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A b s t r a c t 

W e presen t a c a t ego ry - theo re t i c f ramework for provid ing in tens iona l s eman t i c s of p r o g r a m m i n g 
l anguages a n d es tab l i sh ing connec t ions be tween semant ics given a t different levels of in t ens iona l 
de ta i l . W e use a c o m o n a d t o m o d e l an a b s t r a c t no t ion of c o m p u t a t i o n , a n d we o b t a i n an in tens iona l 
ca t ego ry f rom an ex tens iona l c a t ego ry by t h e co-Kleisli cons t ruc t ion ; t h u s , while an ex tens iona l 
m o r p h i s m can b e viewed as a funct ion from values t o values , an in tens iona l m o r p h i s m is akin 
t o a funct ion f rom c o m p u t a t i o n s t o values . We s t a t e a s imple ca t ego ry - theo re t i c resul t a b o u t 
ca r t e s i an c losure . W e t h e n explore t h e p a r t i c u l a r e x a m p l e o b t a i n e d by t a k i n g t h e ex tens iona l 
c a t e g o r y t o b e C o n t , t h e ca t egory of Sco t t d o m a i n s w i t h con t inuous funct ions as m o r p h i s m s , 
w i t h a c o m p u t a t i o n r e p r e s e n t e d as a non-decreas ing sequence of values. We refer t o m o r p h i s m s 
in t h e resu l t ing in t ens iona l ca t ego ry as a l g o r i t h m s . We show t h a t t h e ca t ego ry A l g of Scot t 
d o m a i n s w i t h a l g o r i t h m s as m o r p h i s m s is ca r t e s i an closed. W e define a n in t ens iona l p a r t i a l o rde r on 
a l g o r i t h m s , w i t h respec t t o which app l i ca t ion , cu r ry ing a n d compos i t i on a re con t i nuous . W e show 
t h a t every a l g o r i t h m d e t e r m i n e s a con t inuous i n p u t - o u t p u t funct ion, a n d t h a t every con t inuous 
funct ion is t h e i n p u t - o u t p u t funct ion of some a l g o r i t h m . Th i s is in c o n t r a s t t o t h e sequent ia l 
a l go r i t hms m o d e l of Be r ry a n d Cur i en , in which a lgo r i t hms d e t e r m i n e t h e sequen t i a l i n p u t - o u t p u t 
funct ions (be tween conc re t e d o m a i n s ) . Since t h e con t inuous funct ions inc lude inhe ren t ly non­
sequen t i a l funct ions such as paral le l -or , we des igna te our a l g o r i t h ms as para l le l . T w o a lgo r i t hms 
a re i n p u t - o u t p u t equiva len t iff t hey have t h e s a m e i n p u t - o u t p u t funct ion. T h e in tens iona l o rde r ing 
on a l g o r i t h m s col lapses , u n d e r i n p u t - o u t p u t equivalence, o n t o t h e po in twise o rde r ing on the i r i npu t -
o u t p u t func t ions . W e define an in tens iona l semant ics of t h e s imply t y p e d A-calculus, a n d re la te it 
t o t h e s t a n d a r d ex tens iona l s e m a n t i c s . We discuss re la ted work a n d we p r o p o s e s o m e topics for 
fu r ther resea rch . 
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1 Introduction 
M o s t work on d e n o t a t i o n a l s eman t i c s of p r o g r a m m i n g l anguages h a s focussed on ex tens iona l a spec t s 
of p r o g r a m b e h a v i o r , such as t h e p a r t i a l funct ion f rom s t a t e s t o s t a t e s c o m p u t e d by an i m p e r a t i v e 
p r o g r a m , or t h e c o n t i n u o u s funct ion d e n o t e d by a t e r m of t h e A-calculus. It is difficult t o use such 
a s e m a n t i c s t o r e a s o n a b o u t in t ens iona l p rope r t i e s of p r o g r a m s (such as c o m p l e x i t y ) , since such 
s e m a n t i c mode l s usua l ly ignore t h e c o m p u t a t i o n s t r a t e g y of a p r o g r a m a n d therefore give t h e s a m e 
m e a n i n g t o all p r o g r a m s for t h e s a m e funct ion (for i n s t a n c e , all so r t ing p r o g r a m s have t h e s a m e 
ex tens iona l m e a n i n g ) . 

A n o t a b l e excep t ion is t h e work of Be r ry a n d Cur i en [Cur86] on sequen t i a l a l g o r i t h m s , bui ld ing 
on p rev ious work of K a h n a n d P lo tk in [KP78] on sequent ia l funct ions a n d conc re t e d a t a s t ruc ­
t u r e s . T h i s work gave a n e legant s ema n t i ca l accoun t of sequen t i a l c o m p u t a t i o n on concre te d a t a 
s t r u c t u r e s . I t is b a s e d on a corout ine- l ike o p e r a t i o n a l s eman t i c s [KM77] w i t h a lazy eva lua t ion 
m e c h a n i s m . In tu i t ive ly , a s equen t i a l a l g o r i t h m reac t s t o a r eques t for c o m p u t a t i o n of an o u t p u t 
value (in a specified o u t p u t cell) by issuing a sequence of r eques t s for eva lua t i on of i n p u t cells; 
once th i s s equen t i a l c o m p u t a t i o n has been comple t ed a n o u t p u t value m a y b e p r o d u c e d . It is 
obv ious w h y such o p e r a t i o n a l behav io r is sequen t ia l , a n d t h e r e is an a p p r o p r i a t e connec t ion wi th 
t h e d o m a i n - t h e o r e t i c n o t i o n of sequen t i a l funct ion as given by K a h n a n d P l o t k i n : a Be r ry -Cur i en 
sequen t i a l a l g o r i t h m m a y be viewed as a sequen t ia l funct ion pa i red w i th a ( sequen t ia l ) c o m p u t a t i o n 
s t r a t egy . I t is the re fore poss ib le t o use sequen t i a l a l g o r i t h m s as in tens iona l m e a n i n g s of sequent ia l 
p r o g r a m s , a n d t o m a k e d i s t inc t ions a m o n g sequen t ia l a l g o r i t h m s for t h e s a m e funct ion , based on 
the i r c o m p u t a t i o n s t r a t eg i e s . 

O u r gene ra l a i m is t o develop a t h e o r y of in t ens iona l s eman t i c s w i th appea l i ng m a t h e m a t i c a l a n d 
ca tegor ica l p r o p e r t i e s , which s u p p o r t s r ea son ing a b o u t b o t h ex t ens iona l a n d in t ens iona l p rope r t i e s 
of p r o g r a m s . W e a re pa r t i cu l a r l y in t e re s t ed in genera l iz ing t h e B e r r y - C u r i e n n o t i o n of a l g o r i t h m 
t o o b t a i n a n in t ens iona l m o d e l of para l le l c o m p u t a t i o n . Aga in , we t a k e an unde r ly ing o p e r a t i o n a l 
s e m a n t i c s b a s e d on lazy eva lua t ion . However , in c o n t r a s t t o t h e sequen t ia l case , we allow a para l le l 
a l g o r i t h m t o r e s p o n d t o an o u t p u t reques t by s t a r t i n g several i n p u t eva lua t ions in paral le l a n d 
specifying severa l a l t e r n a t i v e r e s u m p t i o n cond i t ions , in t e r m s of t h e resu l t s of s o m e or all of these 
i n p u t e v a l u a t i o n s . T h i s obvious ly general izes t h e sequen t ia l i n t e r p r e t a t i o n desc r ibed above , in a 
s imple a n d n a t u r a l m a n n e r . O u r thes is is t h a t paral le l a l g o r i t h m s ough t t o co r r e spond t o continuous 
func t ions pa i r ed w i th (para l le l ) c o m p u t a t i o n s t r a t eg i e s . As ev idence in s u p p o r t of th i s thesis we 
n o t e t h a t P l o t k i n [Plo77] showed t h a t t h e con t inuous funct ions m o d e l of t h e s imply t y p e d A-calculus 
is i n h e r e n t l y para l le l , since it con ta ins non- sequen t i a l funct ions like para l le l -or . A t o u c h s t o n e for 
j u d g i n g t h e v iabi l i ty of o u r a p p r o a c h is t o show t h a t (like Be r ry a n d C u r i e n ) we o b t a i n a ca r t e s i an 
closed ca tegory . 

In an earl ier p a p e r [BG90] we i n t r o d u c e d t h e que ry m o d e l of para l le l a l g o r i t h m s be tween con­
cre te d a t a s t r u c t u r e s , a n d defined app l i ca t ion a n d cu r ry ing on these a l g o r i t h m s . We i n t r o d u c e d an 
in t ens iona l o rde r ing on a l g o r i t h m s , a n d showed t h a t app l i ca t ion a n d cu r ry ing a re con t inuous oper ­
a t ions w i th r e spec t t o th is o rde r ing . T h e in tens iona l o rde r re la tes two a l g o r i t h m s if t h e y c o m p u t e 
funct ions r e l a t ed u n d e r t h e po in twise ( S c o t t ) o rde r ing , w i th su i t ab ly r e l a t ed c o m p u t a t i o n s t r a t e ­
gies. However , t h e que ry m o d e l is only a d e q u a t e a t f i rs t -order t y p e s , since t h e s t r u c t u r e of queries 
is insufficiently de ta i l ed t o provide a p r o p e r accoun t of t h e behav io r of h ighe r -o rde r a l g o r i t h m s . 
Moreover , we were no t able t o fo rmula t e an a p p r o p r i a t e no t ion of compos i t i on for a l g o r i t h m s ex­
pressed in t h e que ry m o d e l . T h e difficulties were caused p a r t l y by some technica l deta i ls in our 
m o d e l c o n s t r u c t i o n a n d p a r t l y by our p r e s e n t a t i o n of a l g o r i t h m s in t h e s e t t i ng of conc re te d a t a 
s t r u c t u r e s . 
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In th i s p a p e r we move away from concre te d a t a s t r u c t u r e s a n d the i r o r d e r - t h e o r e t i c coun te r ­
p a r t s , conc re t e d o m a i n s , since o u r concern is w i th para l le l i sm r a t h e r t h a n s e q u e n t i a l l y a n d we 
no longer need t h e " c o n c r e t e " s t r u c t u r e ( t h e n o t i o n of "ce l l s" ) . I n s t e a d we will work w i t h Sco t t 
d o m a i n s [Sco82]. W e develop a ca tegor ica l s eman t i c s of a l g o r i t h m s , w h e r e a n a l g o r i t h m is r e g a r d e d 
as a con t inuous func t ion f rom c o m p u t a t i o n s t o va lues , a n d w h e r e t h e n o t i o n of c o m p u t a t i o n is suit­
ab ly formal ized . W e define t h e i n p u t - o u t p u t funct ion of a para l le l a l g o r i t h m , a n d show t h a t every 
con t inuous func t ion is t h e i n p u t - o u t p u t funct ion of s o m e a l g o r i t h m . O n e m a y there fore view an 
a l g o r i t h m equiva len t ly as a con t inuous funct ion from values t o values , pa i r ed w i t h a c o m p u t a t i o n 
s t r a t egy . A l t h o u g h we d o no t give a fo rmal definit ion of t h e n o t i o n of c o m p u t a t i o n s t r a t egy , we 
supp ly s o m e o p e r a t i o n a l i n tu i t i on t o convey t h e genera l idea a n d we discuss a var ie ty of e x a m p l e 
a l g o r i t h m s t o i l l u s t r a t e t he se p o i n t s . 

T h e ca tegor i ca l t r e a t m e n t suppl ied in t h e first p a r t of t h e p a p e r is r a t h e r genera l , p a r a m e t e r i z e d 
by t h e choice of an u n d e r l y i n g c a t e g o r y t h a t suppl ies a n " ex t ens iona l " f r amework a n d a c o m o n a d 
t h a t e m b o d i e s a n a b s t r a c t n o t i o n of in t ens iona l b e h a v i o r . Essent ia l ly , we deve lop o u r ca tegor ica l 
s eman t i c s of a l g o r i t h m s based on c o m o n a d s , j u s t as Moggi deve loped a ca tegor ica l s eman t i c s (w i th 
different m o t i v a t i o n s ) ba sed on m o n a d s [Mog89]. C o m o n a d s a n d t h e co-Kleisli c a t e g o r y [ML71] 
nea t l y e m b o d y o u r a b s t r a c t view of a l g o r i t h m s . If C is a ca r t e s i an closed c a t e g o r y a n d t h e c o m o n a d 
T over C p reserves p r o d u c t s , t h e n t h e co-Kleisli ca t egory CT is c a r t e s i an closed [See89]. 

We t h e n move t o t h e p a r t i c u l a r ca r t e s i an closed ca t ego ry C o n t of Sco t t d o m a i n s a n d con t inuous 
func t ions , a n d we define a c o m o n a d P t h a t m a p s a d o m a i n D t o a d o m a i n of " p a t h s " over D, 
o r d e r e d c o m p o n e n t w i s e . In tu i t ive ly , a p a t h r ep re sen t s a sequence of c o m p u t a t i o n s t eps a n d t h e 
o rde r ing m e a s u r e s eage rness . T h e c o m o n a d P p reserves finite p r o d u c t s . W e define an a l g o r i t h m 
from D t o D' t o be a con t i nuous funct ion from PD t o D1', j u s t a m o r p h i s m in t h e co-Kleisli 
c a t e g o r y C o n t p . T h i s ca tegory , which we call A l g , is c a r t e s i an closed; i ts ob j ec t s a re aga in Scot t 
d o m a i n s , b u t t h e m o r p h i s m s a r e a l g o r i t h m s r a t h e r t h a n func t ions . Eve ry a l g o r i t h m d e t e r m i n e s a 
con t inuous i n p u t - o u t p u t func t ion , a n d every con t i nuous funct ion is t h e i n p u t - o u t p u t funct ion of 
some a l g o r i t h m (general ly , no t u n i q u e ) . In fact , t h e a l g o r i t h m s for a given con t inuous func t ion , 
o rde red po in twise , form a c o m p l e t e l a t t i c e . T h u s , t h e po in twise o rde r ing on a l g o r i t h m s can b e 
r e g a r d e d as an in t ens iona l o rde r ing , since it p e r m i t s d i s t inc t ions a n d c o m p a r i s o n s t o b e m a d e even 
a m o n g a l g o r i t h m s for t h e s a m e func t ion . T h e in tens iona l o rde r ing on a l g o r i t h m s re la tes p rope r ly to 
t h e po in twise o r d e r i n g on con t inuous i n p u t - o u t p u t func t ions , in t h e s a m e sense t h a t t h e sequen t ia l 
a l g o r i t h m s of B e r r y a n d C u r i e n , o r d e r e d by set inclusion, r e l a t e t o t h e s t ab l e o rde r ing on sequen t ia l 
i n p u t - o u t p u t func t ions . 

We define an in t ens iona l s eman t i c s for t h e s imply t y p e d A-calculus, a n d we show t h a t it re la tes 
p r o p e r l y t o t h e s t a n d a r d con t inuous funct ions s eman t i c s : we es tab l i sh a c o r r e s p o n d e n c e for each 
t e r m M b e t w e e n t h e in t ens iona l m e a n i n g of M a n d t h e ex tens iona l m e a n i n g of M. In showing th is 
we m a k e use of logical r e l a t ions [Sta85] . 

2 Computations, Comonads and Algorithms 
We first p re sen t s o m e re levant c a t e g o r y theo re t i c r e su l t s . A l t h o u g h in t h e res t of t h e p a p e r we 
will b e ma in ly i n t e r e s t ed in a p a r t i c u l a r app l i ca t ion , we p resen t t h e b a c k g r o u n d in a r a t h e r genera l 
way, so t h a t t h e unde r ly ing a s s u m p t i o n s can be clearly seen. Because of th i s genera l i ty , o u r l a t e r 
d e v e l o p m e n t can be a d a p t e d t o bui ld a l g o r i t h m s based on o t h e r su i t ab ly s t r u c t u r e d no t ions of 
c o m p u t a t i o n . 

T h e bas ic idea is t h a t , given a c a t e g o r y C, we m o d e l a no t i on of c o m p u t a t i o n over C as a c o m o n a d 
over C, t h e func tor p a r t of which m a p s an objec t A t o an ob jec t TA r ep re sen t i ng c o m p u t a t i o n s over 
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TB 

F i g u r e 1: N a t u r a l i t y of e a n d 6 in a c o m o n a d : t hese d i a g r a m s c o m m u t e , for all A, £?, / : A —±c B. 

T A . e T A ^ 2 ^ TeA ^ A ^ A 8A 

F i g u r e 2: I d e n t i t y a n d assoc ia t iv i ty laws of a c o m o n a d : t hese d i a g r a m s c o m m u t e , for all A. 

A. T h e two o t h e r c o m p o n e n t s of t h e c o m o n a d descr ibe how t o e x t r a c t a value from a c o m p u t a t i o n , 
a n d how a c o m p u t a t i o n is bui l t u p from i ts s u b - c o m p u t a t i o n s . We t h e n t ake an algorithm from 
A t o B t o b e a m o r p h i s m from TA t o 5 , essent ial ly a funct ion f rom input computations over A 
t o output values in B. T h i s leads us t o use t h e co-Kleisli c a t ego ry CT [ML71] , which has t h e s a m e 
o b j e c t s as C a n d in which t h e m o r p h i s m s from A t o B a r e exac t ly t h e C - m o r p h i s m s from TA t o B. 

2 . 1 C o m o n a d s a n d t h e c o - K l e i s l i c a t e g o r y 

D e f i n i t i o n 2 . 1 A comonad over a ca t ego ry C is a t r ip le ( T , 6, 6) whe re T : C —• C is a functor , 
6 : T / c is a n a t u r a l t r a n s f o r m a t i o n from T to t h e iden t i t y func tor , a n d 6 : T —• T 2 is a n a t u r a l 
t r a n s f o r m a t i o n from T t o T 2 , such t h a t t h e following assoc ia t iv i ty a n d i den t i t y cond i t ions hold, for 
every ob jec t A: 

T{8A)o8A - 8TA°{)A 
€TA°^A = T(eA)o6A = \ d T A . 

Figures 1 a n d 2 express these r e q u i r e m e n t s in d i a g r a m m a t i c form. • 

D e f i n i t i o n 2 . 2 Given a c o m o n a d (T,e,8) over C, t h e co-Kleisli category CT is defined by: 

• T h e ob jec t s of CT a r e t h e ob jec t s of C. 

• T h e m o r p h i s m s from A t o B in CT a re t h e m o r p h i s m s from TA t o B in C. 
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• T h e i d e n t i t y m o r p h i s m id̂  on A in CT is €A ' TA —>c A. 

• T h e compos i t i on in CT of a : A —>Ct B a n d a1 : B -^Ct C, d e n o t e d a ' o a, is t h e compos i t i on 
in C of 8A : T A -+c T2A, Ta : T 2 A ->c TB a n d a 7 : TB ->c C, i.e., 

a , o a = c , o Ta o . 

T h e assoc ia t iv i ty a n d i d e n t i t y laws of t h e c o m o n a d ensu re t h a t CT is a c a t e g o r y [ML71] . • 

2 . 2 R e l a t i n g C a n d CT 

T h e r e is a n adjo in t pa i r of func tors (F,G) b e t w e e n CT a n d C, w i t h t h e following definit ions a n d 
p r o p e r t i e s [ML71]: 

• F : CT C appl ies T t o o b j e c t s , FA = TA, a n d for a n y a : A -+°T B, Fa = Tao 6A. 

• G : C —• C t is t h e i d e n t i t y on o b j e c t s , G A = A, a n d for a n y / : A —>c 5 , G / = foeA = CB°Tf 
(by n a t u r a l i t y of e) . 

• T = F o G . T h e n a t u r a l t r a n s f o r m a t i o n e : T / c is t h e co-uni t of t h e a d j u n c t i o n , a n d it 
a s s e r t s , t o g e t h e r w i t h t h e u n i t , a bi ject ion be tween TA -*c B a n d A -+Ct B. 

N o t e also t h e following iden t i t i e s : a ' 6 a = a! o T a o ^ = a' o Fa, a n d id^ = €A = id^ oc^ = G id. 
T h e func tor G provides a canonica l in tens iona l m o r p h i s m from A t o B for every ex t ens iona l 

m o r p h i s m from AtoB. T h e func tor i 7 1 a t t e m p t s t o do t h e converse , b u t it "l if ts" t h e t y p e , so t h a t 
we get a n ex t ens iona l m o r p h i s m from TA t o TB f rom an in t ens iona l a r row from A t o B. 

We will b e p a r t i c u l a r l y i n t e r e s t e d in cases whe re t h e c o m o n a d comes e q u i p p e d w i t h a way t o 
r e g a r d every e l emen t of A as a " d e g e n e r a t e " c o m p u t a t i o n in TA. W e formal ize th i s in t h e following 
defini t ion. 

D e f i n i t i o n 2 . 3 A computational comonadovei a c a t e g o r y C is a q u a d r u p l e ( T , e, 8,7) w h e r e ( T , e,8) 
is a c o m o n a d over C a n d 7 : Ic T is a n a t u r a l t r a n s f o r m a t i o n such t h a t , for every ob jec t A, 

• £a 0 IA
 = i<U; 

• IT A °1A = 8A o*yA> 

N a t u r a l i t y g u a r a n t e e s t h a t , for every m o r p h i s m / : A —>c B, 

• Tf o 1A = IB o f. 

F i g u r e 3 shows the se p r o p e r t i e s in d i a g r a m m a t i c form. • 

As an i m m e d i a t e corol lary of these p r o p e r t i e s , €A is epi a n d 7 4 is m o n o , for every ob jec t A. T h e 
ex is tence of such a 7 the re fore s u b s u m e s ( t h e dual ized version of) Moggi ' s computational monad 
definit ion [Mog89], i.e., t h a t €A be epi . 

Now, us ing 7 , we can e x t r a c t an ex tens iona l m o r p h i s m from an in tens iona l one , w i t h o u t lifting 
t h e t y p e , as shown in t h e following p ropos i t i on . 
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F i g u r e 3: P r o p e r t i e s of a c o m p u t a t i o n a l c o m o n a d : t hese d i a g r a m s c o m m u t e , for all A, 5 , a n d all 
m o r p h i s m s / : A -±c B. 

P r o p o s i t i o n 2 . 4 If ( T , € , £ , 7 ) is a computational comonad, then there is a pair of functors (G,H) 
between C and CT with the following definitions and properties: 

• G : C —• CT is the identity on objects, and Gf = f o eA = €3 oTf for every f : A ->c B. 

• H : CT —• C is the identity on objects, and Ha = a o 7̂ 4 = eA ° Fa o j A , for all a : A —£T B. 

• H oG = Ic. 

T h e func tor ia l i ty of H follows from t h e s t a t e d p r o p e r t i e s of 7 . 
We say t h a t Ha is t h e input-output morphism of a. N o t e t h a t for every / , t h e i n p u t - o u t p u t 

m o r p h i s m of Gf is / itself. In genera l , Gf is no t t h e only in tens iona l m o r p h i s m whose i n p u t - o u t p u t 
m o r p h i s m is / (unless t h e in tens iona l con ten t of all m o r p h i s m s is t r iv ia l , as would be t h e case if 
TA = A for aU A). 

2 , 3 C a r t e s i a n C l o s u r e 

Let C b e a c a r t e s i a n closed c a t e g o r y wi th a d i s t inguished p r o d u c t for each pai r of ob jec t s A\ a n d 
A2, which we d e n o t e A\ x A2. Clear ly , a t e r m i n a l ob jec t of C is also a t e r m i n a l ob jec t of CT- Let 
( T , 6, 8) b e a c o m o n a d over C t h a t preserves finite p r o d u c t s . In tu i t ive ly , th is m e a n s t h a t a pai r 
of c o m p u t a t i o n s is (equiva lent t o ) a c o m p u t a t i o n of a pa i r . W e omi t t h e i s o m o r p h i s m s be tween 
T ( A i x A2) a n d TA\ x TA2. It follows t h a t d i s t inguished p r o d u c t ob jec t s in C a r e also p r o d u c t 
ob j ec t s in CT, Let TT{ : A\ X A 2 -+c A{ {% — 1,2) be p ro jec t ions in C. T h e n t h e co r r e spond ing 
p ro jec t ions in CT a r e given by: 

Ti : A i x A2 -+Ct Ai 

= Ki0£A1xA2 

= G t t , . 

Pa i r ing of m o r p h i s m s in CT is t h e pa i r ing of m o r p h i s m s in C, a n d T {f,g} = (Tf,Tg). 
A n e x p o n e n t i a t i o n ob jec t [TA -+c B] from C is also an e x p o n e n t i a t i o n ob jec t [A ->Ct B] in CT> 

T h e app l i ca t i on m o r p h i s m is given by: 

a ? P A , b - [A B] x A - + c r 5 

a PP.4,£ = a PP7\4 ,£ °(€[TA-+CB] x i d 7 \ 4 ) , 
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w h e r e ^PPTA,B 1 [TA -+c B] x TA -+c B is t h e co r r e spond ing app l i ca t i on m o r p h i s m in C a n d 
\6TA is t h e i den t i t y on TA in C. N o t e t h a t in genera l APP ^ G(H APP) . W e say m o r e a b o u t th is 
l a t e r . T h e c u r r y i n g of a m o r p h i s m of CT is i t s cu r ry ing as a m o r p h i s m of C; th i s m a k e s sense 
b e c a u s e T(A X B) -+c C is ( i somorph ic t o ) TA X TB -*c C. T h e p roof is s t r a i gh t fo rwa rd : t h e 
desired un iversa l i ty p r o p e r t y r e l a t ing APP a n d cu r ry ing in CT r educes t o t h e s a m e p r o p e r t y of APP 
a n d cu r ry ing in C, which holds by ca r t e s i an closure of C: 

APP 6(CURRY(g) x ID) = APP o(CURRY(<7) x ID) = g. 

T h u s , we o b t a i n t h e following resul t (see also [See89]): 

P r o p o s i t i o n 2 . 5 If C is cartesian closed and the comonad T preserves finite products, then CT is 
cartesian closed. 

3 Scott Domains , Paths and the Eagerness Ordering 

W e now fix as o u r ex t ens iona l f r amework t h e ca t ego ry C o n t of Sco t t d o m a i n s [Sco82] (CJ -a lgebra ic , 
cons i s t en t ly c o m p l e t e , d i r ec ted comple t e p a r t i a l o r d e r s ) , w i th con t inuous func t ions as m o r p h i s m s . 
It is well k n o w n t h a t th i s c a t e g o r y is ca r t e s i an closed. It is also a cpo-enr iched ca tegory , since for 
each pa i r of d o m a i n s D a n d D' t h e con t inuous funct ions f rom D t o D' form a d o m a i n . 

We define a n o t i o n of in t ens iona l b e h a v i o r t h a t involves an eagerness o rde r ing be tween compu­
t a t i o n s , w h e r e a c o m p u t a t i o n over a d o m a i n D is a non-dec reas ing sequence of e l emen t s of D. To 
avoid a pro l i fera t ion of p a r e n t h e s e s , we use j u x t a p o s i t i o n for funct ion app l i ca t ion (in C o n t ) , a n d 
a s s u m e t h a t funct ion app l i ca t ion has p recedence over o t h e r o p e r a t i o n s . W e use u n a d o r n e d a r rows 
for a r rows in C o n t . 

D e f i n i t i o n 3 . 1 A path over a d o m a i n D is an infinite non-dec reas ing sequence of e l emen t s of D, 
i ndexed s t a r t i n g from 1; we wr i t e S{ for t h e i - th e l ement of s, for i > 1. T h u s , for each i > 1 we 
have S{ <T> St+i-

We o r d e r p a t h s over D c o m p o n e n t w i s e : s <D S' iff for every i > 1, Si <D S\. W e call th is t h e 
eagerness ordering on p a t h s . • 

Equiva len t ly , p a t h s a r e con t i nuous funct ions from t h e pos i t ive in tegers d o m a i n ( c o m p l e t e d w i th a 
"po in t a t inf ini ty" a n d o r d e r e d by t h e usua l "ver t i ca l " o r d e r ) t o D, a n d t h e eagerness o rde r ing 
c o r r e s p o n d s t o t h e po in twi se o rde r ing of p a t h s seen as such func t ions . 

N o t e t h e following e x a m p l e s of p a t h s over B o o l x B o o l , whe re B o o l is t h e flat d o m a i n of t r u t h 
values: 

(±, ± r 1 (-L, -L> (-L, -L) (F, Fr < <±, ±> <±, F) (F, Ff < (-L, JL> ( F , F)» < (F, F)» , 

b u t t h e p a t h s (_L, _L) (_L, F) ( F , F)w a n d (_L, 1 ) ( F , _L) (F,F)W a r e i n c o m p a r a b l e , even t h o u g h 
t h e y have t h e s a m e l u b . 

For each D we define VAL/} s t o b e t h e <£>-lub of t h e e l emen t s of a p a t h s, va\o s = I i > !}• 
In tu i t ive ly , s r e p r e s e n t s a s t ep -by - s t ep c o m p u t a t i o n t o VAL^s. 

P r o p o s i t i o n 3 . 2 The set PD of paths over a domain D, ordered by forms a domain with 
least element the path JJp. A set of paths S is <p-consistent iff {va\s \ s e S} is <&-consistent, in 
which case S has a lub given by Xi . V£> {si \ s e S}. This also defines the lub of a directed set S. 
The finite elements of PD are the eventually constant paths built from finite elements of D. 

6 



We c o m p l e t e P t o a func tor from C o n t t o C o n t by l e t t i ng Pf b e M A P / for a n y / : D -> D'\ 
M A P : (D - » D') -> PD -+ PD' is defined by M A P fs = Ai . fs{. Clear ly M A P a n d M A P / a re 
c o n t i n u o u s , for any con t inuous funct ion / . Func to r i a l i t y follows, b e c a u s e M A P id# = \&PD, a n d 
MAP(<7 O / ) = M A P < 7 o M A P / for all con t i nuous funct ions / a n d g for which t h e compos i t i on makes 
sense . 

For each Z), we define PREJR>, t h e prefix computation m a p , as follows: 

P R E D : PD P2D 

P R E ^ , = Xs e PD . M A P ( A x e D . M A P ( A y € D . x AD y)s)s 

= Xs e PD . Ai . Xj . SI AD SJ 

= Xse PD . Xi . Xj . s m [ n ( i y j ) . 
T h i s definit ion m a k e s sense because s is a non-dec reas ing sequence . As t h e n o t a t i o n sugges t s , 

preD s is t h e sequence of prefixes of s. In tu i t ive ly , P R E ^ s shows how t h e c o m p u t a t i o n s progresses 
s t e p - b y - s t e p : t h e i - th e l emen t of PREJR, s is t h e c o m p u t a t i o n S1S2 . . . SI-isf. N o t e t h a t V A L ^ ( P R E D s) = 
5 , a n d t h a t P R E ^ is c o n t i n u o u s . 

L e m m a 3 . 3 The triple ( P , V A L , P R E ) is a comonad, and P preserves finite products. 

P r o o f : I t is easy t o verify t h a t VAL : P Ic a n d P R E : P P2 a r e n a t u r a l t r a n s f o r m a t i o n s , 
a n d t h a t t h e y satisfy t h e assoc ia t iv i ty a n d iden t i ty c o n s t r a i n t s of a c o m o n a d . T h e functor 
P p reserves finite p r o d u c t s in C o n t ( u p t o an obvious i s o m o r p h i s m , which we can safely 
s u p p r e s s ) , since t h e r e is an obvious way t o synchronize a pa i r of p a t h s - m a t c h i n g t h e m 
c o m p o n e n t w i s e - a n d o b t a i n a p a t h of pa i r s , a n d , conversely, every p a t h of pa i r s de t e rmines 
a pa i r of p a t h s by c o m p o n e n t w i s e p ro jec t ion . A p a t h in P(D\ X D2) is un ique ly d e t e r m i n e d 
by i ts p r o j e c t i o n s 1 . • 

4 The Category Alg of Algorithms 

Let A l g be t h e co-Kleisli c a t e g o r y C o n t p for t h e c o m o n a d ( P , VAL, P R E ) over C o n t . We call t h e 
m o r p h i s m s of A l g algorithms, a n d use t h e a r row — f o r a l g o r i t h m s . By t h e above d e v e l o p m e n t , 
since C o n t is c a r t e s i an closed a n d P p reserves p r o d u c t s , it follows t h a t A l g is ca r t e s i an closed. 
Spel l ing ou t in de ta i l s o m e of t h e impl ica t ions : 

• A n a l g o r i t h m from D t o D1 is a con t inuous funct ion from PD t o D'. 

• T h e i d e n t i t y a l g o r i t h m \&D f rom D t o D is V A L / } . 

• T h e c o m p o s i t i o n d' o a of two a lgo r i t hms a : D —>l D1 a n d a' : D1 -±x D" is 

o! O a — a! O M A P a O P R E ^ , . 

C o m p o s i t i o n is a con t inuous funct ion on a l g o r i t h m s . In tu i t ive ly , given an i n p u t c o m p u t a t i o n s 
over D, ( M A P A O P R E D ) ^ is a c o m p u t a t i o n over D1 o b t a i n e d by app ly ing a l g o r i t h m a successively 
t o t h e p a r t i a l resu l t s of t h e i n p u t c o m p u t a t i o n , a n d th is is a su i t ab le a r g u m e n t for a1. 

• A l g h a s t h e s a m e d i s t ingu ished t e r m i n a l ob jec t as C o n t . 

2 This would not be true, however, if paths were STRICTLY increasing, since then the projections would lose synchro­
nization information. 



• ALG h a s t h e s a m e d i s t ingu ished p r o d u c t ob jec t s as C O N T , w i t h p ro j ec t i on a l g o r i t h m s 7r2 = 
VAL o MAP xt- = 7rt- o VAL, a n d t h e s a m e pa i r ing of m o r p h i s m s . 

• T h e e x p o n e n t i a t i o n ob jec t [D —>l D'} in ALG is t h e e x p o n e n t i a t i o n [PD —» Df] in C O N T . 
A l g o r i t h m s fo rm a d o m a i n u n d e r t h e po in twise o rde r ing , wh ich we d e n o t e < % a n d call t h e 
intensional ordering on a l g o r i t h m s , t o e m p h a s i z e t h e in t ens iona l s e t t i ng . 

• T h e app l i ca t ion a l g o r i t h m is given by: 

APP : (D - V Df) x D D' 
APP = APP o (VAL £ ) _ + , D / x \dPD) = APP o (ifly 7 T 2 ) . 

C u r r y i n g is t h e s a m e as in C O N T , a n d it is a con t i nuous func t ion on a l g o r i t h m s ; t h e s a m e is 
t r u e for u n c u r r y i n g . 

4 . 1 E x a m p l e s o f A l g o r i t h m s 

Let p o r , l o r , r o r a n d s o r be t h e paral le l - , lef t -s t r ic t - , r igh t - s t r i c t - , a n d doub ly - s t r i c t -o r 
func t ions f rom BOOL X BOOL t o BOOL. W e i n t r o d u c e s o m e a l g o r i t h m s for t he se func t ions . 

Let epPOR b e t h e leas t a l g o r i t h m such t h a t : 

e p P 0 R ( ( L _ , R N = T 
epP0R( ( T , ± N = T 
e p P 0 R ( ( F , F N = F. 

Let lpPOR b e t h e leas t a l g o r i t h m such t h a t (for all n > 0 ) : 

l p P 0 R ( ( J L , ± ) N ( J L , T N = T 
l p P 0 R ( ( ± , ± ) n ( T , ± N = T 
l p P 0 R ( ( ± , ± ) N ( F , F D = F 

In tu i t ive ly , epPOR is t h e " m o s t eager (para l le l ) a l g o r i t h m " a n d lpPOR is t h e "laziest (para l le l ) 
a l g o r i t h m " for t h e para l le l -or funct ion POR: epPOR has t h e m o s t eager c o m p u t a t i o n s t r a t egy , ins is t ing 
t h a t t h e des i red i n p u t eva lua t i on is comp le t ed by t h e first c o m p u t a t i o n s t e p ; a n d lpPOR has t h e 
m o s t lazy (or leas t r e s t r i c t ive ) c o m p u t a t i o n s t r a t egy , in t h a t it will allow a r b i t r a r i l y m a n y idle s teps 
d u r i n g t h e i n p u t c o m p u t a t i o n . N o t e t h a t by m o n o t o n i c i t y it follows t h a t , for all n , m > 0 : 

l p P 0 R ( ( ± , ± ) N ( ± , F ) M ( isiT) = F 
l p P 0 R ( ( ± , ± ) N ( F , ± ) M ( P , F D = F. 

In fact , lpPOR m a p s any c o m p u t a t i o n p r o d u c i n g a T in e i ther i n p u t t o T , a n d any c o m p u t a t i o n 
p r o d u c i n g F in b o t h i n p u t s t o F; in c o n t r a s t , epPOR m a p s a c o m p u t a t i o n p r o d u c i n g T in e i ther 
i n p u t on the first step t o T , a n d a c o m p u t a t i o n p r o d u c i n g F in b o t h i n p u t s on the first step t o F; 
all o t h e r c o m p u t a t i o n s a r e m a p p e d t o J_. 

N o t e t h a t epPOR < z lpPOR. 
Let esLOR b e t h e " m o s t eager sequen t ia l a l g o r i t h m " for t h e lef t -s t r ic t -or func t ion , cha rac t e r i zed 

as t h e leas t a l g o r i t h m such t h a t : 

esL0R( ( T , ± N = T 
e s L 0 R ( ( I S J L ) ( F , R N = T 
e s L 0 R ( ( F , ± ) ( F , F N = F. 
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Informal ly , we call th i s a sequential a l g o r i t h m because each of i ts m i n i m a l o u t p u t - p r o d u c i n g 
c o m p u t a t i o n s m a k e s i n c r e m e n t a l s t eps in a left-first way: in each of t hese c o m p u t a t i o n s t h e left 
i n p u t is e v a l u a t e d first, a n d only if t h e left i n p u t is F is t h e r ight i n p u t eva lua t ed . However , in 
th i s p a p e r we will no t give a m o r e fo rmal t r e a t m e n t of s e q u e n t i a l l y . Aga in we call th i s a l g o r i t h m 
eager b e c a u s e i ts c o m p u t a t i o n s t r a t e g y insis ts t h a t t h e i n c r e m e n t s t a k e place as ear ly as possible 
( sub jec t t o t h e sequen t i a l o r d e r of e v a l u a t i o n ) . 

Let epLOR b e t h e " m o s t eager para l le l a l g o r i t h m " for lef t -s t r ic t -or , t h e least a l g o r i t h m such 
t h a t : 

e p L 0 R « T , ± n = T 
e p L 0 R ( ( F , T n = T 
e p L 0 R ( ( F , F n = F. 

Let lpLOR b e t h e laziest para l le l a l g o r i t h m for t h e lef t -s t r ic t -or funct ion l o r , cha rac t e r i zed as 
t h e leas t a l g o r i t h m such t h a t (for all n, m > 0 ) : 

l p L 0 R ( ( ± , J _ ) n ( T , ± n = T 
l p L 0 R ( ( ± , ± ) n ( F , ± ) m ( F , T ) u ; ) = T 
lpL0R((L,l.)n (F,±.)m{F,F)") = F. 

N o t e t h a t epLOR <* esLOR <* lpLOR, a n d t h a t epLOR <* epPOR a n d lpLOR <* lpPOR. 
A l g o r i t h m s epROR, esROR a n d lpROR for t h e r igh t - s t r i c t -o r funct ion m a y b e defined by ana logy 

w i t h t h e defini t ions given above for lef t -s t r ic t -or . We omi t t h e de ta i l s . 
For t h e doub ly - s t r i c t -o r funct ion s o r we list four a l g o r i t h m s : epSOR, t h e m o s t eager paral le l ; 

IpSOR, t h e laziest para l le l ; e l rSOR, t h e m o s t eager left-r ight sequent ia l ; a n d e r lSOR, t h e m o s t eager 
r ight-left sequen t i a l . T h e first two of these a re defined in a n ana logous way t o epLOR a n d lpLOR. 
T h e las t two a r e cha rac t e r i zed as t h e least a l g o r i t h m s sat isfying t h e following cond i t ions : 

e l r S 0 R ( ( r , J - ) ( 2 \ r n = T 
e l r S 0 R ( ( T , ± ) ( T , F n = T 
e l r S 0 R ( ( F , ± ) ( F , r n = T 
e l r S 0 R ( ( F , ± ) ( F , F > w ) = F 
e r l S 0 R ( ( ± , r > ( T , r n = T 
e r l S 0 R ( ( ± , T ) ( F , T n = T 
e r l S 0 R ( ( ± , i ^ ( T , F n = T 
e r l S 0 R ( ( ± , F ) ( F , F ) " ) = F. 

N o t e t h a t epSOR < { e l r S O R <* IpSOR a n d t h a t epSOR < 2 e r l S O R <* IpSOR, b u t t h e a l g o r i t h ms 
e l r S O R a n d e r l S O R a re i n c o m p a r a b l e (s ince t h e y have i r reconci lable c o m p u t a t i o n s t r a t eg i e s ) . 

F i g u r e 4 s u m m a r i z e s t h e in tens iona l o rde r ing re la t ionsh ips be tween the se o r - a l g o r i t h m s 2 

4 . 2 E x a m p l e s o f c o m p o s i t i o n 

T h e c o m p o s i t i o n of esLOR : B o o l 2 -> B o o l a n d curry(lpPOR) : B o o l —• ( B o o l -» B o o l ) p roduces 
an a l g o r i t h m a : B o o l 2 -+ B o o l B o o l such t h a t , for all n > 0: 

a ( ( l _ , ± ) u ; ) ( ± n T u ; ) = T 
a ( ( T , ± ) ^ ) ( ± - ) = T 
o ( ( f , i ) ( f , r n ( i w ) = T 
a ( ( F , ± ) ( F , F ) u ; ) ( ± ^ F ^ ) = F. 

2Of course, these algorithms do not constitute a complete classification of all algorithms for the or-functions. We 
chose what we regard as a representative sample. 
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lpPOR 

lpLOR epPOR lpROR 

epLOR e l r S O R e r l S O R epROR 

epSOR 

F i g u r e 4: Some a l go r i t h ms for or - func t ions , o rde red in tens iona l ly 

Let 1NEG a n d eNEG b e t h e leas t a l g o r i t h m s from B o o l t o B o o l such t h a t , for all n > 0, 

l N E G ( J _ n T " ) = F 
l N E G ( i _ n P " ) = T 
e N E G f r ^ ) = F 
eNEG^F") = T. 

T h e second-o rde r func t ion Xa : B o o l 2 —» B o o l . lNEGoao(lNEGxlNEG) t r a n s f o r m s an a l g o r i t h m 
a for a b i n a r y t r u t h funct ion i n t o an a l g o r i t h m for t h e d u a l of t h a t func t ion , a n d i n t e r c h a n g e s t h e 
roles of T a n d F in t h e a l g o r i t h m ' s c o m p u t a t i o n s t r a t egy . Let DUAL be t h e canonica l a l g o r i t h m for 
th i s funct ion . T h e resul t of app ly ing th is a l g o r i t h m t o esLOR is esLAND, t h e m o s t eager sequen t ia l 
a l g o r i t h m for l e f t - s t r i c t -and . N o t e t h a t 1NEG o 1NEG = id, so t h a t DUAL 6 DUAL = id a lso . 

If we rep lace 1NEG by eNEG in t h e dual izer t h e effect would be t h e s a m e on t h e funct ion p a r t of 
a b u t t h e c o m p u t a t i o n s t r a t e g y would be m o r e radical ly a l t e red (poss ibly b e c o m i n g m o r e eage r ) . 
For e x a m p l e , w i th t h e obvious n o t a t i o n , 

eNEG 5 lpPOR o (eNEG X eNEG) = epAND. 

5 Relating Algorithms and Continuous Functions 
5 . 1 R e l a t i n g A l g a n d C o n t 

T h e r e is an obvious way t o r ega rd a value in D as a d e g e n e r a t e c o m p u t a t i o n over D, by ident i fying 
t h e value x € D w i th t h e c o n s t a n t p a t h xw e PD. T h i s is in fact t h e m a x i m a l p a t h (in t h e eagerness 
o rde r ing on p a t h s ) w i th lub x. W e use th i s idea t o t u r n ( P , val, pre) in to a c o m p u t a t i o n a l c o m o n a d . 
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For each D let p a t h D : D PD b e defined by: 

p a t h ^ = Xx e D . Xi . x. 

Simply, p a t h ^ x is t h e c o n s t a n t p a t h t o x. I t is easy t o check t h a t th is defines a n a t u r a l 
t r a n s f o r m a t i o n path : / c o n t -P- Obviously , for all D t h e funct ion p a t h D is con t i nuous , a n d we 
have t h e iden t i t i e s : 

• val£> o patfi£> = id/} , 

• pathp£> o path^) = preD o p a t h ^ . 

By a specia l case of n a t u r a l i t y , wheneve r a : P i ? —• D ' we have : 

• Pa o pathp£> = path^ / oa . 

T h u s ( P , v a l , pre, path) is a c o m p u t a t i o n a l c o m o n a d (Defini t ion 2 .3) . 
Hence , by P r o p o s i t i o n 2.4 , t h e r e exist a canonica l functor G : C o n t —• A l g a n d an i n p u t - o u t p u t 

func tor H : A l g —• C o n t . T h e y a re b o t h iden t i ty on ob j ec t s , so t h a t we res t r ic t ou r a t t e n t i o n to 
the i r m o r p h i s m p a r t s , which we call alg a n d fun, respect ive ly : 

fun : (D D') -+ (D -> D') alg : (D - D') -+ (D -+l D') 
fun a = a o p a t h D a l g / = / o valp 

By functor ia l i ty , we have t h e following iden t i t i es : 

• fun id£> = id/) 

• fun ( a ' b a) = fun (a ' ) o fun (a ) 

• a l g i d D = idD 

• a l g ( / / o / ) = a l g ( / ' ) 6 a l g ( / ) 

We say t h a t fun a is t h e input-output function of a, or t h a t a is an a l g o r i t h m for fun a. In tui t ively , 
fun a is o b t a i n e d by ignor ing t h e i n t e rna l p a t h s t r u c t u r e of a ' s a r g u m e n t s , by app ly ing a only to 
c o n s t a n t p a t h s . 

We say t h a t alg / is t h e canonica l a l go r i t hm for / . In tu i t ive ly , alg / is obl ivious t o all bu t t h e 
final resul t of a c o m p u t a t i o n ; any c o m p u t a t i o n t o an i n p u t x will p r o d u c e fx as o u t p u t . O t h e r 
a l g o r i t h m s for t h e s a m e funct ion m a y be m o r e s t r i ngen t , a n d o u t p u t fx only for a subse t of t he 
c o m p u t a t i o n s t o x. 

P r o p o s i t i o n 5 .1 For all D and D', all f e D —> D', and all a e D D', 

f u n ( a l g / ) = / , 
a <l alg(fun a). 

Thus, D —» D' is a retract of D ^ l D'. 

In fact , since we also have t h e inequa l i ty \dpo < p a t h D o val£>, each value d o m a i n D is a r e t r a c t of 
t h e c o r r e s p o n d i n g p a t h d o m a i n PD. 

D e f i n i t i o n 5 .2 We say t h a t a\ is input-output below a2, w r i t t e n a\ <to a 2 , iff fun ax < fun « 2 . 
T w o a l g o r i t h m s a\ a n d a2 a re input-output equivalent, w r i t t e n a\ - l o a 2 , iff t hey have the s a m e 

i n p u t - o u t p u t func t ion . • 
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P r o p o s i t i o n 5 . 3 For all a\,a2, a\ <l a2 implies a\ <zo a2. 

P r o o f : By m o n o t o n i c i t y of fun. • 

N o t e t h a t t h e converse fails: a\ <t0 a2 does no t a lways imply a\ <l a2. T h i s is shown by any pa i r of 
d i s t inc t a l g o r i t h m s for t h e s a m e funct ion (such as e l r S O R a n d e r l S O R ) . Th i s resul t ind ica tes t h a t 
t h e in t ens iona l o r d e r on a l g o r i t h m s t akes in to accoun t in t ens iona l a spec t s of a l g o r i t h m s , whe reas 
t h e i n p u t - o u t p u t o rde r does n o t . 

P r o p o s i t i o n 5 . 4 For all D and D*', the quotient of (D —D',<1) by input-output equivalence is 
order isomorphic to (D —* D',<), with fun and alg inducing the isomorphisms: 

(D -+{ D', < l ) / = t o £ (D-+D',<). 

We say t h a t a n a l g o r i t h m a is canonical iff a = a l g ( f u n a ) 3 . Since alg d i s t r i b u t e s over compos i ­
t i on , t h e compos i t i on of two canonica l a l g o r i t h m s is canonica l . 

P r o p o s i t i o n 5 .5 The set of all algorithms for a given continuous function f forms a complete 
lattice under the pointwise ordering, with alg / as the top element: 

alg / = / o val£> = V*{a | fun a = / } . 

W e h a v e i n p u t - o u t p u t express iv i ty , in t h e following sense: 

C o r o l l a r y 5 . 6 Every continuous function is the input-output function of some (canonical) algo­
rithm. 

M a x i m a l i t y of alg / m a k e s precise t h e sense in which we m e a n t h a t it is t h e least s t r i ngen t of 
all a l g o r i t h m s for / ; in th i s s e t t i ng , canonica l m a y b e r ead as " m o s t l a zy" . 

To i l l u s t r a t e t he se definit ions a n d re su l t s , we r e t u r n t o t h e o r - a l g o r i t h m s i n t r o d u c e d earl ier 
(Sec t ion 4 .1 ) . In each case t h e a l g o r i t h m has t h e i n p u t - o u t p u t funct ion sugges t ed by i t s n a m e . For 
e x a m p l e , fun epPOR = fun lpPOR = por, a n d alg por = lpPOR. Moreover , epPOR is t h e leas t a l g o r i t h m 
for t h e para i le l -or func t ion; l eas tness co r r e sponds t o ou r in formal desc r ip t ion of th i s as t h e m o s t 
eager a l g o r i t h m for th i s funct ion . Similarly, fun epSOR = fun e l r S O R = fun e r l S O R = fun IpSOR = 
sor. T h u s , t hese four a l g o r i t h m s a re i n p u t - o u t p u t equ iva len t . 

F i g u r e 5 shows t h e i n p u t - o u t p u t equivalence classes of F i g u r e 4, o r d e r e d by t h e quo t i en t o rde r ing 
< l / = t o . W i t h i n each equivalence class t h e figure also records t h e in tens iona l o rde r ing , t o faci l i ta te 
c o m p a r i s o n w i t h F i g u r e 4. N o t e t h a t if we identify each equiva lence class w i th i ts ( c o m m o n ) 
i n p u t - o u t p u t func t ion we o b t a i n t h e po in twise o rde r on t he se func t ions ( F i g u r e 6 ) . 

Recal l t h a t p rac t i ca l ly all o p e r a t i o n s we have defined a r e c o n t i n u o u s , so t h a t , by t h e above 
express iv i ty resu l t , t h e r e a re a l g o r i t h m s for each of these o p e r a t i o n s . For i n s t a n c e , t h e r e is a 
canonica l a l g o r i t h m 6 for a l g o r i t h m compos i t i on . Some of t h e a l g o r i t h m s t h a t were used to define 
t h e c a t e g o r y A l g a r e canon ica l - id£> = alg i d = alg 71%. T h e i m p o r t a n t excep t ion is t h e 

Equivalently, a is canonical iff there is a continuous function / such that a = alg( / ) . 
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LPPOR 

ELRSOR ERLSOR 

\ / 
EPSOR 

F i g u r e 5: T h e o r - a l g o r i t h m s , quo t i en t ed by i n p u t - o u t p u t equiva lence 

POR 

SOR 

Figu re 6: T h e or - func t ions , o rde red po in twise 
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app l i ca t ion a l g o r i t h m app, which is n o t canonica l . Let app b e t h e i n p u t - o u t p u t func t ion of app; 
t h e n we have : 

app = X(s,t) . valstf 
= uncurry(As . Xt . va\st) 
= uncurry val = uncurry id 

app = fun app 
= A ( a , x ) . a (path x) 
= uncurry(Aa . Ax . a (path x)) 
= uncurry(fun) 

algapTp = X(s,t) . (val s ) (path o val 

In w o r d s , app is un ique ly d e t e r m i n e d , as t h e u n c u r r y i n g of t h e i d e n t i t y a l g o r i t h m . B u t alg app 
ignores t h e c o m p u t a t i o n of i ts second a r g u m e n t , a n d alg app ^ app; in tu i t ive ly , th is reflects t h e fact 
t h a t app only d e t e r m i n e s t h e input-output a spec t of a l g o r i t h m app l i ca t ion , a n d , in fact , app is t h e 
u n c u r r y i n g of fun. 

5 . 2 I n t e n s i o n a l a n d E x t e n s i o n a l M o d e l s 

W e define a s imple t y p e s y s t e m by: 

r ::= p | ti X r 2 | r r ' , 

w h e r e p G A t o m i c r anges over a set of atomic types a n d r r anges over t h e set T y p e of t y p e s . 
W e define an ex t ens iona l m o d e l E a n d an in tens iona l m o d e l I for th is t y p e s y s t e m in C o n t and 
A l g respect ive ly , each m o d e l be ing a t ype - indexed family of Sco t t d o m a i n s . W e a s s u m e given an 
i n t e r p r e t a t i o n Ap for each a t o m i c t y p e p, c o m m o n t o b o t h t h e ex t ens iona l a n d t h e in tens iona l 
mode l s . 

D e f i n i t i o n 5 . 7 T h e ex tens iona l mode l E, based on t h e ca t ego ry C o n t , is t h e family of d o m a i n s 
used in t h e s t a n d a r d con t inuous funct ions s eman t i c s ; t h e in tens iona l m o d e l I is i ts obvious a n a l o g u e 
in A l g : 

Ep = Ap Ip — Ap 
E(Ti x T2) = Eri x Er2 I(ti X r 2 ) = It\ X It2 

E(t r') = [Et Er'] I(t t') = [It - » 2 i V ] 

Of course t h e p r o d u c t s a n d e x p o n e n t i a t i o n s here a re t aken in t h e a p p r o p r i a t e ca tegory . • 

W i t h t he se defini t ions in h a n d , n o t e t h a t we have a l r eady seen t h a t fun a n d alg can b e used t o 
r e l a t e I(r —• r ; ) a n d [It —• It']. We would like t o go fu r the r , a n d re la t e I(t —± t') a n d E(t —• t'). 
We achieve th is as follows. 

D e f i n i t i o n 5 . 8 Define two type - indexed families of funct ions 

e x t T : It —* Et i n t T : Et —• It 

by i n d u c t i o n on r : 

• For p G A t o m i c , Ep — Ip — Ap, a n d we let b o t h e x t p a n d int^ be t h e i den t i t y funct ion . 
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• For p r o d u c t t ypes we define: 

e x t T l X T 2 = e x t T l x e x t T 2 i n t T l X T 2 = int T l x int T 2 . 

• For an e x p o n e n t i a t i o n r —> r ' , we m a k e use of fun a n d alg: 

extr-+Tt = Xa . ext T / ofun a o int T 

i n t T ^ T / = A / . alg(int T/ of o e x t r ) . 

For each a € J r , we refer t o e x t T ( a ) as t h e extension of a. Similar ly, for each e e ET, in t T (e ) is 
t h e intension of e. E l e m e n t s of a t o m i c types have no ( e x t r a ) in tens iona l c o n t e n t . 

P r o p o s i t i o n 5 . 9 For each T, all e e ET and all a e IT, we have: 

e = e x t T ( i n t T e ) , 
a <l i n t T ( e x t T a ) . 

T h u s t h e ex tens ion of int T e is e, a n d every ex tens iona l value is t h e ex tens ion of some in tens iona l 
value. Moreover , for each r , ET is a r e t r a c t of IT. 

We say t h a t an e lement a e IT is extensional iff a = i n t r ( e x t r a ) . Obvious ly , an ex tens iona l 
e l ement is un ique ly d e t e r m i n e d by i ts ex tens ion . Moreover , an ex tens iona l e l ement is m a x i m a l 
a m o n g all e l e m e n t s w i th a given ex tens ion . An ex tens iona l a l g o r i t h m is also canonica l . It follows 
t h a t t h e app l i ca t ion a l g o r i t h m app is ne i the r ex tens iona l nor canonica l . 

D e f i n i t i o n 5 . 1 0 W h e n a\,a2 € / ( T ) , we say t h a t a\ is extensionally below a2, w r i t t e n a\ <e a2, iff 
e x t T a\ < extra2. Similar ly , a\ a n d a2 a re extensionally equivalent, w r i t t e n ai =e a2, iff t hey have 
t h e s a m e ex tens ion . • 

P r o p o s i t i o n 5 . 1 1 For all T, and all a\,a2 e I(T), a\ <l a2 implies a\ <e a2. Hence, the quo­
tient of I(T) by extensional equivalence is isomorphic to E(T), with e x t T and int T inducing the 
isomorphism. That is, 

( I ( r ) , <«')/=« * (E(T),<). 

P r o p o s i t i o n 5 . 1 2 For all T,T* and all a\,a2 € I(T —• T'), ai <l° a2 implies a\ <e a2. Hence, an 
extensional equivalence class is a union of input-output equivalence classes. 

Let C o n t g a n d A l g / be t h e full subca tegor i e s of C o n t a n d A l g , respect ively , o b t a i n e d by 
t a k i n g only t h e d o m a i n s t h a t i n t e r p r e t some t y p e . T h e y a re b o t h ca r t e s i an closed, inher i t ing t he 
e x p o n e n t i a t i o n from the i r " p a r e n t " ca tegor ies . It is i n t e r e s t i ng t o n o t e , however , t h a t if we take 
t h e s u b c a t e g o r y of A l g / cons is t ing of all ob jec t s b u t j u s t t h e ex tens iona l a l g o r i t h m s , we get a 
ca r t e s i an closed ca tegory , b u t wi th a different s t r u c t u r e - t h e s t r u c t u r e of C o n t # - because each 
ex tens iona l a l g o r i t h m is un ique ly d e t e r m i n e d by i ts ex tens ion ; t h e canonica l app l i ca t ion a lgo r i t hm 
alg app satisfies t h e ca r t e s i an closure r e q u i r e m e n t s in this s u b c a t e g o r y a l t h o u g h it does not in A l g . 
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5 . 3 I N T E N S I O N A L A N D E X T E N S I O N A L S E M A N T I C S 

W e now consider a s imply t y p e d A-calculus ( w i t h p r o d u c t s ) whose a b s t r a c t s y n t a x is s u m m a r i z e d 
by : 

M ::= c | X : r \ M1M2 \ XX : r.M \ (MUM2) | fst M | snd M 

w h e r e c r anges over a set C o n of ( t y p e d ) c o n s t a n t s a n d X r anges over a set I d e of identif iers . 
Let T e r m b e t h e set of wel l - typed express ions conforming t o th i s s y n t a x , w i t h t h e u sua l typ ing 
ru les . 

I t is well k n o w n t h a t one can define a s t r a igh t fo rward seman t i c s for t h e s imply t y p e d A-calculus 
in a ca r t e s i an closed ca tegory , s t a r t i n g w i th i n t e r p r e t a t i o n s for t h e c o n s t a n t s a n d t h e n i n t e r p r e t i n g 
a b s t r a c t i o n a n d app l i ca t ion by m e a n s of t h e ca tegor ica l s t r u c t u r e in t h e obvious way. W e t h u s 
define a ( s t a n d a r d ) i n t ens iona l s eman t i c s I us ing I a n d a ( s t a n d a r d ) ex t ens iona l s eman t i c s £ using 
E. 

Let Ui = U R € T Y P E ^ R A N ( ^ &E = URETYPE Et be t h e in tens iona l a n d ex tens iona l un iverses . A n 
intensional environment m a p s identif iers i n to t h e in t ens iona l un iverse , a n d a n extensional environ­
ment m a p s identif iers i n t o t h e ex t ens iona l un iverse : 

E n v # = I d e —> Ue E n v ^ = I d e —• Uj. 

We use e t o r a n g e over E n v # a n d i t o r a n g e over E n v / . W e say t h a t e ( respect ively , i) r e spec t s 
t ypes (for M) iff, for all X : r occu r r ing free in M , efl/Y] e Et ( respect ive ly , t[XJ e It). 

We a s s u m e given a n ex tens iona l s eman t i c funct ion Ae ' C o n —• Ue a n d a n in t ens iona l s eman t i c 
funct ion A \ : C o n —• U\. 

D e f i n i t i o n 5 . 1 3 T h e ex t ens iona l s eman t i c funct ion £ : T e r m —» E n v # —• Ue is given by : 

£{C]€ = AE[c] 
S\X : t}6 = e [ X ] 
£IM1M2]€ = ( ^ [ M 1 ] € ) ( 5 [ A / 2 ] c ) 

£{XX : T.Mje = Xe e ET.S[M](e[e/X]) 
£l(MuM2)]e = ( ^ [ M j c ^ [ M 2 ] 6 ) 

f [fst M]e = 7RI(f {Mje) 
£ [ snd M]c = tt2(S[M]€) 

It is s t a n d a r d t h a t , for all M : r a n d all € r e spec t ing t y p e s , £ [ M ] e e Et. 

D e f i n i t i o n 5 . 1 4 T h e in tens iona l s e m a n t i c funct ion X : T e r m —* E n v / —• Ui is given by: 

X\c\i = Ai{c] 
X\X : rjt = t[X] 

IlMiM2]i = ( J [M ! l O (pa th (J [M 2 1 0 ) 
X{XX : t.MJi = AP E PIr.X[M](i[va\p/X]) 
Xl(MuM2)]i = {X\M1\i,l{M2}t) 
i j f s t Mji = ^ ( p a t h I [ M ] i ) = iri(I[M]i) 
i j s n d M]t = 7 R 2 ( p a t h I [ A / ] t ) = v2(X[M]t) 

N o t e t h a t t h e definit ion for M\M2 uses app l i ca t ion in t h e c a t e g o r y A l g , since J [ A / X J ^ € I(t —> r ' ) 
is a funct ion from p a t h s over It t o values in TV, a n d path t r a n s f o r m s t h e value J [ M 2 J * e It i n to 
a p a t h of t h e a p p r o p r i a t e t y p e . 

Aga in , it is s t a n d a r d t h a t for all M : r , a n d all i r e spec t ing t y p e s , I[M]z< € It. 
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5 . 4 R e l a t i n g t h e t w o s e m a n t i c s 

We have a l r eady seen t h a t each ET is a r e t r a c t of t h e co r r e spond ing IT. W h e n e v e r M is a well-
t y p e d t e r m a n d e a n d t r espec t t y p e s , we have £ [ M ] € e ET a n d I [ A f ] ^ e IT. We would like t o 
es tab l i sh t h a t t h e ex tens iona l value of M is j u s t t h e ex tens ion of t h e in tens iona l value of M , u n d e r 
r ea sonab le a s s u m p t i o n s . W e do th i s as follows. 

D e f i n i t i o n 5 . 1 5 Define a t ype - indexed family of re la t ions ~ T C IT X ET by: 

~ n x r 2 = { ( ( « i , « 2 ) , ( e i , e 2 ) ) | a 2 ~ T l ei & a 2 ~ T 2 e 2 } 
~ r ^ T / = { ( a , / ) | V ( i , e ) e IT x ET. i ~ r e => a (path z) ~ r / / ( e ) } 

In tu i t ive ly , ~ is t h e iden t i t y re la t ion a t a t o m i c t y p e s , is defined c o m p o n e n t w i s e a t p r o d u c t t ypes , 
a n d a t a r row t y p e s is defined in t h e n a t u r a l "logical" way, so t h a t an a l g o r i t h m a re la tes t o a 
funct ion / iff w h e n e v e r i re la tes t o e, t h e n t h e resul t of app ly ing a t o i in A l g re la tes t o t h e resul t 
of app ly ing / t o e. In fac t , th i s family of re la t ions c o n s t i t u t e s a logical relation [Sta85] be tween our 
two mode l s . 

P r o p o s i t i o n 5 . 1 6 Algorithm compositions relate to function compositions, in that for all a e 
j ( r _> r ' ) ? a ' e J ( r ' r " ) and f€E(r-+ r ' ) , / ' € E(T' — r " ) , 

a ~T_>T/ f k a ~T>->T» / ' => ( a ' o a ) ~ T ^ r " ( / ' o / ) . 

P r o o f : T h i s follows b e c a u s e of t h e iden t i ty fun ( a / o a ) = fun ( a / ) o fun ( a ) . • 

P r o p o s i t i o n 5 . 1 7 Currying of algorithms corresponds to currying of functions, in that for all 
a e I(TI x r 2 -» T') and f e E(TI X r 2 -» r ; ) , 

a - T l X T 2 ^ T / / curry (a) ~ T l _ ( r 2 _ + r , ) c u r r y ( / ) . 

T h e nex t resu l t re la tes e x t T a n d i n t T t o ~ r , a n d shows t h a t each ~ T is a ( p a r t i a l ) funct ion. 

P r o p o s i t i o n 5 . 1 8 For all r , and all a € IT and e e ET, 

• a ~ T e => e = e x t T a. 

• i n t T e ~ T e. 

P r o o f : By s t r u c t u r a l i nduc t ion on r . • 

T h e ~ r r e la t ions connec t in tens iona l values wi th ex tens iona l va lues . W e lift t h e m t o environ­
m e n t s as follows. Define t ~ e iff for all identifiers X : r , t^Xj ~ T e | X ] . 

S u p p o s e t h a t t h e in t ens iona l a n d ex tens iona l i n t e r p r e t a t i o n s of each c o n s t a n t a re r e l a t ed , t h a t 
is, for all r e T y p e a n d all c o n s t a n t s c of t y p e r , *4 /[c] ~ T * 4 E [ C ] . T h e n t h e in tens iona l a n d 
ex tens iona l i n t e r p r e t a t i o n s of all wel l - typed t e r m s of t h e l a m b d a calculus a re r e l a t ed : 

P r o p o s i t i o n 5 . 1 9 For all M : r , t ~ e I [ M ] * ~ r £ [ M ] e . 

P r o o f : Th i s resul t is ac tua l ly an i n s t ance of t h e F u n d a m e n t a l T h e o r e m of Logical Re la t ions [Sta85]. 
W e give a di rect proof by s t r u c t u r a l i nduc t ion on M. 
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• For M = c th i s ho lds by ou r a s s u m p t i o n on Ai a n d AE-

• For M = X th i s follows b e c a u s e of t h e a s s u m p t i o n t h a t i ~ e. 

• For M = M 1 M 2 : r , s u p p o s e t r u e for Afi : r ' —+ r a n d for M 2 : r ' . T h u s , 

I[M2]t ~ T » £ [ M 2 ] e . 

T h e n , by definit ion of ~ T ' — T it follows t h a t 

T\MxM2\i, = ( J [ M J 0 ( p a t h ( J [ M 2 1 0 ) 

as r equ i red . 

• For M = A X : r ' . M ' , M' : t", t = t' r " , suppose 1 ~ e. T h e n it follows t h a t wheneve r 
a ~Ti e, we also get t[a/X] ~ e[e/X]. W e need t o show t h a t 

(1{XX :rf.M%)(patha) ~T„ (€{XX : r / . M / ] e ) ( e ) , 

wheneve r a ~ r / e. T h i s follows easily, since t h e induc t ion h y p o t h e s i s for M' gives 

IlM'Ma/X]) ~T„ SlM'Me/X}), 

wheneve r a ~ T / e, a n d we have t h e iden t i t y a = val path a for all a € TV7. 

• For ( M i , M 2 ) , fst M , a n d snd M we omi t t h e de ta i l s , which a re s t r a i g h t f o r w a r d . 

• 

As a corol lary, for all M : r , t h e ex tens ion of J J M ] ^ is exac t ly £ [ M | e , p rov ided we m a k e t h e 
a p p r o p r i a t e a s s u m p t i o n s . 

C o r o l l a r y 5 . 2 0 / / for all c e C o n , Ai\c\ ~ ^ [ c ] , then for all L,e, M : r, 

i~ e => e x t T ( I [ M ] 0 = £[M]€. 

T h i s is t h e desi red c o r r e s p o n d e n c e be tween in tens iona l m e a n i n g s a n d ex t ens iona l m e a n i n g s . N o t e 
t h a t o u r s e m a n t i c defini t ions a n d resu l t s a re p a r a m e t e r i z e d by t h e choice of t h e set C o n of c o n s t a n t s 
a n d the i r s e m a n t i c s . In p a r t i c u l a r , s ince t h e leas t fixed po in t o p e r a t o r is itself a c o n t i n u o u s func t ion , 
it is ce r ta in ly poss ib le t o inc lude c o n s t a n t s YT of t y p e ( r —> r ) —• r in o rde r t o h a n d l e recurs ive 
t e r m s . T h e resu l t s still hold . We rega rd t h e co r r e spondence es tab l i shed above as showing t h a t t h e 
( s t a n d a r d ) in tens iona l s eman t i c s is conserva t ive over t h e ex tens iona l s eman t i c s ; if we r ega rd t h e ext 
o p e r a t o r as r emov ing t h e e x t r a in tens iona l i n fo rma t ion from i ts a r g u m e n t , t h e resul t s t a t e s t h a t 
t h e ex tens iona l s eman t i c s is faithfully e m b e d d e d in t h e in t ens iona l one . 
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6 Future Work 
W e have e x a m i n e d in de ta i l one p a r t i c u l a r no t ion of c o m p u t a t i o n in t h e s e t t i ng of Scot t doma ins 
a n d con t inuous func t ions . It should b e clear t h a t ou r analys is can b e a d a p t e d t o o t h e r se t t ings 
a n d o t h e r no t i ons of in t ens iona l b e h a v i o r whe re t h e necessary ca tegor ica l a n d a lgebra ic condi t ions 
hold . 

Var ious r e s t r i c t ed no t ions of con t inuous funct ion have been used e lsewhere , inc lud ing Ber ry ' s 
s t ab le func t ions [Ber78] a n d K a h n a n d P lo tk in ' s sequen t ia l funct ions [KP78] . Var ious different 
k inds of s e m a n t i c d o m a i n s have b e e n shown t o b e useful. W e p lan t o inves t iga te t h e possibi l i ty of 
e m u l a t i n g ou r a l g o r i t h m c o n s t r u c t i o n when we va ry t h e choice of unde r ly ing ccc, or t h e choice of 
o rde r ing on p a t h s , or even w h e n we a d o p t a no t ion of c o m p u t a t i o n f a r the r r emoved from p a t h s . It 
would be in t e re s t ing t o see t o w h a t ex t en t some of t h e bui l t - in a s s u m p t i o n s could be re laxed , such 
as t h e p r o p e r t y t h a t t h e c o m o n a d preserves p r o d u c t . W e a re cu r ren t ly inves t iga t ing w h a t h a p p e n s 
w h e n we employ a c o m o n a d of s t r ic t ly increas ing p a t h s ; th is leads t o a m o d e l closely re la ted to ou r 
ear l ier q u e r y m o d e l [BG90] , b u t genera l enough t o work a t all t y p e s , no t j u s t f i rs t -order . A l t h o u g h 
ca r t e s i an c losure fails, t h e ca t ego ry of a lgo r i t hms still seems t o provide a sensible in tens iona l mode l 
for t h e A-calculus. 

T h e no t ion of s t ab i l i ty m a k e s sense as a res t r i c t ion on t h e con t i nuous funct ions be tween arbi­
t r a r y d o m a i n s , a l t h o u g h it is ma in ly used when t h e under ly ing d o m a i n s have ce r ta in e x t r a p rope r ­
t ies (e.g. t h e d l - d o m a i n s ) . I t therefore seems n a t u r a l t o focus on t h e class of a l g o r i t h m s which are 
defined as s t ab l e funct ions from PD t o D'. Here t he no t ion of s tab i l i ty refers t o t h e p a t h o rder ing 
on a r g u m e n t s t o an a l g o r i t h m , a n d one migh t refer t o such an a l g o r i t h m as intensionally stable. 
T h e class of a l g o r i t h m s whose i n p u t - o u t p u t funct ion is s t ab le is also very n a t u r a l ; we migh t call 
t he se t h e extensionally stable a l g o r i t h m s . We p lan t o inves t iga te t h e p rope r t i e s of these classes of 
a l g o r i t h m s . 

We would like t o fo rmula te r igorous no t ions of in tens iona l a n d ex tens iona l sequen t ia l i ty for 
a l g o r i t h m s . In o rde r t o do th i s we need t o a d o p t a r es t r i c t ed no t ion of d o m a i n which s u p p o r t s a 
genera l definit ion of sequent ia l i ty . C o n c r e t e d o m a i n s [ K P 7 8 , Cur86] p e r m i t a su i t ab le definition of 
sequent ia l i ty , b u t a re no t closed u n d e r e x p o n e n t i a t i o n if m o r p h i s m s a re t aken to be e i ther cont in­
u o u s , or s t ab l e , or sequen t i a l func t ions . In a re la ted p a p e r [BG91] we i n t r o d u c e a genera l iza t ion 
of t h e no t ion of conc re t e d a t a s t r u c t u r e t h a t is closed u n d e r t h e con t inuous a n d s t ab le function 
spaces , a n d which a p p e a r s t o s u p p o r t a sensible definition of sequent ia l i ty . 

We would like t o u n d e r s t a n d b e t t e r t h e re la t ionsh ip be tween our deve lopmen t of a lgo r i t hms 
a n d o t h e r work such as t h e c o m p u t a t i o n a l A-calculus of Moggi , t h e A p -ca lcu lus of Rosolini [Ros86], 
a n d t h e use of c o m o n a d s in model l ing t h e ! m o d a l i t y in l inear logic [Laf88, Gir89] . Moggi s t a t e s 
t h a t his view of p r o g r a m s as "funct ions from values t o c o m p u t a t i o n s " ( leading t o t h e use of m o n a d s 
a n d t h e Kleisli c a t e g o r y ) co r r e sponds t o cal l -by-value, a n d t h a t an a l t e r n a t i v e view of p r o g r a m s 
as func t ions f rom c o m p u t a t i o n s to c o m p u t a t i o n s co r r e sponds to ca l l -by -name . We offer a th i rd 
a l t e r n a t i v e : p r o g r a m s as funct ions from c o m p u t a t i o n s t o values , l ead ing t o t h e use of c o m o n a d s 
a n d t h e co-Kleisli ca tegory . 

In th is p a p e r we have appl ied ou r ideas on in tens iona l s eman t i c s t o t h e s imply t y p e d A-calculus. 
We worked ou t s o m e of t h e p rope r t i e s of a " s t a n d a r d " in tens iona l s eman t i c s , inc luding t h e rela­
t ionsh ip w i th t h e s t a n d a r d ex tens iona l s e m a n t i c s . It should also be possible t o use o u r in tens iona l 
mode l t o provide a n o n - s t a n d a r d i n t e r p r e t a t i o n for t h e A-calculus, for i n s t a n c e by vary ing the choice 
of a l g o r i t h m used t o i n t e r p r e t app l i ca t ion . It would b e in t e re s t ing to app ly our ideas t o l anguages 
wi th m o r e explici t ly in tens iona l f ea tu res , such as t h e CDSO l a n g u a g e of [Cur86] . 
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