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Abstract.

The objective of this paper is to show that many-nonlinear models for batch design,
which are based on the assumption of continuous sizes, can be reformulated as MILP
problems when sizes are restricted to discrete values. Problems considered nclude
multiproduct plants operating with single product and mixed product campaigpé, and
multipurpose plants with single and multiple production routes. It is shown that by
exploiting the gructure of these MILP problems, solutions can be obtained with modest
computational effort. In addition, as opposed to the use of rounding schemes for
continuous models, global optimum solutions are guaranteed.




Introduction.

Recent growth in specialty chemicals, food pi'oducts and pharmaceutical industries
has increased the interest in systematic methods for the design of batch.processes.
Therefore, in recent years there have been increased research efforts to develop design
methods and tools for multiproduct and multipurpose batch plants; see Reklaitis (1989) for
a review.

Among the earlier works, the design problem for multiproduct batch plants
operating with single product campaigns (SPC) was formulated as a nonlinear program by
Robinson and Loonkar (1972). They used the minimum capital cost as a design criterion.
The multiproduct model was extended by Sparrow et al (1975) to include the optimal
selection of the number of parallel units at each processing stage as well as the optimization
over discrete equipment sizes. They used heuristics as well as a specific branch and bound
method for this problem. Grossmann and Sargent (1979) presented an alternative approach
in which the problem by Sparrow et al was formulated as a mixed-integer-nonlinear
program whose relaxation was shown to have a unique optimum.

The above design models were restricted to the case of single product campaigns
with no intermediate storage and where only batch equipment were considered in the design
procedure. Some of these simplifying assumptions were subsequently relaxed. One
direction followed by some researchers was to take into account semicontinuous units
(Knopf et al, 1981 , Yeh and Reklaitis, 1987). The other direction was the incorporation of
scheduling with mixed product campaigns (Birewar and Grossmann, 1989).

The optimal design of multipurpose batch plants is more difficult than that of
multiproduct plants. Initially the work concentrated on plants operating in SPC mode and
single production routes (Suhami and Mah, 1982 , Vaselenak et al, 1987, Fagir and
Karimi, 1988). Recently the assumption of single production routes has been relaxed to the
more realistic case of plants with multiple production routes (Faqir and Karimi, 1990).
Finally, a more complete formulation of the problem which also addresses the aspect of
various different assignments of equipment types to tasks has been proposed by
Papageorgaki and Reklaitis (1990). These authors considered further the case in which a
given equipment type need not be exclusively dedicated to a single task, but the equipment
items can be divided among multiple tasks of the same or different products.

Most of the models cited above correspond to nonlinear optimization problems
(NLP or MINLP) in which the sizes of equipment are treated as continuous variables. In
practice, however, it is clear that in virtually all the cases sizes are only available in discrete




values. Therefore, thereis currently this gap for the application in practice of optimization
models for batch design .

The outline of this paper is as follows. Firstly we show that nonlinear models
proposed previously in the literature, and which are based on the assumption of’'continuous
sizes, can in fact be reformulated as MILP problems where the discrete sizes can be
explicitly accounted for. Cases considered include multiproduct and multi purbose plants
with single and multiple production routes. Methods for enhancing the solution efficiency
of these models will also be discussed and illustrated with several example problems. The
major significance of the MILP models presented in this work is that they correspond to
realistic design models that can be solved to global optimality with reasonable
computational expense.

Definitions and problem statement -

Batch plants may be divided into two broad categories. First, the multi product
batch plant in which the same sequence of equipment is used to produce each produCt. Ifa
collection of process equipment is used in different arrangements to produce perhaps more
than one product at any time then this corresponds to a multi purpose batch plant.

A multi product or multi purpose plant can be operated in two distinct modes. In the
first mode, each product is produced in one campaign the single product campaign (SPC).
Alternatively the plant can be operated with mixed product campaigns (MPC). In this mode
two or more products are manufactured in each campaign and therefore the selection of the
sequence of the products becomes a very important factor.

The staged nature of a batch plant, comprised of a number of unitsin series, alows
four different storage options, i) Unlimited intermediate storage (UIS), ii) Finite
intermediate storage (FIS), iii) No intermediate storage (NIS), iv) Zero wait or‘No walit
(ZW or NW). In both the NIS and ZW modes, there is no storage between stages. After
the completion of a batch in a processing unit, it may be held in it temporarily in the NIS
mode, or in a storage vessel in the UIS or FIS modes. In the ZW mode the batch must be
immediately transferred to the downstream unit. In situations where unstable intermediates
are produced and must be immediately processed in subsequent steps, the ZW mode of
operation is used. Therefore, the storage policy best describing batch plants is a
combination of dl the above modes, which will be referred to as mixed intermediate storage
(MI1S) policy.
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Thefollowing notation will be used throughout the paper:

tjj
TLi
S
Qi
Vj
Vs
Bi
T[

ahi

Index of products {A,B,C....} with cardinality N.
Index of stages {1,2,...., M} (index of equipment in problem'(P6)).

+

Index of production campaigns.

Index of routesin a multipur pose plant with multiple routes {1,2,...., R}.
Index of discrete sizes {1,2,...,, nsj}.
Index of number of parallel units {1,2,.... , npj}.

Processing time of product i at stagej.

Cycletimein single product campaigns, for product i. T = max{ty}.
Size factor of stagej for product i.

Market demand for product i.

Time horizon in which the demand has to be satisfied. .
Volume of avessel at stagej.

Standard volume of size sfor stagej.

Batch size for product i.

Length of timewhich is dedicated to the production of product i.
Length of campaign h.

Incidence parameter denoting whether product i can be produced in
campaign h (1 for positive case, 0 negative case),

Amount of production from router.

Length of timefor production in router.

Number of batches of product i during the time horizon H.

NPjx  Number of occurrences of the pair i-k in @ MPC schedule during horizon H.

In this work we address the optimal design of a batch plant for which the objective

is to minimize batch equipment cost with the equipment being available in discrete sizes.
The plant in question consists of M stages of batch equipment that are to be used for
producing N different products, and they can belong in any of the following cases:

1) Multiproduct plants operating under:
a) Single Product Campaigns with single unit per stage under ZW policy.
b) Single Product Campaigns with parallel units per stage under ZW palicy.
¢) Mixed Product Campaigns with single unit per stage under any storage policy.
d) Mixed Product Campaigns with parallel units per stage under UI'S policy




2) Multipurpose plants operating with:

a) Single production routes.

b) Multiple production routes.

The basic data that are given are the product demands Qj and a time horizon H, the
sze factors §jj (volume of avessel in stagej required to produce one mass unit Df the final
product) and the processing times tjj. The mgor assumptions made are the following. No
splitting or mixing of a specific batch is allowed while in process. The processing time tj]
of a product i in any stagej is independent of the batch size. The size factors §jj are
constant. Parallel units are allowed in each stage. Resource constraints are not taken into
account except the availability of vessels in standard sizes.

Single product campaigns with single units per stage.

Consider the case of a multiproduct batch plant with one unit per stage operating
with single product campaigns and ZW policy. The model proposed by Grossmann and
Sargent (1979) for optimal sizing consists of the following NLP problem:

min ) 3 V;’j

[ (CP1)

s.t. ijsij B; i=1,.,.N , j=1,.,.M
Z“Q;TLi < H
i Bi

VP <Vj< VP j=1,...M

Bi >0 ~i=l.N

whee TLI = max {tj} is a congtant as well as g (cost coefficient) and bj (cost
=M
exponent).

This model is ageometric programming problem which involves posynomial terms,
and therefore can be convexified with exponential transformations. A major assumption in




this formulation is that the vessel sizes Vj are assumed to be continuous within specified

- lower and upper bounds V}o ,V;-lp. In real life however, only vessels of discrete sizes are

available. One alternative is to simply round up the solution of the NLP in (CP1),to discrete
sizes although there is no guarantee that this will lead to a global optimal design. In order to
rigorously tackle this situation the following discrete variables can be introduced:

. _| 1 if unitatstage j hassizes
Yis=}o otherwise

The variable Vj is restricted to take values from the set SVj={ Vil s Vj2 »Vjn }.

A straightforward extension of (CP1) to handle the case of discrete sizes is to introduce
new constraints to restrict the volumes to discrete sizes. In this way the following MINLP

model is obtained, .
min JZaj V;)j (P1)
s.t. Vij2§i;jBj i=1,.,N , j=1,.,.M
Z%TLI <H
i Pl
Vi=X VisYjs =L..M
2yjs=1 =1,..M
V,,B; 2 0 -~ i=L.N , j=1,.,.M
yjse {0, 1) j=1.uM , s=1,..,n;

This model can be convexified with exponential transformations to find the optimal discrete
sizes of the vessels (e.g. see Kocis and Grossmann, 1988). The drawback, however, is

that the MINLP model may be large and expensive to solve.
In order to reformulate model (CP1) as an MILP we define Tj = nj Ty j, the total

time for producing product i where n; = Q; / B; is the number of batches of product i. We




then have Qi /Bj = nj = T[ | Ty . By multiplying the first constraint of (CP1) by Qi and

after algebraic manipulations we get

.S..
T2 B30 Ty )
] .

The right-hand-side is nonlinear as it involves the inverse of the volume. But by taking

advantage of the multiple choice character of the problem of discrete sizes, we can develop
a model which is linear. First we note that 1/Vj can be expressed in terms of the discrete

variables as:

2

sk
]
mM
JICS
wlw

wivg
e
w
It
It

yjs€{0.1)
In this way by substituting (2) into (1) and by setting CJs = g v?’\ , the optimal
design problem reducesto the M RP problem,
L ZCjsyjs (Rpi)
Qi Sij '
st. Tizg,(—vj—sl—))’js TLj i=1,.,N , j=1,.M
YTisH
i
2 YIS = | J=1,.M
S
Ti >0 i=l,.,N , yjs € {0,1} ji=l,..,M , s=l,..,ngj

Note that this problem only has M additional constraints compared to the continuous model
(CP1). However, potential problem of this formulation is the increase of the number of 0-1




variables when the number of discrete sizes is relatively high. This problem can be
efficiently tackled by exploiting the specific structure of the problem as will be shown in the
section of computational procedure. A more important aspect though, is that model (RP1),
apart from being linear, can be solved for the global optimum combination of discrete sizes
with the branch and bound method for MILP (see Nemhauser and Wolsey,19fc8). The
continuous model (CP!), apart from being nonlinear, will in general not provide the global
optimum with a smple rounding scheme.

Single Product Campaigns with parallel units*

When increased production rates are considered, it may be necessary to introduce
units operating in parallel and out of phase to decrease the cycle times. These are defined by
bottleneck stages which may be different for different products. As suggested by Kocis and
Grossmann (1988), parallel units can be treated by introducing the discrete variable,

. _f 1 ifstagej hasn unitsof samevolumein parallel
23" "0 otherwise

to represent an integer value for Nj the number of paralldl units at stagej. Model (CPl) can
then be expanded to treat the case of parallel units with the following MINLP model,

min X Nj g VAJ (CP2)
; J
j
5.L. Vi25jB; i=1,.,N , j=1,..M
tii ]
TLi A i=l,.-N , j=1,.,M
Zg-TLi <H
i Bi
N; =§‘n Zjn j=1,.,M

%‘,Zjn =1" =1,..M




8
Ve < v VP j=1,..M
zj,e{O,I} ,Nj,T.;,Bi?O i=l,.,N , j=l,.,M , n=l,.,ny

Again taking advantage of the multiple choice constraints for sizes and parallel
units, it ispossible to develop alinear model. Let )

_,(1 if stagej has n unitsin paralel of equal size s
N AL [0 otherwise

By using a similar procedure as in the derivation of (RPI), the MINLP problem (CP2) can
be reformulated as the MILP mode,

min i i "
%Zslnjtsn YN (RP2)
_ Qi Sij) (i) . .
s.L. TI*XX( v ;J (% Yisn i=1,.,.N , j=1,..M
s n
> Ti<H
i
>y Yjsn=1 =1..M
sn

S Ti> 0 i=l,.N, yjs G {0,1}, i=l,.,N j=I,..M n=l,..npj

where Cls, :najv.;'f]'s .

Mixed product campaigns with single units per stage.

In the case of mixed product campaigns it is assumed that a schedule may be
~alowed in which sequencing of products may be possible. To model this feature, special
scheduling constraints have to be introduced as was shown by Birewar and Grossmann
(1989). For the case of a plant with one unit per stage operating with ZW policy and
assuming continuous sizes V|, the following NLP model was proposed by these authors:




b.
min }’ 3 VjJ (CP3)
J
S.t. Vij2SijBj i=1,.,N , j=h..M
Q; _
nj=—- i=1,..,N
1 B1
%Npik=nl l=1, ,N
ENPik’-ﬂk k=1,...N
i
Y (nj tjj+ (X NP SLik ) <H i=1,..M .
i k
" NPji<nj-1 i=1,..,N
lo . up i=
Vj < V_] < Vj j=1,..M

Bj,nj 20 i=1,,,N , NPj =20 i=1,..,N k=1,.,N

The third and fourth constraint of (CP3) are aggregated assignment constraints for product
sequences. The sixth constraint of (CP3) is for eliminating subcycles that only involve one
product. SLjk; is the slack generated between products i and k at stage j if they are
scheduled in that order and includes the cleanup time that may be required in order to
prepare the vessel for product k after product i has finished processing. These slacks can be
computed a priori as shown in Birewar and Grossmann (1989). In order to obtain an MILP
design model it is required to reformulate the first constraint of (CP3) in terms of the
number of batches due to the aggregated scheduling constraints. Since nj= Qj / Bj , the first

constraint in (CP3) can be expressed as:

L5 QS

1 .
Vi

i=1,.,N , j=1,..M (3)

Again, applying (2) and following a similar procedure as in the derivation of problem
(RP1) the following MILP model is obtained,
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mA X X5 Syjs
i S

st nizg,(
> NPjx=n;
K

Z NPj | =nk
i

NPjj<n;-1

g,)’js =1

NP, =0 i=l,..,N k=l,..,N

J sn

st. Tiz Y Y,
s n

Z‘fzyjsn =1
s n

‘E_‘,NPik=ni

Qi Sij

'*fS~)yy 5

| (ni tij+(ZNPi,SLiyj) <H
i k

Qi Sij
Vjs

(RP3)

i=1_Mm

yjs€{0,1}  Vj.s

Thevarious orage policies can be addressed by assigning appropriate values to the dacks
SLjjg. For example the case of UIS storage policy can be treated by setting SL”j equal to

the clean-up time for every ikj . Even further, in this case it is possible to address the case
of parallel units per stage with the following MELP modd,

min ZZZstn Yjsn

(RP4)

i : .
)(TJ) Yisn =hoN, j=1.M

j=1,..M

i=1,..,N




11

ZNPik:nk_ k=I,..,N
i
2 nii<3 3 Hnyjsn FE1»M
1 n s
NPj;j<nj-1 i=1,..,N
g, NPjx =0 Vi, k and yjsn€{0,1} Vj.s.n
Multipurpose plants with single production routes.

The case considered here is the one where not all products require the same
processing stages. Simultaneous production of products sharing the same stages in not
allowed since only one production route is considered for each product with the possibility
of parallel units (see Suhami and Mah, 1982). The model proposed for this problem by

Vaselenak et al (1987), and later extended by Fagir and Karimi (1988), corresponds to the
following MINLP:

min X Nj & vjS (CP5)
J ’
st. Vj25;ijB; i=1,.,.N , j=1,..M
T, > A i=1,.,N , j=1,.,.M
Nj
TiB; =Q; T i=1,..,N

fi (MTIT2., V.) <H k=K
Vil < Vi< VP j=1,..M

TLi,Ti,Bi>_O i:|,..,N

Nj = Integer ji=l,-,M
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In the above modd there are K horizon congraints, each one being a linear function
of thetime T| dedicated to the production of a specific product i. Suhami and Mah (1982)
firs proposed the introduction of such congraints for the planning of specific groupings of
products, A systematic way to obtain these constraints was proposed by Vaselenak e al
(1987). Finally Fagir and Karimi (1988) addressed various ways to express these
congtraints. Modd (CP5) is smilar to (CP2) with the exception of the horizon congraints.
Therefore, in analogy to (RP2) the following MILP mode can be developed for the case of
discrete sizes:

min X X X sn yjsn (RPS)
j sn :
QS. .) r-
st _ TiazZ( - 'H'} yjsn i=l,.,N , j=I,.M
s n

X Xyjsn=1 j=1,..M

S N

%‘,a.h,eh 2T; i=1,..,N

> 6L <H

h

i, 0,20 yjsn € (0, V j,s,n

in which the third and fourth congtraints are expressed in terms of campaign lengths, 0,
as proposed by Fagir and Karimi (1988). In these congtraints ahi represents the coefficient

of an incidence matrix to denote whether or not product i corresponds to campaign h. The
number and identity of possible campaigns of compatible products can be obtained with the
procedure by Vasdenak et al , or alternatively, as described in Appendix A, through a
sequence of maximal clique problems. As discussed above, previous authors have Fent
sgnificant effort to express these condraints only in terms of the variables T[ asis the case

in model (CP5). It isnot sraightforward, however, to express these congraintsin terms of
T[. In the procedure by Fagir and Karimi (1988) this effort is quite large especially

consdering the fact that the computational benefits obtained when the third and fourth
congraint in (RP5) arereplaced by the ones expressed in terms of Tj are questionable. The

number of the horizon congraints in (RP5) is equal to N+l (N = number of products),
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whereas the number of reduced constraints in (CP5) is not specified and can well exceed
N+1.

Multipurpose plants with multiple production routes. 2

The case of a plant with multiple production routes corresponds to the one where at
a specific stage parallel units are allowed, but they operate independently giving rise to
multiple production routes. Also for this reason the size of the vessels can be unequal, and
consequently the batch sizes of the routes producing the same product can also be unequal.
The definition of such a design model of the plant is more flexible and it can potentially
provide cheaper designs than models for plants with single production routes.

The problem is formulated by assigning a maximum number of units in each stage
(groups of equipment as seen in Fig 1). Each product i can then follow a different path
inside the plant depending on the unit through which it is processed at the required stages
(or groups). Each of the possible paths inside the plant is denoted by a route r. In this way

a specific set of routes PR(i) is assigned to each product i. For every route r a specific
subset of equipments ER(r) is assigned. The volume of every equipment V. j=1,..NE, is

allowed to take values from a set SV(j)=(vj1,vj2, - » Vjs»--»Vjn(j)}> Where vj1=0 to

account fot the possibility for not selecting the given equipment. The batch size for every
route is denoted as By, whereas total production of a route is g;. It is assumed that the batch

size is identical for all batches produced in a specific route. The total demand for a product
that has to be satisfied in a specific time horizon H is Q;. From the previous definitions it is

clear that :

Y a2Q i=1,..N @)
re PR; :

The production is again assumed to occur in SPC campaigns with ZW policy.
Every campaign h is the period of time in which one or more compatible routes which do
not share the same equipment are producing the product assigned to each one of them.
Again the term Sy denotes the size factor of equipment j in route r, and Ty r is the cycle

time of route r. .
Fagqir and Karimi (1990) proposed for this case the following (MINLP) model.

minZESLstyjs (P6)
i
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st. Vjz2S,j B Vj € ER(r), r=l,...R

=qr T, r=I,..,R

Vj =§ VisYjs j=1,..M

g, yjs = 1 j=1,..M
2 w20 i=1,..,N
re PR;

fk(Ti,T2...Tp..) < H  k=l,.K

Vi=0 Vj , cfr.Br.TAO Vr, y;&fO,l} Vj ,s

where TL, = max {tjj,re PR() } isthecycletime.
JeER(r)

Note that thelast K condraints are the horizon congraintsin terms of the lengths of
productions T[ as discussed previoudy in the paper. The main difficulty in (P6) is with the
second equation which is bilinear. This equation givesrise to nonconvexities and Fagir and
Karimi proposed valid underestimators to avoid cutting off the global optimum with an
MINLP algorithm. However, as will be shown below, problem (P6) can again be
reformulated asan MILP. '

By combining the firs and second congtraint in (P6) and taking into account the
condition in (2) we get:

ar 1JTLr

Tr2Y

)yjs Vje ER(r), r=l,..,.R _ (5)

In order to diminate the bilinearities % * yjs a new variable c‘} is defined to represent

s

this crossproduct. The equivalence of the crossproduct and the new variable is forced with
the following congraints (see also Grossmann e al, 1991):
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4 =X Gjs Vj e ER(r), r=l,.R (6)

ijs ~“rjsyjs Vj€ER() r=l..R, sl.ng (7

where U, j s represents an upper bound for the variable ghls and can easily be obtained

analytically as will be illustrated later in equation (8). Making use of (5) and (7) the

| following MILP mode is proposed,

m™ X Z°jsyjs (RPO)
J S

5.t. Tr|| | fgflll)< VJeER ) I R

;yjs =1 i=1,..M
dr = £qr'j s Vj € ER(r), r=l,..,R
Qs <Urj sy s Vj e ER(r),r=l,...R,s=l,..ng
2 w2Q i=1 N

reER;{
%ahr@)h 2T, | r=l,..,R
%eh < H

qjjs .qr.®r''r- .©h*O0 Vr,j,s,h , yje{O,1} -

Note that as in (RP5) the horizon congraints in (RP6) are expressed in terms of the
campaign lengths ©h- The reason behind using these horizon condraintsisthe sameasin

the previous case of multipur pose plants with single production routes.
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The upper bound Ujjs can be obtained analytically from the first constraint (RP6).

Because of the second and fourth constraint in (RP6) only one entry in the summation of
the first constraint in (RP6) will be nonzero. The upper bound for T, is H. Hence, in the

worst case the firgt inequality in (RP6) will be satisfied as an equality; therefore,’

Urjs=i 787 Q4SH— VO ERM: r=1 R s=1_nsj (8)

S ALy
Computational considerations.

While the proposed MILP models (RP1) to (RP6) have the important feature of
handling discrete sizes and the capability of obtaining the global optimum, they can
potentially become expensive to solve for large problems. Three aspects of the.models
allow us to enhance the efficiency of the computational procedure, namely : SOSI
structures, bounding schemes for domain reduction and objective function cutoff.

SOS 1 structure.

A feature of the models that was exploited in linearizing the design models was the
multiple choice structure of the models. Beale et a (1970) introduced the notion of Special
Ordered Sets (SOS). The firgt kind of specia ordered setsis that of type 1 (SOSI) (see aso
Williams (1985), Tomlin (1988)). Thisis a set of variables (continuous or integer) within
which exactly one must be nonzero. This restriction can be treated by enforcing a special
branching rule that recognizes that only one variable is nonzero. Therefore,' great
computational advantages can be gained, instead of treating them as a summation of binary
variables.

In al the models that we proposed, there is an equation

Xyjs = 1 or IHlyjsn = 1 9)
5 § A

This means that variables yjs and yj s, can be treated as special ordered sets. For every
block of variables yj. , ordered sets for each | are introduced.

In order to take computational advantage of the SOS1 structure there must be an

ordering in these variables as for instance given by increasing cost. The natural order of
variablesyjs is given by increasing sizes which in turn corresponds to increasing costs. In
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the case of parallel units the natural order in the variables Yjsn is not necessarily preserved
when the number of parallel units increases for the various sizes. Although in our
implementation strict sequential ordering was not considered, SOS1 sets have the effect of
reducing the nodes that are generated in the search tree. The favorable computatienal results
gained by using SOS1 are illustrated in the results section.

Domain reduction.

~Apart from using special ordered sets, computational enhancements can be obtained
by reducing the domain of the binary variables. More specifically, the binary variable yjs is
defined in a domain which corresponds to the crossproduct of the sets in which j and s take
values. In some instances though we can derive analytical or computational lower bounds

lo . . . . .
on the volumes vi- In these cases the inclusion of the discrete variables yjg for sizes

VjS<V}O in the model has no useful purpose because they will lead to infeasible designs.

Also, by not including these variables in the model, the number of the nodes in the branch
and bound tree and the size of the model are reduced.

Analytical lower bounds can be obtained by taking explicitly into account the
structure of the constraints. Specifically for the NLP model (CP1) , which is the relaxation
of (RP1), we have the following. The first constraint in ( CP1) is forced to equality for a
specific product i by a specific stage j which is the bottleneck stage for this product. If a
stage was not a bottleneck for any product then the volume of the vessel at this stage could
have been decreased without any effect in the objective function. Hence, the optimality
condition requires that every stage is a bottleneck stage for at least one product. A lower
bound for the volume of a unit at a specific stage can be obtained if this stage is assumed to
be a bottleneck stage for every product. Since Tj = (Q; / Bj) T j , by setting the first

constraint as an equation in (CP1) we get:

Qi Sij ‘
= Jo Li i=1,..N (10)
J

By requiring that the sum of the above variables be exactlly equal to the horizon time H, we

Tj

get:
lo_ (Ql IJ) .
vj % q TLi 11
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Thislower bound turns out to be fairly tight for the casesin which the scheduling policy is
SPC with one unit per stage (model (RP1)). The way that the lower bounds were exploited
isto avoid the introduction of a discrete variable denoting the existence of a Size lower than
the lower bound in the model. For the computational |mpact more is pr&eented in the
section of computational results. )

For the case of paralld units per sage (model (RP2)), a stralghtforward extenson
of the previous procedure gives the following bound,

vJH-Y(,QI-I—h—)TL1 (12)

If for any n the bound vlJ exceeds the upper bound of the volume VJ % ata sagej then a

lower bound of the number of paralld units nl° can be set as the next highest integer for the

ratio v19 IV¥ . For modd (RP5) the bound given in equation (12) can also be used since

jn ")

the horizon congraintsin (RP2) are tighter than in (RP5). For the case of MPC scheduling
policy (mode (RP3) and (RP4)) alower bound that can be obtained analytically isthe same
asin equation (11) and by assuming that all the dacks are zero. The inefficiency of these
bound was demonstrated in our computational experience where the reduction of the
domain of the binary variables was only marginal. In this case tighter lower bounds on the
volumes must be obtained numerically. For example for problem (RP3) these can be

obtained by solving the following L P to minimize the volume for each stagej (see (2)) in
which thevariablesyj s are treated as continuous:

i
max X i 65 - (13)
s J°
Qi S . ]
st nizg( Vi s‘ )yjs i=1,.,N , j=1,..M
2 NPj i =n; i=1,..N
k
2, NP; i =ng k=I,..,N

i

2 (nj 1 j+ (X NPk SLik ) <H i=1,..M
i K
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NPj;<ni-1 i=1,.,N
ni , NP £0 Vl,k ) OSYjsSI .V.i_.-s

Thelower boundsarethen given by:

do_ 1 .
77 j=1,..M (14

T'js

The problemsin (13) are LPs that are not very expensive to solve. It is expected
that in larger models the benefit from the domain reduction that will be obtained by using
lower bounds will compensate the extra computationd efforts required to solve the LPsin
(13). Of course the above scheme can be gpplied in al cases and for every model, but for
the cases of SPC the andytica bounds proved to be satisfactory.

Since the branch and bound dgorithm will tend to examine nodes for the lower cost
designs, the derivation of upper bounds for volumes was found to have only a smal
effect. Again it is possible by combining analytical manipulations and computational
practices to derive these upper bounds.

For the case of multipurpose plants with multiple routes, a smple way to obtain the
lower bounds in vdl_umes is by solving the following L P relaxation for every equipment:

mnd Visyjs (15)
st Congraintsin (RP6)

Priority congtraints for each equipment group

In the case of a multipurpose plant the plant is divided into groups of equipment of
the same type. If dl items in a group are dlowed to take all sizes, then equivaent
permutations of item sizes might be obtained because of the identical nature of the
- equipment. This can be avoided by prioritizing the items in each group with the following
condrant Vj = Vj+ fordl equipmentj andj+1 in the same group.
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Objective function cutoff.

The most common method for solving MILP problem is the branch and bound
(B&B) 'algorithm. Good lower and upper bounds in the objective function.can greatly
impact the efficiency of the method. A good upper bound can reduce the size of fhe B&B
tree that needs to be enumerated. This bound is usually obtained using a heuristic
procedure. One way to obtain this upper bound is to solve the relaxed LP in which the
integrality of al the binary variables is removed. This then yields relaxed volumes V- _ that

can be computed for instance from (2). By rounding up these volumes we can obtain a
feasible solution in which the binary variables have integral values. The objective value of
this solution is used as an objective function cutoff.

For the case of the multipurpose plant with multiple routes the objective function
cutoff obtained by simply rounding up the relaxed solution turns out to yield a weak upper
bound. In order to obtain a good cutoff the following procedure is proposed.

Assume the following binary variable is defined:

2 — (1 ifrouterexists |
| O otherwise I

The following constraints can then be added to model (RP6):

Z <), Yjs Vj € ER(r) , r=I,..,R (16)
S
qr < Qjzr r=1,..,.R , Vis PR, (17)
21" :
Z Zr 1=1,..,N (18)
re PR

The introduction of these constraints will increase the dimensionality of the problem
and as such it seems a step in the wrong direction. The important thing though is that the
space of routes has been introduced in which some logical manipulations can be performed.

Consider the plant which is given in Figure 1. Equipment group 2 and 4 have 3
equipment, whereas al the other equipment groups have 1 equipment. As far as the number
of equipment per stage is concerned the solution of the problem is going to be one of the
following nine aternatives:
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Groupl  Group2 Group3 Group4 Group$5 Group6

1)
2)
3)
4)
5)
6)
7
8)
9)

bt pd ek ek ek ek e O—I-H

W N = W N = W N e

et ek pd ped ek ped ed peed bk

W W W N BN N -

pred ek ek pemd pd peed ek ped e
.

Pod gk ek pemd ek bk ek ped e

-

In order to avoid the effect of counting equivalent solutions and without loss of
generality a priority in picking equipment can be introduced. So for example equipment 2 in
Group 2 should be picked before equipment 3 and so forth. An immediate result of the

above is that for each one of the alternatives presented above, a significant number of
binary variables z; can be fixed. As an example the first alternative can be represented by

fixing the binary variables z; as follows: z1 =z4 =z7=z19 =1, and z; =0 for all others.

In the second alternative we have two equipment in group 2 and 1 in group 4. For
the first statement and keeping in mind the ordering of the equipment we can introduce the
logical constraint which states that either route 1 or route2 and either route 10 or route 11
have to be picked whereas for the second statement we can fix the variables z7 = z4 =1. All
the other variables are fixed to zero. As we continue to the next alternatives, fewer variables
are fixed and more variables are placed in exclusions. At the ninth alternative we are not
able to fix any variable and we just obtain constraint (18).

The sequence of alternatives has some interesting characteristics. First in the initial
alternatives the number of variables that are fixed is large. This has the effect that through
constraints (16),(17) and (18) the problem is simplified significantly. The second
interesting characteristic is that by following the sequence of plant configurations with an
increasing number of units per group, it is quite likely that a good feasible solution can be
obtained with little computational effort. For the example in Fig.1 a feasible solution with a
cost of $134,400 was obtained for the first alternative after 5 sec of CPU time in a
Vax-6420. The optimal solution with a cost of $124,500 was obtained in the second
alternative (2 units in group 2, 1 unit in the other groups). The biggest problem was to
prove the optimality of this solution by solving the subsequent problems. It is worth to note
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that using the method of rounding up the relaxed solution of the MELP in modd (RP6) gave
an upper bound in the capital investment of $188,400, which was unsatisfactory.

The upper bound of the cost described above can also be used to obtain upper
bounds for the volumes of each equipment. This is done by solving the following LP
relaxation for each equipment j: '

rl3"’1"2"syj s (19)
S

st Condraintsin (RP6)

Priority condraints for each equipment group
2 z Cis ¥js Scost”
j 5

where CJs represents the cost of equipment j when it hasasizes.

The techniques described above are not the only ones with which the computational
efficiency of the MIL Ps can be enhanced. Ancther techniqueisto introduce cutting planes
which will cut a part of the feasible region of the relaxed L P without eliminating integer
solutions and if possibly to be facets of the convex hull of the integer problem. For more
details about such techniques see Nemhauser and Wolsey (1988).

Computational results.
Example 1.

Rounding the solution of continuous NLP models reported in the literature has the
drawback of giving suboptimal solutions. For example consider the case of a multiproduct
plant with one unit per stage operating under the SPC/ZW policy. The plant consists of 6
stages and is dedicated to the production of 5 products A, B, C, D and E. Data for this
problem are given in Table . One way to solve the problem is usng model (CP1). The
corresponding NLP of this problem has 32 congraints and 12 wvariables. Minos 5.2
required 1.25 CPU sec and 44 iterations to obtain the optimal solution with a cost of

$2,314,896. GAMS 2.25 on a Vax-6420 was used in order to generate the models. The
optimal sizes of the vessels predicted are Vi=6017.59 , V2=3483.6 , V3=3960.9 ,

V4=4823.5 , V5=4646.5 , V6=3885.55 (in liters). Assume, however, that the vessels are
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only available in the following set of discrete values SV={3000, 3750, 4688, 5860,7325}
liters. Note that the ratio of two consecutive sizes is congant and in this case thisratio is
1.25. Off course thisratio isarbitrary. In real applications the formulas or tables proposed
by DIN or ANSI norms, are used in order to calculate the set of discrete sizes. By rounding
up the NLP solution we get Vi=7325 , V2=3750 , V3=4688, V4=5860, V5=4688,
V6=4688 liters and a cost of $ 2,521,097. -

Using the MILP modd (RP1) the availability of discrete sizesis taken explicitly into
account. The solution in this case is Vi=5860 , V2=3750 , V3=3750, V4=5860,
V5=4688, VE£=4688 liters with a cost of $2,405,840 which is $115,257 cheaper or 4.8%

lower than the previousvalue. It isclear that therounding schemedid not predict the global
optimal design. '

Modd (RP1) is an MILP which is solved usng SCICONIC 2.11 through GAMS
2.25 in a Vax-6420. The MILP problem involves 38 congraints, 36 variables and 246
nonzero elements. The time required for the MILP was 2.95 CPU sees. If instead mode
(PI) is used, which is an MINLP, the problem involves 45 constraints and 43 variables
with 140 nonzer o lements; 30 of the variables are discrete. The computer code DICOPT ++
required 12.18 CPU sees to solve this problem and obtained the same solution as the
MILP. Note that the MILP issmaller in sizethan the MINLP in modd (PI).

In order to illustrate the effect that the number of discrete sizes has in the size of
model (RP1) as well asin the computational performance, three more cases, one with 8 ,
one with 15 and another with 29 discrete sizes were considered. The comparison is
presented in Table 1. We note from Table Il that the number of discrete sizes has a
ggnificant effect in the number of 0-1 variables, and hence in the number of iterations and
the CPU time. The way that the MILP's are treated so far is without using any of the
techniques proposed in the previous section (SOS1, domain reduction , cutoff).

In Table Il results are presented for the same problem but with the use of SOS1,
domain reduction and objective function cutoff. Note that the bounds are affecting mainly
the size of the model whereas the SOS1 and cutoff affect the iterations and the CPU time.
From the results it is seen that the handling of gandard sizes gives rise to rigorous and
robust models which can also be solved quite efficiently. Even when the number of discrete
sizesis quite large the models that we propose can be solved in reasonable computational
time.

Example 2.

The issue of computational efficiency becomes even more critical in the case of
~multiproduct batch plants with paralld units. Consder the problem given in Table V. Note
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that the data are exactly the same asin Table | with the only difference in the processing
" time of product G in stage 4 which was increased significantly in order to bottleneck this
stage and to introduce the need of parallel units. It is assumed that al the stages can have up
to 4 units in parallel. In order to solve this problem the MINLP modet'(CP2) for
continuous sizes and the MILP model (RP2) for discrete sizes were considered. For the
MILP two cases have been solved. The first one involving 4 discrete sizes in the range
between 1000 and 2500 liters, and in the second case 14 discrete sizes in the same range.
The optimal cost predicted in the first case was $5,261,290. whereas in the second case
$5,107,530. The results concerning the performance of the models with SCICONIC 2.11
are shown in Table V. From this table it is obvious the significant effect that the SOS1
structure and the domain reduction has.

Example 3.

For the case of plants with MPC and ZW policy the data for the example problem
are the same as in Table |. As far as the number of discrete sizes are concerned two cases
have been considered. In the first case the five discrete sizes of set SV were assumed,
whereas in the second case 15 discrete sizes ranging from 3000 to 6500 liters with an
interval of 500 liters were assumed. The optimal investment in the first case was
$2,405,840 and in the second case $2,331,240. The computational performance using
SCICONIC 2.11 is shown in Table VI. In both cases the cleanup times were assumed to be
zero.

Example 4.

For the case of a multipurpose plant with single product campaigns and single
production routes, the problem given in Yaselenak et al (1987) has been used. This
problem involves 10 stages and 7 products. In each stage up to 3 parallel equipment are
allowed. The solution in Vaselenak et al involved a capital investment of $355,516 and the
continuous solution was obtained using MINOS/Augmented in 18.79 seconds in a DEC-
20. The size of the model was 69 constraints and 48 variables. Assume that the volumes
can take discrete values from the following set SV={1000, 1600, 2560, 4096, 6554,
10485}. If the continuous solution is rounded to the standard sizes then the capital
investment is $397,457. Using the MILP model (RP5) the solution that was obtained
required a capital investment of $387,695 representing an improvement of 2.51% in the
capital investment. The size of the model was 42 constraints, 194 variables of which 180
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were (-1 variables and 824 nonzero elements. The solution was obtained in 21.07 seconds

" in a Vax-6420 using SCICONIC 2.11 through GAMS 2.25 and required 789 iterations. If

SOS1 and domain reduction are used then the problem involves 42 constraints, 159
variables, 655 nonzero elements and required 5.51 seconds and 187 iterations.. -

Example S.

For the case of a multipurpose plant with multiple production routes the
example of Faqir and Karimi (1990) has been used. The data for this problem are given in
Table VII whereas the layout of the plant is shown in Figure 1. The solution that the above
authors obtained is a capital investment of $124,500. As far as the computational
requirements of the procedure they devised, no clear characteristics can be given mainly
because the procedure is highly interactive. If model (RP6) is used without any. domain

reduction, without use of SOS1 and without objective function cutoff then the model

involved 50 0-1 variables, 245 variables (both continuous and binary), 859 nonzero
elements and 238 constraints.The reason that in this case 50 binary variables were used is
that no 0-1 variables were introduced for zero volumes, and the second constraint in (RP6)
was relaxed as an inequality. Using SCICONIC 2.11 through GAMS2.25 , 329.42 CPU
seconds on a Vax-6420 and 16,608 iterations were required to solve the problem. By
formulating the problem with additional 0-1 variables for zero volumes in order to have the
second constraint in (RP6) as an equality and using the SOS1 structure, the problem
involved 60 binary variables, 238 constraints, 255 variables (continuous and binary), 869
nonzero elements. Using SCICONIC 2.11, 139.17 CPU seconds and 6923 iterations were
required in order to obtain the solution. Using SOS1, domain reduction and objective
function cutoff ($134,400 as discussed previously in the paper) the model had a size of 236
constraints, 246 variables and 853 nonzero elements. The CPU time required was 30.64
seconds and the number of iterations was 1572 on the same computer. Faqir and Karimi
used a different model to solve the same problem which was nonlinear and nonconvex.
They also proposed a somewhat complicated preprocessing scheme where domain
reduction was also considered. Using the results of their domain reduction in our model
and using SOS1 as well as the objective function cutoff the model involves 160 constraints,
144 continuous variables and 497 nonzero elements. The CPU time required to solve the
model is 4.26 seconds in a Vax-6420, and 289 iterations are needed.
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Conclusions.

It has been shown in this paper that taking into consideration the availability of the
vessels in only discrete sizes, it is possible to reformulate existing nonlinear design models
for batch processes as MILP problems. The resulting models determine the global optimal
solution for the design of batch plants either multiproduct or multipurpose, and operating
under various modes. Furthermore, the nonlinearities of the existing models are eliminated
giving rise to more robust computations.

. Although the resulting models can be solved without any preprocessing, significant
computational gains can be achieved using the specific structure of the MILP's. The use of
objective function cutoff, and especialy the domain reduction using a bounding scheme, as
well as the use of Special Ordered Sets of type 1 (SOSL1) proved to have a significant
impact in the performance of the solution procedure. .

Finally, it should be noted that the reformulation approach presented in this paper
for converting nonlinear optimization problems with discrete sizes as MILP problems has
been generalized and applied to other problems as discussed in Grossmann, Voudouris and
Ghattas (1991). |
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Appendix A. Determination of campaigns for multipurpose plants

Consider the case where five products A,B,C,D and E are going to be produced in
a multipurpose plant as shown in Figure Al. A graph G=(V,E) can be constructed where
each node represents a product and an edge represents compatibility between two products.
By compatibility it is meant that the production routes of the two products do not share a
common equipment and can thus be processed in the same campaign. For our case the
graph is shown in Figure A2. The different possible campaigns of compatible products is
equivalent to a sequence of maximal clique problems as shown below.

A clique of a graph is defined as being a subset C of V in which all nodes are
connected to each other. A clique is maximal if it is not a subset of any other clique in a
graph. In Figure A3 the maximal cliques of the graph G=(V ,E) are displayed. Here each
clique represents a possible production campaign (i.e. produce A and D, C and D, A and
D, and B-C-E simultaneously). Using the clique representation, a clique matrix ca;l be
generated in which the rows represent a clique and the columns represent a product. This
clique matrix is the matrix A with entries ap;j that is used in models (RP5) and (RP6).

As discussed in Papadimitriou and Steiglitz (1982) the problem of finding the
maximal cliques of a graph is a well studied problem, although no polynomial algorithm
has been developed.




TABLE |: Data for example 1 (SPC with one unit per stage).

Size factor_Sij (I/kq) Proc__time tij (h) Cost coeff. | | Costexp
AIBIC|DI}E Al L D| E ct(j) ($) B()
Stage1]| | 79 07 07 47 12 64 68 1 32 21 2500 06
Stage 2 2 08 26 23 36|47 64 63 3 25 2500 06
Stage3| |52 09 16 16 24|| 83 65 54 35 42 2500 06
Stage4| 149 34 36 27 45 39 44 119 33 36 2500 0.6
Stage5| | 6.1 21 32 12 16 21 23 57 28 37 2500 06
Stage 6 42 25 29 25 2.1 12 32 62 34 22 2500 - 0.6
Q(A)=_250000, Q(B)=150000, O(C)=180000, Q(D)=160000, Q(E)=120000 __(KQ)
TABLEII: Compufational resultson example 1
(Without SOS1,domain reduction and cutoff).
# dis sizes| Constr. All ' Nonzeros | 01 var's CPU * Iter.
Variables
5 38 36 246 30 3.1 195
8 38 54 372 48 2.93 181
15 38 96 666 90 25.09 985
29 : 38 180 1254 174 44.94 Z!.203

* In Vax-6420 sees




TABLE HI: Computational results on example 1

(With SOS 1,domain reduction and cutoff).

# dis. dzes | Constr. All Nonzeros O-i var's CPU * Iter.
Variables

8 38 - 46 316 40 1.93 57

15 38 82 568 76 2.85 91

29 38 154 1072 148 6.64 182

* In Vax-6420 sees

TablelV: Datafor example 2 (SPC with parallel units per stage).

Size factor Sij (I/kg) Process, time tij (h) Cost coeff. Cost exp

AlBICIDIEJ|AIBICIDIEL]a® (¥ 0(0
Stage 1 79 07 07 47 12 64 68 1 32 21 2500 06
Stage 2 2 08 26 23 36|}47 64 63 3 25 2500 06
Stage 3 52 09 16 16 24 83 65 54 35 42 2500 06
Stage4 | { 49 34 36 27 45| |39 44 419 33 36 2500 06
Stage 5 6.1 21 32 12 16 21 23 57 28 37 2500 06
Stage6] 142 25 29 25 21 12 32 62 34 12 2500 0.6

Q(A)= 250000, Q(B)='150000, Q(C)=180000, Q(D)=160000, Q(E)=120000

Ka




TABLE V: Computational resultsfor SPC with paralld units per stage.

# dis. sizes | Constr. All Nonzeros | 0-1 var's CPU * Iter.
Variables

4 38 102 708 96 2.28 166

4 « 38 37 253 31 2.33 104

14 38 342 2388 336 37.010 1124

14 ** 38 240 1674 234 8.35 374

S0OS1 and domain reduction have beerl used.

* In Vax-6420 sees

TABLE VI: Computational resultsfor MPC/ZW with one unit per stage.

# dis. sizes Constr. All Nonzeros | 0-1 var's CPU* Iter.
Variables

5 53 61 456 30 4.54 238

5 *e 53 52 393 21 1.32 97

15 53 121 876 90 39.51 1096

15 " 53 99 722 68 5.1 259

** SOS1 and domain reduction have beeri used.

* In Vax-6420 sees




TABLE VII. Data for the multipurpose plant with multiple production routes.

Product | Equipment Requiremcnt

Processing Times h

Size Factors L/kg

Production

Task 1  Task2  Task 3 |Task 1 Task 2 Task 3 [Task I Task 2 Task 3 | Requirement kg
A Group1 Group2 - 4.0 6.5 -1 1S 20 - 300.000
B Group 3 Group4 Group S| 3.9 55 421 16 25 19 250,000
C Group4 Group 6 - 45 35 - 14. 24 - 180.000
D Group2 Group3 Group6| 6.5 7.0 47) 22 1.7 1.8 200,000
Group Costs ($) Discrete Sizes (All Items)
S00L  1000L  2000L  2500L  3000L SOOL )
1 8300 12600 19100 21900 24400 ;%1[
2 9200 13900 21000 24100 26800 %5088 11:
3 11700 17700 26800 30600 34200
4 10800 16400 24900 28400 31700 | Total Available Producton
5 15000 22700 34400 39400 43900 Time
6 15400 23300 35400 40500 45100 H = 6200h




Figure 1. Layout of the multipurpose plant with multiple production routes for example 5.
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Figure Al. Layout of a multipurpose plant.
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Figure A2. Graph representation of compatible products.

Figure A3. Maximal cliques of the graph shown in figure A2.




