
N O T I C E W A R N I N G C O N C E R N I N G C O P Y R I G H T R E S T R I C T I O N S : 
The copyright law of the United States (title 17, U.S. Code) governs the making 
of photocopies or other reproductions of copyrighted material. Any copying of this 
document without permission of its author may be prohibited by law. 



Interactive Sketch Interpretation Using Arc-labeling 
and Geometric Constraint Satisfaction. 

David Pugh 
September, 1991 
C M U - C S - 9 1 - 1 8 1 ' 

Schoo l of C o m p u t e r Sc ience 
C a r n e g i e Mel lon U n i v e r s i t y 

P i t t s b u r g h , P A 15213 

A b s t r a c t 

T h i s p a p e r d e s c r i b e s t h e a l g o r i t h m s used by V i k i n g , a sol id m o d e l i n g s y s t e m 
w h o s e u se r - i n t e r f ace is b a s e d o n i n t e r a c t i v e s k e t c h i n t e r p r e t a t i o n . Penc i l a n d p a ­
p e r s k e t c h e s a r e w ide ly u s e d ea r ly in t h e des ign p roces s . V i k i n g ' s u se r - in t e r f ace 
l e t s t h e u s e r c r e a t e t h e s e s k e t c h e s o n t h e c o m p u t e r a n d a u t o m a t i c a l l y g e n e r a t e 
t h e c o r r e s p o n d i n g t h r e e - d i m e n s i o n a l i n t e r p r e t a t i o n . T h i s u se r - in t e r f ace c o m ­
b i n e s t h e s imp l i c i t y of penc i l a n d p a p e r ske t ches w i t h t h e p o w e r of a sol id 
m o d e l i n g s y s t e m . 

Ske t ch i n t e r p r e t a t i o n c o m b i n e s a r c - l a b e l i n g a n d c o n s t r a i n t s a t i s f a c t i o n . A r c -
l a b e l i n g g e n e r a t e s a sur face t o p o l o g y for t h e i n t e r p r e t a t i o n . T h i s a l g o r i t h m 
e x t e n d s t h e l i ne - l abe l ing m e t h o d o l o g y t o n o n - t r i h e d r a l o b j e c t s a n d uses h e u r i s ­
t i c s t o g e n e r a t e i n t e r p r e t a t i o n s in o r d e r of d e c r e a s i n g d e s i r a b i l i t y t o t h e user . 
C o n s t r a i n t s a t i s f a c t i o n solves for t h e v e r t e x p o s i t i o n s in t h e i n t e r p r e t a t i o n . C o n ­
s t r a i n t s a r e e i t h e r g e n e r a t e d f r o m i m p l i c i t r e l a t i o n s in t h e l i n e - d r a w i n g or ex­
p l i c i t ly c r e a t e d by t h e user . 
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A b s t r a c t 

This pape r describes the algori thms used by Viking, a solid modeling system whose user-interface is 
based on interact ive sketch in terpre ta t ion . Pencil and paper sketches are widely used early in the design 
process. Viking's user-interface lets the user create these sketches on the computer and automatical ly 
genera te the corresponding three-dimensional in terpre ta t ion. This user-interface combines the simplicity 
of pencil and pape r sketches with the power of a solid modeling sys tem. 

Sketch in te rpre ta t ion combines arc-labeling and const ra in t satisfaction. Arc-labeling generates a 
surface topology for the in terpre ta t ion . This algori thm extends the line-labeling methodology to non-
t r ihedral objects and uses heuristics to generate in terpre ta t ions in order of decreasing desirability to the 
user. Cons t ra in t satisfaction solves for the vertex positions in the in terpre ta t ion . Cons t ra in t s are either 
generated from implicit relations in the l ine-drawing or explicitly created by the user. 

1 I n t r o d u c t i o n 

S k e t c h e s h a v e l o n g p l a y e d a n i m p o r t a n t role in des ign . E v e n now, d e s p i t e t h e w i d e ava i l ab i l i ty of sol id 
m o d e l i n g s y s t e m s , de s igne r s will o f ten d o t h e p r e l i m i n a r y des ign u s i n g penc i l a n d p a p e r i n s t e a d of u s i n g t h e 
c o m p u t e r . T h i s p a p e r d e s c r i b e s a so l id m o d e l i n g s y s t e m , ca l led V i k i n g , wh ich uses ske t ches c r e a t e d by t h e 
user t o d e t e r m i n e a n o b j e c t ' s s h a p e . T o p o l o g i c a n d g e o m e t r i c c o n s t r a i n t s a r e de r ived f rom t h e s k e t c h a n d 
a t h r e e - d i m e n s i o n a l o b j e c t d e s c r i p t i o n c o n s i s t e n t w i t h t h o s e c o n s t r a i n t s is g e n e r a t e d . T h e r e s u l t i n g o b j e c t , 
d e s p i t e t h e a m b i g u i t y i n h e r e n t in a s k e t c h , is n o r m a l l y close e n o u g h t o t h e i n t e n d e d o b j e c t t h a t t h e use r ' s 
m o m e n t u m is m a i n t a i n e d a n d t h e des ign p roces s c a n c o n t i n u e w i t h o u t p a u s e . 

V i k i n g uses a r c - l a b e l i n g a n d c o n s t r a i n t s a t i s f ac t i on a l low t h e user t o c r e a t e c o m p l e x , prec ise ly d i m e n ­
s ioned , m o d e l s . T h e t a s k of g e n e r a t i n g a n e w o b j e c t d e s c r i p t i o n h a s t w o p a r t s : a r c - l a b e l i n g is u sed t o find 
t h e su r face t opo logy , a n d c o n s t r a i n t s a t i s f a c t i o n is used t o solve for t h e v e r t e x p o s i t i o n s . A r c - l a b e l i n g ex­
t e n d s Huf fman-C lowes l i ne - l abe l ing [5] [9] t o n o n - t r i h e d r a l o b j e c t s . C o n s t r a i n t s a t i s f a c t i o n uses a s a t i s f ac t i on 
a l g o r i t h m t o s i m u l t a n e o u s l y so lve s y s t e m s of n o n - l i n e a r e q u a t i o n s . T h e c o n s t r a i n t s a r e g e n e r a t e d f rom t h e 
l i n e - d r a w i n g (e .g . a h i d d e n l ine m u s t cross b e h i n d a v is ib le l ine ) , t h e wor ld c o n s t r a i n t s (e .g . faces a r e p l a n a r 
p o l y g o n s ) a n d use r c o n s t r a i n t s . T h e l a t t e r c lass of c o n s t r a i n t s r e p r e s e n t g e o m e t r i c c o n s t r a i n t s p l a c e d o n t h e 
m o d e l b y t h e use r (e .g . t w o s ides h a v e e q u a l l e n g t h s ) . 

V i k i n g ' s c o m b i n a t i o n of s k e t c h i n t e r p r e t a t i o n a n d c o n s t r a i n t s a t i s f a c t i o n c r e a t e s a s u r p r i s i n g l y effective 
use r - in t e r f ace . A t e a c h s t e p in t h e c r e a t i o n of a m o d e l , t h e des igner is s i m p l y c h a n g i n g t h e s k e t c h t o m a k e 
i t look r i g h t : e a c h s t e p is o b v i o u s f rom c o n t e x t . T h i s leaves t h e des igne r free t o c o n c e n t r a t e o n t h e des ign 
i tself a n d n o t h o w t o convey it t o t h e c o m p u t e r . - Ske t ches , however , lack t h e p rec i s ion n e e d e d l a t e r in t h e 
des ign p roces s . V i k i n g c i r c u m v e n t s t h i s p r o b l e m by l e t t i n g t h e des igne r p l ace g e o m e t r i c c o n s t r a i n t s on t h e 
o b j e c t t h e r e b y a l lowing t h e des igne r t o t u r n a r o u g h s k e t c h i n t o a prec i se ly d i m e n s i o n e d o b j e c t . 
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2 R e l a t e d work 
V i k i n g is a so l id m o d e l i n g s y s t e m w h o s e use r - in te r face is b a s e d o n i n t e r a c t i v e s k e t c h i n t e r p r e t a t i o n 

s y s t e m . I n t h i s r e s p e c t , V i k i n g is u n i q u e : t h i s is t h e first s y s t e m t o d o s k e t c h i n t e r p r e t a t i o n in t e rac t ive ly . 
V i k i n g , howeve r , d o e s use t w o well e s t a b l i s h e d t e c h n i q u e s t o c r e a t e i t s u se r - i n t e r f ace : l i ne - l abe l ing a n d con­
s t r a i n t s a t i s f a c t i o n . L i n e - l a b e l i n g s y s t e m s h a v e b e e n a r o u n d for over 20 y e a r s [9] [5]. C o n s t r a i n t s a t i s f ac t i on 
s y s t e m s h a v e b e e n a r o u n d even longe r [14]. 

2 .1 L i n e - l a b e l i n g s y s t e m s 
T h e first l i ne - l abe l i ng s y s t e m s were d e v e l o p e d s e p a r a t e l y b y H u f f m a n [9] a n d C lowes [5]. T h e s e a l g o r i t h m s 

r e d u c e d t h e p r o b l e m of d e t e r m i n i n g w h e t h e r a l i n e - d r a w i n g r e p r e s e n t e d a t r i h e d r a l o b j e c t 1 t o o n e of f inding 
m u t u a l l y c o n s i s t e n t l a b e l i n g s for e a c h i n t e r s e c t i o n in t h e l i n e - d r a w i n g . S ince t h e n , t h i s ba s i c a l g o r i t h m h a s 
b e e n e x t e n d e d t o a w i d e va r i e ty of o b j e c t s a n d l i n e - d r a w i n g s : scenes c o n t a i n i n g s h a d o w s [15], l i n e - d r a w i n g s 
in w h i c h h i d d e n - l i n e s a r e v i s ib le [12], o b j e c t s w i t h c u r v e d sur faces [4], a n d t h i n - s h e l l o b j e c t s [10]. Also , 
W a l t z [15] i n t r o d u c e d a n efficient a l g o r i t h m for f i l te r ing o u t obv ious ly i n c o n s i s t e n t l a b e l i n g s , a n d S u g i h a r a 
[13] d e v e l o p e d a w a y t o t e s t t h e feas ibi l i ty of a n i n t e r p r e t a t i o n by u s i n g l i nea r p r o g r a m m i n g . 

2 .2 C o n s t r a i n t s a t i s f a c t i o n s y s t e m s 
C o n s t r a i n t so lvers g e n e r a l l y fall i n t o t w o b r o a d ca t ego r i e s : i n c r e m e n t a l so lvers a n d s i m u l t a n e o u s so lvers . 

T h e first t y p e , p e r h a p s b e s t r e p r e s e n t e d b y T h i n g L a b [2], e s s e n t i a l l y m o d i f y o n e v a r i a b l e a t a t i m e , p r o p ­
a g a t i n g t h e r e s u l t s t h r o u g h t h e c o n s t r a i n t n e t w o r k . T h e s e s y s t e m s w o r k well w h e n d e a l i n g w i t h acycl ic 
n e t w o r k s of c o n s t r a i n t s , b u t m a y h a v e p r o b l e m s w i t h n e t w o r k s of cycl ic c o n s t r a i n t s , i t e r a t i n g indef in i te ly on 
s o m e n e t w o r k s . T h e s e c o n d t y p e , w h i c h d e s c r i b e s V i k i n g a n d J u n o [11] a m o n g o t h e r s , a t t e m p t s t o find a 
s o l u t i o n w h i c h s i m u l t a n e o u s l y sat isf ies al l of t h e c o n s t r a i n t s , t y p i c a l l y u s i n g s o m e f o r m of g r a d i e n t d e s c e n t 
t o m i n i m i z e t h e t o t a l e r r o r . T h e s e s y s t e m s h a v e t h e p r o b l e m t h a t t h e y r e q u i r e a n in i t i a l p o s i t i o n , a n d t h a t 
t h e y a r e n o t g u a r a n t e e d t o find a s o l u t i o n . For e x a m p l e , t h e y m a y b e c o m e t r a p p e d in loca l m i n i m a a n d 
neve r find a s o l u t i o n t h a t sat isf ies al l of t h e c o n s t r a i n t s . G i v e n a n in i t i a l p o s i t i o n close t o a s o l u t i o n , however , 
t h e s e s y s t e m wil l n o r m a l l y find a n e x a c t s o l u t i o n , even if t h e r e a r e cyclic c o n s t r a i n t s . 

3 Using Vik ing 
V i k i n g is a n i m p l e m e n t a t i o n of a w h a t y o u see is w h a t y o u g e t u se r - in t e r f ace for sol id m o d e l i n g . W h a t 

V i k i n g ' s u se r s see is a l i n e - d r a w i n g , a n d w h a t t h e use r s ge t is a t h r e e - d i m e n s i o n a l o b j e c t d e s c r i p t i o n . V i k i n g 
first c r e a t e s a l i n e - d r a w i n g f r o m t h e c u r r e n t o b j e c t d e s c r i p t i o n a n d t h e c u r r e n t v i ew t r a n s f o r m . T h e use r s 
d e s c r i b e w h a t t h e y w a n t t o see b y c h a n g i n g t h e l i n e - d r a w i n g . V i k i n g t h e n uses s k e t c h i n t e r p r e t a t i o n t o 
g e n e r a t e a n e w o b j e c t d e s c r i p t i o n wh ich is c o n s i s t e n t w i t h t h e modi f i ed l i n e - d r a w i n g . T h i s o b j e c t d e s c r i p t i o n , 
if i t is a c c e p t a b l e t o t h e use r , r e p l a c e s t h e c u r r e n t o b j e c t d e s c r i p t i o n a n d a n e w l i n e - d r a w i n g is c r e a t e d . T h e 
user c a n t h e n m o d i f y t h e n e w l i n e - d r a w i n g , s t a r t i n g a n e w cycle of m o d i f i c a t i o n a n d i n t e r p r e t a t i o n . 

3 . 1 M o d i f y i n g t h e l i n e - d r a w i n g 
A s u b s t a n t i a l p o r t i o n of V i k i n g is d e v o t e d t o c r e a t i n g a n d m o d i f y i n g l i n e - d r a w i n g s . C r e a t i n g t h e l ine-

d r a w i n g is s t r a i g h t - f o r w a r d : a p p l y a v iew t r a n s f o r m t o t h e c u r r e n t o b j e c t a n d g e n e r a t e a h i d d e n - l i n e s - d a s h e d 
i m a g e . T h e a l g o r i t h m s u s e d t o c r e a t e a n d d i sp lay t h i s i m a g e differ f r o m t h e s t a n d a r d a l g o r i t h m s on ly in 
t h a t spec i a l s y m b o l s a r e used t o d i s p l a y i n f o r m a t i o n a b o u t t h e o b j e c t ' s t o p o l o g y : t h i ck , t h i n , o r d o u b l e l ines 
a r e u sed t o r e p r e s e n t , r e spec t ive ly , e d g e s a d j a c e n t t o ze ro , o n e or t w o faces. 

T h e use r c a n m o d i f y t h e l i n e - d r a w i n g in a va r i e ty of w a y s . For e x a m p l e , t h e use r c a n click o n a l ine-
s e g m e n t t o t o g g l e i t s v i s ib i l i ty flag, m a k i n g a h i d d e n l i n e - s e g m e n t v i s ib le or v i s ve r sa . W h e n t h e modi f i ed 

1 One in which each vertex is adjacent to exactly three faces. 
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F i g u r e l a : D r a w t h e F i g u r e l b : Modi fy t h e F i g u r e l c : F i n d a n F i g u r e I d : A d d 
w i r e - f r a m e . l i n e - d r a w i n g . i n t e r p r e t a t i o n . g e o m e t r i c c o n s t r a i n t s . 

l i n e - d r a w i n g is d i sp l ayed , t h e se lec ted l i n e - s e g m e n t wil l b e d r a w n w i t h i t s n e w vis ibi l i ty , even t h o u g h th i s is 
i n c o n s i s t e n t w i t h t h e u n d e r l y i n g o b j e c t d e s c r i p t i o n . 

3.2 Interpret ing a modified l ine-drawing 

O n c e t h e use r h a s modi f ied t h e l i n e - d r a w i n g , V i k i n g m u s t find a new i n t e r p r e t a t i o n . U n f o r t u n a t e l y , 
l i n e - d r a w i n g s c a n h a v e m u l t i p l e va l id i n t e r p r e t a t i o n s . For e x a m p l e , a l i n e - d r a w i n g of a b lock cou ld r e p r e s e n t 
e i t h e r a so l id b lock o r a b o x w h i c h h a s a n o p e n i n g o n t h e far s ide . For i n t e r a c t i v e s y s t e m s , t h i s t o p o l o g i c 
a m b i g u i t y p r e s e n t s a s e r i o u s p r o b l e m : u se r s h a v e b o t h a p a r t i c u l a r t o p o l o g y in m i n d a n d l i t t l e p a t i e n c e . In 
o r d e r for a n in te r face t o b e successful , i t m u s t g e n e r a t e t h e des i r ed t o p o l o g y qu ick ly a n d easi ly. 

V i k i n g uses h e u r i s t i c s t o c o n t r o l t h e o r d e r in w h i c h i n t e r p r e t a t i o n s a r e g e n e r a t e d , w i t h t h e i n t e n t t h a t t h e 
first i n t e r p r e t a t i o n is , a t l ea s t , close t o t h e i n t e r p r e t a t i o n des i red by t h e user . T h e s e h e u r i s t i c s ass ign a cost 
t o e a c h i n t e r p r e t a t i o n b a s e d o n t h e u s e r ' s s t a t e d pre fe r red o b j e c t t y p e (sol id , t h i n - s h e l l o r n o preference) a n d 
t h e c u r r e n t o b j e c t . I n t e r p r e t a t i o n s a r e t h e n g e n e r a t e d in o r d e r of i n c r e a s i n g cos t . O n c e a n i n t e r p r e t a t i o n 
h a s b e e n g e n e r a t e d , t h e u se r c an e i t h e r a c c e p t or reject i t . In t h e l a t t e r case , t h e use r c an g u i d e t h e s ea rch 
for s u b s e q u e n t i n t e r p r e t a t i o n s b y i n d i c a t i n g w h e r e t h e c u r r e n t i n t e r p r e t a t i o n is i nco r r ec t . 

O n c e a n a c c e p t a b l e i n t e r p r e t a t i o n of t h e l i n e - d r a w i n g h a s b e e n found , g e o m e t r i c c o n s t r a i n t s a t i s f ac t ion 
is u s e d t o find t h e p o s i t i o n of t h e ver t i ces . C o n s t r a i n t s fall i n t o t h r e e c lasses : w o r l d c o n s t r a i n t s , i m a g e 
c o n s t r a i n t s a n d user -spec i f ied c o n s t r a i n t s . W o r l d c o n s t r a i n t s force faces o n t h e n e w o b j e c t t o b e p l a n a r 
p o l y h e d r a . I m a g e c o n s t r a i n t s force t h e h i d d e n p a r t s of t h e n e w o b j e c t t o b e b e h i n d t h e v is ib le p a r t s , w i t h 
r e s p e c t t o t h e c u r r e n t v iew t r a n s f o r m . User-speci f ied c o n s t r a i n t s force t h e n e w o b j e c t t o h a v e t h e g e o m e t r i c 
p r o p e r t i e s des i r ed b y t h e user . 

T h e p o s i t i o n s of t h e ve r t i ces in t h e c u r r e n t o b j e c t d e s c r i p t i o n a r e used a s t h e in i t i a l p o s i t i o n s for t h e 
ve r t i ces in t h e n e w o b j e c t d e s c r i p t i o n . T h e ver t ices a r e t h e n m o v e d t o sa t is fy t h e s y s t e m of c o n s t r a i n t s 
u s i n g a n o n - l i n e a r s a t i s f a c t i o n a l g o r i t h m d e v e l o p e d b y B u l l a r d a n d Biegler [3]. A l t h o u g h t h e r e is n o exp l ic i t 
c o n s t r a i n t t h a t a s o l u t i o n b e close t o t h e i n i t i a l va lues , m o t i o n in t h e p r o b l e m s p a c e is well d a m p e d a n d 
s o l u t i o n s t e n d n o t t o differ u n n e c e s s a r i l y f rom t h e i n i t i a l va lues . 

3.3 E x a m p l e s 

F i g u r e s l a - I d s h o w s four s t e p s in t h e p roces s of c r e a t i n g a t r i a n g u l a r t o r u s . In F i g u r e l a , t h e user h a s 
d r a w n t h r e e t r i a n g l e s ( each in a different p l a n e ) a n d c o n n e c t e d t h e a p p r o p r i a t e ver t i ces t o f o rm a w i r e - f r ame 
for t h e t o r u s . F i g u r e l b w a s c r e a t e d b y h i d i n g t h e l i n e - s e g m e n t s w h i c h w o u l d b e h i d d e n if t h e d r a w i n g 
r e p r e s e n t e d a so l id o b j e c t . F i g u r e l c is t h e first i n t e r p r e t a t i o n f o u n d for F i g u r e l b . T h e p o s i t i o n of s o m e of 
t h e ver t ices h a s sh i f t ed s l igh t ly in o r d e r t o sa t i s fy t h e c o n s t r a i n t t h a t e a c h face is a p l a n a r p o l y g o n . F i g u r e I d 
s h o w s t h e i n t e r p r e t a t i o n f o u n d af ter c o n s t r a i n i n g every t r i a n g l e in F i g u r e l c t o b e a n e q u i l a t e r a l t r i a n g l e . 

F i g u r e s 2 a - 2 d p r o v i d e a n e x a m p l e of c u t t i n g a n o t c h i n t o a b lock . F i g u r e 2 a is t h e block before a n y 
c h a n g e s h a v e b e e n m a d e . In F i g u r e 2 b , t h e w i r e - f r a m e for t h e n o t c h h a s b e e n a d d e d . F i g u r e 2c is t h e 
s e c o n d i n t e r p r e t a t i o n f o u n d for F i g u r e 2b ( in t h e first i n t e r p r e t a t i o n , l ine ab w a s a d j a c e n t t o two sur faces ) . 
F i g u r e 2d is t h e i n t e r p r e t a t i o n f o u n d af ter d e l e t i n g t h e u n n e e d e d l ines a n d a d d i n g t h e c o n s t r a i n t t h a t t h e 
a n g l e a t t h e b o t t o m of t h e n o t c h is 4 5 ° . 



F i g u r e 2a : S t a r t w i t h F i g u r e 2 b : D r a w in a F i g u r e 2c : F i n d a n a n d a d d g e o m e t r i c 
a s i m p l e b lock . n o t c h . i n t e r p r e t a t i o n . c o n s t r a i n t s . 

4 Finding the valid labelings for an arbitrary intersection 
T h e first s t e p in a n a l y z i n g a l i n e - d r a w i n g is t o g e n e r a t e t h e va l id l a b e l i n g s for e a c h i n t e r s ec t i on in t h e 

d r a w i n g . A l a b e l i n g r e p r e s e n t s o n e con f igu ra t i o n of sur faces a r o u n d a n i n t e r s e c t i o n a n d is s i m p l y t h e l ine-
l a b e l s se lec ted for e ach l ine a d j a c e n t t o t h e i n t e r s e c t i o n . A l ine ' s l abe l d e s c r i b e s t h e sur faces a d j a c e n t t o t h e 
l ine . I n t r a d i t i o n a l l i ne - l abe l ing , t h e r e a r e t h r e e pos s ib l e l abe l s : convex ( w h e r e t h e l ine lies a l o n g a r idge 
f o r m e d b y t h e t w o su r faces ) , c o n c a v e ( w h e r e t h e l ine l ies a t t h e b o t t o m of va l ley f o r m e d b y t h e t w o sur faces) . 
a n d o c c l u d i n g ( w h e r e b o t h su r faces e x t e n d t o o n e s ide of t h e l i ne ) . I n a r c - l a b e l i n g , a l ab e l te l l s h o w m a n y 
su r faces e x t e n d t o e i t h e r s i d e of a l ine a n d w h a t t h e o t h e r b o u n d i n g l ine is for e ach su r face . T h e l abe l s 
u s e d b y a r c - l a b e l i n g c a n r e p r e s e n t l ines w i t h a n y n u m b e r of a d j a c e n t su r faces , b u t t h e y d o n o t d i s t i n g u i s h 
b e t w e e n c o n v e x a n d c o n c a v e a r r a n g e m e n t s of a d j a c e n t su r faces . 

T h e su r faces d e s c r i b e d in t h e l a b e l i n g c a n b e t h o u g h t of a s a sol id a r c e x t e n d i n g left f rom o n e l ine 
a r o u n d t h e i n t e r s e c t i o n t o t h e r i gh t of a n o t h e r l ine , a n d a r e ca l led s u r f a c e - f r a g m e n t s t h r o u g h o u t t h e res t of 
t h e p a p e r . A l a b e l i n g is va l id for a n i n t e r s e c t i o n if a phys i ca l m o d e l of t h e l a b e l i n g c a n b e c o n s t r u c t e d w h o s e 
a p p e a r a n c e m a t c h e s t h e a p p e a r a n c e of t h e i n t e r s e c t i o n . M o s t l i ne - l abe l ing a l g o r i t h m s c a n o n l y g e n e r a t e 
t h e va l id l a b e l i n g s for i n t e r s e c t i o n s of t w o o r t h r e e l i n e s 2 . A r c - l a b e l i n g c a n find t h e va l id l a b e l i n g s for 
i n t e r s e c t i o n s w i t h a n y n u m b e r of a d j a c e n t l ines . 

W i t h b o t h l a b e l i n g s c h e m e s , t h e goa l is t o find va l id , m u t u a l l y c o n s i s t e n t l a b e l i n g s for e a c h i n t e r s e c t i o n 
in t h e l i n e - d r a w i n g . I n l i ne - l abe l ing , a l ine is c o n s i s t e n t l y l a b e l e d if i t h a s t h e s a m e l abe l a t each e n d . In 
a r c - l a b e l i n g , a l ine is c o n s i s t e n t l y l a b e l e d if t h e s a m e n u m b e r of su r faces e x t e n d t o e ach s ide a t b o t h e n d s . 
If a c o n s i s t e n t l a b e l i n g c a n n o t b e f o u n d , t h e n t h e l i n e - d r a w i n g r e p r e s e n t s a n i m p o s s i b l e o b j e c t : o n e wh ich 
d o e s n o t h a v e a phys ica l , i n t e r p r e t a t i o n . 

B o t h l i ne - l abe l ing a n d a r c - l a b e l i n g a s s u m e t h a t t h e l i n e - d r a w i n g r e p r e s e n t s a g e n e r a l v iew of t h e o b j e c t 
[12]. I n essence , t h i s is a n a s s u m p t i o n t h a t a s m a l l c h a n g e in t h e o b s e r v e r ' s v iew p o i n t will p r o d u c e a 
c o r r e s p o n d i n g l y s m a l l c h a n g e in t h e l i n e - d r a w i n g . T h i s a s s u m p t i o n h a s t w o coro l l a r i e s in V i k i n g : 

1. E v e r y face is d r a w n as a c losed p o l y g o n w i t h a n o n - z e r o a r e a . 

2 . E v e r y e d g e is d r a w n as a l ine w i t h a n o n - z e r o l e n g t h . 

T h e s e coro l l a r i e s e l i m i n a t e a lo t of spec i a l cases ( in p a r t i c u l a r , w h a t is t h e left a n d r igh t of a l ine w i t h a 
l e n g t h of z e r o ? ) , b u t m a k e i t i m p o s s i b l e t o use V i k i n g t o a n a l y z e m o s t e n g i n e e r i n g d r a w i n g s s ince t h e s e 
d r a w i n g s t y p i c a l l y v i o l a t e o n e o r b o t h of t h e coro l l a r i e s . 

4.1 Evaluat ing the validity of a label ing 
A m o d e l of a n i n t e r s e c t i o n ' s l a b e l i n g c a n b e c r e a t e d by a s s i g n i n g a p o s i t i o n t o t h e e n d p o i n t of e a c h 

a d j a c e n t l ine . U s i n g t h i s m o d e l , t h e v is ib i l i ty of each a d j a c e n t l ine c a n b e c a l c u l a t e d a n d t h e sur face-
f r a g m e n t s c a n b e t e s t e d t o see if t h e y i n t e r s ec t a n y w h e r e e x c e p t a l o n g a c o m m o n l ine . If t h e e n d p o i n t s c an 
b e p o s i t i o n e d s u c h t h a t t h e a p p e a r a n c e of t h e m o d e l is t h e s a m e a s t h e a p p e a r a n c e of t h e i n t e r sec t i on in t h e 
l i n e - d r a w i n g a n d n o n e of t h e s u r f a c e - f r a g m e n t s in t e r sec t , t h e n a p h y s i c a l m o d e l of t h e l a b e l i n g ex i s t s a n d 
l a b e l i n g is va l id . 

2 I n practice, the labelings are pre-calculated and stored in an intersection library (also called a junction library). 
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a, 6 , . . . = l ines 

X,y,... = s u r f a c e - f r a g m e n t s 

V = Se t of al l v is ib le l ines a d j a c e n t t o t h e i n t e r s e c t i o n . 

H = Se t of al l h i d d e n l ines a d j a c e n t t o t h e i n t e r s e c t i o n . 

S = Se t of all s u r f a c e - f r a g m e n t s a d j a c e n t t o t h e i n t e r s e c t i o n . 

1* = T h e l ine f o r m i n g t h e left b o u n d a r y of X. 

xx = T h e l ine f o r m i n g t h e r i g h t b o u n d a r y of X. 

{ T r u e If X s p a n s a (a lies b e t w e e n t h e b o u n d i n g l ines of X, 
a ^ \ x a n d a ^ ix)-

False o t h e r w i s e 

/ A y\ _ / T r u e If a is in f ront of t h e p l a n e defined by X. 
v II \ Fa lse o t h e r w i s e 

( ii y\ — / ^ u e ^ a l s b e h i n d t h e p l a n e defined by X. 
^ I False o t h e r w i s e 

(X <g>y) — i ^ u e ^ a n c * ^ ^ ° n o t m t e r s e c t e x c e p t a l o n g a c o m m o n l ine . 
^ I Fa lse o t h e r w i s e 

T a b l e 1: N o t a t i o n key for va l id i ty e x p r e s s i o n s . 

U s i n g t h e n o t a t i o n g iven in T a b l e 1, first o r d e r logic exp re s s ions c a n b e w r i t t e n w h i c h c o r r e s p o n d t o t h e 
c r i t e r i a g iven a b o v e . T h e s e e x p r e s s i o n s ( a l o n g w i t h t he i r E n g l i s h t r a n s l a t i o n s ) a r e as follows: 

(Vv€V}(VX eS\(vocX)1(vftX))) (1) 

E v e r y v i s ib le l ine is in f ron t of eve ry s p a n n i n g sur f a c e - f r a g m e n t . 

((V = 0) V (V/i G H, (3X G S | (h oc X), (h 4 X)))) (2) 

E i t h e r t h e e n t i r e i n t e r s e c t i o n is h i d d e n b y a n o n - a d j a c e n t su r face o r 

eve ry h i d d e n l ine is b e h i n d a t l eas t o n e s p a n n i n g s u r f a c e - f r a g m e n t . 

( v x e s , ( v y e s \ ( y ? x),(x®y))) (3) 

N o t w o d i s t i n c t p a i r s of s u r f a c e - f r a g m e n t s in te r sec t a n y w h e r e e x c e p t a l o n g a c o m m o n l ine . 

If all t h r e e of t h e s e e x p r e s s i o n s c a n b e sat isf ied, t h e n t h e l a b e l i n g is c o n s i d e r e d val id b e c a u s e i t is poss ib le 
t o c r e a t e a m o d e l of t h e l a b e l i n g w h i c h m a t c h e s t h e a p p e a r a n c e of t h e i n t e r s e c t i o n in t h e l i n e - d r a w i n g . 

Of al l t h e p r e d i c a t e s u s e d t o w r i t e t he se exp re s s ions , on ly t h e ft a n d J| p r e s e n t s igni f icant p r o b l e m s . 
W h i l e t h e ® p r e d i c a t e is fa i r ly c o m p l e x , it can be r e w r i t t e n in t e r m s of t h e o t h e r p r e d i c a t e s , as s h o w n in 
T a b l e 2. T a b l e 2 w a s g e n e r a t e d b y e n u m e r a t i n g t h e poss ib l e w a y s in w h i c h t w o s u r f a c e - f r a g m e n t s c an s h a r e 
a c o m m o n p o i n t w i t h o u t i n t e r s e c t i n g o n e a n o t h e r . F i g u r e s 3 a - 11 s h o w all n o n - i n t e r s e c t i n g a r r a n g e m e n t s of 
t w o s u r f a c e - f r a g m e n t s . T h e r e m a i n i n g p r e d i c a t e s can b e e v a l u a t e d b a s e d o n t h e a n g l e e a c h l ine m a k e s w i t h 
t h e h o r i z o n t a l , w h i c h is k n o w n . 

4.1.1 Evaluating the ft and i), predicates 
T h e sa t i s f i ab i l i ty of a n express ion 

can b e w r i t t e n in t h e fol lowing f o r m : 

C = («iir^i)A(a2ft^2)A-..A(anft^n)A(an + 1^^n + 1)A-..A(am^ (rm) (4) 

^ l ! ^ ^ 1 ! 1 ^ 0/™ e x P r f s s i o n
 c o n t a i n i n g t h e ft a n d ^ p r e d i c a t e s can be e v a l u a t e d if t h e expres s ion 
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La = T h e a n g l e a m a k e s w i t h t h e h o r i z o n t a l . 
Lab = T h e a n g l e c o u n t e r c l o c k w i s e f r o m a t o b. 
LX = T h e a n g l e b e t w e e n t h e b o u n d i n g l ines of X. 

(a ot X) = - . ( a oc X) 

(X®y) = TI(X,y)vK(X,y)\/E(Xty)VT(X,y)V4>(X,y)vu;(X,y)v 
r,(y, X) v n(y, X) v e ( y , X) v r(y, X) v v>CV, *) v X) 

V(X,y) = (U « A ( r « « A ( l y a A ( r y a A fe^ J ) V i j j ^ J ) ) 
M(X,y) = (z* < I80°)a 

( ( ( 1 * 1f Y) A (pa- IT Y) A ( l y * Af) A ( r y * Af))V 
( ( 1 * -U- A ( r * * A ( l y ft X) A ( r y ft Af ) )V 
(OX ITY)A (TX $y)/\ ( l y H. X) A ( r y ft Af))V 
((1a- * y ) A ( r * ft y ) A ( l y ft X) A ( r y * -V))) 

= ( ^ l y < 180°) A ( Z r y l * < 180°)A 
(((1* * Y) A ( r * ft Y) A ( ly ft AT) A ( r y * A?))V 
((U ft y ) A ( r * $Y)A ( l y * AT) A ( r y ft AT))) 

[F igure 3a] 
[F igu re 3b] 
[ F i g u r e 3c] 
[F igu re 3d] 

[F igu re 4a] 
[ F i g u r e 4b] 

K(X,Y) = 

E(*,Y) 
QI(X,Y) 

E*(X,Y) = 

T(X,Y) = 

IP(X, Y) = 

[F igu re 5a] 
[F igu re 5b] 

(1* oc Y) A ( r * a 0?) A ( l y X) A ( r y 9(1 A*)A 
(ZAf < 180°)A 
(((\x1ty)A(rx1ty))V 

((\xU-y)A(*xvy))) 

(\x<xy)A(rx<ty)A(\Y<TX)A(TycxX)A(ei(X,y)vE2(X,y)) 

( l y # r * ) A ( Z r y U < 180°)A 
((Qxfty)A(IyVX))V [ F i g u r e 6a] 

((lx Hy)A(TytX))) [F igu re 6b] 
( l y = r * ) A (LX < 180° ) A (Ly < 180°)A 
( ( ( U ft y) A ( r y ii. X))V [ F i g u r e 7a] 

((lx Vy)A(ry1tX))) [ F i g u r e 7b] 
(lx <x y) A (TX 9c y) A ( l y 9* AT) A ( r y 9c A*)A 

(ZAf < 180°)A 
((U ft 3>)V 

(1* * y)) 
( 1 * 9* Y) A ( r * oc y ) A ( ly 9c A") A ( r y 9c X)A 
(LX < 180°)A 
( ( r ^ ft^)V 

(rx 4 y ) ) 

(1a- 9c y) A ( i x ot y ) A ( l y 9c AT) A ( r y 9c AT)A 

(0* # l y ) V 

( ( 1 * = l y ) A (ZA- = 180° ) ) ) 

T a b l e 2: B o o l e a n e x p a n s i o n of (X <g> J>) 

[F igu re 8a] 
[F igu re 8b] 

[F igu re 9a] 
[ F i g u r e 9b] 

[F igu re 10] 
[F igu re 11] 
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T h i s e x p r e s s i o n is o b v i o u s l y unsa t i s f i ab l e if i t c o n t a i n s (a» ft Xi) a n d (a ;- J | t e r m s , w h e r e a,- = a ; a n d 
X{ = Xj. E x p r e s s i o n s w h i c h a r e p o t e n t i a l l y sa t i s f iab le a r e e v a l u a t e d u s i n g a n a l g o r i t h m s i m i l a r t o t h e o n e 
d e v e l o p e d by S u g i h a r a [13] t o t e s t t h e feasibi l i ty of a l i n e - d r a w i n g ' s i n t e r p r e t a t i o n . 

T h e first s t e p is t o c r e a t e vec to r s for e ach l ine a n d t h e n t o find t h e n o r m a l vec to r for each su r f ace - f r agmen t . 
T h e s e v e c t o r s a n d n o r m a l s a r e c r e a t e d as follows: 

For e a c h a G (J£Li{a*}> c r e a t e a vec to r : 

pa = (cos Z a , s i n Z . a , z a ) , w h e r e za is u n k n o w n . 

(pa is t h e p o s i t i o n of t h e e n d p o i n t of l ine a ) . 

For e a c h X € U j = i { ^ j } ' c r e a ^ e a vec to r : 

f fcxpu) ifUX < 180°) 
n x = I (pTx x ( c o s Z r * + 9 0 ° , s i n Z r A ' +90°,Cv))> w h e r e Cv is u n k n o w n if (IX = 180°) 

1 (P\x x P r , J o t h e r w i s e 

(fix is a n u p w a r d - p o i n t i n g n o r m a l for t h e p l a n e def ined by X). 

T h e d o t p r o d u c t of p i a n d nx c a n b e u sed t o d e t e r m i n e w h e t h e r pi is a b o v e , o n , o r b e l o w X. If t h e 
d o t p r o d u c t is p o s i t i v e , pi is a b o v e X\ if i t is zero , pi is o n X; o t h e r w i s e , p i is be low X. Us ing t h i s , t h e 
p r e d i c a t e s in C c a n b e e v a l u a t e d as follows: 

For e a c h p r e d i c a t e (a t- ft Xi) (1 < i < n ) , c r e a t e t h e e q u a t i o n : nxt • Pat > 0 

For e a c h p r e d i c a t e (a ;- J | Xj) (n < j < m ) , c r e a t e t h e e q u a t i o n : • paj < 0 

For e a c h X £ UjLi I = 180° , c r e a t e t h e e q u a t i o n : z r x -h z\x = 0 

T h e l a s t e q u a t i o n is b a s e d on t h e g e n e r a l v iew a s s u m p t i o n (see Sec t ion 4 ) . By t h a t a s s u m p t i o n , t w o b o u n d i n g 
l ines wh ich a p p e a r p a r a l l e l m u s t b e p a r a l l e l . 

E v e n t h o u g h t h e first t w o e q u a t i o n s a r e l inear , t h e y a r e n o t in a f o rm wh ich c a n b e so lved u s i n g l inea r 
p r o g r a m m i n g . T h e s e e q u a t i o n s c a n b e c o n v e r t e d for f o r m s w h i c h a r e a m i a b l e t o l i nea r p r o g r a m m i n g by 
r e p l a c i n g > 0 a n d < 0 w i t h > e a n d < — e r e spec t i ve ly (e is a n y p o s i t i v e c o n s t a n t ) . T h i s modi f i ed s y s t e m 
of e q u a t i o n s is e q u i v a l e n t t o t h e o r i g i n a l s y s t e m 3 . If t h i s modi f ied s y s t e m of e q u a t i o n s h a s a s o l u t i o n , t h e n 
t h e r e is a way t o a r r a n g e t h e l ines a n d s u r f a c e - f r a g m e n t s so t h a t t h e r e l a t i o n s d e s c r i b e d in C a r e sat isf ied. 

4.1.2 Evaluating the validity criteria 
For a n y i n t e r s e c t i o n , t h e va l id i ty of a n a r b i t r a r y l a b e l i n g c a n b e d e t e r m i n e d as follows: 

1. G e n e r a t e b o o l e a n e x p r e s s i o n s c o r r e s p o n d i n g t o exp re s s ions (1) - (3 ) , b a s e d o n t h e i n t e r s e c t i o n a n d t h e 
l a b e l i n g . 

2. C o m b i n e t h e t h r e e b o o l e a n exp re s s ions in to a s ingle expres s ion ( A N D i n g t h e t h r e e c lauses t o g e t h e r ) . 

3 . S impl i fy t h e b o o l e a n exp re s s ion by: 

• r e w r i t i n g t h e <g> p r e d i c a t e exp re s s ions in t e r m s of t h e o t h e r p r e d i c a t e s a n d 

• e v a l u a t i n g all e x c e p t t h e ft a n d ^ p r e d i c a t e s . 

Proof. A solution to the modified system of equations is a solution to the original system. Any solution to the original 
system can be multiplied a large enough constant that it constitutes a solution to the modified system if a solu ion 
exists to the original system, a solution exists to the modified system ineretore, ,f a solution 
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F i g u r e 3 b : 
((Ur J J - y ) A ( r * $y)A 
(ly ft X) A ( r y ft X)) 

F i g u r e 3a : 
(OAT t y) A ( r * ft 3>)A 

( ly * A*) A ( r y 4 X)) 
F i g u r e s 3 a - 3 d : D o u b l e o v e r l a p p i n g s m a l l - l a r g e s u r f a c e - f r a g m e n t s . 

F i g u r e 3c : 
( ( l * f t 3 > ) A ( r * U 3 0 A 

( ly ij. X) A ( r y ft AT)) 

F i g u r e 3d : 
( 0 * 9- y) A ( r * ft y)A 

( l y ft AT) A ( r y * .V)) 

x y 
F i g u r e 4 a : F i g u r e 4 b : 

((lx$y)A(ix1ty)A ( ( I r ^ A ^ f t ^ A 
( ly ft X) A ( r y ii. X)) ( ly * X) A ( r y ft A O ) 

F i g u r e s 4 a - 4 b : D o u b l e o v e r l a p p i n g l a r g e - l a r g e 
s u r f a c e - f r a g m e n t s . 

F i g u r e 5a : n & u i e uu. 
( U f t 3 > ) A ( r * f t y ) ( l * ^ ) A ( r * U 3 > ) 

F i g u r e s 5 a - 5 b : Fu l l y o v e r l a p p e d 
sur f a c e - f r a g m e n t s . 

F i g u r e 5 b : 

4 . R e w r i t e t h e b o o l e a n e x p r e s s i o n in d i s j u n c t i v e n o r m a l f o r m . T h i s exp re s s ion will h a v e t h e f o r m : 

B = C i V C 2 V - - - V C „ (5) 

w h e r e e a c h C% is a n e x p r e s s i o n of t h e f o r m given by e q u a t i o n ( 4 ) . 

5 . D e t e r m i n e t h e sa t i s f iab i l i ty of e a c h d in B , u s i n g t h e a l g o r i t h m d e s c r i b e d in Sec t i on 4 . 1 . 1 . If a n y of 
t h e d's a r e sa t i s f i ab le , t h e n t h e l a b e l i n g r e p r e s e n t s a va l id a r r a n g e m e n t of s u r f a c e - f r a g m e n t s a r o u n d 
t h e i n t e r s e c t i o n . O t h e r w i s e , t h e l a b e l i n g is inva l id . 

4.2 Intersect ion t y p e s 
T h e se t of va l id l a b e l i n g s is r e l a t i ve ly in sens i t i ve t o t h e e x a c t p o s i t i o n of t h e l ines a r o u n d t h e i n t e r s e c t i o n . 

T w o different i n t e r s e c t i o n s will h a v e t h e s a m e va l id l a b e l i n g s if: 

• t h e c o r r e s p o n d i n g p a i r s of l ines a r o u n d e a c h i n t e r s e c t i o n h a v e t h e s a m e a n g u l a r sense (less t h a n 180° , 

e q u a l t o 180° or g r e a t e r t h a n 180°) a n d 

• t h e c o r r e s p o n d i n g l ines a r o u n d e a c h i n t e r s e c t i o n a r e b o t h e i t h e r v is ib le or h i d d e n . 

A s a r e su l t , i t is pos s ib l e t o c r e a t e a n i n t e r s e c t i o n l ib ra ry . For each d i s t i n c t a r r a n g e m e n t of l ines a r o u n d 
a n i n t e r s e c t i o n , g e n e r a t e a l l poss ib l e l abe l i ngs a n d use t h e a l g o r i t h m d e s c r i b e d in t h e p r e v i o u s s ec t i on t o 
re ject t h e inva l id o n e s . I n t e r s e c t i o n l i b r a r i e s i m p r o v e p e r f o r m a n c e , s ince i t t a k e s less t i m e t o find t h e va l id 
l a b e l i n g s in a n i n t e r s e c t i o n l i b r a r y t h a n i t d o e s t o g e n e r a t e t h e m f r o m s c r a t c h . F i g u r e s 12a-12k s h o w all 
d i s t i n c t a r r a n g e m e n t s of four o r fewer l ines a r o u n d a n i n t e r s e c t i o n (un le s s m e n t i o n e d o t h e r w i s e , t h e a n g l e 
b e t w e e n a d j a c e n t l ines is less t h a n 1 8 0 ° ) . 



F i g u r e 6a : 
(IAT it y) A (vy $ X) 

F i g u r e 6 b : 
(\x1ty)^(ry^X) 

F i g u r e s 6 a - 6 b : P a r t i a l l y o v e r l a p p i n g 
s u r f a c e - f r a g m e n t s . 

F i g u r e 7a : 
( U it y) A ( r y ^ X) 

F i g u r e 7 b : 
(U^y)A(vytX) 

F i g u r e s 7 a - 7 b : P a r t i a l l y o v e r l a p p i n g j o i n e d 
s u r f a c e - f r a g m e n t s . 

x r 

1 

x r 

1 

F i g u r e 8 a : 

(ixity) 
F i g u r e 8 b : 

F i g u r e s 8 a - 8 b : R i g h t fo lded 
s u r f a c e - f r a g m e n t s . 

F i g u r e 9a : F i g u r e 9 b : 

F i g u r e s 9 a - 9 b : Left folded 
s u r f a c e - f r a g m e n t s . 

F i g u r e 10: 
Dis jo in t 
su r face-

f r a g m e n t s . 

F i g u r e 11 : 
Fo lded ha l f 

sur face-
f r a g m e n t s . 

5 Generating a topology from a line-drawing 
G e n e r a t i n g a su r face t o p o l o g y - a l ist of t h e ver t ices f o r m i n g each face in t h e p r o p o s e d o b j e c t - f rom 

a l i n e - d r a w i n g is a four s t e p p r o c e s s . F i r s t , r e s t r i c t i o n s o n t h e poss ib l e l abe l s for e a c h l ine a r e f o u n d us ing 
f e a t u r e s in t h e l i n e - d r a w i n g . S e c o n d , t h e va l id l a b e l i n g s for e a c h i n t e r s e c t i o n in t h e l i n e - d r a w i n g a r e found 
u s i n g t h e a l g o r i t h m g iven in S e c t i o n 4 . T h i r d , t h e e n t i r e l i n e - d r a w i n g is c o n s i s t e n t l y l a b e l e d u s i n g a b r a n c h 
a n d b o u n d s e a r c h . F o u r t h , a su r face t o p o l o g y is f o u n d u s i n g t h e l a b e l i n g f o u n d in t h e p r e v i o u s s t e p . 

O n c e a su r face t o p o l o g y h a s b e e n f o u n d , i t is d i sp l ayed t o t h e user . T h e user c an t h e n e i t h e r a ccep t or 
re jec t t h e t o p o l o g y . If t h e use r a c c e p t s i t , t h e sur face t o p o l o g y is used t o c r e a t e a n e w o b j e c t . O t h e r w i s e , 
s t e p s t h r e e a n d four a r e r e p e a t e d a n d a new t o p o l o g y is g e n e r a t e d . 

5.1 Restr ic t ing the possible label ings for a line 

For a n y g iven l i n e - d r a w i n g , s o m e l a b e l i n g s wh ich m i g h t b e val id b a s e d solely o n a n a n a l y s i s of t h e 
i n t e r s e c t i o n s m i g h t b e i n a p p r o p r i a t e b a s e d o n g l o b a l f ea tu re s in t h e l i n e - d r a w i n g . In F i g u r e 13 , for e x a m p l e , 
l ine ab p a r t i a l l y o b s c u r e s t w o o t h e r l ines . In o r d e r for t h i s t o occur , l ine ab m u s t h a v e o n e or m o r e sur faces 
e x t e n d i n g t o i t s u p p e r r igh t a n d n o sur faces e x t e n d i n g t o i t s lower left. A s a r e su l t , a n y l a b e l i n g for 
i n t e r s e c t i o n s a o r b in w h i c h l ine ab fails t o m e e t t h i s c o n d i t i o n is c o n s i d e r e d i n a p p r o p r i a t e . T h e fol lowing 
ru les c a n b e u s e d t o re jec t i n a p p r o p r i a t e l a b e l i n g s : 

F i g u r e 12a: 
A r r o w . 1. F i g u r e 12b : 

A r r o w . 2 
(Lba > 180° ) . 

F i g u r e 12c: 
S t r a i g h t . 2 

(Lba = 180°) . 

F i g u r e 12d: 
A r r o w . 3 

(Lea > 180° ) . 
F i g u r e 12e: 

F o r k . 3 . 

t 

J -
F i g u r e 12f: 

T . 3 
(Lea = 180° a n d 

Lba > 180°) . 
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c 

F i g u r e 12g: 
A r r o w . 4 

(Ida > 180° ) . 

b 

d 
F i g u r e 12h: 

F o r k . 4 
(lea > 180° a n d 

Lbd > 180° ) . 

<r b 

a 
F i g u r e 12i: 

P s i . 4 
(Lea - 180° a n d 

Ldb > 180° ) . 

b 

F i g u r e 14a: T w o 
s u r f a c e - f r a g m e n t m e r g e 

d 

F i g u r e 12j : 
K . 4 

(Ida = 180° a n d 
Lcb> 180° ) . 

b 

d 
F i g u r e 12k: 

X . 4 
(Lea = 180° a n d 

Z 6 d = 180° ) . 

F i g u r e 13 : D i s c a r d i n g 
i n a p p r o p r i a t e l a b e l i n g s . 

b 

F i g u r e 14b : F o u r 
s u r f a c e - f r a g m e n t m e r g e 

1. C r o s s i n g - r u l e 1 
If t w o l ines c ross a n d o n e of t h e l i n e - s e g m e n t s a d j a c e n t t o t h e c ross ing is h i d d e n , t h e n t h e o b s c u r i n g 
l ine m u s t h a v e o n e o r m o r e a d j a c e n t sur faces e x t e n d i n g over t h e o b s c u r e d l i n e - s e g m e n t a n d n o a d j a c e n t 
sur faces e x t e n d i n g over t h e e x p o s e d l i n e - s e g m e n t . 

2 . C r o s s i n g - r u l e 2 
If t w o l ines cross a n d eve ry l i n e - s e g m e n t a d j a c e n t t o t h e c ross ing is v i s ib le , t h e n a t l eas t o n e of t h e 

l ines m u s t n o t b e a d j a c e n t t o a n y su r faces . 
T h e s e ru le s a s s u m e t h a t i n t e r s e c t i o n s , w h e r e t w o o r m o r e l ines m e e t a t a p o i n t , c a n b e d i s t i n g u i s h e d 
f r o m c ross ings , w h e r e t w o l ines p a s s over o n e - a n o t h e r in t h e l i n e - d r a w i n g . I n V i k i n g , t h i s is ea sy t o 
d o b e c a u s e t h e r e is a o n e t o o n e m a p p i n g b e t w e e n i n t e r s e c t i o n s in t h e l i n e - d r a w i n g a n d ver t i ces in t h e 
c u r r e n t o b j e c t . 

3 . P e r i m e t e r - r u l e 

A l i n e - s e g m e n t o n t h e p e r i m e t e r of t h e l i n e - d r a w i n g can o n l y b e a d j a c e n t t o su r faces e x t e n d i n g t o t h e 

i n s ide of t h e l i n e - d r a w i n g . 

T h i s ru l e a s s u m e s t h a t t h e e n t i r e o b j e c t is c o n t a i n e d w i t h i n t h e b o u n d a r i e s of t h e l ine d r a w i n g a n d 

t h a t n o n e of t h e o b j e c t ' s faces c o n t a i n ho les . 

5.2 Generat ing the correct topo logy 
A n o b j e c t ' s t o p o l o g y n o r m a l l y is n o t u n i q u e l y specif ied b y t h e l i n e - d r a w i n g . For e x a m p l e , t h e l ine-

d r a w i n g F i g u r e 13 h a s 19 different t o p o l o g i e s . V i k i n g h a n d l e s t h i s p r o b l e m b y u s i n g h e u r i s t i c s t o ass ign a 
cost t o e a c h poss ib l e l a b e l i n g for e a c h i n t e r s e c t i o n . T o p o l o g i e s a r e t h e n g e n e r a t e d in o r d e r of i n c r e a s i n g t o t a l 
cos t . 

5 . 2 . 1 A s s i g n i n g c o s t s t o t h e l a b e l i n g s 

T h r e e h e u r i s t i c s a r e u sed t o d e t e r m i n e t h e cos t of a n i n t e r s e c t i o n ' s l a b e l i n g . T h e first h e u r i s t i c p e n a l i z e s 
l a b e l i n g s w h i c h a r e different f r o m t h e l a b e l i n g for t h e i n t e r s e c t i o n in t h e c u r r e n t o b j e c t d e s c r i p t i o n . T h e 
s e c o n d h e u r i s t i c f ac to r s in a b i a s t o w a r d s t o p o l o g i e s p re fe r red b y t h e use r . For e x a m p l e t h e use r c an se t 
a p re fe rence for sol id t o p o l o g i e s , in wh ich case l abe l ings w h i c h h a v e n o n - c o n t i n u o u s sur faces a r e p e n a l i z e d . 
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T h e t h i r d a n d final h e u r i s t i c f ac to r s in a b i a s t o w a r d s p l a u s i b l e con f igu ra t i ons of su r faces . In p a r t i c u l a r , 
l a b e l i n g s a r e p e n a l i z e d in w h i c h o n e or m o r e ver t ices m u s t m o v e in o r d e r t o sa t i s fy t h e i m a g e c o n s t r a i n t s . 

5.2.2 Searching for a consistent labeling 

O n c e a cos t h a s b e e n a s s igned t o each l a b e l i n g for e ach i n t e r s e c t i o n , a s e a r c h is c o n d u c t e d for t h e leas t 
e x p e n s i v e , c o n s i s t e n t l a b e l i n g for t h e e n t i r e l i n e - d r a w i n g . T h i s s e a r c h is p e r f o r m e d c r e a t i n g a b r a n c h a n d 
b o u n d s e a r c h t r e e . T h i s t r e e is c r e a t e d b y r e p e a t e d l y e x p a n d i n g t h e leaf wh ich h a s t h e lowest cos t . T h e r e a re 
t w o t y p e s of leaves : i n t e r m e d i a t e leaves a n d t e r m i n a l leaves . T h e f o r m e r c o r r e s p o n d t o p a r t i a l l a b e l i n g s for 
t h e l i n e - d r a w i n g . T h e l a t t e r a r e leaves in w h i c h a l abe l i ng h a s b e e n a s s igned t o eve ry i n t e r s ec t i on in t h e l ine-
d r a w i n g . I n t e r m e d i a t e leaves a r e e x p a n d e d by finding a n u n l a b e l e d i n t e r sec t i on a n d g e n e r a t i n g a n e w leaf 
for e a c h of t h e i n t e r s e c t i o n ' s l a b e l i n g t h a t is c o n s i s t e n t w i t h t h e l abe l i ngs se lec ted for t h e l ea f ' s a n t e c e d e n t s . 
T e r m i n a l l eaves a r e e x p a n d e d b y g e n e r a t i n g t h e t o p o l o g y c o r r e s p o n d i n g t o t h e a s s igned l a b e l i n g s a n d a l lowing 
t h e u se r t o a c c e p t or re jec t t h e topo logy . 

A l ea f ' s cos t is a n e s t i m a t e of t h e t o t a l cos t t o l abe l every i n t e r s ec t i on in t h e l i n e - d r a w i n g . T h i s cost can 
b e c a l c u l a t e d b y a d d i n g t h e cos t s of t h e l abe l i ngs a l r e a d y se lec ted for a l ea f ' s a n t e c e d e n t s t o a n e s t i m a t e of 
t h e r e m a i n i n g cos t . T h i s r e m a i n i n g cost is f o u n d by a d d i n g t h e cost of finding t h e leas t e x p e n s i v e l abe l ings 
for t h e r e m a i n i n g i n t e r s e c t i o n s w h i c h a r e c o n s i s t e n t w i t h t h e leaf ' s a n t e c e d e n t s ( b u t w h i c h m a y b e m u t u a l l y 
i n c o n s i s t e n t ) . T h i s cos t e s t i m a t e is o p t i m i s t i c ( i .e . t h e t r u e cos t wil l a l w a y s b e a s h i g h o r h i g h e r t h a n t h e 
e s t i m a t e ) . A s a r e su l t , t h i s a l g o r i t h m is g u a r a n t e e d t o g e n e r a t e c o n s i s t e n t l abe l ings for t h e e n t i r e l i n e - d r a w i n g 
in o r d e r of i n c r e a s i n g t o t a l c o s t 4 . 

5.2.3 Generating a topology from a labeling 

T h e l a b e l i n g se lec ted for e a c h in t e r sec t ion desc r ibes t h e i n t e r s e c t i o n ' s a d j a c e n t su r faces . T h i s d e s c r i p t i o n , 
however , is ve ry l i m i t e d : for e a c h sur face , t h e l a b e l i n g c o n t a i n s o n l y t h e left a n d r i g h t b o u n d i n g l ines for t h e 
su r face a t t h e i n t e r s e c t i o n . C r e a t i n g a su r face t o p o l o g y r equ i r e s m e r g i n g t h e i n d i v i d u a l s u r f a c e - f r a g m e n t s 
i n t o c losed, p o l y g o n a l sur faces , wh ich t h e n b e c o m e t h e o b j e c t ' s faces. In F i g u r e 14a, for e x a m p l e , t h e 
sur f a c e - f r a g m e n t s a d j a c e n t t o i n t e r s ec t i ons b a n d c c an b e m e r g e d t o fo rm a l a rge r s u r f a c e - f r a g m e n t . If, as 
in F i g u r e 14b , a l ine h a s t w o or m o r e sur faces e x t e n d i n g t o a s ide , t h e r e a re t w o poss ib l e w ay s t o m e r g e t h e 
sur faces . V i k i n g solves t h i s p r o b l e m by t r y i n g b o t h c o m b i n a t i o n s . O n l y o n e of t h e c o m b i n a t i o n s will lead 
t o a va l id se t of su r faces ( se l ec t ing t h e o t h e r c o m b i n a t i o n will r e su l t in o n e or m o r e o p e n sur faces af ter all 
s u r f a c e - f r a g m e n t s h a v e b e e n c o m b i n e d ) . 

W h i l e t h i s a l g o r i t h m will a lways find t h e t o p o l o g y wh ich c o r r e s p o n d s t o a l abe l i ng , n o t every t o p o l o g y 
is r e a s o n a b l e . If a t o p o l o g y c o n t a i n s a face in wh ich a n edge e x t e n d s ac ross t h e ins ide of t h e face b e t w e e n 
t w o of t h e face ' s ve r t i ces , t h e n t h e t o p o l o g y is cons ide red u n r e a s o n a b l e a n d is r e j ec t ed . T h e r e a s o n for t h i s 
is t h a t a n e d g e b e t w e e n t w o of a face ' s ve r t i ces m u s t b e c o - p l a n a r w i t h t h e face. If t h e e d g e a l so e x t e n d s 
ac ross t h e in s ide of t h e face t h e n i t is i m p o s s i b l e t o sa t is fy e i t h e r t h e in front of o r t h e behind c o n s t r a i n t s 
u sed by t h e g e o m e t r i c c o n s t r a i n t so lver . 

5.3 Se lect ing the topo logy 

O n c e a r e a s o n a b l e t o p o l o g y h a s b e e n found , i t is d i sp l ayed t o t h e use r a n d h e or s h e is g iven a c h a n c e 
t o a c c e p t o r re jec t i t . In t h e f o r m e r case , a n a t t e m p t is m a d e t o find a s a t i s f a c t o r y o b j e c t g e o m e t r y for 
t h e t o p o l o g y . In t h e l a t t e r , a n e w t o p o l o g y is found . T h e r e a r e t h r e e w a y s in w h i c h t h e use r c a n reject a 
t opo logy . F i r s t , t h e user c an s i m p l y re ject t h e l abe l ing , in wh ich case t h e n e x t l eas t e x p e n s i v e l a b e l i n g is 
found . S e c o n d , t h e use r c a n re ject t h e l abe l i ng , b u t a c c e p t t h e l abe l i ng for a s ing le l ine . In t h i s case , t h e 
n e x t l eas t e x p e n s i v e l a b e l i n g is f o u n d in wh ich t h e n u m b e r of sur faces a d j a c e n t t o t h e se lec ted l ine does 
n o t c h a n g e . T h i r d , t h e use r c a n reject t h e l a b e l i n g for a s ing le l ine , forc ing t h e s y s t e m t o find t h e n e x t 

4 Proof: The cost of a terminal leaf is the true cost for labeling the line-drawing. In order for a terminal leaf to be expanded, 
its cost must be as low or lower than the cost of any other leaf in the tree. And, since the cost of intermediate leaves are 
optimistic, the true cost of any other labeling must be at least as high as the cost of the terminal leaf. 
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l ea s t e x p e n s i v e l a b e l i n g in w h i c h t h e n u m b e r of sur faces a d j a c e n t t o t h e se l ec ted l ine c h a n g e s . T h e l a t t e r 

t e c h n i q u e s e e m s t o b e t h e m o s t effective o n e for f ind ing a des i r ed t o p o l o g y . 

6 Finding the geometry from a line-drawing 
O n c e a t o p o l o g y h a s b e e n a c c e p t e d b y t h e user , t h e n e x t p r o b l e m is t o find a p p r o p r i a t e p o s i t i o n s for 

al l of t h e ve r t i ce s in t h e n e w o b j e c t d e s c r i p t i o n . In V i k i n g , t h i s is d o n e by s o l v i n g a s y s t e m of n o n - l i n e a r 

e q u a t i o n s w h i c h c o r r e s p o n d t o g e o m e t r i c c o n s t r a i n t s o n t h e n e w o b j e c t . T h e s e g e o m e t r i c c o n s t r a i n t s fall 

i n t o t h r e e b r o a d c a t e g o r i e s : 

W o r l d T h e c o n s t r a i n t t h a t e ach face in t h e p r o p o s e d o b j e c t d e s c r i p t i o n in p l a n a r . 

I m a g e T h e c o n s t r a i n t t h a t t h e v i s i b l e / h i d d e n r e l a t i o n s i m p l i e d b y t h e i m a g e a r e sa t i s f ied . 

• A t a n y c ros s ing ( w h e r e t w o l ines c ross o n e a n o t h e r w i t h o u t p h y s i c a l l y i n t e r s e c t i n g ) , t h e v is ib le 

l ine m u s t b e in f ron t of t h e h i d d e n or p a r t i a l l y h i d d e n l ine . 

• A t a n y v i s ib le i n t e r s e c t i o n , v i s ib le l ines m u s t b e in f ront of a n y s p a n n i n g sur faces a n d h i d d e n l ines 

m u s t b e b e h i n d a t l eas t o n e s p a n n i n g su r face . T h i s is s i m i l a r t o t h e first t w o va l id i ty c r i t e r i a 

g iven in S e c t i o n 4 . 1 . 

U s e r A n y g e o m e t r i c c o n s t r a i n t s p l a c e d b y t h e use r . 

If a s o l u t i o n is f o u n d t o t h e s y s t e m of g e o m e t r i c c o n s t r a i n t s , t h e n t h e n e w i n t e r p r e t a t i o n b e c o m e s t h e new 
c u r r e n t o b j e c t a n d t h e use r c a n c o n t i n u e t h e m o d i f y a n d i n t e r p r e t cyc le . O t h e r w i s e , t h e use r c a n e i t h e r 
s e a r c h for a n e w t o p o l o g y o r a b o r t t h e s e a r c h for a g e o m e t r y . In t h e l a t t e r case , t h e t o p o l o g y f r o m t h e 
n e w i n t e r p r e t a t i o n is c o m b i n e d w i t h t h e g e o m e t r y f r o m t h e c u r r e n t o b j e c t ( a n d , a s a r e su l t , s o m e of t h e 
g e o m e t r i c c o n s t r a i n t s wil l n o t b e sa t i s f i ed) . T h e use r c a n t h e n mod i fy t h e o b j e c t ( b y m o v i n g a v e r t e x closer 
t o i t s des i r ed p o s i t i o n , for e x a m p l e ) a n d r e - r u n t h e c o n s t r a i n t solver o n t h e modi f i ed o b j e c t . 

6.1 Equat ions used to represent the constraints 
C u r r e n t l y , V i k i n g s u p p o r t s five different t y p e s of c o n s t r a i n t s . T h e s e c o n s t r a i n t s a r e l i s t ed b e l o w , a l o n g 

w i t h t h e e q u a t i o n s u s e d t o r e p r e s e n t t h e m . A c o n s t r a i n t is sat isf ied w h e n all of i t s c o r r e s p o n d i n g e q u a t i o n s 

a r e sa t i s f ied . 

• P l a n a r i t y c o n s t r a i n t : P l a n a r ( v i , v^,..., vn) 
vi»#2,..., vn a l l l ie in t h e s a m e p l a n e . 

T o a d d a p l a n a r i t y c o n s t r a i n t , c r e a t e four n e w v a r i a b l e s : a , 6 , c , d, 
a d d t h e e q u a t i o n : a2 + b2 + c2 = 1 a n d 
for e a c h i s u c h t h a t 1 < iI < n , a d d t h e e q u a t i o n : 

axi + byi -f cz{ + d = 0. 

• L i n e in front of line: L ineFron t ( t7 i , tT2, tT3, v 4 l T) 

L i n e v\V2 p a s s e s in f ront of l ine V3V4 a f ter a p p l y i n g v iew t r a n s f o r m T . 

T o a d d a l ine in front of line c o n s t r a i n t , a d d t h e e q u a t i o n : p > e 

W h e r e : 
p e q u a l s (n • (vi - vz))/{n • T 2 ) , 
n e q u a l s ((v2 — v\) x (v4 — t f 3 ) ) , 
Tz is vec to r p o i n t i n g t o t h e eye in T a n d 
e is t h e m i n i m u m s e p a r a t i o n d i s t a n c e . 

• P o i n t in front of p l a n e : P o i n t F r o n t ( t 7 p , v\, #2, #3, T) 
vv is in f ron t of t h e p l a n e def ined b y v\,V2&V3 af ter a p p l y i n g v iew t r a n s f o r m T . 
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T o a d d a p o i n t in front of p l a n e c o n s t r a i n t , a d d t h e e q u a t i o n : p > e 
W h e r e : 

p e q u a l s ( n • (vp — v2))/(n • Tz), 
n e q u a l s ((vi — v2) x ( # 3 — ^ 2 ) ) , 
Tz is vec to r p o i n t i n g t o t h e eye in T a n d 
e is t h e m i n i m u m s e p a r a t i o n d i s t a n c e . 

• D i s t a n c e c o n s t r a i n t : D(ki, v \ , v2,.. • , & n , V2n - i » V2n» 

^n+l) V2n + 1, V2n+2» V2n+3i • • • , 

&n+m 5 ^ 2 n + 3 m - 2 > ^ 2 n + 3 m - l > i>2n+3m 

T h e d i s t a n c e s b e t w e e n t h e g iven p a i r s of ve r t i ces m u s t sa t i s fy t h e l inea r e q u a t i o n s h o w n be low. 

T o a d d a d i s t a n c e c o n s t r a i n t , a d d t h e fol lowing e q u a t i o n : 

*1 I VI - V2 I + • . • + kn I V2N-L - V2N | + 
kn+iL(v2n+i, v2n+2, V2N+3) -f . . . + 

f < d 
fcn+m£(v2n+3m-2, V 2 n + 3 m - l , ^ 2 n + 3 m ) < = d 

I > 
W h e r e : 

£(*>a, Vft, v c ) e q u a l s | ( a a — VB) x ( v c — v&) | / | v c — VB \ 
(L(vA,VB,vc) is t h e d i s t a n c e b e t w e e n va a n d t h e l ine def ined b y VB a n d vc). 

• A n g u l a r c o n s t r a i n t : A n g l e ( v p , v\, {T2, £ 3 ) = a 
T h e a n g l e b e t w e e n l ines v\v2 a n d V3V4 is a . 

T o a d d a n a n g u l a r c o n s t r a i n t , a d d t h e fol lowing e q u a t i o n : ( £12 • £34) — cos (a ) | v\2 | • | {T34 | = 0 
w h e r e : 

v\2 e q u a l s (v2 — v i ) a n d 
V34 e q u a l s ( S 4 — V3). 

6.2 Solving a s y s t e m non-l inear equations 

A n i t e r a t i v e a l g o r i t h m is u sed t o solve for a s o l u t i o n t o a s y s t e m of n o n - l i n e a r e q u a t i o n s . In each cycle 
of t h e i t e r a t i o n , t h e fol lowing s t e p s a r e p e r f o r m e d : 

1. a d i s p l a c e m e n t is f o u n d by c r e a t i n g a n d so lv ing a l i nea r o p t i m i z a t i o n p r o b l e m , 

2. a n o p t i m a l d i s p l a c e m e n t is t h e n f o u n d , a n d 

3 . t h e p o s i t i o n s of t h e ver t i ces is u p d a t e d . 

T h e i t e r a t i o n c o n t i n u e s u n t i l e i t h e r all of t h e e q u a t i o n s a r e sat isf ied ( t o w i t h i n a n e r ro r t o l e r a n c e ) or no 
m o r e p r o g r e s s is b e i n g m a d e t o w a r d s a s o l u t i o n . 

6.2.1 Finding the displacement 

T h e g o a l of e a c h i t e r a t i o n cycle is t o r e d u c e t h e g l o b a l e r r o r in t h e s y s t e m of n o n - l i n e a r e q u a t i o n s . T h e 
first s t e p in t h i s p roces s is t o find a d i s p l a c e m e n t in wh ich t h e g l o b a l e r ro r dec reases . T h i s is d o n e by c r e a t i n g 
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a n d s o l v i n g t h e fol lowing l i nea r o p t i m i z a t i o n p r o b l e m : 

M i n i m i z e : | a | + J2?Li SJ + v £ L i ( ™ * * I dk I ) 
S u c h t h a t : + V/* ; (x ) • d + e,- = 0 0 < i < n e 

+ Vflfy(f) • > 0 0 < j < n , -
Sj > 0 0 < j < n t-

I d* | < (b/wk) 0<k<n 

Solve for: e*, s 

W h e r e : 

• n is t h e n u m b e r of v a r i a b l e s . 

• ne is t h e n u m b e r of n o n - l i n e a r e q u a t i o n s of t h e fo rm: h{(x) = 0. 

• rii is t h e n u m b e r of n o n - l i n e a r e q u a t i o n s of t h e f o r m : gj(x) > 0. 

• x is t h e i n i t i a l p o s i t i o n vec to r . 

• d is t h e d i s p l a c e m e n t vec to r . 

• e a n d s a r e t h e r e m a i n i n g e r ro r v a r i a b l e s . 

• Wk is t h e we igh t for v a r i a b l e k ( typ ica l ly , 1 < Wk < 10) . 

• v is t h e d i s p l a c e m e n t b i a s ( c u r r e n t l y , 1 0 ~ 3 ) . 

• 6 is t h e m a x i m u m s t e p size ( c u r r e n t l y , 5 % t h e l e n g t h of t h e d i a g o n a l of t h e o b j e c t ' s b o u n d i n g b o x ) . 

T h i s L P is s i m i l a r t o t h e o n e d e v e l o p e d b y B u l l a r d a n d Biegler [3] t o solve s y s t e m s of n o n - l i n e a r e q u a t i o n s 5 

T h i s L P is n o t in s t a n d a r d f o r m , s ince t h e a b s o l u t e va lue func t i on is u sed in t h e o b j e c t i v e f u n c t i o n . I t is, 
howeve r , e a s y e n o u g h t o c o n v e r t t h i s L P t o s t a n d a r d f o r m by : 

• r e p l a c i n g e,- w i t h qi — , 

• r e p l a c i n g | et- | w i t h qi + r,- a n d 

• a d d i n g t h e e q u a t i o n s g,- > 0 a n d r ; > 0. 

A n d u s i n g a s i m i l a r s u b s t i t u t i o n for d. 

Since t h e d i s p l a c e m e n t is f o u n d u s i n g a l i nea r a p p r o x i m a t i o n of a n o n - l i n e a r s y s t e m , i t m a y n o t b e 
o p t i m a l for r e d u c i n g t h e g l o b a l e r ro r . I n d e e d , for s o m e s y s t e m s , t h e g l o b a l e r r o r will i nc r ea se if t h e ver t i ces 
a r e m o v e d b y t h e d i s p l a c e m e n t . V i k i n g uses t w o t e c h n i q u e s t o m i t i g a t e t h i s p r o b l e m . F i r s t , b e c a u s e t h e 
l i nea r a p p r o x i m a t i o n s a r e m o r e a c c u r a t e for s m a l l d i s p l a c e m e n t s , t h e o b j e c t i v e f u n c t i o n favors s o l u t i o n s w i t h 
s m a l l e r d i s p l a c e m e n t s . S e c o n d , V i k i n g s e a r c h e s a l o n g t h e d i s p l a c e m e n t v ec t o r t o find t h e d i s t a n c e wh ich 
p r o d u c e s t h e s m a l l e s t g l o b a l e r r o r . 

5 T h e only significant differences are that, in Bullard and Biegler's LP, v = 0 and a different strategy is used to find the 
optimal displacement. 
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6.2.2 Finding the "optimal" displacement 

A b i n a r y s e a r c h a l o n g t h e vec to r defined b y t h e d i s p l a c e m e n t is u sed t o find t h e d i s p l a c e m e n t w i t h t h e 
s m a l l e s t g l o b a l e r ro r . T h e d i s p l a c e m e n t f o u n d b y t h e s e a r c h is n o t s t r i c t l y o p t i m a l , s ince t h e s ea rch is l i m i t e d 
t o s e a r c h i n g a l o n g a s ing le v e c t o r w h i c h m a y n o t c o n t a i n t h e t r u e o p t i m a l d i s p l a c e m e n t . T h e a l g o r i t h m used 
t o p e r f o r m t h e b i n a r y s e a r c h is g iven be low ( w h e r e /i(x) is t h e g l o b a l e r r o r a t x): 

S t a r t i n g w i t h : / <= 0 
h 1 

[2] 

L o o p : 
m <= (/ + A ) / 2 

if ((fi(x + hd) < fi(x + Id) A (fi(x + hd) < fi(x + md)) [1] 
ex i t l oop , (hd) is t h e o p t i m a l d i s p l a c e m e n t . 

else if (fi(x + Id) < fi(x + hd)) 
h m 

else 

/ m [3] 

T h e benef i t of u s i n g t h e b i n a r y s e a r c h is m o s t c lear ly seen w h e n x is close t o a s o l u t i o n for t h e s y s t e m 
of e q u a t i o n s . I n t h i s s i t u a t i o n , t h e i n i t i a l d i s p l a c e m e n t m a y b e t o o l a rge a n d , w i t h o u t t h e b i n a r y s ea rch , 
t h e ve r t i ces w o u l d b e d i s p l a c e d b e y o n d t h e s o l u t i o n . O n t h e n e x t i t e r a t i o n , t h e d i s p l a c e m e n t m a y o v e r s h o o t 
t h e s o l u t i o n a g a i n a n d t h e c o n s t r a i n t solver will osc i l l a t e a r o u n d t h e s o l u t i o n w i t h o u t f ind ing i t . U s i n g t h e 
b i n a r y s e a r c h d e s c r i b e d a b o v e m i t i g a t e s t h i s p r o b l e m : if t h e d i s p l a c e m e n t s t e p s t o o far b e y o n d t h e s o l u t i o n , 
t h e n t h e g l o b a l e r ro r will n o t dec rease , t h e t e s t on l ine [1] will b e false, a n d t h e s e a r c h will c o n t i n u e on e i the r 
t h e first ha l f of t h e d i s p l a c e m e n t vec to r ( l ine [2]) o r t h e s e c o n d ha l f ( l ine [3]). N o r m a l l y o n l y t w o or t h r e e 
i t e r a t i o n s of t h e l o o p a r e r e q u i r e d t o find a n o p t i m a l d i s p l a c e m e n t . 

6.2.3 Updating the position of the vertices 

O n c e a n o p t i m a l d i s p l a c e m e n t h a s b e e n f o u n d , u p d a t i n g t h e p o s i t i o n s of t h e ver t i ces is t r i v i a l : s i m p l y a d d 
t h e c o r r e s p o n d i n g d i s p l a c e m e n t t o each c o o r d i n a t e of e a c h v e r t e x . D e t e r m i n i n g w h e t h e r sufficient p rogress 
is b e i n g m a d e is s l igh t ly m o r e c o m p l i c a t e d . V i k i n g c u r r e n t l y bases p rog re s s o n t h e s l ope of t h e c h a n g e in 
g l o b a l e r r o r over t h e p a s t t e n i t e r a t i o n s . If t h i s s l o p e is close t o zero o r p o s i t i v e ( w h i c h w o u l d i n d i c a t e a n 
i n c r e a s i n g g l o b a l e r r o r ) , t h e s e a r c h for a s o l u t i o n a b o r t s . 

7 Performance 
T w o c r i t i ca l a s p e c t s of a n i n t e r a c t i v e s y s t e m a r e h o w qu ick ly i t c an r e a c t t o t h e u s e r ' s a c t i o n s a n d h o w 

p e r f o r m a n c e d e g r a d e s a s t h e p r o b l e m size inc reases . V i k i n g ' s p e r f o r m a n c e was t e s t e d by c r e a t i n g severa l 
f ace t ed s p h e r e s , s u c h a s t h e o n e s h o w n in F i g u r e 15, a n d m o d i f y i n g t h e l i n e - d r a w i n g by m a k i n g all of t h e 
l i n e - s e g m e n t s o b s c u r e d by o n e face v is ib le . T a b l e 3 l is ts t h e t i m e s r e q u i r e d t o p e r f o r m t h e s t e p s r equ i r ed t o 
find a s u r f a c e - t o p o l o g y c o r r e s p o n d i n g t o t h e modi f i ed l i n e - d r a w i n g . 

C u r r e n t l y , V i k i n g ' s a l g o r i t h m for s k e t c h i n t e r p r e t a t i o n is u n c o m f o r t a b l y s low, of ten t a k i n g o n e or two 
m i n u t e s t o find a su r f ace - topo logy . M o s t of t h i s t i m e , however , s e e m s t o b e s p e n t a l l o c a t i n g m e m o r y 
a n d p a g e - s w a p p i n g . S w i t c h i n g t o m o r e efficient d a t a - s t r u c t u r e s cou ld d r a m a t i c a l l y r e d u c e t h e m e m o r y 
r e q u i r e m e n t s a n d i m p r o v e p e r f o r m a n c e . T h a t a n d i m p r o v e d w o r k s t a t i o n p e r f o r m a n c e s h o u l d al low f u t u r e 
ve r s ions of V i k i n g t o p r o v i d e t h e fas t r e s p o n s e t i m e s n e e d e d for a n i n t e r a c t i v e s y s t e m , e spec ia l ly w h e n used 
w i t h r e l a t ive ly s m a l l o b j e c t s . 

8 Future work 

V i k i n g w a s w r i t t e n as a t e s t - b e d for d e v e l o p i n g a use r - in te r face b a s e d o n s k e t c h i n t e r p r e t a t i o n As 
s u c h , it is a n u n e v e n i m p l e m e n t a t i o n of a sol id m o d e l e r . M a n y of t h e c a p a b i l i t i e s f o u n d in c o n v e n t i o n a l 
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# of Ver t i ces 9 16 25 36 49 64 81 100 

# of leaves in t r e e 15 34 56 107 164 233 3 1 1 399 

T o t a l m e m o r y ( M B ) 0.7 1.3 2.0 3.8 6.3 8.4 11.0 14.6 

C h e c k t i m e 0 .04 0 .04 0.09 0 .13 0.19 0 .24 0 .33 0 .41 

L o a d t i m e 0 .21 0 .60 1.10 2 .46 4 .19 5.75 7 .58 9 .98 

F i l t e r t i m e 0 .05 0 .24 0.47 0.67 0.78 0 .95 1.03 1.09 

S e t u p t i m e 0 .07 0 .15 0.30 0.80 1.58 2 .22 3.00 4 .21 

S e a r c h t i m e 0.06 0 .15 0 .23 0.38 0.62 0.90 1.27 1.89 

T o t a l t i m e 0 .44 1.18 2.19 4 .36 7.36 10.06 11 .23 17.58 

# of leaves is t h e t o t a l n u m b e r of leaves in t h e s e a r c h t r e e . 
T o t a l m e m o r y is t h e a m o u n t of m e m o r y used for V i k i n g d u r i n g t h e s e a r c h . 
C h e c k t i m e t i m e r e q u i r e d t o check for o b v i o u s i ncons i s t enc i e s . 
L o a d t i m e t i m e r e q u i r e d t o l o a d t h e va l id l abe l i ngs for e a c h i n t e r s e c t i o n . 
F i l t e r t i m e t i m e r e q u i r e d t o p e r f o r m Wal t z - f i l t e r ing [15]. 
S e t u p t i m e t i m e r e q u i r e d t o in i t i a l i ze t h e s e a r c h t r e e . 
S e a r c h t i m e t i m e r e q u i r e d t o s e a r c h for t h e su r face t opo logy . 
T o t a l t i m e t o t a l t i m e r e q u i r e d t o find t h e su r face t o p o l o g y . 

Al l t i m e s a r e in C P U s e c o n d s o n a S u n S P A R C s t a t i o n 1 + 

T a b l e 3 : T i m e r e q u i r e s t o g e n e r a t e a su r face t o p o l o g y . 
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F i g u r e 16: G r a p h of C P U t i m e vs . n u m b e r of ve r t i ces 

sol id m o d e l e r s a r e n o t p r e s e n t in V i k i n g . Fo r e x a m p l e , V i k i n g d o e s n o t s u p p o r t c o n s t r u c t i v e sol id g e o m e t r y 
u s i n g b o o l e a n o p e r a t i o n s . A d d i n g s u p p o r t for c o n v e n t i o n a l so l id m o d e l i n g t o V i k i n g will a l low for a d i r ec t 
c o m p a r i s o n b e t w e e n i n t e r a c t i v e s k e t c h i n t e r p r e t a t i o n a n d c o n v e n t i o n a l so l id m o d e l i n g t e c h n i q u e s . 

8.1 Sketch interpretat ion 
V i k i n g uses a n i n t e r s e c t i o n l i b r a r y wh ich c o n t a i n s all d i s t i n c t i n t e r s e c t i o n s of four o r fewer l ines . C u r ­

r e n t l y t h e r e is n o p r o v i s i o n for g e n e r a t i n g t h e va l id l a b e l i n g s for m o r e c o m p l e x i n t e r s e c t i o n s , a l t h o u g h t h i s 
will c h a n g e in f u t u r e ve r s ions of V i k i n g . T h e p r o g r a m used t o g e n e r a t e V i k i n g ' s i n t e r s e c t i o n l i b r a r y is ab l e 
t o find t h e val id l a b e l i n g s for a r b i t r a r i l y c o m p l e x i n t e r s e c t i o n s . I t is a s i m p l e m a t t e r t o m o v e t h i s a l g o r i t h m 
i n t o V i k i n g a n d use i t t o find t h e va l id l a b e l i n g s for i n t e r s e c t i o n s w i t h m o r e t h a n four a d j a c e n t l ines . 

A n o t h e r c h a n g e p l a n n e d for V i k i n g is t o a l low o b j e c t s w i t h n o n - p l a n a r faces. V i k i n g ' s s k e t c h i n t e r p r e t a ­
t i o n a l g o r i t h m is r o b u s t e n o u g h t o a n a l y z e s k e t c h e s of o b j e c t s c o n t a i n i n g n o n - p l a n a r faces w i t h o n l y m i n o r 
c h a n g e s . F o r e x a m p l e , t h e a l g o r i t h m used t o g e n e r a t e t h e va l id l a b e l i n g s for a n i n t e r s e c t i o n a s s u m e t h a t 
s u r f a c e - f r a g m e n t s a r e p l a n a r in o n l y t w o p laces : t h e e x p a n s i o n of t h e (g) p r e d i c a t e a n d t h e e q u a t i o n s u sed t o 
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r e p r e s e n t t h e ft a n d p r e d i c a t e s in Sec t ion 4 . 1 . 1 . N o n - p l a n a r s u r f a c e - f r a g m e n t s c an b e a c c o m m o d a t e d b y 
s i m p l y m o d i f y i n g t h e (g) p r e d i c a t e a n d a s s u m i n g t h a t a n y ft a n d J | p r e d i c a t e i nvo lv ing t h e m c a n b e sa t is f ied. 

8.2 Constraint satisfaction 

T w o m a j o r c h a n g e s a r e p l a n n e d for V i k i n g ' s c o n s t r a i n t s a t i s f a c t i o n use r - in t e r f ace . F i r s t , s eve ra l n e w 
t y p e s of c o n s t r a i n t s wil l b e s u p p o r t e d . T h e s e n e w c o n s t r a i n t s will a l low t h e user t o c o n t r o l t h e s h a p e of 
a g r o u p of ve r t i ce s . For e x a m p l e , t h e user cou ld p l a c e a r e c t a n g u l a r c o n s t r a i n t o n four ver t ices , a n d t h e 
ve r t i ce s wil l b e c o n s t r a i n e d t o f o r m a p l a n a r r e c t a n g l e . Second , t h e way in w h i c h d r a g g i n g by t h e use r is 
d o n e w h e n t h e c o n s t r a i n t s a r e i n i t i a l l y sat isf ied will b e c h a n g e d t o use t h e c o n s t r a i n e d d y n a m i c s t e c h n i q u e s 
d e v e l o p e d b y W i t k i n a n d We lch [16]. C o n s t r a i n e d d y n a m i c s is fas ter a n d m o r e r o b u s t t h a n t h e n o n - l i n e a r 
c o n s t r a i n t so lver c u r r e n t l y u s e d . 

8.3 Constraint inference 

O n e p r o b l e m w i t h V i k i n g is t h a t i t c a n b e exceed ing ly t e d i o u s t o m a k e a s k e t c h a n d t h e n p l ace all of t h e 
a p p r o p r i a t e c o n s t r a i n t s . T h e S n a p - d r a g g i n g use r - in te r face d e v e l o p e d by Bier [1] a n d modi f i ed by Gle icher 
a n d W i t k i n [7] a l lows t h e use r t o p l a c e c o n s t r a i n t s w i t h n o e x t r a w o r k a s t h e m o d e l is b e i n g c r e a t e d . 
I n c o r p o r a t i n g S n a p - d r a g g i n g i n t o V i k i n g cou ld s impl i fy t h e t a s k of c r e a t i n g c o n s t r a i n e d m o d e l s . 

9 Summary 

T h i s p a p e r d e s c r i b e s a so l id m o d e l e r , V i k i n g , w h o s e use r - in t e r f ace is b a s e d on i n t e r a c t i v e ske t ch in ter ­
p r e t a t i o n . T h i s in te r face is de s igned a r o u n d a cycle in w h i c h t h e user r e p e a t e d l y : 

• modi f ies a l i n e - d r a w i n g of t h e c u r r e n t o b j e c t a n d 

• g e n e r a t e s a n i n t e r p r e t a t i o n of t h e modi f ied l i n e - d r a w i n g . T h i s i n t e r p r e t a t i o n r ep laces t h e c u r r e n t 
o b j e c t . 

T h e user c a n m o d i f y t h e l i n e - d r a w i n g b y a d d i n g or r e m o v i n g l ines , by c h a n g i n g t h e v is ib i l i ty of a l i ne - s egmen t , 
a n d b y p l a c i n g g e o m e t r i c c o n s t r a i n t s on t h e o b j e c t r e p r e s e n t e d b y t h e l i n e - d r a w i n g . V i k i n g g e n e r a t e s a new 
i n t e r p r e t a t i o n by s e a r c h i n g for o n e w h i c h is c o n s i s t e n t w i t h t h e modi f i ed l i n e - d r a w i n g . S ince l i n e - d r a w i n g s 
t y p i c a l l y h a v e m u l t i p l e va l id i n t e r p r e t a t i o n s , V i k i n g uses h e u r i s t i c s t o g e n e r a t e i n t e r p r e t a t i o n s in o r d e r of 
d e c r e a s i n g d e s i r a b i l i t y t o t h e use r . T h e s e heu r i s t i c s a re so effective t h a t t h e i n t e r p r e t a t i o n des i red by t h e 
use r is n o r m a l l y t h e first i n t e r p r e t a t i o n g e n e r a t e d b y V i k i n g . 

T h e j o b of f ind ing a n i n t e r p r e t a t i o n of a modi f ied l i n e - d r a w i n g is b r o k e n in to t w o p a r t s : finding a 
su r face t o p o l o g y u s i n g a r c - l a b e l i n g a n d finding t h e ve r t ex p o s i t i o n s u s i n g c o n s t r a i n t s a t i s f a c t i o n . Arc -
l a b e l i n g c o m b i n e s a n a l g o r i t h m for finding t h e va l id l abe l i ngs of a r b i t r a r y i n t e r s e c t i o n s w i t h heu r i s t i c s for 
e v a l u a t i n g t h e d e s i r a b i l i t y of a l a b e l i n g t o t h e user . C o n s t r a i n t s a t i s f ac t i on uses a n o n - l i n e a r s a t i s f ac t ion 
a l g o r i t h m t o solve s y s t e m s of g e o m e t r i c c o n s t r a i n t s , w h e r e t h e c o n s t r a i n t s a r e e i t h e r exp l i c i t l y p l a c e d by t h e 
use r o r in fe r red f r o m t h e l i n e - d r a w i n g . T h e c o m b i n a t i o n of t h e s e t w o t e c h n i q u e s c r e a t e s a fast a n d flexible 
s k e t c h i n t e r p r e t a t i o n s y s t e m . 
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