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ABSTRACT

A generalization of the notion of a set of directions conjugate to
a matrix is shown to lead to a variety of finitely terminating iteratioms
for solving systems of linear equations. The errors in the iterates are
characterized in terms of projectors comstructable from the conjugate
directions. The natural relations of the algorithms to well known matrix
decompositions are pointed out. Some of the algorithms can be used to

solve linear least squares problems.



1. Imtroduction

The purpose of this paper is to describe a general class of algorithms

for solving the equation
(1.1) Ax = b,

where A is a nonsingular matrix of order n and x and b are n-vectors. The
algorithms improve an approximate solution x, by stepping along a set of
"conjugate' directions U, Uy,...,u in such a way that the n-th vector so
produced is the solution of (1.1). We shall show that with a suitable
definition of conjugacy many well known methods, and some less well known
ones, can be derived as special cases of our general algorithm.

The prototype for the class of conjugate direction algorithms was
described by Fox, Huskey, and Wilkinson [l]. They take A to be Hermitian
and define the linearly independent vectors Uy, Upyeeesl o be A-conjugate

if
143§ = quuj =0 .

Equivalently if U = (ul,uz,...,un), then Uys Uyseee,u are A-conjugate
if UHAU is diagonal (and of course nonsingular). Starting with Xgs 8
solution X of (1.1) may be constructed hy the following algorithm

1) For k = 1,2,...,n

1) b - Ax, 4

Tk-1 "
t.2) 2wy =l
TR Tl SR g




It should be noted that the division in statement 1.2 of (1.2) can always
be carried out, since uchAuk is the k-th diagonal entry of UTAU, which is
diagonal and nonsingular, |

The above algorithm would be useless without a method for generating
conjugate directions. Fox, Huskey, and Wilkinson show how a set of con-
jugate directions can be constructed recursively as linear combinations
of the unit vectors €15€y5005€ 0 At each step the conjugation algorithm
requires no more work than the solution of a triangular system, and the
algorithm as a whole is therefore not an unreasonable method for solving
linear systems.

The same algorithm was rediscovered, aparently independently, by
Hestenes and Stiefel [3]. They showed that the conjugation algorithm
could be regarded as a variant of Gaussian elimination on the matrix A.
Moreover, they pointed out that the set of directions generated by the
conjugate gradient algorithm is A-conjugate, thus exhibiting the method of
conjugate gradients as a special conjugate direction algorithm.

In 1955 Householder [4] described a class of iterations which he called
orthogonalization methods. Like the original method of conjugate directiomns,
an orthogonaization method steps along a set of specially generated directions
until after a finite number of steps,a solution is reached. However, A need
not be Hermitian and the directions are not A-conjugate. The algorithm that
generates the directions again involves only the solution of triangular systems.
An important feature of the method is that is can be used to solve linear
least squares problems (cf. the comments at the end of §2 below).

All of these algorithms are closely related to standard factorizations

and reductions of matrices. As was mentioned above, Hestenes and Stiefel



have pointed out the relation between their conjugation algorithm and Gaussian
elimination, so that the method can be regarded as connected with the LU
factorization of A into the product of a lower and an upper triangular

matrix. Householder has related a special case of his method to the QR
factorization of A into the product of a unitary matrix and an upper tri-
angular matrix. Finally the method of conjugate gradients can be regarded

as a variant of the Lanczos biorthogonalization algorithm [6] (for the

exact connection see [5, p. 139) or §3.5 below).

This paper 1s divided into two parts. In §2 the notion of an A-
conjugate pair is introduced and a terminating iteration for scolving the
system (l1.1) is described. A theory of conjugate projectors 1s developed
and used to characterize the errors in the successive approximate solutions.
Section 3 is devoted to the description of a general conjugation algorithm
and its consequences. In particular it is shown that different choices
of the parameters in the algorithm lead to various methods, some well known,
for solving linear systems, and that these methods are closely related to
well known matrix factorizationms,

Ideally the paper should end with a section detailing the author's
extensive numerical experience with these algorithms. But the number of
conjugate direction algorithms 1is quite literally infinite, and the choice
of any single algorithm will probably be indicated by its suitability for
the problem at hand. It is hoped that this paper will encourage independent

workers to experiment with specific algorithms in various applications.



Another gap in the paper is the absence of a discussion of the application
of conjugate direction methods to the solution of nonlinear equations of the

form
f(x) =0

where f: Cn - Cn. This may be done by identifying the value f(xk) with the
residual Iy and the derivative Fx with the matrix -A. In some of the con-
jugate direction schemes all that is required of A is that one be able to
evaluate Ap for any vector p. In solving nonlinear equations this value

may be approximated by

f(x + op) - £(x)
a

for some suitable value of o, which circumvents the need of calculating

Fx explicitly. We shall not persue this line here; however, those who do
may find the theory of §2 useful in constructing local convergence proofs.

Throughout the paper we shall use Householder's notational conventions.

In addition Q:n will denote complex n space, and {:mxn the set of mxn
matrices. The column space of A will be denoted by R{A) and the null

space by 1(A). Given any matrix A, the matrices AE, Alk, AE, and Akl

will denote the submatrices consisting of respectively the first k rows,

the first k columns, the last k rows, and the last k columns of A. Thus

Alk is the leading principal submatrix of A of order k.



2, Conjugacy

The proof that the vector X generated by (1.2) is a solution of (1.1)
consists of verifying inductively that the k-th residual LN is orthogonal
to Upslosenaslly . Since U is nonsingular, r  must be the null vector;
i.e. b-4A&x =0,

n
The point to be mnoted is that the vectors u.,u,,...,u  serve two
1’72 n
purposes: first they provide directions along which the approximate
solutions x, are to be altered, and second they delineate the subspaces
in which the residuals T, are forced to lie., The essential part of our
generalization of the notion of conjugacy is to provide a second set of

vectors to serve the second purpose.

Definition 2.1. Let A, U, V ¢ (:Ipq‘be nousingular. Then (U,V)

is an A-conjugate pair if
L = viay

is lower triangular.

The generalized algorithm for solving (1.1) is a slight variant of

(1.2).

Algorithm 2.2, Let A, U, Ve C ™™ be nonsingular with U =

(ul,uz,...,un) and V = (vl,vz,...,vn) forming an A-conjugate pair.

Let b, Xy € Cn.

1) For k = 1,2,...,n

1) Ty = b - Axk—l

_H H
2 vy = VT Ay

3) K ¥ oHgYy




Again it should be noted that the algorithm can always be carried to
completion; for the denominator vEAuk in statement 1.2 1s the k-th diagonal
of the lower triangular matrix L and must be nonzero since L is non-

singular. The last vector X produced by the algorithm is the solution

of (1.1).

Theorem 2.3. In Algorithm 2.2

This theorem can be proved in three ways, each of which has advantages.
The simplest way is to show inductively that L is orthogonal to
VisVosesesVys which implies that r, = 0.

A second proof may be had by regarding A as a linear transformation
of q: % into Q:Il. If the domain of A is equiped with the basis formed
from the columns of U and the range with the basis formed from the columns
of V-H, then the matrix representing the transformation A is the lower
t?iangular matrix L. Moreover, in this coordinate system, Algorithm 2.2
becomes nothing more than the usual recursive algorithm for solving
Ly = VHb.

The third proof follows from a detailed investigation of the errors

in the L which we now give. Let

ek =X - Xk.
Then
o e
vH
ce .-k Kk-1
k-1 H



Now

k-1 k-1'
Hence
e = (I =Pl
where
H
v, A
(2.1) P, = ukH k
vauk
and generally
(2.2) e = (1 - Pk)(I - Pk-l)"'(I - Pl)eo.

Thus the problem of characterizing ey becomes one of characterizing the
matrix (I - Pk)(I - Pk_l)...(I - Pl).

It is easily verified that

i.e., Pk is a projector. In fact from (2.1) it is seen that Pk is the
rank one projector onto the space spamnned by Uy along the orthogonal
complement of the space spanned by AHvk. Moreover, by the A-~conjugacy

of U and V, we have
1<k = viauw =0
i TV
It follows that

(2.3) icx< k—-=>PiPk-0.



It turns out that the property (2.3) is sufficient to enable us to describe
(I - Pk)(I - Pk_l)...(I - Pl) regardless of the dimensionality of the

projectors Pi' Thus we make the following definition.

Definition 2.4, Let P .. be a sequence of projectors. Then

1°72°"

Pl’PZ"" are conjugate projectors if

1<k =% PiPk = 0,
The following lemma is an immediate consequence of Definition 2.4,

Lemma 2.5. Let P_,P

1sFgsees be conjugate projectors. Then

(2.4) i<k Pi(I - Pk)(I -P AT - P)) =0.

)

Proof. By conjugacy, we have for i < j,

(2.5) Pi(I - Pj) =P - Pin =P

and since Pi is a projector,

(2.6) P(I-P,)=P, -P>=P -P, =0
* i i 1 i i i '

Together (2.5) and (2.6) imply (2.4).

Theorem 2.6. Let Pl’PZ"" be conjugate projectors. Then

~

(I - Pk)(I - Pk_l)...(I - Pl) =I-P,

k k
where P, is the projector onto P R () along N ne).
k 1=1 1 =1 1



Proof. The theorem is trivial for k = 1, Assume 1ts truth for

Pl’PZ""’Pk-l and let Qk = (I - Pk) (I - oo (I - Pl). Now from Lemma

Pk—l)
2.5 it follows that

i<k =9 (I-P)Q =0Qq,
and hence that 61( = 61%, i.e. 6k is a projector.

The column space of E)k is given by
r (Q) = {x : Qx = x}.
Let Ezkx = X. Then by Lemma 2.5

P.x = Piékx =0, (i=1,2,...,k).

i
k k
Hence x ¢ N N (Pi). On the other hand if x ¢ n (Pi)’ then it is
i=l i=1
~ - - k
easily verified Q, x = Q x. This shows that R(Q ) =N n {(P.}).
KW K K ga 1
H _H H
Since the sequence Pk’Pk-l""’Pl 1s conjugate it follows that

- k n
" (QH) = NN (PH). But N N (PH) is the orthogonal complement of
T 1=1 k

k

Z R (Pi)' Now any projector P is the projector onto R(P) along the
i=1

orthogonal complement of R(PT). Hence Qk is the projector onto

k

k - -
N N (P;) along T R (P;). The complementary projector P =1-q
i=1 i=1

k k
is therefore the projector onto Z R (Pi) along N N (Pi)'
i=1 i=1
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We must still justify the use of the direct sum in the characterization

of 7((Pk). By the induction hypothesis, it is sufficient to show that

'R_(Pk) n ﬂ(Pk_l) ={0}. Now from the conjugacy conditions it follows

that Q_,P, = P, or P, P, = 0. Hence if Px =x (x e R () and

Ek-lx =x (X ¢ ’{-(Ek—l)) then

x =P 1¥ = P 4Py

Returning to the characterization (2.2) of e, we obtain the following

result as a consequence of Theorem 2.6.

Theorem 2.7, In Algorithm 2.2, the errors e = X - x, are given by

ek = (I = Pk)eor

where Pk is the projector onto f{(U‘k) along 73(Un-k\) (or equivently

along the orthogonal complement of ’Z(AHV\k)).

Proof. It follows immediately from theorem 2.6 and the form of the
projectors P, that Ek is the projector onto ?Q (U‘k) along the orthogonal
complement of R (AHV‘k). By the conjugacy of (U,V), the orthogonal com-
plement of 72 (AHV\k) is ft(Un-kl), which establishes the theorem.

Since in = I, it follows that e, = 0, which proves Theorem 2.3.

The projector Pk can be represented as follows. Let W = U-l. Then

it is easy to verify that

QR § .
P, =U" W
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and

I- f>k - U“'k‘w&i.

Since the residual vector Ty is simply Aek, we have

_ -o.=1
r, = (I - APkA )ro.

The matrix I - APkA_l is a projector. In fact, we have the following

easy corollary of Theorem 2.7.

Corollary 2.8, The residuals in Algorithm 2.2 are given by
Tk = % oo

~ 1
where Qk is the projector onto the orthogonal complement of (v k) along

the orthogonal complement of (AUlk).

We conclude this section with two extensions of the notion of conjugacy.

The linear least squares problem. Let A ¢ q; mxn’ ve C an’

and U e nxn, where m > n. Then (U,V) will be said to be A-conjugate

n
if VHAU is nonsingular and lower triangular. If b e C o and X € ﬂ: ,

then Algorithm 2.2 may be applied to yield a sequence of vectors

Xy 5XgseeesX . The theory developed above applies to the errors and
residuals associated with these vectors. In particular, by Corollary 2.8
the associated residual vector T lies in the orthogonalrcomplement of

R (V). If V is chosen so that 7Q (V) = 7E(A), then r lies in the
orthogonal complement of the column space of A, which is sufficient

(see, e.g., [5, p. 8]) for X to be a solution of the linear least squares
problem of minimizing |[|b - Ax||, where ||-i| denotes the usual Euclidean

norm.
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Block conjugacy. Let A, U, V € C N e nonsingular, and let

U and V be partitioned in the forms

U= (Ulsuzs“ '9Ur) L]

vV = (Vlsvzs' .. ’Vr) ’

where

nxn,

U, Y, e C * od=1,2,...,0.

Then (U,V) is block A-comjugate if
— H —
i<ji = ViAUj = 0,

Given block A-conjugate U and V,an algorithm along the lines of

Algorithm 2.2 may be given as follows.

1 For k = 1,2,...,T

1) r =b - Ax

k-1 k-1
H -1 H
2) m = (VkAUk) Vkrk—l

L-E_ X =X q + Ukmk.

As was done above, it can be shown that

e, = (I-PJe 5, (k = 1,2,...,1),

where Pk is the projector

H. -1H
P, = U, (V,AU,) lva.



13

In fact Pl’PZ""’Pr 1s a sequence of conjugate projectors, and the above

theory applies. In particular e is the projection of e onto

0
Rw,,...,0)] along A [(UyqseeesU )],

3. Conjugation.

Algorithm 2.2 is of no practical value for solving the equation
Ax = b, unless an A-conjugate pair (U,V) can be found. In this section
we shall describe an algorithm for conjugating a set of linearly independent
vectors with respect to another set of vectors. By varying the choice
of the vectors to be conjugated and using the results in Algorithm 2.2,
one may obtain various finitely terminating iterations for solving linear
equations. Moreover, the conjugate palrs so obtained are related to
standard matrix decompositions.

The idea of the conjugation technique is simple. Given nonsingular
matrices V, A, and P, we attempt to determine w oas a linear combination
of PysPgse==sPy in such a way that U and V are A-conjugate. We shall call

this process the A-conjugation of P with respect to V.

To determine when conjugation can be carried out, note that the
process is equivalent to finding an upper triangular matrix, which we shall

denote by S-l, such that U = PS-l. The A-conjugacy of (U,V) requires that

H H

L = viay = vHapg~!

be lower triangular. In other words VHAP = LS must be factorizable into
the produce of a lower triangular matrix and an upper triangular matrix
(VBAP has an "LU factorization'"). Since V, A, and P are nonsingular, the

matrix 5 is uniquely determined up to the scaling of its rows (see [5, §1.4),



T4

which implies that U is uniquely determined up to the scaling of its columns.

We summarize these results in the following theorem.

Theorem 3.1. Let V, A, and P be nonsingular. Then a necessary and
sufficient condition that P can be A-conjugated with respect to V is that
VHAP have an LU factorization. In this case the conjugate vectors so
obtained are unique up to scaling.

A reasonably efficient conjugation algorithm may be derived as follows.

From the equation

it follows that

{3.1) = U]k—ls

Py kT %k

where

={g c ag )T
S 7 VWK Y2k Tt T k-1,k7

Now the conjugacy of U and V require that

(Vlk-l)H k-1 _ LHF—T

AU

be lower triangular and that

(Vlk_l)HAuk = 0.
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|k-1.H

Hence upon multiplying (3.1) by (V ) A, we obtain

(3.2) p le=1 5\ = (el Ey

Py

Thus 8, may be determined by solving the lower triangular system. The
vector u, may be determined from (3.1), where Ok # 0 is chosen to give

u, some predetermined scaling.

k
Algorithm 3.2, Let V, A, P e d: wan be nonsingular, and let

VHAP have an LU factorization. The following algorithm A-conjugates P
with respect te V, returning the conjugated vectors as the columns of

U= (ul,u

2,...,un)

1) | For k = 1,2,...,n
D s, Ll'é"-'l)-l (Vl.k-l)HApk
2) uw = c;i(pk - Ulk_lsk), O * 0.
| » Lo _ iy Byl

Of course when k = 1, statement 1.1 is skipped and uy is determined
as a scalar multiple of Py-

An important feature of the conjugation technique is that the vectors
Vi sVyyqsee sV, are mot needed to determine UysUpseee,Uye This means that
the choice of v, can be defered until after . has been computed, and thus can
be made to depend on Ugslgyeenstly .

We shall now consider some of the algorithms that may be obtained by
varying V and P in the conjugation algorithm. fach choice leads to a well-
known matrix decomposition and it is convenient to 1list the chioces by the

decompositions they determine.
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1. LU decompostion of A. There are two choices of V and P that lead

to the LU decomposition of A into the product of a lower triangular matrix
and an upper triangular matrix. The first choice is P = V = I. 1In this

case U = IS—l is upper triangular, and

L = VHAU = AU

is lower triangular. Hence
A=18

is the required decomposition. In this case the conjugation algorithm is
related to various methods for the triangular factorization of a matrix.

The second choice is P = I and V = U. Again U is upper triangular and
A= (s'L)s

is the required decomposition. When A is Hermitian, L = UHAU is also
Hermitian, and hence diagonal. This is the usual conjugate direction
algorithm, whose comnnection with the LU factorization of A has already

been pointed out by Hestenes and Stiefel [3].

2. LU decomposition of AHA. For this method take P = I and V = A.

Since VHAP = AﬁA is positive definite and always has an LU decomposition,
the conjugating algorithm can always be carried out for this choice of T
and U. The matrix U = 5-1 is upper triangular, and from the conjugacy

conditions

ala = 1s,

H
which exhibits an LU factorization of A A.



17

3. Orthogonalization methods and the QR decomposition, This class

of methods has been treated in detail by Householder [4]. Take P arbitrary

and V = AU. Since PHAHAP is positive definite, it can be written in the

form

pPatap = stg,

-1

where S is upper triangular [5, §1.4]. Hence with U = PS VHAP has an

LU decomposition and the conjugation algorithm can be carried out. Moreover
1 = s ipfalaps™t o Haay - viy,

so that the columns of V are orthonormal. In addition 7?(V) = 7t(A),
and the algorithm can be used to solve least squares problems, as was pointed
out in the §2.

If P = I, then
A =VS,

which exhibits the QR factorization of A into the product of a unitary
matrix and an upper triangular matrix. If the conjugation algorithm is
augmented to include the explicit calculation of V, then it becomes

essentially the modified Gram-~Schmidt method.

4. Reduction by simlarity transformations to Hessenberg form. The

columns of P are taken to be the vectors in the Krylov sequence defined by

(3.3) p, =~ A, (1=1,2,...,0) .
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Necessary and sufficient conditions that P be nonsingular are that the
Jordan form of A contains precisely one block for each distinct eigenvalue
of A (A is nonderogatory) and that in the coordinate system associated with

the Jordan form of A the vector Py has nonzero components in the principal

vectors of maximal height.

Now from (3.3),

pi+l = APi (i = 192"--9n_1):

and since the Py form a basis for n-space

APyy = YiPL F YoPp e ¥ YRy
for some constants Yi,Ygse:s¥p- It follows that

(3-4) AP = PC ,

where C is the companion matrix

LI ]
e
“aws
.o

1f V is chosen arbitarily and P is conjugated with respect to V, then

the resulting U 1is equal'to PS“1 where S is upper triangular. From (3.4)



v tav = scs7t = g,

and since C is upper Hessenberg and S is upper triangular, H is also upper

Hessenberg.

5. Biconjugation and reduction to tridiagonal form. Let the

Hessenberg conjugation of P just described be carried out with respect

to any matrix Q. Then
QHAU =L

and if we define V = QL-H, then
viAu = 1.

Thus not only is (U,V) A-conjugate, but (V,U) is AH—conjugate.

Now if Q is generated by a Krylov sequence on AH,

Q = (Ql,Aldll’ R | (AH)n-lql) 3

then

K = V—lAHV

is upper Hessenberg. But

H = v 1Ay

i (wlany wla vy

viavH -

19

Thus H = KH is both upper and lower Hessenberg, and hence H is tridiagonal.
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In principle it is possible to apply the conjugating algorithm directly
to P and Q to yield the biconjugate pair (U,V). However the fact that U_lAU

and VHAV-H are tridiagonal implies that the columns of U and V each satisfy
three term recurrences, and the coefficients. of these recurrences may be
calculated by using the biconjugacy relation VHAU = I. Specifically if the

first columns of the matrices on each side of the equality
(3.5) AU = UH
are calculated, the result is

Au +n,..u,.

17 "1™ 7 Mot

H _ H _
Since leu2 = 0 and leul =1,

H,2
N1 T Vif g
Thus u,, may be calculated in the form

2
Ngp¥y = AUy T Npplps
where Nyy # 0 is arbitrary. Generally, from (3.5)
Au = Mg %1 T ek Mkl K
Hence

Merd, K%L~ A% T Pk Ukl T Mke1,kk-1

where # 0 is arbitrary and

el k
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H, 2
Mk = Vi Y o

= VH A2
-1,k = V-1 %

Similarly from the equation AHV = VHH, it follows that the columns of
V may be calculated by the recurrences

NanV. = AHV -7
M2%2 = 8V = M1

n = AHv -7 +n
Mk Vi T Ve T Madie O k-1Vk-10

where nkk and nk,k+l are defined as above and ”k,k+1 is chosen so that

H =
vk+1Auk+1 = 1, The vectors U and v, can be generated simultaneously. At

no stage is it necessary to retain more than two of the vectors uy and two
of the vectors Vi which suggests that the algorithm may find application
to large sparse linear systems.

When A is Hermitian and U =vy = s the above method, combined with
Algorithm 2.2, is essentially the method of conjugate gradients [3], with
some differences in scaling.

The general method is closely related to the Lanczos biorthogonalization
algorithm [6]. In fact since U_l = VHA, it follows that the tridiagonal
matrix H is the one that would be obtained by biorthogonalizing the columns
of the matrices P and AHQ. It should be noted that algorithms of this type
tend to suffer from numerical instabilities. For a good discussion of the

practical use of the Hessenberg and biorthogonalization algorithms see

[7, Ch. 6].
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6. Reduction to bidiagonal form. The decomposition treated here

seems not to originate with the conjugating algorithm, Rather it is based
on the fact that if vy is any vector of Euclidean length unity, then there
are unitary matrices U and V such that the first column of V is v, and the

matrix

L= VHAU

is lower bidiagional (lower triangular and upper Hessenberg). The matrices
U and V of course form an A-conjugate pair.

The columns of U and V may be generated successively by an algorithm
which may be derived in much the same way as the biconjungation algorithm.

From the equation
ULH = AHV

it follows that

where All is chosen to make uy of length unity. Generally
hy = AHV -2 u
%k T2 Yk T k,k-1k-17
where orthonormality requires that

_ H
(3.9 Mek=1 T Vi1

and Akk is chosen so that u, is of length unity:
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s _ HH H -
(3.7) Mo T A Ve T MG k-1 T S Ve
From the equation

AU = VL

it follows that

M1, 1Vl = A T AV

The orthonormality conditions for V give the same values for the A's as
(3.6) and (3.7). Again the reduction can proceed stepwise and only the
most recent vectors need be stored. This reduction was proposed by Golub
and Kahan [2].

If vy € R(4), then 1Q(V) = 7Q(A), and the algorithm can be used to

solve least squares problems.
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