyden's method is used. Using these facts,
and noting that || * || < || * ||i, we see that there is a constant C such that the left hand
side of (3.38) can be bounded by -

Ck[2c0s0\gIZiw\ + W' B:'ZIge + (WwiB]:'wi) < [CCM\e + CAcAW)Nc\,
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snce g{Zk = O(|efc|l). As the iterates converge to the solution, and since Qk <. 1> the
term ingde the square brackets is less than the constant p given in (3.38), showing that
& = 1 for dl large k. This, and the remarks made at the end of 85 show that al the
safeguards included in Algorithm 11 become inactive asymptoticaly.

We can we show that the Broyden matrices satisfy the condition of Dennis and Moré
(1974) for superlinear convergence. Note from Algorithm 1l that a Broyden update of S
is aways performed, regardless of whether a BFGS update of Bk takes place or not. The
following result is a straightforward modification of a well-known property for Broyden's
method. '

Lemma 6.1 Suppose that the iterates generated by Algorithm Il converge R-linearly to
apoint X, that satisfies Assumptions 5.1 and that the matrices & remain bounded. Then

- Hise - Zw)d\ _ N
limp .o G = 0. Kor 1,

Proof. The proof is essentidly given in Griewank (1986), and is aso very smilar to the
analysis in Dennis and Schnabel (1983, pp. 183-4), but we will give it here for the sake
of completeness. Using the Broyden formula (3.9) we have -

(%k — Sk3k)3)

._ - — _ T
K+i-ZjW. S—Z,W.+ T
_Cc  <Tw o, (ft-ZjWesyd |, (ZTW. - Sk)aus]
$. 7 ¥

(Sc - ZiW.)(I -“skslfsih) + (ft - 2XW.3x)s] /5L 3.

Defining EK = S* - Z?W*, applying Lemma 8.2.5 of Dennis and Schnabel (1983),
recalling (3.10)-(3.11) and using the Mean Value theorem, we obtain

\Erallr < |Eu(J — 513L /3L 8)lr + O(ow)

< HEse?
Ellp ~ vorm—r— .
" k"F 2"Ek"F"§k"2 + O(Uk)

IA

Rearranging this expression yields

= |2
"fg’ﬁj‘ < BN NENe - HIEMIP + 0(c)\ 62)
k
and since the elements of S, remain bounded we have for some A that for all k > Kk,
\E\\< A/2 and

OO

X ey - oo 0wk

k=k k=E




Since {<JKk} converges R-linearly, the last term is summable, which implies that

1:m 'I:I-—I'L'A* 2 n
=U.

lim ... 110

Notihg that Sk = <*kdk gives the desired result.
D
This lemma shows that Sk is an accurate approximation to ZjW,, along d*, and
Theorem 5.6 shows that, when updating takes place, Bk is an accurate approximation to
Z)\V,Z* along py. We will make use of these two facts and the following lemma, which
is an application of the well-known result of Boggs, Tolle and Wang (1982).

Lemma 6.2 Suppose that the iterates generated by Algorithm Il converge R-linearly to
a point X, that satisfies Assumptions 5.1, and that ctk = 1 for all large k. If, in addition

. \\Bsz + Wi T Z’)de\\
lim

ko ] ’ (63)

then the rate of convergence is 1-step Q-superlinear.

Proof. Nocedal and Overtoil (1985, Theorem 3.2) show that if an algorithm of the form

(6.4)
Ti4+1 = XK + d¥,
converges to a point x,, that satisfies‘Assumptions 5.1, and if ‘
ISk - Zw.)d\ _ 6_5
o i —

then the rate of convergence is superlinear. Algorithm 1l clearly satisfies the second
equation in (6.4), Ajdk = —c*. Now since dk = YkP\ + ZkPz we have

Y Z)~Uc = | £ l], (6.6)
and let us write Wk = Tkpy for some matrix 7*. Then recalling that (k = 1 for all large
fc, we have from (3.43) that

[Tk Bil[¥a Zk]"ldk = -—Z;{gk.

Thus we can define K = [Tk BK][ Yk ZK]"*, and the. condition (6.5) for superllnear con-
vergence is

\([TiBK\)'kZ, ] -*-ZTWp)d\\ .

k0> (LA -

c_
'y
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However, using (6.6) and w = Ty we have that [T B[ Yk ZJ~'dk = Tupy + Byp, =
wjt + Bypz<, giving the desired resullt.
a
We can now prove the fina result of this section. The analysis is complicated by the
fact that BFGS updating may not dways take place, and by the fact that the correction
terms are sometimes computed by finite differences and sometimes by Broyden's method.
We therefore consder the falowing three sets of iterates, based on Update Criterion |
and illustrated in Figure 2.

o Ry = (511091 < 200},
o Ry ={j ¢ Ra} 1Pl < 1N/0)%},
o By= (Gl > 1117077,
and note that both ~f, and a, are summable.

Theorem 6.3 Suppose that the iterates generated by Algorithm Il converge R-linearly
to a point x,, that satisfies Assumptions 5.1, and that a, = 1 for all large k. Then the
rate of conver genceis 1-step Q-superlinear.

Proof. Since d¢ = Ypy + Zp, we have

Py - -
[ e ] = {Yi Z4] 14,.

Therefore assumption (5.3) implies that
lIpvi! = O(lldicll),  HPzil = 0(]|<y). (6.7)
Now

| Baps + wr — ZIW.di|| < ||Beps — ZTW. Zipo|| + fjwr — ZTW.Yipol]
< \Bip; - ZjWinZupelt + flwe ~ ZTW.Yipy )
+0(\e\\p ).

Since by (6.7) the last term is of order o(||p.|]) = o(|<{*[), the objective of the proof is
to show that

1915 - ZIW.ZopA\ + [K = ZTWiYip\ = o(][dkd]]), (6.8)

for this together with (6.3) will give the desred result. We consider the three regions
R\Ri and R% separately. Algorithm I is designed so that in 722, to, must be computed
by finite differences. On the other hand since p; is recomputed in step 7, after which we
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can be in any of the three regions, we see that in R\ and #3 Wk may be computed by
finite differences or by Broyden.

If A: € R, we have that ||py|| = o(|lpzI]) = o(||4]|])» We aso know from (5.43) that
Wk = O(]|PY[]) when the correction is computed by Broyden's method, and by (5.21) this
relation also holds when Wk is computed by finite differences. Therefore for k € Ru

llwe — ZTW.Yapyl| = o(jdi\). (6.9)
Furthermore, since updating aways takes place in Ru (5.26) holds i.e.
\Byp, - Z?W.Zp\N\ = o(]|4]]). (6.10)

We have thus established (6.8) for al k e R\
Let us now suppose that k 6 #2* in which case Wk is computed by finite differences.

Using (5.22) we have that
K - ZIW.YKPW = o(\p\\) = od|*||)s (6.11)

where the last step follows from (6.7). Since updating aways takes place in #2* equation
(6.10) also holds in this case, and we conclude that (6.8) holds for dl k € /22-
Finally we consider the case when k 6 R3. Now p, satisfies

pz = o(llpv 1) = o(lldsl). (6.12)

If k € Rz and the correction term w is computed by Broyden's method as Wk = 83 Y;py
(see (3.12)) we have

(8% — ZTW.)epvli
< NSk = ZTW)di)] + I(Se ~ ZTW.) Zape|).

\\Wi-ZJW.Y  p* \\

Using (6.1), (6.12) and the boundedness of Sk we see that the right hand side is of order
o(|I*]]), so that (6.11) holds. On the other hand, if wy is computed by finite differences,
we have directly from (5.22) that (6.11) holds. In addition (6.12) and the boundedness
of Bk shows that (6.10) holds for al A: € R3, regardless of whether finite differences or

Broyden's method are used.
D

7. Final Remarks

We have presented a new reduced Hessan algorithm for large scale equality con-
strained optimization. The motivation for this work has been practical: an earlier re-
duced Hessian code of ours, designed for large problems, was often subject to instabilities,
and we have aimed to develop a more robust algorithm that resembles the full-space SQP
method, but is less expensive to implement. In a forthcoming paper (Biegler, Nocedal
and Schmid (1993)) we discuss our computational experience with the new method. That
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paper describes how to handle inequality constraints and discusses numerous important
details of implementation not consdered here. These include the choices of al constants
and tolerances, the strategy for coping with the case when the basis matrix C in (2.1)
changes, and the procedure for computing the damping parameter g which was only
outlined in (3.39). We aso discuss in that paper how to apply the updating criterion
away from the solution. We believe that the new algorithm can be very ussful for solving
large problems, especialy those with few degrees of freedom.

We have only focused on convergence results that helped us in the design of the
algorithm and that reveded its main properties. The analysis was complicated by two
factors. We did not assume that the BFGS matrices Bk or the Broyden matrices Sk
were bounded, which required careful consideration of their behavior. This analysis paid
off by suggesting safeguards that are ussful in practice and ensure a superlinear rate of
convergence. The other complicating factor was the fact that the frequency of BFGS
updating can vary drastically: it can take place at every iteration, never, or in various
patterns. As was found earlier by Xie (1991), it is necessary to develop the theory
in suffident generality to cover dl of these cases, and this sgnificantly increased the
complexity of some of the results.

Acknowledgement. We would like to thank It. Byrd for for many interesting discus-
sons on the subject of this paper.
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