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1. Introduction

Information is often aggregated over spatial domains. The result is
a set of domains with specified properties. Examples include architectural
and engineering design, where a domain may be a room or physical entity
[2], urban planning, where socio-economic data is aggregated by census tracts
[4), and cartography [1]. Most often, a spatial domain depicts a (possibly
large) point set,

Many different data structures have been used to depict spatial domains
within a computer [3], [5], [6]. Perhaps oune of the simplest is the

closed curve. Indeed, for graphical output of domains on a plotter or

cathode ray tube, the closed curve is "natural."

Fundamental operations on spatial domains are the set theoretic ones,
e.g., the union, intersection, and differences. To date, no efficient
algorithms have been devised for executing all these operations on spatial
domains when they are represented as closed curves. Some of the operations
have been implemented for other data structures, but they are computationally
quite expensive [1], [6].

In this paper, we describe a single algorithm capaéle of deriving the
union, intersection, and differences of two spatial domains, when they are
represented as closed curves. The algorithm is general and can be applied
to any two sets of closed curves depicting spatial domains. Multiple
operations are easily executed. ‘“he presentation is organized as follows,
We first introduce the necessary definitions and the properties of closed
curves. The algorithm is first presented informally in sectioms 4, 5, and

6. It is then formally defined in section 7. Sections 8 and 9 generalize the

algorithm,



2. Initial nefinitions

.

A two dimensional épatial domain can be represented by the closed curve
which delineates it, Applying discrete arithmetic, such a curve can be
approximated by a point vector (an ordered set of points), which will also
be called a curve and will be represented as Ck = (PE,PT,...,PE,...,PE,PE).
Above, k 1is the index or the identifying label of the curve, i the index
of the points in the curve and each P: = (xi,yi), where x and y are
standard Cartesian coordinates.

Pg, the point listed twice, is called the closing point of the curve

k
¢*. A closed curve partitions a plane into two disjoint domains, one

being finite and the other infinite. Either one can be designated as
the curve's inner space and the other as its guter space. A curve'e inner
space is precisely the domain the curve delineates and represents., A
point vector can be traced in two directions; the direction where the inner

space is to the right of the line shall be referred to as the positive order,

the direction where the inner space is to the left shall be called the

negative order, (See Figure 2.1.)

Figure 2.1 about here Figure 2.2 about here

A single curve in the positive direction delineates a single continuous
domain. A domain may also be discontinuous or have a ring-like structure
or some combination of these two (Figure 2.2), nomains characterized by

multiple curves shall be referred to as discontinuous. Discontinuous curves

shall constitute an ordered set of curves, referred to as the domain's curve

set.
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in general, we denote a domain as

h - iChl Ch2 hk hn}

» yee,sC seesC

D

where k is the index of the curves in the domain and h is the index or iden-
tifying label of the domain. When n=1, the above equivalence becomes Dh =
iCh} and the domain is continuous. For continuous domains we may write
simply Ch. If n>1, the domain is discontinuous. For most of this paper
we shall be concerned with continuous domains. The discontinuous case will
be taken up in section 9,

The points lying on a curve (and therefore belonging to neither the

inner or outer space) will be called boundary points. These are of two

kinds; cornmer points (to be abbreviated as p-points) and flat points (f-points).

The p-points delineate the curve's segments and the f-points lie on the seg-
ments between and excluding the p-points, Initially, & curve is given as an
ordered set of p-points, which is referred to as its point vector. Semantically,
a curve does not change if we write one or more of its f-points as corner

points and properly include them in its point vector. By properly we mean

that each such point should be inserted between the p-points which delineate

the line segment upon which it lies. The above constitutes an operation called

an expansion.

Two (or more) domains may be disjoint, conjoint, subjoint or coincident.

They are disjoint if they have no common points; conjoint if some (and only
some) of their points are common; subjoint if all the points of the one

domain are alsco points of the other domain; coincident if the two domains

have exactly the same points. When two dis joint domains have common boundary
points, they are more specifically called distangent; similarly subjoint domains
are called subtangent if they have common boundary points, Examples are

given in Figure 2.3.

Figure 2.3 about here
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‘ »
In this paper, we shall be interested in three operations; the union

(U), the intersection (0N ) and the difference (~ ), The union and the

intersection are symmetric, while the difference is not. That is if C'

1 2

and 02 two closed curves, then ClUC2 = CZUC and ClﬂC = CzﬂC1 while

1 2 2 1
C"-C" #C" ~C", Therefore, given any pair of domains, a total of four
different operations are applicable. In Figure 2.4 we summarize thelr

. k
results. The notation Ck denotes that C is traced in the negative

order.

Figure 2.4 about here

As can be seen, when the two curves (Cl and C2) are disjoint, sub-
joint or coincident, the derivation of their union intersection and dif-
ferences is straightforward., The resulting domain is empty or is given
by either one or both of the curves delineating the domeins under consideration.
traced in positive or negative order. The problem is more complicated when
the two domains are conjoint., The resulting curves are given by a proper

mixing of the points in the initial curves (See Figure 2.5).

Figure 2,5 about here

This paper focusses primarily on the latter case., It develops an algorithm
which, by properly mixing the boundary points of two conjoint domains, derives
the curve set which delineates the union, intersection or difference. Section

8 generalizes the algorithm to include the cases of disjoint, subjoint and

coincident domains.

3. Conjoint Domains

The main characteristic of the conjoint domains, as opposed to the other
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cases, is that the curves intersect., The points of intersection are
common to both curves. Intersections are not the only case of common
points; the curves may also have tangent points which are alsc common for
both curves. In general, any two line segments may be related in any omne
of four ways (shown in Figure 3,1). In case (1) the two segments have no
common point; in (2) they intersect at a point which %s an f-point for both
segments; in (3) the segments touch at a common point which is an f-point
for the one and a c-point for the other curve; in (4) the segments touch
at a point which is a c¢-point for both curves. Case (1) is referred as a
non-intersecting pair, case (2) as an intersecting pair and cases (3 and
(4) as tangent pairs. In (3) we have a single sided tangency while in

(4) the tangency is double sided.

Figure 3,1 about here

Tangent points may or may not be treated as an intersection. For
this to be decided, we need to have information about all the segments
to which the tangent point belongs. 1In case'(3), three line segments are
involved, while in case (4), four segments. We look into these matters
in Section 4.

We call a pair of curves and their conjunction regular, if all their
common points are f-points for both curves. This is the case when all the
intersection points are f-points for both curves and the curves have
no tangent points. If at least one of their common points is a corner

point for at least one of the curves, we call the curves and their con-

junction irregular.
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The algorithm to be developed is based on the following properties
of the conjoint regular curves:
I, The intersection points, to be denoted by Sj’ are common
in both curves. In addition, they are all part of the
curve sets which delineate the union, the intersection

and the differences.

II. The non-intersecting corner points (Pi) of two conjoint
k
curves are distinguished into inner, to be denoted Pi

and outer, to be denoted 2? . P? of a curve Ck is outer

. k' s \
with respect to another curve C if it lies in the outer

T
space delineated by Ck . It is inmner otherwise.

At each S point the border lines of two domains intersect.
Then for each such border line an S point implies a

crossing over the other domain's boundary line. Thus, if a
point just before S 1is in the domain, a point right

after it will be out of the domain. If we have two S points
in a row, say S1 and SZ’ then the second negates the
effecﬁ of the first. That is if a point right before Sl
is in a domain, a point between S1 and S2 is out of
the domain and a point right after 52 is again in the
domain. Since only an S point crosses a border line,
no such crossing can occur between two consecutive P
points, which therefore can only be of the same kind.

When two P points are separated by an odd number of

S points, they can only be of a different kind. TIf



separated by an even number of S points they can only
be of the same kind.

III. The union of two conjoint curves consists of all‘the outer
points (the P's) of both curves and all their intersection
points (the S's), properly ordered.

IV, Their intersection consists of all the inner points (the
P's) of both curves and all their § points properly
ordered,

V. The difference of two conjoint curves consists of all the
outer points of the substrahend curve, all the inner
points of the substracter curve and all their § points,

The above properties suggest the following steps for our algorithm:

(1). derive the intersection points of the curves and expand their
point vectors to include them properly inserted (discussed
in section 4).

(2). characterize the expanded vectors derived as above by dis-
tinguishing its P points into P and P (discussed in
section 5).

(3). properly mix and thread the points in the characterized
expansions to derive the union, the intersection or a

difference (section 6).

4. Expansions

. e a a
Given two conjoint curves C and Cb, we denote ¢ b the expan-

. a b
sion of C° with respect to C . The expansion of Ca with respect to
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b

C~ is derived by properly inserting in c?'s point vector the points
at which c® and Cb intersect. Similarly, Cba is the expansion of
b al . a b
C~ with respect to C . For example, if C and C  are as in Figure

2.5, that is

a_ ,a.a._a_a8.a.a b b b b _b _b
C - (PO,PI’PZ’PS,PLI-,PO) and C = (PO’P13P2!P3’P0) )

b

a a a a a a
then C (PO’SZ’SI’PI’SB’PZ’Sa’P3’P4’SS’SGPO)

ba b _b b b _b
(PO’PI’S4’S3’SI’SS’P2’SG’SZ’PB’PO) .

Il

and C

The conjunction of ¢? and Cb is regular,

To depict the points of intersection, it is necessary to sequentially
take each and every line segment of the one curve Ck with each and every
line segment of the other curve Ck}. Each such pair of line segments (one

from each curve) is tested for an intersection by applyire the ranction INS,

which is defined as follows:

1

a
INS (Pi ,Pi sP. 5P, ,) (3,8) if the segments intersect

1 2 1

(0,8) otherwise.
The precise definition of INS is given in Appendix I.

We have written the output of INS as a pair of points to indicate
that each time a point of intersection is depicted, it is inserted in
the point vectors of both curves., The depicted S point is inserted
between the P points delineating the intersecting line segments. To
assure that consecutive S8 points are properly ordered, each time an
S point is depicted it breaks the segment to which it belongs into two
portions and‘each is tested independently, TFor example, assume that

(Pl’PZ) is intersected at two points S1 and 82 and that S1 is
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depicted first. Then (PI’PZ) becomes (Pl’sl’P2)’ and is interpreted and
tested as two line segments; (Pl,Sl) and (Sl’PZ)' If the second time
(PI’PZ) is intersected before Sl’ then the tests for (Pl,Sl) will generate
52 and the tests for (Sl’PZ) will generate . The result will be (PI’SZ’
Sl’PZ)' In further tests (PI’SZ’SI’PZ) will be treated as three segments.

To cover the irregular cases, the above operatioﬁ is slightly
expanded. When the curves intersect at corner points, rather than inserting
a new S point, we change an existing P point intoc an § point., We
proceed as follows,
The segments to be checked are accompanied by their next segments
also. That is if we want to check (Pi
a_a _a b b _b

a _a b b, . .
we take (PI’PZ’PB) and (PI’PZ’P3)' If (Pl,Pz), (Pl’PZ) is a non-intersecting

pair, we do nothing and proceed with the pair to be checked next. If it is

,P;) and (PT,PS) for intersection

an intersecting pair, we insert the depicted § point in both segments
before we proceed with the next test. If it is a tangent pair, we also need
to consider Pg and Pg (either or both depending on whether it is a

single or a double sided tangency). The different cases of tangent pairs

are summarized in Figure 4.1,

Figure 4.1 about here

In columns 1 and 2 (Fig. 4.1) we have double sided tangencies, and
column 1 differs from 2 only by the direction of the segments. In columns
3 and 4 the tangencies are single sided and differ as above. 1In the cases
of row 1, the tangent point is an intersection point. In 1.1 and 1.2 no
new S5 point is inserted, but the existing points Pa and Pb are changed

2 2
into S points. We indicate this by adding a superscript s to the original
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points. In 1.3 and 1.4 one new S point is inserted and one existing P
point is changed into an S point, In the cases of rows 2, 3 and 4, the
tangent points are not considered intersection points. Even though these
points are boundary points for both domains, semantically they work as
outer or inner and need to be characterized. Their character depends on
the directions and relative positions of the segments involved and are

as shown in Figure 4.1. As befofe, we write P for an outer and P

for an inner P point, In cases 2.3, 2.4, 3.3 and 3.4 one new P point,
properly characterized, is inserted in one of the curves, The inserting
of a new point is denoted with a prime. 1In all other cases no new point
is inserted, but existing P points are properly chgracterized. In
cases 4.1 and 4.2 there is no direct way to characterize the tangent points,
In these cases and for both curves, we leave the tangent P points
temporarily with no characterization; they will be characterized later

by the second part of the algorithm., For the above checks we employ the
function INT which is a generalized version of INS and its precise
definition is given in Appendix I.

To summarize

a pa bbb
IHLP 74225 57 41§42

INT (P],P
i
= (§,0) if the paif of segments is non-intersecting,
= (5,8) if the pair is intersecting,
= (PS,PS) if tangent and case 1,1 or 1.2,
= (S,Ps) or (PS,S) if tangent and case 1.3 or l.4,

= (f,g) or (g,f) if tangent and case 2,1 or 3.1,

= (P,P) if tangent and case 2,2 or 3.2,
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(®',P) or (P,P') or (2',P) or (,P') if case 2.3 or 3.3,

it

(®',P) or (P,P') if tangent and case 2.4 or 3.4,

(P,P) if tangent and case 4.1 or 4.2.
The notation P° is used above to indicate that the respective P point
is changed into an S and a prime (P' or F') to indicate that the respective
P point is a new insertion.
As an example consider the irregular pair of conjoint curves shown

in Figure 4.2, They are

€ _ ,€ € C ¢ & € C .G _C d ,d.d_d._d_d._d._d
c” = (PO'PI’PZ’P3’P4’P5’P6’P7’PO) and C = (PO’PI’PZ’PS’PA’PS’PO)'

Their expansions will be derived as

cd c = _C c .d _cd _cd _cd.ac C
G = (Bys8 P hE ) PysR ) 5P 5P, PesPy,8,,B0)  and
de _ ,d d Jc 5¢ 5d _ed ed ed _c _d
C7 = (Pps8y35)5P 5By Py 5P 5 3Py gsPgysFesB g 5Py) o

When two p-points coincide, the notation denotes their dual definitionm, e.g.,ng.
Figure 4,2 about here

5. Characterization of the Expansions

An expansion is characterized when its P points are distinguished
into P (outer) and P (inner) points., To characterize an expansion
from a regular conjunction, it suffices to know the character of any one
of its P points, by property Il (section 3). With such a point as a
basis, the remaining P-points are sequentially traced and characterized,
Each next P-point's character depends on the previous and the number of
interfering S points. If none or an even number of § points interfere,
the P point takes the character of its previous ‘P point. It takes

the reverge character otherwise (that is, if an odd number of S points
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intervene). For example, given the expansions Cab and Cba as derived

in section 4 and with their closing points characterized, that is

ab a a a a g a
= 8
C (PC’SZ’Sl’Pl’SS’PZ’ 4’P3’P4’55’86’PG)
be _ b b b b _ b
and C = (PE’P1’54’53’Sl’SS’P2’56’SZ’P3’PG)

then the whole expansions are characterized as

ab’' a a =a a _a
(2 0932351:213533:9 2 3343239?_4:

C S

a
5’86"?'0)

ba' b _b b b b
and C = (20’21’54’53’31’35’22’56’32’23’P) .
ba'
1 .
The primes in Cab and € indicate that the respective expaunsions are

characterized., The above results can be verified with Figure 2.5,

At this point, we introduce the restriction that the point vectors
of the domains under consideration should be given in a normal form. A
point vector is in a normal form when its closing point is unique (it
does not belong to the other curve also) and it is characterized. If in
a certain problem area it is not realistic or practical to assume that the
point vectors under consideration are in normal forms, an arbitrary point
vector can be normalized by the normalizer, which is a fairly simple
mechanical procedure and is defined in Appendix II. The only case where
a point vector cannot be normalized is when it refers to & coincident
pair of domains.

Given the initial point vectors in normal form, the derived expansions
will be in normal form also, and therefore they will have their closing
points characterized. Then for curves from regular and irregular comn-

junctions alike, we can start at the closing point and sequentially
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characterize the remaining P points. What is different between the
regular and the irregular case is that in the second, the expanded

vector contains some more P points (in addition to its closing point)
which are already characterized. These points are non-intersecting tangent
points and have been characterized by the first part of the algorithm,
when the expansions were derived. Consequently, as the sequential charac-
terization of the P points proceeds, it is possible to encounter a casc
where two consecutive P points are not of the game character. This con-
tradicts property II and implies that some S point is missing. We call

such pairs of consecutive P points non-conforming pairs, and when

depicted, we change the second P point into an §, Given two conjoint
curves, their normalized expansions can only have the same number of non-
conforming pairs,

For example, assuming that the vectors for c® and Cd (section 4,

Figure 4.,2) were given in normal forms, their expansions would have been

cd _ ¢ ¢ ,d _cd cd =

™% = (28,1 sR5 5B3 B P43’P54’P65’P7 1S9 520

de d ¢ s¢ od ed .cd _cd d
and C°° = (P0 sS,:81,P B B, P, P43,P54,P65,P7 Bg)

There is at least one obvious non-conforming pair in each of the above
. cd c Sc., ., dc

expansions; (P 2 ) in c° and (g]_,Pz } in €, They are changed
- c

into (I’i,sz) and (B].’Sz) respectively, As the characterization of the

other p-points proceeds, one more non-conforming pair is depicted in

each expansion. They are (P P ) in Ccd and ('Egg ,P;) in Cdc. They

65’

¢
are changed into (P65,

$S) and (P65’ J. The characterized expansions will be



cd' _ c s¢c c ¢ d _cd _ecd _ed _c ¢

C - (20 ’Sl’Pl 982?23 ,22 ,243 ,.?_54 ’.265 ’87382’20 )

de' _ _d d ,d c35d sed sed 5ed ¢ d
and € = (B 55,,515E 5B 5855F ) 5P 45 sB 5, 2P g s81R )

6, The Threading Algorithm

Given the expanded and characterized point vectors of two conjoint
curves, by properly mixing and threading their points, we can derive the
curve sets that delineate their union, intersection and differences. In
each case, the guidelines for the proper selection and threading of the
points are given by properties III, IV and V of section 3. The same
threading algorithm applies to all cases. What differs is the definition
of the starting point B and the order by which the point vectors under
consideration are written.

For the union and the Intersection both vectors are written in their

original order, For the differences, the subtrahend vector is written

in its positive order and the subtracter in negative order. For example,

to derive C?-Cb, Cba' is written in reverse order,

The starting point B is always an intersection (S) point and
can be in either one of the two expansions. For the union, it is any 8
point followed by a P (outer) point or preceded by a P (inner) point.
For the intersection, B is any S5 followed by a P or preceded by a
P, For the differences, if B is in the subtrahend expansion, it is
defined as for the union; if it is in the subtracter expansion as for the
intersection, The definitions of B for the different cases are summarized
in Figure 6.1(a)., The B point is indicated by a circled S. Using 1 for
(SP or §'S) and 0 for (S P or P S}, the different cases can be coded

by the binary numbers as shown in Figure 6.1(b), This coding will be used

to instrﬁht the system which operation is desired (sectiomns 7 and 8).

Figure 6.1 about here
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The S5 points in the expansions delineate strings of either P or
P points. In addition, because the S points are common in both expan-
sions, they link a string of P points of the one expansion with a string
of P points of the other. The form of linkage can be specified. By
definition, if an S point has a P point on each side, these P points
can only be of a different kind. Furthermore (and assuming that the two
expansions have been written in the same order), if in one expansion an
S point is followed by a P point (or/and preceded by a P point), the
situation is reversed in the other expansion; that is, the same S point
is followed by a P point (or/and preceded by a P point). Consequently,
if we start at an S point in the one expansion and positively trace
and thread all the P points on its right till we reach the next §
point; then transfer to the identical S point of the other expansion
and do the same, and keep on transferring from one expansion to the other
and stop when we come back to the S point we started with, we pick P
points of only one character, Which character depends upon the § point
we started with, If it is a union B point, we pick all the P points,
as required by property III; if it is an intersection B point, we pick
all the P points, as required by property IV.

For the differences we do not want to pick P points of one kind.
Instead, we want to pick the P points from the subtrahend expansion and
the P points from the subtracter. If we reverse the order of the sub-
tracter expansion, then if an S point is followed by a P point in
the one expansion, so it is in the other also, and vice versa, Con-
sequently, by starting at the appropriate S point and tracing the

expansions as before, we end up with a proper mixture of P and P points
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as is required for the differences.

In a

To
1.

2.

3.

In

Cb

summarize, the threading algoritim operates as follows:

write the expansions properly and as required in each case;
identify the starting point B, its definition depending on
the case; |

start at B, thread it, move to the right threading all P
points up to the next S point. Delete it and jump to the
identical S point (call it S') of the other expansion;

start at 8', thread this and all the P points to the right,
up to the next S5 point, If this is not the same with B,
delete it, jump to 8' and repeat step 4. if S=B, thread it
and go to step 5;

one curve of the curve set has been derived., Identify the
next B, if one exists, and go to step 3. If no more S

points are left in the expansion, STOP,

Figure 6,2, we show the derivation of c?u Cb. We derived
a a _a b a b _b _b
= {(5,:7485,51)4 (8,25 ,P; 455, B0 586, P55,, 0, B 0P ,5 )

similar fashion we derive

b _ a
ned = i(s3,P2,34,s3),(55,56,52,51,55)},
- ¢ = {¢s,,P%,5.,8,,0%,P%,5.,58,),(5,,P2,5,,5,)} and
\Bg2555900,55355,295597 )5 96554259296

b b _b b
-c? = {(sl,sz,PB,PO,Pl,s4,P;,s3,sl),(sS,Pz,sﬁ,ss)}.

Figure 6,2 about here

For the derivation of the differences of irregular junctions we shall

add one more step to the threading algorithm, The curve sets derived for
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the differences may contain a curve, some portion of which is tracing
back and forth the same sequence of line segments and delineates no area,
This case occurs when two curves have tangent line segments. For example,
in Figure 6.3, we show the derivation of c - Cd. We derive

c d _ d cd _cd _ed cd _cd _cd d
0% - ¢ = 1(85,P5, By B 5 BE,, Peg»57 s Pag s PG, B 5,85) 4 (5, P ENENIR

Notice that only one portion of the first curve delineates an area, This

is (S ,P3, 2,S ). The remaining traces back and forth the segments

d _cd _cd _cd s
(P 2,P43,P54,P65,87). To correct such situations, the curve sets derived

for the differences are examined and the segments that delineate no area
are eliminated. Applying this step, the above curve set becomes

c
c - i(SZ’Ps’ 238 ) (52: 0: ,Sz)‘-

Figure 6.3 about here

7. The Bead Machine

The derivation of the union, intersection or a difference of two
conjoint domains can be precisely defined in terms of the mechanism
shown in Figure 7.1, We shall be calling it the Bead Machine and referring
to it as Mb. The name reflects the analogy that the points of the curves
under consideration are written on beads. This emphasizes the fact that
their bulk is significant and when they are pushed into some location, the
point (bead) already there is not lost but is pushed further up or down.
The beads are of different colors; the P beads are red, the S beads
are grey, the P beads are white and the P beads are black. Thus,
a bead depicts three variables, two that define the x and y coordinates

of a point and one defining a color.

Figure 7.1 about here
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Mb consists of a central processing unit (CU), and Rl and R2
which are two ring-like double-ended stacks, holding the point vectors (beads)
of the domains under consideration. Rol and RO2 are two registers in
CU. Hl and H2 are two linear stacks used for garbage disposal, and
W is again a linear stack functioning as an output buffer.

The indices of Rl, R2, Hl, H2 and W are il=l,...,n1,
12=1,...,n2, jl=1,...,m1, j2==1,...,m2 and k=1,...,v respectively,
The upper limits Nys Ny, My, My and v are variables and depend on the
specific pair of domains under consideration. Therefore R1, R2, HIl,

H2 and VW are of variable lengths and expandable. That is the CU

has the capability of increasing and decreasing the Qalues of the upper
limits and consequently of adding and subtracting cells from R1l, RZ, Hl,
H2 and W.

As we did with the algorithm, we shall divide Mb into three parts
to be referred as Mbl, sz and Mb3. Mbl expands the initial point
vectors, It starts with the vectors stored in Rl and R2Z and ends
with their expansions stored in the same stacks. Mb2 characterizes the
expansions. It is given the expansions, as derived by Mbl, stored in
Rl and R2 and stores the characterized expansions in the same stacks.
Mb3 is given the characterized expansions (stored in Rl and R2) and
threads the curve set for the union, the inFersection or one of the
differences. It stores the results in W, iWhich curve it derives de-
pends on the instructions given to it. After it derives the curve set
for one of the operations, it can proceed with the derivation of another,

b3

if the characterized expansions are re-entered in Rl and R2 and M

is given further instructiomns,.
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When the initial vectors or their characterized expansions are entered

in Rl and R2, their closing points are required to occupy locations Rll,
Rlnland R21, R2n2. In addition to ROl and R02, Rlnl,Rll, R12, R2n2, R2

2 and the whole !7 are directly accessible by CU.

1,.

R2

Formally, a Dead Machine Mb is a system (L,K,T7,6,Q,%), where L is
the hardware shown in Figure 7.1, K a set of computations, © a set of
transfers, G a set of colorings, Q a set of states and O a mapping of

Q*L into Q*K*G*T,

Specifically:
- §.1.
K= {k: (RO, RO,) & INT (Rlni, Rl RL,, R2n2, R2,, Rzz)}
- §. 1. s
T = {t: Rlil + R1i1+1 (11-1,..., n, (mod n1))
t2' R2., + R2 (i .=1 n, {mod n,))
PR, iFl 2T el 2
3, = L1- - - 1Y
t’: n) = n 1 Rlif_1 e Rlil (A =1,e00m = 1); RL, ¢ RO,
t4' = +1; R2 + RO
L B R o, 2
t5' Hl ¢ R1.; Rl, + RO,; m, =m, +1
' m, i 1 1’ 1
6 . . =
£ Hzmzq— Rzl, R211- ROZ’ m, m2+1
T k=wtl; W ¢ Rl 3o ==l e!
t = > k nl’ 1 1
8 2

t: k=ktl; W ¢ R2 ;n, =m0, - L; t

k 2



9 1
t = . = - .
Hlm1 + Rlnl, m m14-1, n o= n, 1; ¢
th: HZ2 +R2 ;m,=m,+1l;n, =n, ~ 1; t2
m, n, 2 2 2 2
tll: k=0; m, = 1; m, =1
t12: g=k }
- 2 -
G = {c R11£P,C:R2149P,
3
C:R11£P,04:R2£P,
-— 1 -
cS:Rllﬁs , b R21¢ES}

= {qo’ql (i=1:°"9)’qf}

O
|

In G, the symbol € indicates that the bead in the left hand side location
is colored as the right hand side indicates, where P is black, P is

white and S is grey.

The mappings constitute Mb's program, so to speak, $0(a) = (b} means
given (a), where (a) a state and a set of relations over the content of CU's
registers, do (b), where (b) is a change of state and (possibly empty) set
of computations, coloring and/or transfers. For the relations of the registers
we use three types of equivalence symbols and their negations; =(and #) re-
fers to the coordinates of the points; =(and #) refers to the colors; and
=(and %) refers to both the colors and the coordinates. We shall separately
list and shortly discuss the mappings of the three parts of Mb {that is of

bl _ b2

b
M, M and M 3). The index in the parentheses (far right) indicates how

they can be put together.
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bl
For M the mapping & 1is as follows:

8 @ Rz =R} = @) M

6 @°, {(R1_~®2_ #PB)V RL > R, D)V

1 2 1

(RL = 2, PV @R, TR F D) = @®,t%) (2)
b % w2 ¢ w2y - @ kb @)
6 @', {ro, = R0, = 8}) = @°,t)) @)
5 @, fro, # 21D = @) | )
5 (qF, froy = RL D = %, (6)
5 @2, {ro, # R2.1) = @°,t%,¢%) ™
6 @2, Iro, = r2y b = @°,e%,e5,eh) (8)
5 (o {Rlnl# R D = (¢%,¢%) (9
5 (o2, {Rlnl ~r1, = 7)) = qfed et (10)
6 (g, iRlnl ~ 1, = 2D = (¢°,th,eth an

bl . . . .
Yhen M starts, the point vectors of the domains under comnsideration

are in normal forms and already stored in Rl and R2, with their closing

1 1 2
b1

M is q0 and its final states are q4 and q5. At qo, Mb1 applies

points in Rll, Rln and R2 R2n respectively. The initial state of

1 . .
k™ which computes the points of intersection (when they exist) or

characterizes the tanment points (map, 3). The results are stored in
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ROl and RO2 and Mb1 goes to states q1 and q2 which check and
properly inserts them in R1 and R2 (map. 4-8). Then it returns to
qo which proceeds with the next pair of segments. Before doing so,
it checks if the segments under consideration have a common § point, in
which case it skips this pair and takes the next (map. 2). Mapping 1
checks if R2 has completed a cycle, in which case it goes to state q3
and moves the beads in R1 down by one position (map. 9), unless RI
has also completed a cycle. In the latter case the process is completed
and Mbl goes to either one of its final states. It goes to q4 if the

closing point in Rl1 is P (map. 10) or it goes to q5 if it is P

(map, 11).
b2 . .
For M the mapping o 1is as follows:
4 _= 6
5 (a", Ry, = R AR2, = FD = @%L,ed) (12)
5 (qf, {RL, > R1, AR2, = P })= (q'c!.¢2 (13)
q » 12 1 1 i qt,t7)
1
6 (q4: iRll = P}) = (q4’C ,tl) (14)
5 (¢, (R, =5 VR =D = (¢%,¢”,th) (15)
6 (ql‘) = (q4,t1) (16)
6 @, IRy, = Rl AR2) = D) = (¢%l,ed) )
6 @, Ry, ~ Ry AR, =2 D) = (4, (18)
b (@, fr1, = B = (@,,th (19)
8 (@, frL =5V Ry =P = (a*,%,eh (20)
J (qs) = (qs,tl) (21)

b @, Rz~ 2 D) = (@0 (22)




of two sections; the first (map, 12-21) characterizes the points in Rl

and the second (map. 22-29) in R2.
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o
~~
£
-
=]
N
Il

1 P}) = (q6,02,t2)

sV R2 = B = (q’,cb,e2)

o
~~
-1
-
it
X}
1]

& (q6, {otherwise}) = (qs,tz)

6 (@, R, ~ r2,}) = (g%

P} = (q,c%,¢2y

5 (q’, iRzl

- 6
6 @', fR2; =5 v R = B = (g8, R

6 (q7, {otherwise}) = (qg,tz)

b2

M characterizes the points in each of the curves,

(The missing mappings30-34 are described in section 8.)

8
&

Cr

Cn

For Mb3, the mapping & 1is as follows:
9
(qu’{‘) = (<instruction>, qll,t ,tlo,tll

(qll, {RO1 = RO, = ¢}) = (qf)

)

11 10
@, {rR1_ Rl mR2 ~R2) D) = (¢!
1 2 ;
@, {Ro, =0ARL =sAgRL = P) V (RO
? 1 n, 1~ = 1
SARL =B) = @,07,612)
@', {Ro, =0ARL =F A Rl, = S) V (RO
* 1 ny 1 1
PARL =5)}) = (q13,6%,¢7,c12)

= 1

@, {0, =0ARL =FARL =B v (o
1 n1 1 1

EARL =B = (¢f,9)

1ARL
n

1 ARl
n

1 ARL
n

The final state of sz

i}

It consists

is ¢

10

2»n

(24)

(25)

(26)

27

(28)

(29)

(35»
(36)

(37)

(38)

(39)

(40)



11 - -
@, {(ro, =0 A RZ, S5 ARL =BV (O
1 1
ARz = DD = @, e
11 -
=0 A = =
, {ro, = 0 R2n2 P AR =S)V (RO,
Arzy = )b = @208,
11 _ =
a ", {(RO2 =0 A R2n2 =P A R21 = Pp) V (R02
ARz, = DD = (e
(qll, {otherwise}) = ( ll,tl,tz)
12 - 11 8
: iRznz_ b = @)
12 o121
(a”, {Rznza*wg NRZ ¥ Rlnlb = (g ,t)
12 - .13 .8 9
(qa -, {Ranﬁ‘Wg A R2n2 Rlnll) = (q,t°,t))
1
@, iRlnl¥ sh = @t
B ke =sh = @
|
11
“om ~w b = @)
1 g
14 1y L 16 .2
(@, imnle* Wy A R1n1=f Rznzl) (@ ,t")
14 ~ oo _ .15 7 10
C !Rlnl# Wy A RL, Rznzb = (q .t ,t)
8
@, §R2n2¥ sh = @*,t%
@, k2. =sh = @
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= 1 A R2
n

1 AR2
n

1A R2
n

2

it}

Id

m

b

=8

(41)

(42)

(43)

(44)

(45)

(46)

£47)

(48)

(49)

(50)

(51)

(52}

(53}

(54
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1
The initial state of Mb3 is qlo. At q 0, instructions with

respect to which curve set is desired should be given (map. 35). ‘the
instructions are stored in RO1 and R02, in binary form. The instruc-
tlons are of the form 00 for the union , 11 for the intersection 01
and 10 for the differences. See Figure 6.1. Mb3 then goes to state

qll. At qll, it picks an appropriate starting point B as defined by

15
the instructions and goes to state q13 or q , depending on whether

B is in Rl or in R2 (map. 38-42). At states q13 and qls it
threads all the P (5 or P) points up to the next S. At each S it
zoes to q14 or q12 to check if S B (map. 48-50 and 43-45). For this
check it compares the newly encountered § with the content of Wg,
where B 1is stored. If the check is negative, it goes to state q13
or q15 and proceeds up to the next §. If the test is positive, it has
completed the threading of one curve of the curve set and goes to state
q11 ready to search for the next curve. If Rl and R2 are empty
(map. 37), the whole curve set has been derived, and it goes to qlo
for further instructions. Tf no more instructions are given and RO1 =
RO2 = @, the job is done and Mb_ Boes to its final state qf (map. 36).
We have made the assumption that the point vectors of the domains
under consideration, when initially entered into Rl and R2, are in
normal forms. As already pointed out, in some problem areas, such an
assumption is not realistic or practical, In these cases, the point
vectors can be normalized by the use of the normalizer Mbo, which is
described in Appendix II. Also, in Appendix I, we give the precise

definition of the function INT which constitutes kl and which is

extensively utilized by Mbl. Finally, the curve segments for the
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differences of irregular curves with tangent segments, as derived by Mb

may contain portions which trace back and forth a sequence of segments
bl b2

and delineate no area. M or M or Mb3 can be expanded to provide

for the direct elimination of such cases. Alternatively, an a posteriori

test applied to the difference curves only may eliminate the redundant
points. TFor conciseness, we omit this editing operation and our develop-

ment assumes the latter method of eliminating the redundant peints.

b
8. M for Disjoint and Subjoint Domains

Mb, as defined in section 7, is not quite general. It does not

. .b
work if two domains are not conjoint. To generalize M , the mappings
21 and 26 will be changed and five new mappings will be added to sz,

as follows:

5 @, kg, ~ r2 b = @ttt

5 (q, fr2, >~ r2,}) = %, th,eh)

5 (qF, iRln;‘ R 1) = @29

6@ 1, # wy AR F D - @",th
6 @, {mn;f R, ARL, = s}) = Q@ »th
5 @, {R1n1=- rL 1) = @)

8 (qg, {Rln;f Rlll) = (qg,tl)

€39

(26)

(30)

(31)

(32)

(33)

(34)

b2 10 8
Now, by mapping 21 and 26, M does not go directly to q , but to q .

At q8 (map. 30-32), it checks if an S point has been depicted. If not,

it goes to q20. If yes, it goes to q9 where it resets R1 and then
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goes to q10 (map. 33-34). If an S point is found, the domains are
conjoint and q10 is the initial state of Mb3, which is as before.

If an 8 point is not found, the curves do not intersect and, given that
they are not coincident, they are disjoint, if the closing points of both
are P (outer), or subjoint, if at least one of the closing points is P
(inner). 1In such cases Mb2 goes to q20 which is the initial state of
Mbh, the new part we shall add to Mb. Qur assumption that the two domains
are not coincident is based on our earlier assumption that the point vectors
were given in normal forms., TFor coincident pairs of domains no normal forms

are derivable., If a normalizer is used before the main parts of Mb, it

depicts the coincident pairs, as discussed in Appendix II.

% = (H,K,T,6,Q,8) where H as before, K and G are empty.
T = et “RL (G;=1 n) ;5 k = k+n
: k+i1 i]_ 1 syt 1
e W, e Ry =1 ) : k=k+n
. k+12 i 12 = ,...,n2 . - 2
2
e “RL; = (i = 1) 5 k = kin
: k+n1+1-i1 i =@y =500, 5 k= L
24 . o
t: wk+n2+1-i;R212 (i, = ny5.0.,1) & k = k+n2}
20 21 22 f
Q= 1a",q¢" " ,q¢",q"}
and the mapping 6
20
6 (@ ,) = (< instruction > qu,tll) (55)
8 @21, fRo, = RO, = @}) = (F
(@ ", 1RO, = RO, = @}) = (q) (56)

21 -
8G@",{(Ro; =0 ARL =R)V (RO, = 1A RO, = 1 ARL =B)}) -

22,t21

(q ) (57



21
6 (¢, {ro; = 1 AR
21
§ (¢, {RO, = 1A RO,
5 (@2, {(rRo, = 0 A R2
20 2
(g »t 2)

n

b (2, {(ro,

5 (22, tro, = 1 A RO,

The transfers of Mb4

W, as they are or in reverse order.

tions with respect to which
and stored in RO1 and RO2
ROl, RO2 and the colors of
to the table in Figure 2.4.

b4

g, M is done

=
=
]

9, Discontinuous Domains

Qur discussion to this

curves. 1In this section we

discontinuous domains, that is, domains delineated by more than om

A
1 RZl

= v = =

P) (R02 1/\R01 1A1121

=P)V (RO, =0 ARZ = ) =
-3 20 24

=0 AR =B = (¢ ,t°)

simply move the content of Rl

20’ Mb4

At q as
curve set is desired.
as before.

the closing points, Mph

Mb3

3

22 (58)
(59)
»h =
(60}
20 (61)
(62)

or R2 into

accepts instruc-

Each instruction is coded
Then depending on the content of

proceeds according

When no further instructions are given and

and goes to its final state

f
q.

point referred to domains delineated by single

outline how the algorithm may be applied to

The presentation is informal.

The Bead Machine operates upon two curves at a time,

to pairs of discontinuous domains if their curves are properly paired.

b
M

general each and all curves

e curve.

It is applicable

goes through multiple cycles, each time operating on a single pair.

Then

in

of the one domain should be paired and operated
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upon with each and all curves of the other domain. The pairing sequence
should be in accordance with the hierarchical structure of the domains.

A domain's hierarchical structure can be represented by properly
relating the curves of the domain with union and/or intersection operators.
For example, the domains D1 (Figure 9.1 (a)) and D3 (Figure 9.2 (a):

can he written as

1 C11 A C12

ol - ¢ 4 3.3 n U By u oty o

YU €2 ne ana 0% = 20 cc

The above are referred as relational expressions and are used to denote

the hierarchical order of domains.

Figure 9.1 about here . Figure 9,2 about here

Notice that the relational expressions of domains D2 (Figure 9.1 (b))
2 _ C21 4 45

and D4 (Figure 9.2 (b)) are D and D = C ~, Since the inner space
delineated by the curves 022, C23 and 024 are subjoint to the inner space
delineated by 021, the latter suffices for the representation of D2. Similarly,
045 suffices for the representation of D4 since 041, C42, 043 and C44

are redundant. In such cases we say that a domain's curve set ig inconsistent,

When there is no redundancy among the curves delineating a domain, the curve
set is consistent; for example, D1 and D2 above, A domain's curve set
should be consistent; if not'it should be simplified as we did for D2 and
D4 above. Procedures can be defined which, by distinguishing and depicting
the levels at which a domain's curves lie, can check their consistency and
derive their relational expressions. They will not be discussed in this

paper.
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To derive the union, intersection or difference of two discontinuous
domains, we first derive the order of their curve sets and their relatiomal
expressions., In doing this ﬁe also check for their consistency. We then
join their expressions with the appropriate operator J,MN or -) and apply a
sequence of transformations, permissible by the set theoretic laws. Cur
task is to properly mix the curves of the domains and separate the unions from
the intersections. If we are deriving the union of two discontinuocus domains,
then we are looking for an expre531on of the form (Cal U ij)ﬂ(cal lJ” l)
where Cai and CbJ form different domains. If the intersection, for
an expression of the form (Cai N ij)U(Cai‘ n ij'). For the differences
we apply the set theoretic definition of the difference (A-B = ANB) and

execute them as intersectioms.

Figure 9.3 about here

For example, assume we are given the domains shown in Figure 9.3.

That is

Da _ {Cal’CaZ} _ (Cal a CaZ) and Db - {Cbl,cb2,cb3} = ((Cbl A Cbz)U c
where

Al - (Pal' Pil,Pgl,Pgl, ly and ¢** - (ggz ,Piz,sz,sz)

Cbl - (Egl ,P‘til’le,PI;l’P'zl’Egl) ; Cb2 - (232 ,P];_Z,PEZ,E%Z)

Cb3 - (233’ bZ]’t’PIES’ 83).

Then D2 U DY = €2l nc2¥) U (P n P u Py -

(Cal U Cbl U Cb3) n (Ca2 U Cbl U Cb3) n (Cal U Cb2 U Cb3) n (CaZ U Cb2 U Cb3)’



- 31 -

0 n p® = c®! n ¢?? APt n cb?y u 3y -

]

(cal n¢®2ngPln cbz) U (cal nc®n Cb3).

- - - N
a b Da n Db _ (Cal nCaz) N ((Cblu Cb2) C

(Cal n CaZ n Eblﬂ "c':'b3) U -(Cal n CaZ a EbZn Eb3)’

@?ncPln P U @%2u Pl n P2y u @2l 3y v

c a2 N Cb3).

The above expressions can be readily executed on the Bead Machine to
derive the curve sets they represent. We execute the operations within the
parentheses from left to right. Each pair of parentheses derives a curve
of the curve set,

In defining the difference operations, we have relied on the fact that
A-B = ANB where B is the complement of B, Our notation for the ordering
of curves is the same, that is, the negatively ordered curve C 1is the com-
plement of ¢ (positively ordered). This provides the basis for an al-

ternative derivation of the difference operations from that found in section 6,

10. CONCLUSION

Figure (10,1) illustrates how the same pair of curves can be equally
well approximated with a regular (10.1 (b)) and an irregular (10.1 (¢))

pair of point vectors.

Figure 10,1 about here

The derivation of the union, intersection and the differences is much
simpler for a regular conjunction than for irregular ones, Figure 10.1

suggests that an irregular pair might easily be transformed into a regular,
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by slightly incrementing the x and y values of the c-points which

cause the pair's irregularity. Since we expect the algorithm to be applied
in problem areas involving multiple operations, the small transformation
could easily accumulate a non-negligible error. Thus, we have chogsen to
develop it general enough to resolve regular as well as irregular con-
junctions.

The algorithm is efficient. Only the expansions of the curves require
computation, The characterization of points and their threading require
only transfers and testing. In the analysis of efficiency, transfers of
single variables can be ignored; only transfers involving all points of

2

1
one of the curves needs to be considered, e.g., transfers t and t .

More specifically, the operations required for normalized curves are:

QOperations: Transfers:
bl
M (nl- 1+8) (“2' 1+8) (nl- 1+8) (n2 1+8)
P2 (ny - 1+B)+(ny = 14B)
b3
M a(n1+n2+2b)

where o denotes the number of disjoint curves derived from the expansions and
denotes the number of S points added during the expansiom.

Operations increase geometrically with o, and Ty
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APPENDIX I:

A. Function INS

In general, two non-parallel lines, each defined by a pair of points,

intersect at

* 2 2.,11 11 1 1,.,22 22

X = Ggmx) (y,m%,51) = (x)~%,) (%7, -%0y))
1 1., 2 2 2 2.1 1
(y1~y2)(x2-x1) - (yl-yz)(xz-xl

* 1 1.,22 22 2 2,11 11

Y o= Oy ) (RyYpm%,¥7) = (7477,) (x),7%,5])

2 2 1.1 1 1,.,2 2
(xl-xz) (yl-yz) - (xl-xz)(yl-yZ)

These functions are used throughout and shall be called INO. For our

purposes

* 1.1 .2 2 * * % %
P + INO (Pl’Pz’Pl’PZ) where P = (x ,y ) or P =@ (if the lines are

parallel).

Function INS is as follows:

*

1.1 .2 2) _ P* _ (x*,y*) if P #¢ and

INS (B),P,,P],P,

1 % 1 1 = 1 1 *_ 1 1 * 1
(x1>x >X, OF X, <X <x2) and (y1>y >y, or y1<y <y2) and
* * 2 * *

(xi>x >x§ or xi(x <x2) and (y§>y >y§ or yi<y <y§);

*
P = @ otherwise.

B. Function INT

For the definition of INT we shall use function INO again, and

also the functions KPR and ORS which will be defined first,
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. 1.1 1 2 2 2
{ i) KPR (Pl’PZ’PB’Pl’PZ’PS) = (K’Tl’TZ) where XPR checks what
kind of a pair (Pi,Pé) and (Pi,Pg) are and
K¢ 1l, T, = T,+0 if it is a non-intersecting pair;

1 2

K+ 2, Tl TZPO if it is an intersecting pair;
K+ 3, if it is a tangent pair and

T.« 1, T,+ 0 if one sided tangency and P, the tangent point,

[

1 2

T.¢0, T

1 «1 if one sided tangency and P

the tangent point, and

NN

2

and Pi the tangent points.

N

T,+1, T

1 « 1 if two sided tangency and P

2

KPR's computations are as follows:

1.2 2
Pz).

* 1
P + 1INO (Pl’PZ’Pl’

*
Where if P ¢, then K¢1 and T, = T,¢0

1 2
* %k % *
if P = (x ,y ) and P = P; and P # Pg, then K3, Tl*l, T,+ 0;
* ® % * 2 * 1
if P =(x ,y) and P = P2 and P # Pz, then K¢3, T1=0, T2~‘- 1;
. * * % % 1 2
if P =(x,y) and P =P, =P then R« 3, T, ¢ 1, Ty« 1;

1

1 1 1 1 1 1
i % *
if (x1>x > X orx1<x <x2)and(y1>y*>y20ry1<y*<y2

[TCRE I

2 2 2 2 2
and (xi‘:x*)xz or xi( x* < x2) and (y1>y*t~y2 or y1<y*<y2)

and P* # Pé, P* # Pg, then K«-z,Tl«-T.Z«-o;
else K = 1, 'l‘1= T2= 0.
{(ii) ORS (PO’PI’PZ’PB’PA) = (c-l’CZ) where ORS orders the segments

1 2 3 & _
1" = (PyPp)s L = (BysBy)s I = (BysPy) and L (B,»B,) and then

depicts the colors (cl,cz) of PO. ¢y is the color of PO in

(PI’PO’PZ) and cy the color of PO in (P3,P0, P4)° Each ¢ can be
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5 or P or P or P,
To order the segments, ORS first figures out the cycle quadrant
at which each segment lies. The center of the cycle is at P0 and

g, the index of its quadrants is as in Figure I.1, Then

je 1 i <x. A : je i A :
g if xo__xj y0<yj, g-+2 if x0>x-__I y0_<__yj,

j+—3 if >x. N : Je i A
g i xo_xj yo>yj, g ¢4 if xo<xj yo_>_yj.

The segments are ordered according to the numeric values of their g's,

where 4 is followed by 1. For equal g's, the segments are ordered

3

according to their slopes., That is if, say, gl = g~, then

1701 =) /ey = x5 5% (yy -y )/ (xq = x)

and L1-<L3 if (sl< Sq and gl=g3=1 or 3) or (sl>s3 and g1=g3=2 or 4);

Ll>.'L3 if (sl>53 and gl=g3=1 or 3) or (Sl< 55 and g1=g3=2 or 4);

=g, and g1=g3=1, 2, 3 or 4.

L~ if 313

The signs <,>, and ® mean proceeds, follows and coincides respectively,

and L1> L3 = L3<Ll. For example, the segments in Figure 1.2 will be
ordered as L2<L3<L1<L4 since g2=1, g3=g1=3, g4=4 and s3< 8-
Figure I.l about here Figure I,2 about here

We shall simplify the notation L2-<L3<L]'<L4 by eliminating the

L's and writing their subscript indicators only. 'e shall alsoc request

that L1 (now simply 1) is listed first and also last; the latter to
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.1 A . R 2 .3 1.4
indicate the ordering's circularity. Then L"<L7 <L <L will be written

as 1<4<2<3<1, Then

c,=¢c,+ S if 1<3<2<4<]1 or 1<4<2<3<];

1 2

c,*P and czei if 1<3<4<2<1 or 1<3<4m 2<1 or 1® 3<4<2<1;
clkF and c,¢P if 1< 2<4<3<1 or 1<2<4<3% 1 or 1<2% 4<3<1;
c 7, v R if 1<2<3<4<1 or 1<2<3<4% 1 or 1<2% 3<4<]
Cfmzeﬁ if 1<4<3<2<1 or L1<4<3% 2<1 or 1¥ 4<3<2<1
c =e, ¢ B if 1R 3<2% 4<] or 1™ 4<2 ®3<],

As before, S is the color for an intersection point, P the color of

an inner P and P the color for an outer P.
We can now define INC as follows

1.1 1.2 2 2. _
P_,P_,P P2,P3) = (P, cys c2) where

INT (Pl’ 2’ 39 13

s 1.1.1 2 2 2
P+ @, cl=c2'-¢ if KPR (PI’PZ’P P PZ’P3) = (1,0,0)

3°F1
Pe P = (x,y), c;7¢,# S 1f KBR 2,232}, 22,72, 8)) = (2,0,0)
pe By, (c;,c,)+ ORS (P;,Pi,P;,Pi,Pg) if KPR (Pi,P;,P;,Pi,Pi,Pg) = (3,1,0)
P Pz, (cyscy) + ORS (Pé,P}_,P;’,le,Pg) if KPR (pi,pé,%,rﬁ,ri,pﬁ) - (3,0,1)
pe P;', (cq»¢,) + ORS (Pé,Pi,Pi,Pi Pg) if KPR (Pi,P;,P;,Pi,Pi,Pg) = (3,1,1)

Notice that when we outlined INT (Section 4) we used a slightly different
notation for the function's outcome. The two notations are equivalent, For example,

S, . . . 1_p2 e =
(PS ,P”) is equivalent with (P,cl,cz) where P=P2—P2 and cl—cz-—S.
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APPENDIX II:

The Normalizer Mbo

The normalizer M°° is the system (L,K,T,G,Q,5) where [ as before,

x = (k%1 Ro.+ PN (RL ,R2_ ,R2
2 n n 1
1 2
°%: RO MDP (R1_,R1L.)
1 ny 1
k03 - 0 1 0,,R2 2 2
: RONIN (RO,,RL,,R 95 nZ,R 1282,)
k0%, RO+CEY (RL_ )]
n
1
T = itl, t2, t3, t , t as before and
t01 RO +R2.; RZ, +R2 (i,=1 n,-1); n, = n,~1
2 1’ '2 i24-1 2 Tttty * 2 2
02 .
t Rlil4_1+'R111(11—1,...,n1(mod nl))}
G = {cl, c3 as beforel

00 01 02 03 04 05 .06 .07 Of gr¢
Q = {q lq 9q :q ’q q !q :q :q :q }

»

and § the following mapping:

8 (0,0 h = (el 2,100 1
5 "%, (o, = 1} = @%2,ch) @)
5 %, lro, = 0/\R2n2#R21}) = (¢"1,+2 0L, (3)
6 (qol, {Ro2 = 0AR2_ =R21}) = 22,19, 3. (&)

2
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03 02,t3

5 (g%, {Rlnl - r b = @, %) (5)
@tz = myb - @, e2,%h) ©
5 (2, fre_#R2 D = ¢*%,ch) @
5 (>, tra, = Ry = @5 (8)
6 o, tr2y = w2y - @2 9)
5 (0, ikzn; 2, D) = (2.t | (10)
5 (%, fro, = 1) = (2,0, eh an
5 (&, {ro, = OnR2, # re by = (4,200 | (12)
5 (&, Iro, = OARZ, - r2,}) = (2% &%, 3, eh (13)
6 (¢ Ry, # R D - (g th (14)
8 (L, iR1n1= R, D) = 2%, (15)
5 (8, IR laé RLD = (gt (16)
5 (L8, iR1n1= RL}) = (7,0 0% an
5 (7, treyt w0, = (7,62 %) (18)
b °7, IRz = RO, ARO, = O}) = °F,c3,:%2,c3,¢h (19)
6 %7, {R2,=R0, ARO,=1}) = @®f, et %% el (20)

The function FPON (PO,Pi,P;) checks if the point P0 liea on the

segment (Pi,P;). It value is 1 for yes, and O for no. More precisely
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+C1)/(-Bl) and (xll'Sxog_x; or xigxogx;)

0.1 .1

PON (P ’Pl’PZ) =1 4if yo = (Alx0

1 1 0 1
and (77<5%<y; or yixy'ayh

= 0 otherwise,

1 1

Alx-Bly-Cl=0 is the equation of (Pi,P;) and (xo,yo) = PO, (xi,yl) 1

1

1 1
and (xz,yz) = PZ'

The function MDP (Pl’PZ) calculates the midpoint of the segment

(Pl’P2)' That is

MDP (Pl’PZ) = Pm = (xm,ym) where x = (xli-xz)/Z and y, = (y1+-y2)/2.

. 1.1.2 2 2 . 2 2
The function NIN (R’PI’PZ’PI’PZ’P3) checks if the segment (PI’PZ)

. . 1.1 . 1
intersects the line defined by (PI’PZ) at a point before Pl. If yes

and R=l, or no and R=0, the output is 0. If no and R=l, or ves and

R=0, the output is 1. Pg is needed in case Pg is a tangent point,

The function CPY (P) simply copies P, That is CPY (P) = P.

Mbo normalizes the point vector in R1. TIts first part (map. 2-4)
checks if the given closing point is unique (if it is not a point of the
other curve also), If it is not, it picks the next point in the R1
vector (map, 2), resets R2 (map. 6,7) and proceeds to check if this point
is unique. It repeats the process till it depicts some unique point in
Rl., If Rl completes a cycle and no unique point is found (map. 5), Mbo
goes to state q03 and starts creating points by taking the midpoints of
the segments in Rl., It creates one point per segment and applies
tests as before (map. 12, 13), till some of the created points aré found
unique. Mbo will not find a unique point if the curves are coincident.

In such a case it goes to quf, the final state for failure and exits,
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MPO will also fail to depict a unique point in few extreme cases like
the one shown in Figure II.1. Surely its definition can be made stricter
by pikcing more points on each segment., It was thought unnecessary since

such cases are very unlikely to occur.

Figure II.1 about here

Whenever a unique point is depicted, Mbo goes to state q05 and
0
then q 6 where it resets the vectors in Rl and R2, so that their
closing points occupy locations Rln s Rll’ Rzn and R2l (map. 14-17)

1 2
07 07 .
and goes to state q . At gq , 1t checks how many segments of RZ are

intersected by the line defined by the closing points in Rl and R2

(now stored in R02) at a point before the closing point of R1l, If it is

an odd number (when R01=1), the closing point in Rl is an inner point;

it is outer if the number of jntersections is even (when R01=0) (map. 18-20

The final state for success is qu.
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