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Abstract

We present a model for predicting multiprocessor performance on iterative algorithms which are
made up of repeated application cyc_les. Each application cycle consists of some amount of access
to global data and some amount of local processing. The application cycles may be synchronous or
asynchroinous, and the processors may or may not incur waiting time, depending on the retationship
between the access time and processing time. We study how performance is affected by the
processor and memory speed and the connection throughput. We also show how the model can be
generalized to allow for processing and accessing to be interleaved throughout an application cycle.
Significantly, the model permits the influence of the decomposition strategy upon the speedup to be
separated from the influence of resource utilization. We study the decompositions of several sample
algorithms, and identify several decomposition groups. The predictions of the model are compared
with experimental results for three aigorithms run on the Cm* multiprocessor. Finally, using the
Poisson partial-difterentiai equation algorithm as an example, we investigate how its decompasition
affects its performance.



1 Introduction

With the decreasing cost of processors, it will soon be economically feasible to connect many of
them together in a single tightly coupled multiprocessor system. Experimental systems, called
“multiprocessoi testbeds,” have been built to investigate performance, but a comprehensive
approach to performance prediction requires accurate models as well. In the experiment-preparation
phase, reliable performance prediction reduces the experimentation space, thus reducing the
experimentation time siénificantly. Once experimentation results are obtained the same models can
be used to identify target system behavior and prepare new experiments, thus closing the
experimentation cycle. Experimental results, in turn, aid in tuning the model. A model which initialty
provides only rough estimates can be refined to produce accurate results for a broad range of

architectural parameters.

Most of the published multiprocessor models™ %4 have been based on statistical methods,
predicting statistical mean values for performance over some time interval. It was shown® that, in a
real-time system, system performance in short-term application cycles—as well as long-term average
behavior—is of interest. In order to evaluate this performance, the notion of cyclic processing power
was defined as the effective number of processors (that is, the number of processors not idle due to

contention) working cooperatively in every cycle.

Cyclic processing power is a measure of the system’s processor utilization. Naturally one can
assume that better utilization of processors will lead to better performance ‘but, since there are
several different parallel decompositions for the same algorithm, this is not necessarily true.
Sometimes decomposition strategies which assign shorter sub-process iteration times also tend to
lower the pracessing-to-global-memory access ratios of the parallel processes. Lower processing-to-
access ratios decrease the cyclic processing power CP, which in turn lowers the speedup SP. It
" seems that in most cases, decomposition strategies and processing-to-access ratios influence
performance in opposite directions. In this report, we will analyze the influence of the decompaosition

strategy as well as the influence of the processing-to-access ratio.

The expression given below for cyclic processing power5 CP is based on a trivial multiprocessor
model: a bus-oriented architecture with one common bus and a common memory, executing an
infinitely decomposable parallel workload. The workload is assumed to have exactly one atomic
{indivisible) access and one atomic processing period in every identical iteration, which we will call an
application cycle, or simply an “jteration.” Due to the large number of iterations initial start-up

transients were neglected.
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where

. tp is the processing time within a cycle,
ot is the access time within a cycle, and

et  is the waiting time due to contention for common resources.

Assuming a balanced load, the sum in (1) degenerates to multipiication by N, resulting in the following
expressions® for a synchrongus (synchronization points at the beginning and end of each iteration),
balanced load )

N
CP = m-__”;. (2)

and an asynchronous balanced load (without any global synchronization points)
CP = min[N,1/p)}, tc)]

where p is defined as
; .
p=—2— 4
e, .
The main disadvantage of this model is that it addresses a very small group of simple applications and
multiprocessor architectures. A more refined model capable of describing a wider range of

architectures and applications will be described in the following sections.



2 Refined Analytical Model

in order to develop a new model capable of dealing with a broader range of applications and
systems, one should first address the main two weaknesses of the basic model. Such a new model
should be capable of accurately describing a variety of network interconnection architectures, and of

accounting for potential pipelining, caching, or distributed common resources.

Producing a model that is capable of describing the whole spectrum of hardware architectures and
parallel workloads is impractical due to the large number of parameters such a model would require.
The approach we take in this paper by modeling upper and lower performance bounds is more

realistic, and can provide answers to two important design questions:

o What is the worst overhead that can be incurred by a parallel decomposition of some
algorithm?

o How much can this performance be improved by changing the architecture or the
implementation details, and is the improvement worth the price?

2.1 Architectural refinements

The general architecture of a multiprocessor system as considered in this text is presented in Figure

1.
GD Local Memories GD
<p1 ) Processors G"
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Resources

- Figure 1: General architecture of a multiprocessor system

The system enccmpasses N processors, each having a considerable amount of a private memory for



local code and data. There is also a set of a common resources for storing global data. Processors
and common resources communicate via a network. The connection network itself provides only
circuit switching, not message switching. Requests for common resources are granted on a FIFO
basis rather than on the basis of a priority scheme. These assumptions aliow the waiting time t, tobe

modeled as a linear function of N.

In addition to N, there are three other architectural parameters in the model:

¢ ps: processor speed relative to the speed of a reference processor, which we assign a
speed of 1.

e cas: common access speed. The speed of accessing common memory relative to the
speed of a reference memory with a speed of 1.

e cat: common access throughput. The value of this parameter is the number of
processors which can simultaneously access a common resource without contention.
This value depends not only upon hardware features (e.g. architecture of the
interconnection network, and existence of multiple common resources), but also upon
the algorithm decomposition and the partitioning of global data among muitiple common
resources.

A list of all model parameters is presented in Table 1. To distinguish the parameters bf the
uniprocessor solution from those of the decomposed processes, the former will be denoted by
capitals and the latter by iower-case letters. The processing-to-access ratio of a workload is defined

as——-
X=_lo_
Tﬂ
t
X = £ (5)

tl

For the moment, let us assume tﬁat x is constant and independent of the number of processes in the
parallel decomposition (i.e. x = X for all &), although it will be seen later that this represents only a
special case in practice. Further substitution of (5) in (2) and (3) gives—

CP = _A.’.“_"'_.)_O_ . (6)

N+ X
and
CP = min[N,1+X] . (¥s)

Note a few intuitive interpretations of these formulas: When N =1, CP=1 for both the synchronous
and asynchronous case. As X gets smaller, both the synchronous and asynchronous CP approach 1,
indicating that an access-bound computation will show little speedup. For N>1 and X >0 (the usual



Table i: Parameters of the Model

cas

cat

cP

ps
SP

Sp*

Common access speed, the speed at which giobal memory can be accessed, relative to the
speed of a reference memory. (page 5)

Common access throughput, the number of processors which can simultaneously access a
common resource without contention. (page 5)

Cyclic processing power, the number effective number of processors woiking cocperatively in
every cycle. (page 3)

The access decomposition function, the ratio of global access time in a uniprocessor
implementation to- global access time by an individual process in a multiprocessor
implementation. (page 9)

The processing decomposition function, the ratio of processing time in a uniprocessor
implementation to processing time for an individual process in a multiprocessor
implementation. (page 9)

'Notation for the serial iterations forifromjto kby 1. (page 18)

The number of processors in the system. (page 4)
Processor speed relative to the reference processor. (page 5)

Speedup, the ratio of the reference iteration time in a uniprocessor implementation o the
iteration time of an individual process in a parallel implementation. (page 12)

Normalized speedup, the ratio between the cycle time of a particular algorithm/implementation
and that of the uniprocessor basis sofution. {page 13)

Access time for a subprocess within a cycle. (page 3)

Modified access time, the time it takes to make t, accesses to a memory of speed cas. (page7)
Access time for a uniprocessor implementation within a cycle. (page 5)

Cycle timé, the sun; of the iteration time (t » +1 a) and the waiting time £_. (page 12)

lteration time, the sum of processing and access time for a single process in an iteration. {page
12)

_ iteration time for the uniprocessor implementation. {page 12)

Processing time for a subprocess within a cycle. (page 3)

Modified processing time, the time it takes a processor of speed ps to perform ¢t » units of work.
(page 7) ,

Processing time for a uniprocessor implementation within a cycle. (page 5)

Waiting time due to cantention for a subprocess within a cycle. (pages 3, 8)

Processing time for an iteration when local data copies are not used. (page 19)

Time to perform a single global access, assuming no contention. (page 19)

Processing time (for address calculation, etc.) associated with copying a single global data
item to or from globai memory. (page 19)




Table 1, cont.: Parameters of the Model

processing-to-access ratio for a subprocess, equal to rp/ra. {page 5)

~

Modified processing-to-access ratio, defined as t;/t;. (page7)
Processing-to-access ratio for a uniprocessor implementation, equalto T p/ T, (page 5)

O X X X

Average utilization of an individual processor with a ps of 1. {page 12)

Measscar  CaS/cat-efficiency, the (theoretical) percentage decrease in cycle time which would occur
if cas and cat were infinite. {page 15)

ps-efficiericy, the (theoretical) percentage decrease in cycle time which would occur if ps were

u
o infinite. (page 15)

P The fraction of time a processor spends performing global accesses, rﬂ/(ta + tp). (page 3)

case), the CP of an asychronous computation is_ always greater than _fqr‘a _sy_chrounous computation.
We will now proceed to consider the influence of ps, cas, and cat on CP,

2.2 Influence of the processor and access speed

The only variable in equations (6) and (7) which is dependent on ps and cas is x. Increasing the
processor speed or will shorten tp. Similarly, increasing the common access speed will shorten t,
and thus change x proportionately. The modified processing-to-access ratio x’ will be—

f’ = _02
P ps
/ H

tf =8
4 cas

and, consequently

t/ cas
x’=?g_ = XT,;_

-
Since we have assumed that x = X for all processes, the substitution of x/ for x in (6) and (7) gives—

G

¥

N{ps + casx)

CP =
{(Nps +casx)

(9)

and ;
CP = min[N, 1 + casx/ps]



2.3 Influence of the connection throughput

To see what happens in a multiprocessor whose interconnection network aliows more than cne
processor parallel access to global data without degradation, the original definition of CP (1) should
be analyzed. Assuming a batanced load, (1) degenerates to—

l‘-l-fa

CP=N
t +t +t
proa W

(10)

The waiting time of a process is cbviously depends on cat, the number of processes which can
simultaneously access the data without contention. If parallel access is possible, cat measures this
parallelism, and the waiting time for a procéss is proportional to the integer |N/cat |. (if there are
seven processes, for example, and cat is two. then the seventh process must wait for three sets of two
processes to complete their accesses; hence the waiting time is proportional to 3.) In order to keep
the performance-prediction functions continuous, let us define the waiting time of a paraliel process

slightly differently,
N
{ = |w— -1 t 11
w [car ] a . {11)
for the synchronous case, and
{
t, = maxlo, = -1, =t, : (12)

for the asynchronous case.’ Substituting the definitions of (11) and (12) and the result of (9) into the

definition of CP, we derive—

CP = catN__PS ¥ casx (13)
Nps + cascatx

CP = min{N, cat(1 + casx/ps)], (14)
which takes into account all three of the parameters defined above. It is intgresting to predict the
results of a “brute-force” application of a huge numbers of processors. A few conclusions can be
drawn by analyzing the lim,,_, cnCP(N):

¢ The maximal CP for synchronous systems is
CP{oo) = cat (1 + casx/ps).
o In the case of a large cas x/ps (i.e. a large granularity of parallelism) a reasonable

CP could be obtained using a conservative architecture with cat equal to 1 or
nearly 1.



o Conversely, in a case of small casx/ps (i.e. a small granularity of parallelism) the
only means of improving CP is to use an architecture/algorithm combination with a

larger cat.

o For an asynchronous system there is no gain at all by increasing N beyond
N = cat{1 +casx/ps)

due to the fact that CP will not increase for N greater than this.

CP, however, is only one of the characteristics of a multiprocessor that affects performance, and a
more detailed sensitivity analysis will be provided in Section 4, after parameters associated with the

decomposition functions have been added to the madel.

2.4 Decomposition of an algorithm into processes
When an algorithm is decomposed, local processing and common access are usually divided into N
equal parts according to some rules. These rules can be expressed as functions of N,-and need not
be ‘denticai for local processing and global access. Consequently the processing-to-access ratio of a
decomposed process will not be constant, but rather a function of N
t (N) T (15)
Y T T (N)
p
T
t (N} = 2 __
(V) A | (16)
oty T f,

X(N) = T, T,

i
= x...___fa (17)
p

The substitution of {17) into (13) and {14) gives the finat expressions for CP:
e synchronous case—

catN(psfp+casxfa)

CP = a__
Nps!p+cascatxfa (18)
e asynchronous case—
CP = min[N, cat(1 +casXf, /ps fp)] 5 (19)

" where f‘D and f, are the processing and access-decomposition functions respectively. Theoreticaily, a
decomposition function can be any mathematical function of N, but as is shown in Section 5, some

functions frequently appear in practice.
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2.5 Variations in i@eration cycle

Until now, all the expressions that we have seen for CP have been derived under the assumption
that common access and local p'rocessing are atomic operations, and that each iteration has only one
of each kind. In practice, this is seldom true—an iteration frequently consists of several Interleaved
processing and access periods. We shall now proceed to consider two special cases, representing

the upper and the lower performance bounds of all possible implementations of an iteration:

¢ Lower-bound performance (the “worst case”) is encountered when synchronization is
required after each consecutive access-processing pair. The CP of a such system is--

PITET
k

cP = Z (20)
N ;(tpkﬂakﬂwk)

where k is the number of processing-access pairs in the iteration. Due to the fact that
there is a linear dependency between t and f, and N, equation (20) yields the same result
as would only one atomic (t,,1,) pair which had a duration equal to the length of an
iteration.

e Upper-bound performance (the “best case”) is achieved by the asynchronous case with
only one atomic (t,, t,) pair whose processing and access times are equal to the sum of
those which make up the iteration.

The worst case definition is intuitive, as there is obviously no worse case than for all of the N
processes to request the common resources at exactly the same time, and then to wait for each other
to finish in order to perform simultaneous accesses again. To establish that our “best case” is in fact

optimal, however, requires a proof.

Claim: The asynchronous case of N parallel processes, each with only one atomic pair (¢, t,) per
iteration yields the best performancé of all cases with access and processing periods interteaved

within the iteration.

Proof: Faor clarity and without loss of generalgty, we assume that cat, cas, and ps all have the value
of unity. Given an iteration with a single (t,. t,) pair, suppose we rearrange it into M pairs (rpk, tak)
such that Zt,, =t, and 3t =t,. For this case to be “better” than the original iteration then the total
waiting time must be shorter than that of the first case. If the first case had no waiting time then it was

optimal, and no further improvements are possible.

We now consider the case in which the original iteration has a positive waiting time. For this to
happen, each procéss must finish its processing in less time than it takes for all the processes to

complete their accesses. Hencet, = (N - 1), - ty and the time to co_mplete one iteration is ottt t,



1k

= Nt,. Since this is the time required for all processes to access the shared data, improvement on this
time is not possible, so any optimal rearrangement must complete or.e iteration for all processes in

‘Zrak + rm\' + erk = N'a
L+, + erk = Nt

-
erk = (N=t -t =t

Therefore no rearrangement of the original one-pair iterations can reduce the total waiting time, so

Nta. Hence

the one-pair asynchronous iterations are optimal as originally claimed.
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3 Processing Power vs. Speedup

As we have seen in Section 1, cyclic processing power (CP) is a measure of the amount of
computation which a system can perform in an algorithm-dependent iteration time t;, which is defined
as the sum of t and t,. The CP of the normalized uniprocessor system is defined to be 1. In a

multiprocessor system, §, the average utilization of an individual processor is
8 = CP/N (21)

Intuitively, we expect the CP of an N-processor system to be higher than that of uniprocessor system,
but not necessarily N times more powerful, since the processors sometimes have to wait for each
other. The waiting time per cycle is t,, and the cycle time is defined as the sum of the iteration time
and the waiting time,

ty =ttt +t,, . (22)
Usually, the amount of waiting increases with the number of processors; this is reflected in a

decreasing §.

While it is obviously desirable for a system ciesigner to keep resource utilization high, his main
concern is to minimize the amount of time needed to complete an application. We will use speedup
factor (SP) as a measure of the performance of 4 multiprocessor system compared with the reference
uniprocessor system. Speedup has been defined in several different ways.s We shali define it as a
ratio of cycle times:

SPN) = ?(cﬁ)—
It is useful to express SP in a slightly different form to illustrate how it is influenced by the utilization §
and the decomposed iteration time t; {note that T,=T, due to the absence of degradation in the

uniprocessor implementation):
T ' .
SP(N) = S.Tf_ (23)
!

Speedup is thus the ratio between the reference iteration time and the decomposed iteration time,
slowed by the utilization §. In order to calculate speedup, taking into account the processor speed ps
and the memory speed cas, we need the value of these quantities:

T T

T =8 _4_P (24)
I cas ps
T T
t =t +t = —3__ +_L2 (25)

I~ &’ P casf, ps !p
Substituting the results of (24) and (25) in (23) yields
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T T
a +_B
cas ps
SP(N) = &
T T
a + o)

casf a ps fp

Using the definition of & from equation (21) and substituting for CP using (18), we derive

cat fa fp(ps +casX)

P= 26
s (Npsf_+cascal Xf) (26)
P a
for the synchronous case, and, substituting for CP using (19},
SP = minlf  _PStcasX ’ca,,af’f_"';a_sxps (27)

a Ppsfp+casta

From these equations, we can draw this general conclusion: While cyclic processing power
depends only on the ratio of the decomposition functions fp and f,, speedup depends also on their
values. In practical terms, this means that it is possible to decompose an algorithm into a set of
processes which exhibit high processor utilization but low speedup.

Normalized Speedup

We have defined speedup (23) as a function of N, the number of processors in a system. As
mentioned above, the implementor’'s real goal is to minimize execution time, not simply to maximize
speedup. Toward this end, it may be necessary to change the implementation of an algorithm, the
algorithm itself, or even the underlying system architecture to obtain better performance. Speedup,
as defined above, is not an adeguate measure of the improvement, because it cannot take into
account any of these factors. Notice that all of these factors affect the decomposition functions !p
and f,, as well as T, Therefore, let us define a more general term, normalized speedup, to measure
the speed of a particular implementation with respect to a particular uniprocessor solution. We
choose this hasis solution to he the uniprocessor solution with all data global rather than local. Note
that this solution is hypothetical, since we probably would not implement a uniprocessor prograin this
way, but it does serve as a good basis for comparison.

Normalized speedup, then, is the ratio between the cycle time of a particular algorithm and
implementation and that of the basis solution:

TG
Sp* = gp—2ass

c

where T is the cycle time for the uniprocessor implementation of the same algorithm,
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Now, let us define a decomposition as an ordered pair (fp; f,}. Then the normalized speedup SP* is

the same as the relative speedup for an (N; N) decompaosition.
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4 Sensitivity of Performance to Architectural Changes

Until now; we have discussed only relative perfermance. [t is, of course, very useful, especially in
early design phases, to study how a proposed algorithm/architecture/implementation combination
will perform relative to some hypothetical basis solution, but the designer's ultimate goal is always to
predict absolute system performance. As mentioned first in. Section 3, cycle time is the sum of
iteration time and waiting time:

tc = tp + ta + rw
Both synchronous and asynchronous cases will be discussed using the following notation. The
definitions are similar to those of Section 2.4, except that the expressions for tp and t, now take into
account the processor speed ps and memory speed cas,

f = _2_ X=_TL
x f T

& a
b= o e
a ce:rsf‘l P‘psfp

4.1 The synchronous case

Substitution of (11) into (22) gives .

N
tc = fp-l-fﬂ-i-tw = tp+te+[—-—-1]la.

cat
or, using the above notation,
= N o
€ cas cahf‘!l ps fp
Thus the cycle time is made up of two distinct components:

(28)

e A part proportional to the access time
N Ta
8 cascalf, !

¢ and a part proportional to the processing time {of one iteration).
Although cycle time will always decrease as ps, cas or catf are increased, there will be some situations
in which the top OF 1., cOmponent will be so small that even bringing it down to near zero via huge

investments in hardware would improve performance very little,

Let us define ps-efficiency Bos and cas/cat-efficiency pc;s scarr 35 the theoretical percentage
decrease in cycle time when ps, or cas and cat are assumed to be infinite:
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Nt
= __'ip_, = 1-:-[1 +_..._.~Xps ]x100

ep T lca Xcascat
t X cascat
Peasscat = —2— = 1+[1 +_"—']X100
rcp+tcﬂ_ fops

it is probably more cost effective to concentrate on reducing the larger of [ and p..o/car DY

increasing ps or both cas and cat.

4.2 The asyncl.ronous case
In the asynchronous case, there are two different possibilities:
o No waiting time:
T T

t =t +t = B +.2__
¢ p a psfp casfa

The cycle time does not depend on cat and the efficiency factors are:

psft
=1+1+ X x 100
luPs [ cas X ]
cas X
PCES/CB‘ = 1+[1 + psfx ]X100

e Waiting tme equal to [{N/cat) - 1}t, - tye This is the case where

N
—— =1t >t
[car ]’ P

or
Xf
ps > _f;ﬁma_——:;L]— (29)
In this case, the cycle time does not depend on ps:
e = czr 'a
or, using the notation defined at the beginning of this section:
= N Ta

= a _ 30
r° cascaffa ,( )

There is ocbviously no benefit to incredsing ps beyond the value given by (29). The
efficiency factors are s, =0, and p ;¢ /¢ = 100 for such an asynchronous case.



17

The design process inevitably involves tradeoffs between cost and performance. It is impossible to
say which cost/performance tradeoffs should be made in a particular design, but the approach of
balancing efficiency facters (!‘ps = B0 /car) MAY be worthwhile to consider, at least in the initial design
phases.
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5 Decomposition Functions for Sample Paraillel Applications

In_ this section, we will use straightforward implementations of several applications to ilustrate a
method for identification of decomposition functions. There is no loss of generality in considering
simple applications, since the proposed methodology generalizes easily to more complicated

applications.

In the following development, we will employ the following notation:

o Greek letters will be used to refer to global variables.

e The symbol I, _ ik represents the serial iterations for i from j to k by 1.

s The symbol “+~" means assignment.

¢ The symbot "+ indicates that values are copied in one direction and later copied back.

The algorithms described below may be implemented in several ways, but we will consider only two
approaches, based on their use of shared data. If an algorithm requires multiple access to a shared
data segment, we must choose whether or not each process is to maintain a local copy. We will
present decomposition functions for both approaches in order to compare their performance.

Recalt that in order to measure speedup, we always compare the performance of a particular
decomposition to the performance of the reference solution, which is a uniprocessor implementation
of the parallet algorithm. Strictly speaking, a uniprocessor implementation need not have any global
data—all the data can simply be local to the single processor. For the sake of comparison, however,
we will assume that the uniprocessor impiementation uses exactly as much global data as its
multiprocessor counterparts. In other words, to cbtain the number of global references by the
uniprocessor ilﬁplementation, we derive an equation for the number of references by a

muitiprocessor implementation, and then simplysetNto 1.

Regardless of whether data is local or global, it takas time to access it. Collectively, the time to
perform the global data accesses makes up t,. The time to perform the local accesses is included in
rp. When local copies are substituted for global data. tp increases for two reasons: (1) it takes
processing time to copy the data, and (2) the time for accessing the data is now charged to tp instead
of t: We will assume that the latter cost is negligible. In Section 6, we will consider the

circumstances which make it worthwhile to make local copies of data.

5.1 Matrix multiplication

For MXM matrices A, B and C, the solution of the matrix equaiion
C=AxB
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can be decomposed into N processes,7 each assigned to a submatrix of dimension M/VN XM/VN
. We can consider the submairices themselves as arranged in m, rows and m, columns, and let Cps
be the Sth submatrix in the Rth row. In other words, this means that

m1=M/VN

(crs)i=Clia- Nm +i, (S = m_ +]]

Now let m, = VN . Ifaand 8 refer to submatr_ices of A and 8 respectively, then the work done by
an individual process is—
Tia 1.m11:i= 1m, {lopshy—1; . 1.m22k =1 .m1(aRZ)ka(ﬁZS)k]} (31)
If local copies are used, array values must be copied into and later out of the local workspace. The

global accesses in (31) are replaced with local ones, and the following additional copying work must
be done:

1z 1.m21i= 1m, Zicim . {(anz)y*‘(Anz)i;: (047); — (Bza)} (32)
Let

e T, be the processing time for one iteration without local copies (that is, the time for one
iteration in (31))

. T2 be the time to perform one global access, exclusive of waiting time, and

e 7, bethe prbcessing time for copying a single global matrix element to or from global
memory {that is, the time for one iteration in (32)).

Then we can derive the proceséing and access times (t'u and ra) for an individuai process by

multiplying the number of iterations by the time needed for processing and accesses, respectively,
within an iteration.

Without local copies:
M7
t = ({m.mmm)T, = 1
p (¢1 17772 1) 1 N
2M°T
t, = {mmm,m)2r, = ~ 2
Hence,
T
= . = B
T, =MT, T, =2MT, -



With local copies:

M3T M2T
! = 1+ 3
P N VN

a

(VN m.m.)2T, = om?_ T2
_ VN

3 ) g _MT 4T,
1rp_n/rar1+2mr3 T, =2MT, X= a7
MT. + TN
APPRLLERAL. f= VI
MT, +T,VN

5.2 Poisson equation on a square grid

There are several algorithms for the parallel solution of a partial differential r-.\quations.a'9 Let us
consider first the square-grid decomposition. Other decompositions will be discussed in Section 9.

A general definition for a Poisson equation is:
Au=F (33)

where A is the Laplace operator for n variables. For the solution in a plane (n = 2), eguation {33) can
be written in finite difference form:

go1= My = Fy

Given a decomposition based on a square grid whare every processor works on a square with

SRR I

+1,
dimensions m,xm,, m, is again equal to M/+/N, and the action of an individual process can be
described by-—
1. 1,m1I;= 1.m1(‘PRs)f; =(w=pgg); + Ww/N{(ppg);_ 1t Prsdisry

+(Prgij—1 * @Prglijad] (34)

where @ is the submatrix defined by (q)ﬁs)”.=<;J(R_1)m1+ 1S - +7 and w is a weighting factor
which controls the rate of convergence.

The global matrix “wraps around,” so that the Mth row is adjacent to the 1st row, and the Mth
column is adjacent to the first column. Hence the submatrices in the m st row are adjacent to the
submatrices in the 1st row and those in the m st column are adjacent to those in the 1st column.

Thus all the elements on a square boundary are shared with neighboring squares:

(‘Pns)m1 1= Prg 1)y, (etc. forall boundaries)

If local copies of global data are made, the non-boundary elements need be copied only once at the
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beginning of the process and copied back only once at the end. In the interim, they are accessed and
(updated by only a single process. We may assume that this cost is negligible compared with the cost
of the entire algorithm. The significant work of copying is that required to copy all of the boundary
elements on every iteration. This can be done by a single loop which copies elements on all four

boundaries:
Teetum ,-1 {¢ag)is  Prghir left boundary
Frs)ius1 = (Prgdiussd top boundary
(fﬁ's)k + 1!m1 - ((pns)k+ 1‘m1; nght boundary
bottom boundary (35)

¢ Rs)m1 PRadl 2P 1,k}
We can now use the information of equations (34) and (35) to derive the decompasition functions.

Without local copies:

Only the boundary elements need to be maintained in global shared memory; all other elements may
be kept in non-shared memory (which may be “local’” to the. process which uses them). Different
iterations of the nested loop in (34) will require difterent numbers of global accesses depending on
how close the elements involved in the calculation are to a boundary. The integers in Figure 2 show
the number of atomic global accesses required to update each element of a submatrix with m, = 6.
For example, the &'s for the corner elements mean that each of its four neighbors must be read from
global memory, and the element itself must both be read from and written back to global memory.

Each iteration of the loop in (34) can be assigned to a class based on the number of global accesses
it makes. There are five different classes: 0, 1, 2, 5, and 6. The processing time for any iteration is lp
=T, regardless of the number of local accesses it makes, since a local access is assumed to take
negligible time. The access time for an iteration depends on its class, with ¢ o the access time for a
class-k iteration, equal to kT,. Let n,denote the cardinality of class k for the iterations on an
individual submatrix.

Class 0: Submatrix iterations [i,j] wherei=3,... sm, -2andj=3,...,m -2

1
= ={m - 4)2
to=9 ny=(m -4

Class 1: Submatrix iterations [2,/] and [m = fwherej=3,... ym, =2,

[fi,2) and [.f.m1 -1] wherei=3,m, -2.

t,=T

a1=Ty ny=4lm, -4
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MO MO M oM M X M oM M XM ox oM oM M MK X
WO M oM oM oM MM X X M K oMM MK KX
M oM oM oM oM oX XK K X XK K KX MK X XX
OB OB O o oM M X M M M M oM M X M M
SO OO O M MM M M MM o X KK XX
oM M oM oM oM KX KM KM M XK MK X X XK
MR KK XX DN A AD X X X X XX
OB MM MM OAN S 2 NDOIX X X X KX
MO M K M M= OO AN XN XK K XK
KX M KX KON = OO0 XX X X X X
MO X X X X BN = = NX X X X x X
XX XX XX OOOIAO O X X X X XX
MO MO M oM o o O oM oM X MM X X X X
MO MO OB M o M O O M oM MW oM M M XX
BMOM M X M OX oM X oM oM MO M X KX XX
KoM X oM X X X oM X X X o» M oMM M M X
oM M X XM oK o oW M X X X X XX X XX
WO MO M M o3¢ X K O O XXX X X XX

Figure 2: Square decomposition of a Poisson
equation

Class 2: Submatrix iterations {2, 2], {2,m, - 1], [m, - 1,2], [n,~1,m -1]
!‘32=2T2 n2=4

Class 5: Submatrix iterations [1,j] and [m, Jlwherej=2,...,m -1,
[i,1]and [i,m ] wherei=2,...,m, -1.

t .=5T

5=5T2 Ng=4(m-2

Class 6; Submatrix iterations [1,1], [1, m1], [m,. 1l [m1,m1]

l‘a3=6T2 n6=4

From these expressions, it is easy to derive—

2
!p = (m1m1)T1 =
24MT
- = - - 2 -
t, = (f:‘u‘r,:.’+5nt.’+2n2+.v'11)T2 = 24(m -1)T, = .._N_ 2471,
' ' M-vN
= 24(M - 1)72[___£__]
M=-1)VN

2 - —
T, =M, T,= 24T (M - 1)



M2T
X 1
247 (M =1)
M=-1)VN
f =N fa = (_....2.............
s | M-vVN

With local copies:

Two atomic accesses will be performed for each boundary element, one to read it and another to
copy,back its value at the end of the iteration, a total of 2x4(m, - 1) atomic accesses per process. In
order to update these boundary elements, an additiona! 4m_accesses must also be performed to read
boundary elements from neighboring processes. Each process, then, makes a total of 12m -8

atomic accesses.

2 2
, M t2mT, e, - TPM T,+12MVN T, -8NT,
-]
N VN TN
12MT, 12M 8
=

: -8T, = (12M-8)T,

(12M-8)vN __ (12M-8)

2
M?T_+12MT, - 8T,
2 - = 1 3 K]
= +12MT,~8T, T =(12M-8)T, X=
Tp=MT, 3=8T5  Te=l o7, (i2M-3)7,

P

) N(M2T1 +12MT, - 8T)

P MPT, +12MT,VN =8NT,
_ (12M-8) VN

2" T12M-8VN

5.3 Linear differential equations

A linear differential equation of the nth order can be transformed into a set of n linear differentiai
equations of the first order:
0"*1 = Ax0" + Bxi"

where A and B are matrices, O is a state vector, and i is an input vector. If each processor is assigned
to a set of A'/N adjacent matrix rows, the work of the Rth parallel process can be described as
follows, letting { refer to the potentially global realization of O and « to the potentially global version
of it _
{n+1) () (n
R ((UN] = ‘rk=1.M[Aik X@;" + 8, xI"°1} (36)

If local copies are to be made, the jth process must copy I and Q at the beginning of each iteration,
and afterwards, copy back the updated values from Oi' Hence, its additional work is—

Gaa (O = 8 = 1} \ | @n
It is easy to derive the decomposition functions for one of the component processes described by
(36): |
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Without local copies:
M2T
t = 1
P N
t = MEM+ )T,
a 2N
MT
T =M3T, T =M@M+1)T, X= o1 ___
P 1 a ( ) 2 (2M'+1):"2
f 5 =N [ =N
With Jocal data copies:
M2T MT, + 2T N
= 1 4 2MT, = (M?T, +2MT) —t 3
P 3 1 (MT, + 2T N
MT 1 2
= 2 =
t, 2MT2+ 3MT2[..3N_ * ?3—1
a2 _ _ MT 42T,
Tp =M T1 + 2M’T3 Ta--.BMT2 X = ._m_z
_ (MT1 + 2T3)N
P MT, + 2NT,
fa_ON__
a 2N+1
5.4 Fourier transform
Given a complex sequence u, forj=1,..., M, the discrete complex periodic Fourier transform is

given by

M
_ - k2w /M
U =(1/M3 ue
j=1

and has the inverse

M
hj2a/M
y=3 Us
. k=1
Thus, on each iteration it is necessary to produce M new values. One reasonable decompaosition is to

parcel out these U, or y; evenly among the processors. Given such a decomposition, the work of an
individual process can be described as—
M
[(R ~ VM/N) +r1200/M
IR 2 e (38)

r
k=1
where T represents the potentially globat realization of U. The additional work to make a local copy of

Tis

7

!=1.MUJ+—T (39)

I



Without local copies:

MT,
Y
2
- M°T,
a N
T =M, T =M, X= 1
P 1 a 2 T T
2
’p =N
f,=N
With local copies:
M2r MT_+ NT
= ! T, = (MT, + MT )| oot 3
o MTg = T+ MT)| TN
t, = MT,
MT, +T,
= M2 = - 1 '3
T.‘>..MT1+J'«1T3 Ta-MT2 X——T—z——
- (MT1+T3)N
P MT1 +NT3
f,=1
5.5 Parallel search
If an ordered vector G=g,,i=1. ..., M is to be searched for a key,10 a binary search would

probably be used. A parallel decompasition could assign interleaved vector segments to several
processors in order to speed up the search for a single key y. In the case that the maximum
log (M/N) iterations are required to locate the key, the work can be described by— |

log (M/N) ]}

Ik=_1, Iog(MIN){j —sign[(ly), =y}, i—i +i[——_27‘__ (40)

(Here I' is the potentially global vector G.} There can be no performance improvements via using
local copies since each global data element is accessed only once in (40), but since each processor
is using a different segment of the global data, cat can easily be made iarger than 1.
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Paraliel search for a singlz key:

—
1l

log(%_ +1)7, = (IogM+1)T1[ logM ~ logN + 1 ]

P logM+1
' M logM - logN +1
t =1 —_— + 17T, = {logM+ 1)T
a OQ(N 7, {log )2[ GG M + 1 ]
T
- = = 1
Tp-(logM+1)T1 Ta-.(logM+1)T2 X_Tz...
f o= logM +1

P~ TogM- logN+1

f logM + 1
a logM=_logN +1

Parallel search for multiple keys:

Given a vector of key values Yayk,k=1, ...,K, a parallel decomposition could assign ihe y, to

processes according to the strategy—

, , . M
T = 1k/N Fe=1,10gm U+ signll;- (yphls ie=i+jlog ‘5,—'} (41)
If local copies are to be made the additional work would be:

I _amleT} (42)

From this, the following decomposition functions can be derived:

Without local copins:
_ K(log (M) + )T,

P N

' = K(log{M) + )T,

a N
T

Tp = K(log{M) + 17 T, = KlogM}+1)T, X = —t
2

fp =N
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With local copies:

Kllog (M) + 1)T1
P N

K(logM + )T + MNTG
(K(logM + )T, + MT N

+MT3 = Tp

t, = MT2

K(log (M) + 1)T, + MT,
T, = Kllog(M) + )T, + MT, T,=MT, X= T,
_ {K(logM + 1)T1 + MTa)N

P~ "K(logM + )T, + MNT,

fo=1
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6 Single global data versus local global data copies

Since parallel processes often use the same global data items more than once during an iteration, it
is a viable design alternative t0 make a local copy of the data so that only the first reference to each

item needs to access a common resource. This section will investigate the local/global data tradeaoff.

It was shown in Section 5 that changes in global data allocation and management induce changes
in the processing-to-access ratio X and the decomposition functions fp and fﬂ.

Claim: For any combination of decomposition functions of the form
Y - '
=N 1= N (43)

the lower-bound speedup curve will have an extreme unlessj=k + 1 ork=1.

Proof: Suppose that there exists a pair of decomposition functions for which SP has no exiremes.
Then the first derivative of SP (from equation (26)) should be independent of N. Letting ps, cas, and
cat = 1in equation (26), we derive this expression for SP:

- (1+X) f o
Nf_ + Xt
P a
We can set the derivative of SP equal to zero—
dspP

dN
and soive for the value of N at which the maximum speedup is obtained. Substituting the values from

SP

(43}, we want to solve
d (1+XfF
dN pr + Xfa
the numerator of which simplifies to

NE k-9 +jX=0

There will be a solution to this equation unless k=1 or k=j + 1, in which case the speedup curve has

no extreme,

Among the decompositions which have no maximum speedup are those of the form (N’; N). Of
these, the (N;N) decomposition is of particular interest since it is characteristic of several of the
non-copying algorithms from Section 5. In fact, that is one reason why normalized speedup (Section

3) was defined in terms of an (V; N) decomposition.

For decompositiohs which have a maximum speedup at N processors, increasing the number of
processors past N will actually degrade performance. If enough processors are added, the
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decomposition will eventually be cutperformed by the (N;N). Let us call this crossover point N, Itis
the smallest number of processors for which the (N; N) decomposition performs better.

It is very difficult to give an expression for N R in the general case, but considering the special case
of matrix multiplication, as described in Section 5.1, let us make the assumption that the time to
iterate through a row is much greater than the processor time to copy one data element, i.e., that MT,
> Ta' In the expressions below, the subscript 1 refers to the implementation without local copies, and
the subscript 2 refers to the copying version. Then

f =f =N
Py 1
MT, + TN
- M+ Ty f o= VW
Pa MT1+T3\/N 2
- = opgd _T1
1rp1.n.ar"1'1 _T81-2MT2 Xy = i
2
MT. +T
- 2 = OpgR = 1 '3
Ty, = (MT 4T M ~ MO, T, = 2MT, Xz—-2—_r2...ﬁsMX1

Except for very small matrices, it is likely that the time to iterate through a row is much greater than
the processor time to copy one data element. Assuming that
M{T./T N MkN T
{7,/T9) = wherek=_1_
Pa M(T /TOVN Mk + VN L

We want to determine the number of processors N . where the performance of an (N;N)

decomposition just equals that of the local-copy impiementation. That is, we want to determine Nc
such that SP, =SP,;. {Recall that SP* refers to normalized speedup.) If we let pt, cas, and cat all
equat 1 in (26), we obtain

- faf (1+X)
NF_+X)
. P a
Thus,
L (1+X,) T
o 2P pasi
Py = , _“basis 44)

(pr2 + xzfaz) T,

where T,= [ T’J is the cycle time for the uniprocessor implementation of an algorithm, and “basis”
refers to the non-copying implementation. We also have
_ (XN

SP 5
N+ XN

1 (45)

Setting (44) and (45) equal, after some algebra, we arrive at
X
Nc - My Nc + _k1_ =

which can be solved as a quadraitic equation to yield



Va2
Y - M+ VM —2T3/i"2 2

¢ 2
Assuming that 7, « 7,, we obtain
Nc s M2

In other words, if s is insignificant with respect to 7, it is profitable to make local copies as long as
the number of processors is at least somewhat less than the number of matrix elements. However, as

'1"3 increases with respect to Tz’ N, tends to decrease.

On the other hand, for a decompaosition like the local-copies version of matrix multiplication, the
maximum speedup is attained with a much smaller number of processors. The value of N which yields
maximum performance can be calculated from

dspP*
dN
For the case of the local-copies version of matrix muitiplication, (44) becomes

fa, o, M0+ X)) KNM(1 + X,)

(N +X,f ) NVN k+MkX +X VN
Py 232 1 1

SP; =

To solve for the extreme, we set the numerator of the derivative dSP2/dN equal to zero:
1
2V N

=0

MO+ Xk [NV K+ MKX + X VR -N-_g_..\/_N k=N-X,

Assuming that M? 3 X ,» this is a cubic equation in VN whose solution is N = (2MX 1)2’3.
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7 Some Common Decomposition Functions

In order to evaluate the theoretical results, an emulation system was built for Cm*,'! a
multiprocessor with a structure similar to the modeled system. It consists of 2 user-interface process
and 25 identical test processes, each emuiating an atomic (rp. ra) pair, Test processes communicate
with the user interface via a global vector allocated to the processor on which the interface process is
running. Each test process shares a different segment of this vector with the interface, where its
control variables are stored. All test processes share another segment which represents sharec data.

The control variables of a process are defined as the reference values of t and t,, the number of
iterations per experiment, and the presence or absence of interprocess synchronization. The user
may change the value of a specific control variable and start the experiments by commands to the

iinterface process.

Each test process records its starting and finishing timés, and reports them to the interface at the
end of each experiment. Unfortunately, time measurements are invasive, and contention for the
system's single clock register perturbs the measurements.

Besides the invasive measurement technique, certain model imperfections and emulator
characteristics perturb the measured behavior. Some of them are caused by the fact that the
interconnection network in Cm* can only approximate a multiprocessor architecture with a circuit
switching netwnrk. If it were not for these perturbations, the measured behavior would be exaclly as
predicted, since the emulated workload exactly matches the modeled system. These measurements,
then, do not address the question of whether the emulated processes are similar to actual parallel
applications.

Imperfections in the model and the emulator can be summarized as follows:

» Invasive experimentation environment (especially due to timing measurements).

e Effects related to modeling a processing time which is usually of the form
Tp

t =T + =YL -

P Phxea "

instead of the
T
t =02
P f
p
assumed by the model. Tp is partially due to the experimentation environment.

tixed
o Effects corinected with modeling an access time which is usually of the form



In all the calculations and measurements cat, cas, and ps are assumed to be 1.

t =T + Tavar
2 fhed f
instead of the
l‘ﬂ= f"‘
a
assumed by the model. Ta”xed is partially due to the monitoring, and atomi¢ access

generation,

o The influence of nonuniform atomic access times due to the differences between the
intercluster and intracluster access times in Cm”,

e Delays from queueing and processing by the Kmaps rather than the pure circuit-
switching assumed by the model.

« Effects of the software-locking routines used by the emulator to implement atomic global
accesses of variable duration. As the number of processors increases, t_ grows shorter,
and eventually the computation and access time required to set and release the lock
tends to perturb the relationship between rp andt o’

Four characteristic (f " f p) pairs were simulated for X = 10, X = 35, and various numbers of processors.

emulation results along with predicted values are presented. For each of four major decomposition

groups, a mathematical expression for the speedup based on equations (26) and {27) is given., In

addition the theoretical maximum speedup is calculated from:

— " 0 for the synchronous case, and

Nps fp - cati{ps fp + cas Xfa) =0 for the asynchronous case (from (19).

In this section,



7.1 (N; N} decomposition group

Synchronous case—Figure 3:
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Figure 3: Speedup versus N for decompasition (N; N)
and synchronous imptementation



Asynchronous case—Figure 4:
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Figure 4; Speedup versus N for decompasition (N; N)
and asynchronous implementation )



7.2 {N; V'N) decomposition group

Synchronous case—fFigure 5:
(1+ XN

Nex

N = (2X)2/3
max _

VSP =

2231 4 x)
imen =
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)
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Dotted lines—predicted
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Figure 5: Speedup versus N for decompaosition (N; VN}
and synchronous implementation



Asynchronous case—Figure 6:
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Figure 6: Speedup versus N for decomposition (N; VvN)

" approx. solution for X2/4:> 179

and asynchronous implementation
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7.3 (N; 1) decomposition group

Synchronous case—Figure 7:
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Figure 7: Speedup versus N for decomposition (N; 1)
and synchronous implementaticn



Asynchronous case—Figure 8:

SP = min N1+ X) , 1+X
(N+X) N
N o1V
max . 2
2(1+ X
s o 2N
-1+ Vi1+4aX
8 8,
B o,
g S o X=35
o aX=10
» 5t Dotted lines—predicted
Solid lines—measured
4]
3L
21
1%
0 5 10 15 20 25

Number of processors

Figure 8: Speedup versus N for decomposition {(N; 1)
and asynchronous implementation



7.4 (log N; log N) decomposition group

Synchronous case—Figure 9:

logN
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Figure 9: Speedup versus N for decomposition {logN; logN)
and synchronous implementation

numeric solution only



Asynchronous case—Figure 10:
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Figure 10: Speedup versus N for decomposition (logN; logN)
and asynchronous implementation

7.5 Linear speedup 7

We now present one final decomposition group, which has not been tested empirically. This
decomposition group exhibits linear speedup: a speedup of N with N processors. Although there are
some exceptions,'? linear speedup is the best that can be expected from most algorithms. An (N; N%)

decomposition induces linear speedup, since



41

N2N(1 + X)
NN + XN
itis interesting to note that this speedup is independent of X.
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8 Correlation with Real Workload Implementations

In addition to performance prediction, another very important phase of the experimentation cycle is
called identification. Identification is the process of describing the decomposition functions of a
particular parallel workioad mathematicaily, so that specific changes can be recommended to bring

about performance improvement.”

In this section the results of three previously published experiments are used. Because the original
source code was not readily available, it was necessary to estimate the relationship between T, T,
and T, These values were estimated by attempting to fit the predicted curves to the measured
curves, but it should be noted that the same choice of values produces a good fit for ali the curves on

each graph.

8.1 Processor speed variations

This experiment illustrates the influence of processor spéed on performance. The parallel workload
was an implementation on the Cm* muitiprocessor of a molecular-dynamics algorithm. 1t consists of
a number of parallel processes each calculating the binding energy between particles. After all
calculations are done, the final result is saved as global data to be used in the next iteration. This
description implies that local processing time for a decomposed process is variable and equal to—

T
ot = B
p N

The global accass time is fixed and equal to the time required for returning a final result to ylobal
memory. Therefore
t =T

a a
Consequently the decomposition tunctions are

fp=_N fﬂ=1

To assure an atomic access for every process, a locking mechanism is used. Speedup was measured
as a function of the processor speed. While the speed of the processor hardware could not be varied,
faster processors could be simulated by replacing the slow LSI-11 fioating-point calculations by
“synthetic procedures” which took less time than the calculations and returned arbitrary results.
(The goal was to study the effect of processor speed, so it did not matter that the results were
incorrect.) Since only the floating-point calculations were “speeded up,” the processor speed

variation affected only one portion of Tp (and consequently only one portion of X).

'Experimental rasuits have been published in the referenced literature.‘a‘ 7 and are reproduced here, courtesy of Robert
A. Whiteside, for the purpose of comparison with the theoretical predictions.
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Figure 11 shows both measured and theoretical results, assuming an estimated X. Although the
synchronous case is supposed to be the "worst case,” the measured performance for slow
processors is worse than the theoretical lower bound due to the inability of this implementation to
assure a balanced load. (Some processors have much more work to do than others.) Therefore
when processors are slow, and & is dominant in the iteration, the idle processors induce a non-

monotonic performance curve, and exhibit worse performance than theoretically predicted for a

balanced load.,
a 20.00,
3
B Aps=1; X = 1800 + 42 A
& 18.00} © ps = 10; X = 180 + 42 : oA
73 oDps=100; X = 18 + 42 '_A.-
Dotted lines—predicted . A
16.00} Solid lines—measured s
14.001
12.00%
10.00}
8.00}
6.00}
4.00}
2.00}

o 5 10 15 20 25
Number of processors

Figure 11: Molecular Dynamics Speedup, Dependency on
Processor-Speed Variations

8.2 Speedup versus synchronization

In the second experiment, speedup was neasured for various degrees of synchronization between
processes. Experimental and theoretical results for the two extreme cases (full synchronization and
no synchronization) are given in Figure 12. The X of the synchronous implementation is only ahout
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half as large as the X of its asynchronous counterpart, due to the fact that the omitted synchronization

code consists mainly of access to common data.

The implementation for molecular dynamic simulation analyzed here is a typical one-pair
implementation (the kind considered in the proof of Section 2.5) and, for that reason, the measured

results are very close to the upper and the lower bound respectively.

25.00,
% L]
T
O
g o Asynchronous
0 o Synchronous .0,
o
Dotted lines—predicted - a
20.00} Solid lines—measured 2 e ®
15.00!
10.00}
5.00}
o 5 10 15 20 25

Number of processors

Figure 12: Influence of Synchronization on
! Molecular Dynamics Calculations

8.3 Matrix multiplication

From Section 5.1, the decomposition functions for matrix multiplication with local copies are—

(MT, + TN
PoMT, +T3\/N
f =N

Let us introduce



T T
ky = . k,=_1_ . (46)
T 2
2 3
to express the relationship between access and processing speeds without reference to particular

hardware technologies.

We ran the local-copies algorithm on Cm*. The constants k1 and k2 were measurad at 1.694 and
3.678 respectively. Correlation of the experimental and predicted curves is quite good, but falls off
somewhat as more processors are added due largely to the undecomposable constant overhead
added to each process by the need to perform loop mnt:ahzatlon and to read the clock (the Tp ixed of
Section 7). This overhead grows more significant as processors are added and the work per process
declines. To try and factor out the efiect of this overhead, which we call T, we solved the system of
equations

T+ 4&33T1 =82.3 msec.(measured processing time for M = 48 without local copies)
T+ 2437'1 = 10.3 msec.(measured processing time for M = 24 without local copies)

The results of 7, =7.4x10~* and T, = 1.14x10~ 2 “predicted" the execution time for M = 36 within 1%.
From this, we derived the revised decomposition functions

MT M2T M3T
t,=T,+ 14 3 t = 2
P N vN o N

We can proceed as before to derive equations to predict speedup. These equations are graphed -
against the observed values in Figure 13, The measured values are everywhere within 5% of the
predicted values. The ciose correspondence deterigrates slightly for increasing values of N. One
reason is likely the fact that the initialization of the inner loop grows more significant as it gets shorter;
for M =24 and N = 16, the inner loop is executed only six times before it terminates.
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Figure 13: Speedup of Matrix Multiplication -



47

9 Improving a Parailel Implementation: A Case Study

A major motivation of performance prediction is to narrow the space of experimental alternatives.
As an example, we will present a case study based on the widely known algorithm for solving Poisson
partial differential equations. This case study refines the analysis of this algorithm which has been
presented in Section 5.2, which considered a decomposition of the grid into squares.

Data elements are global if they occupy positions on a boundary between partitions of the grid
belonging to different processors. The access time t, is proportional to the number of boundary
elements. On the other hand, the processing time rp is proportional to the surface—the number of
elements in a partition. Hence, a decomposition which assigns a processor to a partition with a larger
surface-to-boundary ratio will yield a larger X, and hence better performance.,

For comparison, we will present two decompositions other than the square decomposition.
Although all three decompositions are members of the (N; VVN) group, their different processing-to-
access ratios X and slight differences in decomposition functions produce slight differences in
performance.

8.1 Decomposition into triangles

Let us assume that a surface is divided into triangular areas, each with base a—-1 and height a.
Then a square of size a x a can be divided into two triangles of the kind shown in Figure 14. (Actually,
the regions are only “approximately” triangles, due to the inflection at the middle of the hypotenuse,
an inflection which is necessary to allow two such regions to fit exactly into a square.) As in Section
5.2, elements on a boundary are stored in global memory. In order to partition the M X M grid into M
triangles, it must be divided into N/2 two-triangle squares, each with dimension a = V2 M/VN.

Without local copies:

As in Section 5.2, the number of giobal accesses required to update elements near the boundary
depends on their position within the triangle. As before, each of these elements are classified
according to the number of global accesses made to it per iteration. Figure 14 shows the class to
which each element belongs. Let n; denote the cardinality of the class j for an individual triangle, and
t; the access time to update an element in class /.

Class1: t_ =T n1=(a—6)+(a-5)=2a-11

al 2
Class 2: 1'&2 = 2T2 n, = a-4
Class 3: tag = \‘?,T2 n, = 2
Class 4. ta=4T, n,=a-5



BX XX XXX XXXXXXXXX
B XX XXX XXXXXXXXX
E34XXXXAAXXXXXXXX
5124 XXX XXXAXXNXXX
51024 X XXX XXXXXXX
510024XXXXXXXXXX
5100024 xxxxXXXXX
51000025 xxXXXXXX
51000014 xXxxxXXXXX
510000024 xxXxXXXXX
5100000024 xXXXXX
51000000024 xXxx%xXX
510000000024 xxXxX
5100000000024 xxx
52111111111135xX
655555555555 56 6«

Figure 14: Triangular decompgsition of a Poisson PDE

Class5: tg =57, n5=(a-4)+(a-3)+3=‘2a-4

Class 6: ‘as = 6?‘2 ng = 5

Based on the number of eilements in each class, decomposition into triangles without locai copies can
be described by these equations. The constants &, and k, are as defined in (46).

M3T
t = L
P N
8 18V2Z M 18V2 M-23VN
t, = Z’u”: = [_‘.3_‘/:__ -23]7’2 = [18V2 M- 23] vz 5
= VN (18V2 M=23)VN
- M2 = -
T, =M T, T,= (18VZ M-23)T,
2 2
X = M T1 - M k1
(18V2 M-23)T, (18V2 M-29)
fp =N

. (18V2 M=-23)VN
* 18vV2 M-23VN




With local copies:

Each triangle contains 3a - 4 boundary elements. It takes 6a - 8 accesses to copy these elements
back and forth. In addition, another 3a accesses are needed to read boundary elements from
adjacent triangles. Thus, each process makes a total of 92 -8=9v72 M/VN -8 global accesses.

2 2
MT, (SVEMT, o . MT +9VZMI,VN-8IN

! =

PN VN C (M, +9VZ MT-8T N
MT MT, -8T. VN
t, = 9_‘/_5__2 8T, = [9\/EMT2-8T2] V2 T, VN
vN (V2 MT,~8T )VN
2T, +9VE vz u “1
T, =MT,+9VZ MT,-8T, T, =9VIMT,-8T, X

= ki +
av2 M-8 ka

‘- NPT, +9VZ MT,-8T,)

P MT,+9V2 MT,VN -8NT,

¢ BVZM-8)VNV
®  9vVZM-8VN

Speedups for various dimensions of the element grid are shown in Figure 15. When &k, is high,
copying is relatively inexpensive, so it pays off, almost regardless of the number of processors N.
With a low k,, copying is not productive unless the number of processors is fairly high. Note that the
non-copying version attains its maximum speedup at N =31, after which contention causes it to
decline,

9.2 Decomposition into hexagons

Imagine that the grid is again divided into squares of dimension a x a, with a being 2M/V'N. Let us
now divide the grid into hexagons, each of which occupies one-fourth of a square, as shown in Figure
16. Ifwe let

a M

b=e— =
2VN
then the access and processing times can be calculated from the number of atomic accasses for

each element given in Figure 16.
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Figure 15: Speedup versus N for triangular decomposition of a
Poisson equation

Without local copies:

Class1: t =T2 n, 2(b-1)
Class 2: r‘312=2T2 2 2(b-2)+2(b-1)

=3
]

Class 3: r33=3T2 n3=2
Class 4: r_‘=4T2 n, 2(b=-2)+2(b-1)

Class5: g = 5T2 ng = 2(b+2)

Based on the number of elements in each class, the decompaosition functions can be calculated as:
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Figure 16: Hexagonal decomposition of a Poisson PDE

2 5
-2
t = M T1 tﬂ = Eraini = m —12T2 = 6(3M—2)T2M-——
» N o VN (M =-2)V'N
2 M2
foN f - (3M-2)VN

p 2 aM-2vN
With local copies:

The hexagon has six sides. If the two horizontal sides are considered to have b + 1 elements, then
the other four sides each consist of b - 1 elements, for a total of 6b ~ 2 boundary elements, each of
which must be copied back and forth. Also, 2(b + 1) + 4b elements from neighboring hexagons will
be referenced, for a total of 18b - 2 nonlocal references.
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Figure 17: Speedup versus N for a hexagonal decomposition of a Poisson

equation
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The speedup versus the number of processors for various grid dimensions M is shown in Figure 17.

Again, a lower k, induces a greater speedup, and the non-copying implementation reaches a
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maximum speedup, this time at N = 39. Notice that whether or not copies are made, for all values of N,
the hexagonal decomposition exhibits a better speedup than the triangular decomposition, owing to

its lower boundary-to-surface ratio.

A square has a boundary-to-surface ratio smaller than a triangle but larger than a hexagon. (For
example, a 144-element hexagon would have 34 houndary elements, a 144-element square would
have 44, and a hypothetical 144-element right triangle would have approximately 46.9.) Thus we
would expect a square decomposition to show a speedup somewhere between those shown by
triangular and hexagonal decompositions. Figures 18 and 19 show that this is indeed the case.
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Figure 18: Speedup versus N for a square decomposition of a Poisson
equation



Speedup

20.00,
Dotted lines—without local copies, kq = 20; M = 100
18.00]  Solid lines—with local copies, ki1 =20; kg =1, M = 100
¢ Hexagonal decomposition
O Square decomposition
16.00. a Triangular decomposition
14.00}
12.00}
000l 00 A nBiniiaceallI
8.00¢t
6.001
4.001
2.00}
0 10 20 30 40 50
Number of processors

Figure 19: Speedup versus N for triangular, square, and hexagonal
decompositions



10 Conclusions

We have defined a simple multiprocessor model, which was then enhanced to accommodate
processors and memories of different speeds. The model has shown that improving processor or
memory speed is only effective up to a point. The model bounds the worst performance that can be
expected from a synchronous algorithm and predicts the best performance that can be achieved by

an asynchronous one.

The performance of the multiprocessor implementation of an algorithm is frequently expressed in
terms of speedup. Speedup is a function of the way &n algorithm is decomposed. We have defined
decomposition functions for the processing and access times, which tell how the per-process times
change as the number of processors is increased. Algorithms can be divided into decomposition
groups based on these functions—groups which display characteristic speedup curves for varying

numbers of processors.

Several multiprocessnr algorithms have been studied in detail; some of them have been
implemented on the Cm* multiprocessor. Measurements have been made for differing
decomposition strategies and numbers of processors.

The experimental measurements show that even a simple anaiytical model can be a solid base for a
multiprocessor performance prediction. Since the model parameters represent real workload
characteristics, rather than some average values expressed by probabilities, they give us the
opportunity to evaluate the sensitivity of performance to ditferent parameters independently. Due to
the factors enumerated in Section 7, the measured performance sometimes differs significantly from
the predicted one, but the correlation between the modeled and the measured curves is obvious.

Although the simple anafytical model presented here gives satisfactory results, there are several
areas for improvement.

e It was shown that the upper and.lower bounds could be predicted if a workload with only
one atomic (t ,t ) pair is assumed. Can operators and an associated calculus be found,
such that when apphed to a workload, characteristic times will give a resulting (¢ _, ¢ ) pair
which predicts the performance of a parallel workload more closely than the ongmal
model?

» Sometimes better performance can be achieved if each process makes local copies of
global daia. Even better performance couid be achieved if the amount of local
processing (T3) needed to produce these copies is kept low. Hence, the possibility of
providing architectural support for global-to-local (and local-to-global) data transitions
should be explored. For example, broadcasting global data could facilitate the
generation of local copies.
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e In order to make the ¢ to N dependency linear, circuit-switching interconnection
networks are assumed in this paper. Models should be provided for the cases where this
dependency is nonlinear.

e it was also assumed that all the work of executing a parallel program can be neatly
decomposed into N paraliel processes. It is more likely that some fixed amount of local
processing and/or global access will have to be done in every process anyway.
Therefore, decomposition functions other than

should be investigated.

o Several classic parallel workloads have been measured. However, comparisons are often
difficult due to implementation differences. Classification of these workloads into
decomposition groups would make it easier to compare them. In this way, benchmarking
could be done on the basis of typical decompositions rather than typical algorithms.

Multiprocessors bring a new dimension to the already very complex experimentation space of
uniprocessors. Only good models accompanied by structured programming can narrow this space.
The multiprocessor-system design cycle can be shortened only if experiments are carefully selected
with the assistance of a performance model, and measured res'ults are analytically identified.
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