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Abs t rac t 

P r e c e d e n c e techn iques have been w ide l y used in the past in the cons t r uc t i on of p a r s e r s . 
H o w e v e r , t h e r e s t r i c t i o n s imposed b y them on the grammars w e r e h a r d t o meet . T h u s , 
a l t e r a t i o n o f t h e ru les of t he grammar was necessary in o rde r to make t h e m accep tab le t o 
t h e p a r s e r . W e h a v e s h o w n that , b y keep ing t rack of the possib le set of ru les tha t c o u l d b e 
a p p l i e d at a n y o n e t ime , one can en large the class of grammars cons ide red . T h e poss ib le se t 
o f r u l e s t o b e c o n s i d e r e d is ob ta ined d i rec t l y f r om the in fo rmat ion g i ven b y a labe l led se t o f 
p r e c e d e n c e re la t i ons . Thus , the pa rse rs are easi ly ob ta ined. C o m p a r e d t o t h e p r e c e d e n c e 
p a r s e r s , th i s n e w m e t h o d g ives a cons iderab le increase in the class of pa rsab le g r a m m a r s , as 
w e l l as an i m p r o v e m e n t in e r r o r de tec t ion . A n in te res t ing consequence of th is a p p r o a c h is a 
n e w d e c o m p o s i t i o n techn ique fo r LR parsers . 

L . I n t r o d u c t i o n 

A m o n g t h e l a r g e v a r i e t y of techn iques used for pars ing, one can d is t ingu ish t h e b o t t o m -
u p p a r s e r s , as t h o s e w h i c h a t tempt t o make succesive reduct ions o n a g i v e n s t r i n g so as t o 
e v e n t u a l l y g e t t o t h e s t a r t i n g symbo l of the grammar. These pa rse rs can b e t h o u g h t o f 
o p e r a t i n g i n t w o modes (or phases). On the de tec t ion phase, t he p a r s e r a t t e m p t s t o 
d e t e r m i n e t h e p o r t i o n of a r i gh l hand side of a phrase w i t h i n the s t r i n g w h i c h is b e i n g 
c o n s i d e r e d . Once th is b o u n d a r y is de tec ted , the parser goes in to a r e d u c t i o n p h a s e , 
c o n s i s t i n g o f se l ec t i ng a p r o d u c t i o n wh ich is a handle at the de te rm ined pos i t i on . 

I f w e c lass i f y d i f f e ren t t y p e s of b o t t o m - u p pa rse rs accord ing t o t h e amoun t o f 
i n f o r m a t i o n t h e y c a r r y wh i le in the de tec t ion phase, w e can d is t ingu ish t w o e x t r e m e s . O n 
o n e h a n d w e h a v e t h e p recedence parsers , wh ich are charac te r i zed b y t he fac t t ha t t h e y 
c a r r y n o i n f o r m a t i o n wh i l e look ing for the r igh thand side of a ph rase and b y mak ing i ts 
d e c i s i o n s in t h e r e d u c t i o n phase b y using local contex t on ly . The p a r s e r s o b t a i n e d a r e 
r e l a t i v e l y s imp le b u t t he classes of grammars t h e y can parse is r e s t r i c t e d b y t h e ex i s t ance o f 
l oca l amb igu i t i e s . 

B y v a r y i n g t h e amount of con tex t examined one can de f ine d i f f e r e n t fami l ies o f 
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g r a m m a r s . A m o n g t h e most popu lar ones, w e have the W i r t h - W e b e r p r e c e d e n c e [ 1 ] , t h e 
s i m p l e w e a k p r e c e d e n c e [ 2 . 3 ] , and the simple mixed s t ra tegy p recedence [ 3 ] . 

O n t h e o t h e r s ide of the s p e c t r u m lie the LR(k) pa rse rs [ 4 ] . Whi le in the d e t e c t i o n pha c>e. 
t h e y c a r r y e n o u g h i n fo rma t i on so that the decis ion to reduce can be made immed ia te l y a f t e r 
a r i g h t h a n d s ide is d e t e c t e d . The number of s tates an LR(k) pa rse r has can b e c o m e 
i m m e n s e . P a r t o f th is h igh number of s tates is due to the fact that d i f f e ren t i n f o r m a t i o n tha t 
is c a r r i e d f o r w a r d has t o be f u r t he r d is t inugished fo r the same local con tex t . 

A n i n t e r m e d i a t e s i t ua t i on is ob ta ined if one separates what is to be c o n s i d e r e d i n f o r m a t i o n 
w h i c h has t o b e c a r r i e d f o r w a r d and in format ion that can be ob ta ined f r o m local c o n t e x t . 
A p a r s e r t h u s c o n s t r u c t e d wi l l consist of t w o machines: a f o r w a r d machine 7 and a dec i s i on 
m a c h i n e D . T h e p a r s e r w i l l w o r k as fo l lows: I n i t i a l l y the con t ro l is g i v e n t o t h e 7 mach ine . 
W h i l e o n 7 , t h e p a r s e r behaves l ike a precedence parser but e v e r y t ime it sh i f t s an i n p u t , it 
s t o r e s in t h e s tack t he input symbo l toge ther w i t h a symbol deno t ing the s ta te it is c u r r e n t l y 
i n . T h e d e c i s i o n t o sh i f t , wh i ch is accompanied b y a t rans i t ion to a n e w s ta te , is d o n e b y 
e x a m i n i n g local c o n t e x t . The 7 machine can also de te rmine acceptance, an e r r o r c o n d i t i o n o r 
a cal l o n t h e ID machine for a decis ion. The D machine de te rmines w h e t h e r a sh i f t o r a 
r e d u c e has t o b e p e r f o r m e d , b y examining local context toge the r w i t h the s ta te i n f o r m a t i o n 
t h a t e x i s t s o n t h e p u s h d o w n . A shi f t is p e r f o r m e d l ike the 7 machine. I f a r e d u c e is ca l led 
f o r , t h e r i g h t h a n d s ide of the p roduc t i on used is removed f r o m the stack, t h e 7 mach ine is 
i n i t i a l i z e d t o t h e s ta te d e n o t e d b y the topmost symbo l , and the lef t hand s ide o f t h e 
p r o d u c t i o n u s e d is g i v e n as input to it ( this is l ike an LR(k) pa rse r ) . A p a r s e r o f th is t y p e is 
g i v e n in Examp le 1 . 

E x a m p l e J_ 

L e t G b e g i v e n b y : S c A b B 
A • adiaA 
B • aciiaB 

G is n o t a m e m b e r of any of the classes of p recedence grammars men t i oned a b o v e . A n 
L R ( 1 ) (o r an LR(O)) parser f o r G has 1 0 states. We can see that w e rea l l y n e e d 2 s ta tes t o 
c a r r y i n f o r m a t i o n f o r w a r d (i.e. w h e t h e r a V or a " b " was f i rs t seen) . T h e res t of t h e 
i n f o r m a t i o n can b e d e t e r m i n e d f r o m local context . A d iagram for the 7 machine cou ld b e : 

c 

T h e V mach ine w o u l d check the contents of the stack to match a r ight hand s ide of a s u b s e t 
o f t h e p r o d u c t i o n s , d e t e r m i n e d b y the state of 7 f r o m wh ich it was cal led and it w o u l d g i v e 
a d e c i s i o n o n w h i c h r e d u c t i o n to make. A d iagram for D can be g i ven as a f o r e s t : 
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C a l l e d 
f r o m : 2 

c 

d 

a b 

d 

a 
r e d u c e r e d u c e r e d u c e reduce reduce reduce 
S- *cA A - a A A ad S b B B aB B -ad 

I n t h i s p a p e r w e examine pa rse rs bui l t using this approach. D i f f e ren t c lasses of p a r s a b l e 
g r a m m a r s c a n b e o b t a i n e d b y app ly ing d i f fe ren t c r i te r ia fo r the cons t ruc t i on o f t h e 7 and D 
m a c h i n e s . W e w i l l see tha t any class of p recedence grammars can be e x t e n d e d th is w a y , 
w i t h o u t a s ign i f i can t compl ica t ion of the parsers and w i t h the b ig advantage of no t h a v i n g t o 
a c c o m o d a t e t h e ru les of the grammar to sat is fy the requ i remen ts of t he p a r t i c u l a r 
p r e c e d e n c e m e t h o d used. A l t h o u g h the intent of this s tudy was to e x t e n d p r e c e d e n c e 
p a r s e r s , w e ge t as a s ide e f fec t a decomposi t ion method fo r LR(k) pa rse rs . Th is a p p r o a c h is 
a m a t t e r o f f u r t h e r s t u d y . 

I n t h i s s e c t i o n w e examine the cons t ruc t ion of d i f fe ren t pa rse rs and t he c lasses of g r a m m a r s 
t h e y c a n p a r s e . W e assume the reader is famil iar w i t h the te rm ino logy f o r c o n t e x t f r e e 
g r a m m a r s [ 7 , 8 ] . S ince ou r or ig ina l a t tempt was in the d i rec t ion of e x t e n d i n g p r e c e d e n c e 
t e c h n i q u e s , all t h e g rammars cons idered here wi l l be p rope r . Extens ions t o n o n A - f r e e 
g r a m m a r s c a n b e s t u d i e d a long the same lines. 

D e f i n i t i o n J_: A p r o p e r con tex t f r ee grammar G=(V,V T ,P ,S) is a reduced , A - f r e e , c y c l e - f r e e 
c o n t e x t f r e e g rammar . V deno tes the vocabu la ry , V j is the set of te rmina ls , is t h e se t o f 
n o n t e r m i n a l s . W e assume the p roduc t ions in P are indexed. The set I o f ind ices w i l l cons is t 
o f s y m b o l s o f t h e f o r m A k w h e r e A (. V N . A n index i = A k ( I w i l l deno te t he k - t h p r o d u c t i o n 
w h o s e le f t h a n d s ide is A. I f th is p roduc t ion is A S w e wi l l w r i t e i: A & (or A k : A S) . 
I f t h e r e is o n l y o n e p r o d u c t i o n for nonterminal A w e wi l l use A instead of A i as i ts index . 
T h e r e w i l l b e an index 0 to deno te an augmented p roduc t ion of the f o r m S' LSI (S ' < V ) . 
( T h i s is j u s t a c o n v e n i e n c e to make def in i t ions simpler.) 

E x c e p t w h e r e o t h e r w i s e no ted , the fo l low ing convent ions app ly t h r o u g h o u t t h e p a p e r : 
A , B , C , D < V N ; a,b,c,d,e,g,r < V T ; M^WA*,? < V * ; X,Y,Z < V 

W e w i l l n o w d e f i n e ce r t a i n re la t ions b e t w e e n pairs of symbols in V. These re la t i ons w i l l b e 
d e f i n e d in a s imi lar w a y as was done in [ 1 ] but the re wi l l be a label a t tached t o t h e m . T h e 
l a b e l s w i l l p r o v i d e i n fo rma t i on about the w a y the re la t ion b e t w e e n the s y m b o l s w a s 
o b t a i n e d . 

D e f i n i t i o n 2j_ Le t X,Y C V. Let 0 4 , c<2, c t 3 , a * e 1 . Then , 

1 ) X is less t h a n Y under a j , a 2 > wh i ch w e wi l l w r i t e as [ a i ; a 2 ] : X < Y, if V i < a * , 3 
A ,B ,X ,P , i y , s u c h tha t i : A - p X B i / and a 2 = { j I B U C cr , j : C - Y 7 } . 

2 ) X is equa l t h a n Y under Cf3, wh ich w e wi l l w r i t e as [ 0 3 ] : X = Y, if 
oc3 - { i I i : A > pXYiy } 

<L. Labejed Precedence Pars ing 
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3 ) X js g r e a t e r t h a n Y under 04, wh i ch w e wi l l w r i t e as [cc$] : X > Y, if Y < V j , 3 i < I , i : 
A -> H B D v , D &> VP and a 4 - { j | B U a-C, j : C - 7X) 

N o t i c e t h a t , i g n o r i n g t h e labe l ing, the re lat ions are de f ined as in [ 1 ] . Example 2 s h o w s a 
g r a m m a r t o g e t h e r w i t h a mat r ix of label led relat ions. 

E x a m p l e 2^ Le t G b e d e f i n e d b y the product ions 

S i : S • b Z g Y : Y - ag 
S 2 : S - c rY Z : Z - ra 
S 3 : S ••> b r X X : X • a 

T h e l a b e l l e d p r e c e d e n c e re la t ions can be d isp layed in matr ix f o r m : 

C
O

 

b c g 1 

C
O

 [0]:* 
Y [ S 2 ] : > 
Z [ S i ] : * 
X [ S 3 ] : > 
a [ Y ] : * [X ] :> 

[Z ] :> 

g [Y ,S i ] :> 
1 [ 0 ] : * [0;Si,S 3]:<- [0;S 2]:< 

Y Z X a r 

cr
 

[ S i ] * [S i ;Z ] :< 

[S3]:* 
c [ S 2 ] : * 
r [ S 2 ] : = [S3]:* [ S 2 ; Y ] : < 

[ S 3 ; X ] : < 
[ Z ] : * 

( W e h a v e l i s t ed t h e e lements of the sets a , instead of using the usual set no ta t ion . ) 

T h e m a t r i x o f labe l led p recedence re lat ions wi l l be deno ted b y M. No te tha t f o r t w o 
s y m b o l s X a n d Y t h e r e may be more than one pair of labels a i , c*2 such tha t [ a i ; a 2 ] : X « Y . 

W e w i l l l a t e r p e r f o r m reduc t ions o n this matr ix. These wi l l amount t o me rg i ng some ind ices 
i n t o o n e . W e can th ink of the set of labels as coming f r om a set L and hav ing a m a p p i n g 
? : I - » L T h e o r ig ina l mat r ix is de f i ned w i t h 1 = 1 and f 1 - 1 . I n genera l t h o u g h , w e w i l l h a v e 
a l a b e l l e d p r e c e d e n c e mat r ix M w i t h labels f r om a set L. 

G i v e n a l abe l l ed mat r i x of p recedence relat ions w e now def ine a pa rse r f o r t h e g r a m m a r . 
T h e ( f o r w a r d ) s t a tes of t he pa rse r wi l l be subsets of L 



5 

I n f o r m a l l y , t h e p a r s e r can be de f ined as fo l lows: Def ine a d i rec ted g r a p h w h o s e nodes a re 
t h e m e m b e r s of V (p lus t w o o the r nodes, deno ted by 1 , one of t hem wi l l be t he u n i q u e 
s o u r c e n o d e , t h e o t h e r , the unique sink node in the graph) . A n arc ex is ts b e t w e e n nodes X 
a n d Y if t h e X - Y e n t r y of the M matr ix is not empty . The init ial s ta te w i l l be t h e se t 
c o n s i s t i n g o f t h e label f o r p roduc t i on 0 , and w e wi l l say it is inc ident t o the s o u r c e n o d e 1 . 
N o w w e p e r f o r m the f o l l ow ing ope ra t i on at e v e r y node: Let s ta te s be inc ident t o n o d e X 
a n d le t t h e r e b e an arc f r o m X into Y. Let [ a i ; o 2 ] : X < Y and [o^]:X^Y. ( The re may b e m o r e 
t h a n o n e labe l of t he f o r m [o j ; c t o ] fo r the < relat ion.) We then de f ine a s ta te t i nc iden t t o 
n o d e Y as s 11 03 t o g e t h e r w i t h the set of all indices of p roduc t ions in a 2 such tha t s f l a^<t>. 
T h e s t a t e t w i l l b e r e f e r r e d t o as the successor of s ta te s. W h e n no n e w s ta tes a re c r e a t e d 
t h e p r o c e s s s t o p s . No te that the computa t ion of the states is done us ing o n l y b o o l e a n 
o p e r a t i o n s o n se ts and that check ing if a s tate has a l ready been c rea ted is s t r a i g h t f o r w a r d . 
( T h e w h o l e p r o c e s s can be v i e w e d as a paral lel ope ra t i on at all nodes.) 

T h e se t o f s t a t e s so c r e a t e d const i tu tes the set Q F of s ta tes of t he 7 mach ine. T h e 
u n d e r l y i n g fsa w i l l be cal led the unres t r ic ted7rnach ine . The pars ing of a w o r d p r o c e e d s as 
f o l l o w s : I n i t i a l l y t he 7 machine is in the init ial s ta te so, incident to node i . T h e r e is a s tack 
w h i c h w i l l h a v e t w o channels , subsequent l y r e f e r r e d as Kj and #2- V i < ( V U { 1 } ) * , VZ^QF*-
I n i t i a l l y V i = l , V 2 = s 0 . Let f o r s o m e * ( V * > f ° r °-<QF*> l*H<H, b e t h e 
c o n t e n t s o f t h e s tack at some point in the computat ion. (Thus the 7 machine is in s t a t e s 
i n c i d e n t t o node X.) Let Y be the next input symbol (normal ly th is is the nex t s y m b o l in t h e 
i n p u t s t r i n g ) . Le t [o4 ] :X»Y. I f si lo4 =-<)>, a shift is pe r fo rmed . This consists in chang ing s t a t e 
t o t h e s u c c e s s o r s ta te t of s and pushing in the stack the symbols Y o n the f i r s t channe l a n d 
t o n t h e s e c o n d . I f s M a ^ wo say that a potent ia l conf l ic t occurs . T h e se t of all 
p r o d u c t i o n s w h o s e indices a re in s f l (o4 l )o 3 Uct i ) , fo r all C4, is made avai lable t o t he D mach ine 
w h i c h ( h o p e f u l l y ) w i l l g i ve a unique decis ion of what to do. 

T h e D mach ine w i l l e i the r de te rmine a shi f t , b y examining p roduc t ions in s f K a ^ U a j ) , o r a 
r e d u c e t o o n e of t he p roduc t i ons in si l a * . I f a shift is de te rm ined , con t ro l is t r a n s f e r r e d t o 
t h e s u c c e s o r s t a t e of s in t he machine 7. I f a reduce is de te rm ined , t he r igh t h a n d s ide of 
t h e p r o d u c t i o n b e i n g r e d u c e d is p o p p e d up f r om the stack, con t ro l is t r a n s f e r e d t o t h e 
t o p m o s t s t a t e n o w a p p e a r i n g on channel 2 , and the input symbo l f ed to machine 7 is t h e le f t 
h a n d s ide o f t he p r o d u c t i o n used. The parser accepts if the input symbo l is 1 , 7 is in i ts 
f i n a l s t a t e a n d V i = ± S . 

W e w i l l n o w d e f i n e the 7 machine. 

7 is a f i n i t e s t a t e machine, 7 - ( Q F A / x V , $ F , ? - l ( 0 ) , { < p - l ( 0 ) } ) , w h e r e Q F is a subse t of t h e set 
o f all s u b s e t s o f L, V x V is the input a lphabet , the init ial (and f inal) s ta te is the set con ta i n i ng 
? - i ( 0 ) a n d S F is d e f i n e d as fo l l ows : Let s<Q r , (X,Y)(VxV. The (X,Y) e n t r y of M con ta ins labe ls 
[oci;or2], [<*3] ,[a4] ( t h e r e may be many labels of t y p e [ai,c<2]). 

M s , ( X , Y ) ) = if sna4-<t> t hen ( s f l o 3 ) U 1) a 2 

silaiAJ> 
e lse D 

( D i n t h e r a n g e of S F is i n t e r p r e t e d as a call to machine D) . The e m p t y s ta te is i n t e r p r e t e d 
as a n e r r o r ind ica t ion . The t rans i t i on funct ion for the un res t r i c ted 7 machine is 
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& r ' ( s , ( X , Y ) ) « ( s H a 3 ) IJ I) a 2 

s H a ^ 

T h e D mach ine can be de f i ned in d i f fe ren t ways , g iv ing r ise to d i f f e ren t c lasses o f p a r s a b l e 
g r a m m a r s . W e w i l l g i ve some def in i t ions here . For s impl ic i ty , w e wi l l r e s t r i c t t o local 
c o n t e x t s o f o n e s y m b o l , bu t these const ruc t ions can be ex tended to o t h e r con tex t s . W e w i l l 
n e e d s o m e de f i n i t i ons w h i c h w e now g ive : 

D e f i n i t i o n 3 j . Le t £><V+. W e deno te b y iy an ope ra to r such that f k & is t he longest p r e f i x of 
& o f l e n g t h <k . W e d e n o t e b y f> * an ope ra to r such that f K * & = { f k p | S im i la r l y w e 
d e f i n e l k & f o r su f f i x s t r i ngs . 

L e t (Z,s) b e an i n t e r i o r s ymbo l of a ? -channe l stack (i.e., the stack is y=(Vi,V2)> l ^ i N ^ ' p l ? 
a n d f o r s o m e n > 1 , f i l n t f jL~Z, f i ' n ^ z ^ ) -

L e t i:A b e t h e p r o d u c t i o n whose index is i. I f [cq$ 0*2] : Z <? f i & , sf1a^4>, A<ct2 w e s a y 
t h a t ( t h e d i s t i n g u i s h e d occu r rence of ) Z leads into p roduc t ion i. 

I f 3 n > 1 , I n X j ^ ^ Z S - Z S ' and ( the d is t inguished occur rence of ) Z leads in to p r o d u c t i o n i t h e n 
( t h e d i s t i n g u i s h e d o c c u r r e n c e of ) £>' is a val id expans ion of p roduc t i on i. 

I f [ a i ; o c 2 ] : X « Y o r [c*3 ] :X=Y and fo r some state s, s f K a i U a ^ y ^ t hen w e wi l l say tha t X leads  

i n t o Y u n d e r s. W e w i l l w r i t e [s ] :X Y. 

I f i<cc a n d [or ] :X=Y w e wi l l somet imes w r i t e (i):X=Y. A similar conven t i on ho lds f o r t h e o t h e r 

l abe l s . 

N o w w e c a n g i v e a de f i n i t i on for the D machine. The D machine is spec i f ied as f o l l o w s : 

a: if 3 i , ? i < s f l a 4 , i:A (3X, n - | ( 3X |+ l , l n * i =Z (3X and Z leads in to i, t h e n " r e d u c e i " ; 

b : , , { ( J > i | ? i < t = ( s n c r 3 ) t) I) a 2 , i:A -0XC&, Y ( f A * C , 
sU<V<t> 

n H 0 X | + l , l n ^ i = ^ X and Z leads into i } " 

( w h e n D is ca l l ed , t h e parser has Y as input and )fi=crX) 

T h i s ID mach ine w o r k s as fo l l ows : For each p roduc t ion i:A h in sf)a4 it checks t ha t & 
a p p e a r s as a va l i d expans ion of i. I f so, machine P ou tpu ts " reduce i". A lso , it may o u t p u t 
a s t a t e cons i s t i ng of t he set of all labels of product ions i:A (iXCS such that Y < f i * C , [s]:X Y 
a n d s u c h t ha t 0 X appea rs as a val id expans ion of i. Thus, the D machine cou ld p r o d u c e 
m o r e t h a n o n e o u t p u t . W e are in te res ted in determin is t ic behav io r so w e w i l l s a y t ha t a 
p a r s e r is w e l l d e f i n e d if t he D machine has at most one ou tpu t . ( A n e m p t y o u t p u t f r o m V is 
a n i n d i c a t i o n o f e r r o r . ) 

T h e c lass o f g r a m m a r s w h i c h have determin is t ic parsers whose V machine a re d e f i n e d as 
a b o v e and w h o s e 7 machines have n states wi l l be cal led the class of n - s t a t e l abe l l ed 
p r e c e d e n c e g r a m m a r s w i t h independent lef t and r i f tht con tex t ( n - L P I g rammars ) . 
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L e t us c o m p u t e t h e machines 7 and D fo r the grammar in Example 2 : 

7 machine 
States 

(X,Y) { 0 } { S i , S 3 } { S 2 ) { S i } { Z , S 3 } {X,Z} {Y} { S 3 } 

I S 
l b 
1 c 
b Z 
b r 
c r 

Z g 
r Y 
r X 
r a 

g l 
Y l 
X I 

a g 
a l 
S I 

{ 0 } 
{ S i , S 3 } 
{ S 2 } 

{ S i } 
{ Z , S 3 } 

{ S 2 } 

{ S 2 } 

{Y } 

» ( S 2 ) 

{ S i } 

D ( S i ) 

{ S 3 } 
{X,Z} 

e n d 

D(Y) 

D(Z) {Y} 
D(X) 

D ( S 3 ) 

W h e n e v e r a cal l t o t h e D machine is g i ven , the set of all i such tha t f iCsTKat lJa i l Jaa) is 
g i v e n . T h e D mach ine can be r e p r e s e n t e d as a fo res t w h e r e the r o o t o f each t r e e is 
l a b e l l e d b y an e l emen t I of L and the co r respond ing t r ee r e p r e s e n t s all r i gh t hand s ides o f 
p r o d u c t i o n s i s u c h tha t ? i « L I n th is case, 1 = 1 and f is 1-1 so t h e r e is o n e t r e e f o r e a c h 
p r o d u c t i o n . 

S i 

b 

S 2 

t 
s 3 

Y+ 
r 

X * 
r 

Y / X 

5 ] N ) a l a l 
a i shi f t Y ; shi f t 

{Y} 

r e d u c e S i r e d u c e S 2 r educe S3 reduce Y reduce Z reduce X 

T h e p a r s e r s c o n s t r u c t e d as above wi l l be such that the i r 7 machines usual ly have m o r e 
s t a t e s t h a n it is necessa ry . W e can get minimal machines 7 as f o l l ows : Assume w e h a v e a 
d e f i n i t i o n f o r t h e class of D machines. We then def ine an incompat ib i l i t y r e l a t i on o n t h e se t 
o f p r o d u c t i o n s I . W e wi l l say that t w o produc t ions i i , i 2 , are incompat ib le if w h e n a cal l t o D 
o c c u r s w i t h s t a t e ^ f \ ^ f \ 2 , I> w i l l p roduce more than one o u t p u t . Once w e h a v e 
d e t e r m i n e d all i ncompa t ib le pa i rs of p roduc t ions w e wi l l de f ine a n e w set L and a n e w 
f u n c t i o n f s u c h tha t if i i and i 2 are incompat ib le t hen ? i i *?»2- ( I n o t h e r w o r d s w e a r e 
d e f i n i n g an e q u i v a l e n c e re la t i on o n I.) 

N o t e t h a t a cal l t o D occu rs w h e n e v e r t he re is an e n t r y in the matr ix M con ta in ing a r e l a t i o n 
>. T h e incompat ib i l i t i es a re de f ined be low. Let 4 deno te incompat ib i l i t y b e t w e e n 
p r o d u c t i o n s . 

1) A j * C k if 3X,Y such that (C^B j fcXOT, (A , ) :X±Y, A r . A ^ X Y ( 3 Z 
( A j ) : Z > W f o r some W C f ^ i / o r V = A and 3W such that ( A h B j ) : Z » W . 

B j : B - Y 0 Z i y a n d 
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2 ) C k * D m if t h e r e a re p roduc t ions Aj-.A Y 0 Z i / , B j : B Y<3Z, t h e r e is V s u c h tha t 

( C k 5 A i ) : V < Y and ( D m ; B j ) : V < Y and (B j ) :Z>W for some W < f i * i / o r v=A and 3 W such tha t 

( A , , B j ) : Z » W . 

G i v e n t h e se t o f incompat ib le p roduc t ions , w e can def ine a pa r t i t i on n o n t h e se t o f 
p r o d u c t i o n s s u c h tha t if ii,J2 are incompat ib le p roduc t ions t h e y be long t o d i f f e r e n t c lasses. 
F o r e a c h c lass w e de f i ne a symbo l . Let L be the set of all these symbo ls and d e f i n e t h e 
n a t u r a l m a p f : I L such that ? i = ? j if i and j be long to the same class of i t . W e can n o w 
d e f i n e t h e 7 and D machines as be fo re . For some par t i t ions n it may h a p p e n tha t D w i l l no t 
b e w e l l d e f i n e d . Bu t if the pa rse r de f ined on the ident i ty pa r t i t i on was we l l d e f i n e d , t h e r e 
e x i s t a p a r t i t i o n f o r w h i c h the parser is wel l de f ined and for wh i ch the number o f s t a t e s o f 
t h e m a c h i n e 7 is minimal. This number g ives an indicat ion o n the amount o f i n f o r m a t i o n t ha t 
h a s t o b e c a r r i e d f o r w a r d in o r d e r to successful ly parse the sen tences of t h e l anguage 
g e n e r a t e d b y t he g rammar . I t is clear that , fo r each n, w e can de f ine g rammars f o r w h i c h 
t h e 7 mach ine w i l l have at least n s ta tes, so th is g ives a measure of t he c o m p l e x i t y of t h e 
g r a m m a r . 

A s t h e f o l l o w i n g resu l t s h o w s , e v e n the simple class of grammars in th is h i e r a r c h y , i.e., t h o s e 

f o r w h i c h t h e n u m b e r of s ta tes of the 7 machine is 1 , is an ex tens ion of t h e la rges t c lass o f 

g r a m m a r s d e f i n e d us ing p recedence re lat ions ove r VxV , i.e., t he class o f s imp le m i x e d 

s t r a t e g y p r e c e d e n c e . 

T h e o r e m U T h e class of SMSP grammars is conta ined in the class of 1 - L P I g r a m m a r s . 

P r o o f : L e t G b e a SMSP grammar. Assume the re are t w o p roduc t i ons A j . A >pXY{3Z, 
B j : B - > Y 0 Z i A L e t I ^ A and W < f i * V f l V T . Since Z<W o r Z - W w e cannot h a v e Z>W. I n 
p a r t i c u l a r , w e canno t have ( A j ) : Z » W . I f w e cannot have X ^ B o r X < B so , in p a r t i c u l a r , 
t h e r e is n o index C k such that (C k ;Bj) :X<*Y. So no incompat ib i l i t ies of t y p e 1 can occu r . I f 
t h e r e a r e t w o p r o d u c t i o n s A J : A Y|3Ziy, B J : Y £ Z t hen again, if i^A t h e r e can b e no 
W < f i * y f l V T s u c h tha t ( B j ) : Z » W . I f V = A t hen A j and B j have ident ical r igh t hand s ides. So , 
t h e r e is no V such tha t (V,A)<<4J= and (V,B)(<t)=. I n par t icu lar , t h e r e are no C k , D m s u c h 
t h a t ( C k ; A j ) : V < Y and ( D m ; B j ) : V « Y . Thus no incompat ib i l i t ies of t y p e 2 occur . T h u s , w e c a n 
d e f i n e 7 w i t h o n e s ta te . I t is easy to see the D is determin is t ic . | 

T h e c lass o f 1 s t a t e labe l led g rammars w i t h independent lef t and r igh t con tex t has b e e n 

p r e s e n t e d in t h e l i t e r a t u r e under another name as indicated b y the fo l l ow ing resu l t . 

T h e o r e m 2 : T h e class of 1 s ta te label led grammars w i t h independent le f t and r i gh t c o n t e x t 

c o i n c i d e s w i t h t h e class of o v e r l a p reso lvab le (OR) grammars [ 5 ] . 

P r o o f : T h e r e a d e r is r e f e r r e d to [ 5 ] for the def in i t ion of OR grammars . A case ana lys i s 
s h o w s t h a t V has a de te rmin is t i c behav ior iff e v e r y conf l ic t is left o r r i gh t r eso l vab le . | 

T h u s w e g e t t h e f o l l o w i n g co ro l a r y , wh ich answers a con jec tu re of W ise : 

C o r o l a r y J_: T h e class of OR languages coincides w i t h the class of de te rmin is t i c l anguages . 

P r o o f : F o l l o w s f r o m the fact that e v e r y determin is t ic language has an SMSP g rammar . | 
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E x a m p l e 2 p r e s e n t e d a g rammar wh i ch fa i led to be OR. T h e r e are t w o e n t r i e s in M w h i c h 
c a n c a u s e incompat ib i l i t i es , namely M(a,g) and M ( g , i ) . For the la t te r w e h a v e t h a t 
p r o d u c t i o n s Y and S i a re not of the f o rm occur ing in case 1 or 2 f o r t he d e f i n i t i o n o f 
i n c o m p a t i b i l i t y . F o r t h e f o r m e r , w e do have that S2^Z. Thus, at least 2 s ta tes a re r e q u i r e d 
f o r t h e 7 mach ine . I t t u r n s ou t that 2 states are suf f ic ient to get a pa rse r f o r th is g r a m m a r . 

B e c a u s e w e h a v e d e f i n e d the I ) machine as one wh ich checks le f t and r i g h t c o n t e x t 
i n d e p e n d e n t l y w e have t h e fo l l ow ing resul t . 

T h e o r e m 3 : F o r any n, the class of n -s ta te label led grammars w i t h i ndependen t le f t and 
r i g h t c o n t e x t is p r o p e r l y inc luded in the class of S L R ( l ) g rammars [ 6 ] . 

P r o o f ; G i v e n t h e set Qo of sets of LR(0) items fo r a grammar and the set Qp of s t a tes of 
t h e u n r e s t r i c t e d 7 mach ine, w e can de f ine a mapping h f r o m Qo to Qp as f o l l o w s : h ( S o ) = { 0 } -
L e t S i b e a se t o f L R ( 0 ) i tems. For each symbo l Y ( V w e can pa r t i t i on S\ in 5 se t s , S » = S j A 

U Sj2 U S j 3 I I S i * U S j 5 , S J M A oX.Y(3}, S i 2 =={A crX.Z|3|Z*Y}, S j 3 = { A a X . } , S j * = { A -.Y(3}, 
S j S « { A - \ Z p | Z p ^ r } . I f h ( S j ) « q i t hen h ( & ( S i , Y ) ) = & , ( q i , ( X , Y ) ) r w h e r e &' is t h e t r a n s i t i o n 
f u n c t i o n o f t h e u n r e s t r i c t e d 7 machine and & ( S j , Y ) = S j is the set of LR(0 ) i tems o b t a i n e d 
as t h e G O T O ( S i , Y ) (see [ 7 ] f o r unde f ined terms) . Now w e make the fo l l ow ing claim. 

C l a i m : I f Sj is a se t o f LR(O) i tems par t i t i oned as above, t hen h ( S j ) con ta ins t h e ind ices o f 
al l p r o d u c t i o n s in S j 1 U S j 2 t) S j 3 . 

T h e c la im is c e r t a i n l y t r u e fo r So because So l s B So 2 s ! So 3 s 4 . Now, assumming t h e c la im ho lds 
f o r S j , w e n o t e tha t GOTO(S j ,Y) is ob ta ined b y tak ing all p roduc t ions in S j M J S / w i t h t h e 
d o t s h i f t e d o v e r t h e s y m b o l Y (wh ich becomes the set S j M J S j 2 11 S j 3 ) , and a p p l y i n g a 
c l o s u r e o p e r a t o r t o ge t t h e set S j 4 I I S j 5 . But , fo r e v e r y index i of a p r o d u c t i o n in S j 1 w e 
h a v e ( i ) :X=Y, and f o r e v e r y index j of a p roduc t ion in S j 4 , t h e r e is an index i o f a p r o d u c t i o n 
i n S j 1 U S j 2 such tha t ( i ; j ) :X«Y. Thus, all indices of p roduc t ions in S j 1 U S j 2 U S j 3 a p p e a r in 
s t a t e h ( S j ) a n d t h e cla im holds. 

I t is n o w s t r a i g h t f o r w a r d to v e r i f y that if G is not S L R ( l ) , i.e., if t h e r e a re t w o con f l i c t i ng 
i t e m s i n s o m e se t S j of LR(0 ) i tems, t hen the co r respond ing s ta te of t h e 7 mach ine w i l l 
p r o d u c e a cal l o f t h e D machine wh i ch wi l l in t u r n , g ive more t han one o u t p u t . T h u s t h e 
p a r s e r w i l l no t b e a de te rmin is t i c one and the grammar wi l l not be an n -s ta te L P I grammar, 
i 

W e n o t e t h a t t o g e n e r a t e the 7 machine w e do not d is t inguish posi t ions w i t h i n a p r o d u c t i o n , 
as a n L R ( o r SLR) p a r s e r does. Thus , w e are able to get the 7 machine f as te r , b u t w e 
r e s t r i c t t h e c lass o f g rammars wh i ch can be parsed , exc lud ing those w h i c h have p r o d u c t i o n s 
i n w h i c h a r e p e a t e d occu r rance of a symbol may cause p rob lems, as s u g g e s t e d b y t h e 
f o l l o w i n g e x a m p l e : 

E x a m p l e 3 : L e t G have p roduc t i ons 

S a b c a b A | a b B 
A d 
B d 
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S i n c e [ 0 ; S i , S 2 ] : i < a , [ S i , S 2 ] : a - b and [ S i ; A ] : b < d , [ S 2 ; B ] : b « d and [ A , B ] : d » l w e h a v e t ha t t h e 
7 m a c h i n e cal ls t he V machine w h e n in s tate {A ,B} and read ing s y m b o l ( d , l ) . T h e V 

m a c h i n e g i v e s as o u t p u t b o t h " reduce A " and " reduce B". This behav io r w i l l occu r e v e n if 
t h e T> mach ine checks t he lef t and r ight context s imul taneously as is done la ter . 

O n t h e o t h e r h a n d , i t is eas i ly seen that G is an SLR(1) grammar. Example 3 leads us t o t h e 
f o l l o w i n g d e f i n i t i o n : 

D e f i n i t i o n 4 : Le t A X i X 2 . . . X n _ i X n be a product ion . We wi l l say that th is p r o d u c t i o n is f r e e 
o f r e p e t i t i o n s (FOR) if f o r all l < i , j < n w e have i*j implies X ^ X j (i.e., t h e r e is no r e p e a t e d 
o c c u r r e n c e o f a s y m b o l among the f i rs t n -1 symbols) . A grammar wi l l be f r e e o f r e p e t i t i o n s 
(FOR) if all o f i ts ru les are FOR. FOR grammars and FOR produc t ions occur v e r y o f t e n . A n y 
g r a m m a r in no rma l 2 f o r m is a FOR grammar and e v e r y CF language can be g i v e n a t r i v i a l 
FOR g r a m m a r . A m o n g the grammars used in programming languages, a qu ick g lance at some 
r e v e a l s t h a t : P L 3 6 0 as de f i ned in [ 9 , pages 3 9 - 5 3 ] is FOR; SNOBOL4, as d e f i n e d in [ 7 , 
p a g e s 5 0 5 - 5 0 7 ] , has o n l y one non FOR ru le ; ALGOL 6 0 , as de f i ned in [10], has o n l y o n e 
n o n FOR r u l e ( w h i c h happens to be a p roduc t ion for the < fo r list e lemen t> ! ) ; P A L , as d e f i n e d 
i n [ 7 , p a g e s 5 1 2 - 5 1 4 ] , is FOR. 

I f w e a r e dea l i ng w i t h FOR grammars , w e can s t reng then the resul t of T h e o r e m 3 : 

T h e o r e m 4 : I f G is FOR and SLR(1) , t hen it is n - L P I . 

P r o o f : D e f i n e t h e 7 machine using the ident i ty map ? : I 1 = L I f G is FOR, t h e c la im 
s t a t e d in t h e p r o o f of T h e o r e m 3 becomes the fo l low ing : 

C l a i m : I f S j is a se t of LR(0) i tems par t i t i oned as be fo re , then h ( S j ) co inc ides w i t h t h e se t 

o f i nd i ces o f all p r o d u c t i o n s in S j 1 U S j 2 U S j 3 . 

T o p r o v e t h e c la im, it suf f ices to show that t he re are no indices of p r o d u c t i o n s in h ( S j ) 
w h i c h a re no t in S j * I) S j 2 U S j 3 . This fo l lows f r om the fact that , if ( i ) :X±Y o r ( i ; j ) :X<Y t h e n , 
s i n c e G is FOR, t h e r e is on ly one occur rence of X in the p roduc t i on w h o s e index is i. S ince 
a n L R ( 0 ) i t e m is i den t i f i ed b y th is symbo l , the map h is 1 - 1 . I t is easy t o see t ha t t h e 
p a r s e r c o n s t r u c t e d is i somorph ic to the S L R ( l ) parser . | 

T h u s , if w e r e s t r i c t ou r a t ten t ion to FOR grammars, bo th classes co inc ide. M o r e o v e r , t h e 
S L R ( l ) p a r s e r can be ob ta i ned v e r y easi ly f r om the 7 machine so that a fast p r o c e d u r e f o r 
c o n s t r u c t i n g S L R ( l ) p a r s e r s is obta ined. As ment ioned above , FOR p r o d u c t i o n s and 
g r a m m a r s o c c u r f r e q u e n t l y in p rogramming languages. Thus, w e shou ld t ake a d v a n t a g e of 
t h i s f a c t w h e n c o n s t r u c t i n g pa rse rs fo r them. 

W e w i l l n o w m o d i f y t he de f in i t i on of the D machine so as to make it check f o r s imu l t aneous 
l e f t a n d r i g h t c o n t e x t . W e need to in t roduce the fo l low ing def in i t ion . 

D e f i n i t i o n 5 : A s y m b o l Y [s adjacent to symbols X and Z 
w i t h i n t h e c o n t e x t of a p roduc t i on if e i ther 

1) ( C j ) : X ^ Y and e i t he r (C j ) :Y I or (C j ) :Y»Z 
o r 
2 ) ( C j $ D k ) : X < Y and ( D k ) : Y I f o r some p roduc t ion D k . 



L e t A j t A & b e a p r o d u c t i o n and P ( A ) = { B | B 4 > A } . We say that A is a va l id r e d u c t i o n f o r S 
w i t h i n s y m b o l s X and and s ta te s if 

1 ) ( C J ; A j ) : X < f 1 & f o r some C j ^ s 
2 ) 3 Y ( ( P ( A ) s u c h tha t Y is adjacent to symbols X and Z 

w i t h i n t h e c o n t e x t of p roduc t i on C j . 

N o t e t h a t w e can check the cond i t ion of va l id reduc t ion b y inspect ing the mat r i x M. A s t h e 
f o l l o w i n g lemma s h o w s , w e get in fo rmat ion about possible s imul taneous lef t and r i gh t c o n t e x t 
i n w h i c h a n o n t e r m i n a l may appear . 

L e m m a h Le t Cj-.C ^ X c , tf<-V*,c<V\ Let S ^ o C ^ a y X c p ^ a y X Y c ^ ^ a y X Y Z c " , w i t h 
a , f r c \ c M < V * (bu t Z < f i * ( c ' 0 ) ) fo r some Y < P ( A ) such that P(Y)=4>. T h e n A is a va l id r e d u c t i o n 
f o r £> w i t h i n s y m b o l s X and Z and some state s such that C j<s . 

P r o o f : W e k n o w C ^ y X c ^ t f X Y c ' . The re are t w o cases: c=Yc* or C * Y C ' , C V A (s ince 
(P(Y)=4>). I n t h e f i r s t case, ( C / h X - Y . Also, e i ther Z < f i * ( c ' ) o r c ' = A and Z ( f i * ( (3 ) . T h e n , 
e i t h e r ( C j ) : Y - Z o r ( C j ) : Y » Z . I f c A V then 3 D j £ r Y p such that c & D p ' ^ Y p p ^ Y c ' w i t h 
j ^ * A . T h e n Z < f i * ( p ) so ( C j ; D j ) : X « Y and (D j ) :Y Z. I n e i ther case, Y is ad jacent t o s y m b o l s 
X a n d Z w i t h i n t h e con tex t of C j . Since Y ^ A ^ S w e have ( C j ; A j ) : X « f i & w h e r e A J : A &. 
T h u s w e h a v e tha t cond i t i ons 1) and 2 ) of de f in i t ion 5 are sat is f ied. | 

W e a r e n o w in a pos i t i on to spec i fy another class of pa rse rs , b y chang ing t h e T) mach ine . 
T h e c h a n g e w i l l o n l y a f fec t the ins t ruc t ion label led a. This ins t ruc t ion is changed t o : 

a: if 3 i , y t e s H c ^ , i:A 0 X , n H | 3 X | + l , I n ^ Z ^ X , Z leads into i and A is a va l id r e d u c t i o n f o r 
(3X w i t h i n s y m b o l s Z and Y and s ta te s, w h e r e s= f i l n V2 the s ta te w h i c h a p p e a r s n e x t t o 
Z) t h e n " r e d u c e i". 

W e w i l l n o w c o n s t r u c t a pa rse r fo r a grammar using th is machine D. 

E x a m p l e : Le t G b e 

S i : S-Aa S 3 : S Bb A : A - c 
S 2 : S d A b S4: S dBa B: B - c 

T h e m a t r i x M is : 

S A B a b c d 1 
S 
A 
B 

[ S i ] : * . [ S 2 ] : * 

[ S 4 ] : * [ S 3 ] : * 

[ 0 ] : * 

b 
a [Si,S 4]:» 

[ A , B ] : » [A ,B ] : » 
[S 4 ;B ] :< , [S 2 A] :<< 

[0 ;A ,B ] :< [ 0 ; S 2 , S 4 ] : < 
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T h e m a c h i n e 7 is : 

{0} {Si) { S 3 } {A ,B } { S 2 , S 4 } { S 2 } { S 4 } 
I S {0} 
i A {Si} • 
I B { S 3 } 
1c { A , B } 
I d { S 2 ) S 4 } 
S i e n d 
A a { S i } 
A b 
B a 
B b { S 3 } 
ca D({A,[3}) 

c b D ( { A , B } ) 
d A { S 2 } 
d B 
d c {A ,B} 
a l I > ( { S i } ) 
b l D ( { S 3 } ) 

{ S 2 } 
{ S 4 } 

T h e f o r e s t f o r mach ine D is as 

{ S i } 
t 

{ S 2 } 

! b 
A 
d 

{S 3 } 

b 
B 

fo l lows: 

{S 4 } 

a 
B t 
d 

D ( { S 2 } ) 

(A ,B) 
a 

c* 

D ( { S 4 } ) 

{A ,B} 
b 

c* 

r e d u c e S i r e d u c e S2 r educe S3 reduce S4 d : reduce B reduce A 
i : r e d u c e A reduce B 

W h e n D is ca l led w i t h { A , B } it knows its lookahead symbo l . Assume it ' is an " a " . T h e n it 
c h e c k s t h a t t h e s tack conta ins V and looks at the lef t contex t . I f it is a (d,{S2,S4}) it 
c h e c k s t o see if A o r B are va l id reduct ions of c w i th in d and a and s ta te {S2>S4}. F r o m t h e 
m a t r i x M w e see tha t B is va l id wh i le A is not. Thus the ou tpu t " r educe B " is g i v e n . 

W e c o u l d p r o c e e d as b e f o r e and g ive a c r i te r ia for incompat ib le p roduc t ions . W e w i l l no t d o 
t h i s h e r e , b u t is c lear w e again get a h ie ra rchy depend ing on t he number o f s t a tes t he 7 
m a c h i n e has. I n t he above example w e real ly d idn' t need the s ta tes in t h e 7 mach ine in 
o r d e r t o d e c i d e t h e o u t p u t fo r the D machine. Thus, w e could have bui l t a p a r s e r w i t h 1 
s t a t e i n t h e 7 mach ine. Ac tua l l y , w e have 

T h e o r e m 5 : T h e class of 1-s ta te label led p recedence grammars w i t h s imu l taneous le f t a n d 
r i g h t c o n t e x t is p r o p e r l y inc luded in the class of ( l - l ) B R C . I f t he g rammars a r e r e s t r i c t e d 
t o b e FOR, t h e s e c lasses coinc ide. 

P r o o f : B e c a u s e t h e D machine can check fo r contex t of at most one t o b o t h le f t and r i g h t o f 
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t h e r i g h t h a n d s ide of a p roduc t i on w e have that w e are w i t h i n the ( l - l ) B R C . T h e f o l l o w i n g 
g r a m m a r is ( 1 - 1 )BRC bu t not in the class of label led p recedence g rammars c o n s i d e r e d : 

S a A b A c l a B c 

B d 

I t t h u s r e m a i n t o be s h o w n that any FOR grammar wh ich is ( l - l ) B R C is in th is c lass. 

T h i s f o l l o w s f r o m the fact that fo r a FOR grammar, the converse of lemma 1 ho lds , i.e., if A 
is a v a l i d r e d u c t i o n f o r & w i t h i n symbols X and Z then XAZ is a subs t r i ng of some s e n t e n t i a l 
f o r m . T h u s , if t h e D machine g ives more than one ou tpu t , it means that k n o w l e d g e of t h e 
l e f t a n d r i g h t c o n t e x t of a handle of a sentent ia l f o r m does not un ique ly d e t e r m i n e s it. T h u s , 
G is .not ( l - l ) B R C . 

3_i A decomposi t ion of LR parsers 

S o f a r , w e h a v e c o n s i d e r e d pa rse rs wh ich ope ra te as p recedence pa rse rs , in t h e sense t h a t , 
o n c e a r e d u c t i o n c o u l d occur (as de te rm ined b y the 7 machine) w e w o u l d check t h e c o n t e n t s 
o f t h e s t a c k t o e i t h e r de te rm ine the p roduc t ion to use in the reduc t i on , o r t o c o n t i n u e t h e 
f o r w a r d scan . 

T h i s s e q u e n t i a l l y of act ions is c lear ly not necessary. Since the D machine, w h e n ca l led , o n l y 
i n s p e c t s a b o u n d e d amount of tape (not more than one p lus the l eng th of t h e longes t r i g h t 
h a n d s ide o f any p r o d u c t i o n ) , w e can const ruct a (def in i te) machine w h i c h can o p e r a t e in 
p a r a l l e l w i t h t h e T machine and wh ich pe r fo rms the checking that D does. (We w i l l a lso 
r e f e r t o th i s n e w machine as the D machine.) I n this w a y , the decis ions a re a l r e a d y t a k e n 
w h e n t h e 7 mach ine reques ts them. 

N o w t h e p a r s e r is behav ing exac t ly as an LR parser , but since w e have s e p a r a t e d t h e 
f u n c t i o n s in t h e 7 and D machines, the tota l number of s tates is reduced . A s an e x a m p l e p f 
t h e s e i deas , cons ide r t h e fo l l ow ing grammar: 

S: D A D B B i : B •c. 
D: D •aC B 2 : B •d 
A i : A •b C i : C •Ce 
A 2 : A ••>c C 2 : C •e 

F r o m t h e M ma t r i x w e can de te rm ine the incompatibi l i t ies. We f ind t h e r e a re none . T h u s o n e 
s t a t e is s u f f i c i e n t f o r t he 7 machine. ( I n fact, G is an OR g rammar , though not an S M S P ) . 
T h e 7 mach ine is o b t a i n e d d i rec t l y f r om the matr ix of (unlabel led) p recedence re la t i ons . I t 
h a s o n l y o n e s t a t e , w h i c h is d e n o t e d b y ex. A call to D is deno ted b y D. 
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I n p u t A c t i o n I n p u t Ac t ion I n p u t A c t i o n 

I S oc ae a CA D 
I D <x A D a C b D 
l a cr Aa ot Cc D 
S I e n d B l D C d D 
D A a bD X> Ce a 
D B OF ba I> eA D 
D b a cD D e b D 
Dc a ca D ec D 
D d a c l D e d I> 
aC a d l D e e 

T o o b t a i n V w e r e d u c e (using s tandard techniques of f in i te s ta te machines) t h e mach ine 
w h i c h c h e c k s all p r o d u c t i o n s . Since t he re is on ly one state in 7 , the on l y i n f o r m a t i o n £ has , 
t o d e t e r m i n e i ts o u t p u t , is the input f r o m wh ich it is cal led f r o m 7 . T h e f o l l o w i n g is t h e 
t r a n s i t i o n t a b l e f o r D. I t has 5 states. Not ice that the input to D is t a k e n as t h e s e c o n d 
c o m p o n e n t o f t h e i npu t t o 7 (i.e., the " n e w " input symbo l , not t he one a l ready o n t o p o f t h e 
s t a c k ) . T h e o u t p u t d e p e n d s o n bo th . 

Next s ta te , under new symbo l . 

State] A B C D a b c d e Ou tpu t 
1 2 3 1 - - - 2 (B, - ) :S 

( b , - ) : A ! 
( e , - ) : C 2 

(c ,a ) :A 2 

( c , l ) : B i 
( d , - ) : B 2 

2 - 1 (C, - ) :D 
( e , - ) : C 2 

3 4 X - - - 1 1 X -

4 - - - 5 1 - -

5 X 1 - - - x 1 1 - -

(A d o n ' t c a r e e n t r y is s h o w n as - . A n e r r o r e n t r y is s h o w n as x.) T h e f o l l o w i n g e x a m p l e 
s h o w s a s e q u e n c e of con f i gu ra t i on taken b y the parser w h e n g i ven an input s t r i n g . S ince 7 
h a s 1 s t a t e w e d o no t s h o w it o n the stack. The state of D appears as a second c o m p o n e n t . 
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S tack I n p u t Ac t ion of machine 

7 D 

1 a e b a e c a l 
1 shi f t 

i a e b a e c a l 
1 1 shi f t 

1 a e b a e c a l 

1 1 2 D reduce C 2 

1 a C b a e c a l 
1 1 2 D reduce D 

i D b a e c a l 
1 3 shi f t 

1 D b a e c a l 

1 3 1 D reduce Ai 

I D A a e c a l 
1 3 4 shi f t 

1 D A a e c a l 
1 3 4 1 shif t 

1 D A a e c a l 

1 3 4 1 2 V r educe C 2 

1 D A a C c a l 

1 3 4 1 2 D reduce D 

1 D A D c a l 

1 3 4 5 shif t 

1 D A D c a l 

1 3 4 5 1 D reduce A 2 

1 D A D A a l 
1 3 4 5 x e r r o r 
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H a d t h e last s y m b o l " a " not been the re , the last t w o con f igura t ions w o u l d h a v e b e e n 

c h a n g e d t o : 

S tack I n p u t Ac t ion of machine 
7 D 

1 D A D c i 
1 3 4 5 1 D reduce B i 

1 D A D B 1 

1 3 4 5 1 D reduce S 

I S 1 end 

I t is i n t e r e s t i n g t o n o t e tha t th is grammar has an 1 8 - s t a t e L R ( l ) pa r se r ( c o n s t r u c t e d a la 
K n u t h ) , a 1 4 - s t a t e pa rse r (using Koren jak 's method [ 1 1 ] ) , and a 1 0 - s t a t e S L R ( l ) p a r s e r . 
B y a l l o w i n g t h e p a r s e r t o pos tpone e r r o r de tec t ion (as the one above does) , A h o and U l lman 
c o n s t r u c t e d a 7 - s t a t e p a r s e r [ 7 ] . W e have s h o w n that using decompos i t i on t e c h n i q u e s o n e 
c a n g e t a 1 + 5 - s t a t e pa rse r fo r this grammar. Because of the s imple w a y t h e 7 a n d D 
m a c h i n e s a r e d e t e r m i n e d , th is decompos i t ion technique appears qu i te use fu l . 

W e s h o u l d po in t ou t h e r e tha t , a l though not exp l ic i t ly ment ioned, a similar d e c o m p o s i t i o n 

t e c h n i q u e a p p e a r s in [ 1 2 ] . 

Conclusions 

K e e p i n g t r a c k o f t h e poss ib le p roduc t ions wh ich can be in use at any one t ime d u r i n g the-
o p e r a t i o n o f a p r e c e d e n c e pa rse r can s igni f icant ly en large the class of g rammars t o w h i c h it 
a p p l i e s . W e h a v e s h o w n h o w to ob ta in such parsers and g i ven some ideas abou t t h e i r 
r e l a t i v e p o w e r . A n addi t ional f ea tu re over convent ional p recedence p a r s e r s is t h e i m p r o v e d 
e r r o r d e t e c t i o n capab i l i t y . T h e fact that w e have more than one s ta te d u r i n g t h e d e t e c t i o n 
p h a s e a l l o w s t h e p a r s e r t o d iscover e r r o r s be fo re t h e y are d e t e c t e d b y c o n v e n t i o n a l 
p r e c e d e n c e p a r s e r s . I n fac t , these parsers look v e r y much l ike LR p a r s e r s , b u t a r e eas ie r 
t o o b t a i n , a n d t h e y a re cons ide rab ly smaller than these. B y " r e v e r s i n g " t h e mach ine w h i c h 
d e c i d e s w h i c h r e d u c t i o n t o p e r f o r m w e w e r e able to get pa rse rs w h i c h a re equ i va l en t t o LR 
p a r s e r s o b t a i n e d us ing e r r o r postponrnent techniques [ 7 ] bu t , again, at a subs tan t i a l s a v i n g s 
i n t h e n u m b e r o f s ta tes . M o r e w o r k is needed concern ing th is me thod of LR d e c o m p o s i t i o n . 
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