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A b s t r a c t 

We have reformulated the concept of stoichiometry of a reaction mechanism in chemistry in 
terms of an optimization problem in linear programming. 

This reformulation has two advantages. First, the concept has been formalized so that it 
can be carried out easily by computer program without human intervention. Second, the new 
formulation relates stoichiometry explicitly to reaction yield, so tha t the calculated stoichiometry 
corresponds to the ideal yield of a specified target product . This relation is not made by a 
previous published characterization of mechanism stoichiometry. 

T h e new formulation has been deployed to formalize also the concept of a species playing 
a catalytic role in a mechanism. This formalization serves within our au tomated pathway-
elucidation project to check pathway hypotheses for compatibility with evidence of catalysis. 
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1. I n t r o d u c t i o n 

T h e concep t of s t o i c h i o m e t r y is used in chemis t ry in different c o n t e x t s . O n e use refers t o a n ab ­
s t r a c t , b a l a n c e d t r a n s f o r m a t i o n of a set of species ( r e a c t a n t s ) i n t o a n o t h e r set of species ( p r o d u c t s ) , 
cha rac t e r i zed well by [Smi th a n d Missen , 1979]. A n o t h e r use refers t o t h e s to i ch iome t ry of a reac­
t i o n m e c h a n i s m , a n d is conce rned rough ly w i t h a b a l a n c e d t r a n s f o r m a t i o n of s t a r t i n g m a t e r i a l s i n to 
final p r o d u c t s that is implied by the mechanism. T h i s n o t e e x a m i n e s t h e concep t of s t o i ch iome t ry 
only in th i s sense of a b a l a n c e d t r a n s f o r m a t i o n impl ied by a m e c h a n i s m . 

T h e s to i ch iomet r i c coefficients of s t a r t i n g m a t e r i a l s a r e of ten c o n s t r u e d as t h e ideal p r o p o r t i o n s of 
s t a r t i n g m a t e r i a l s , in t h e sense of no t p rov id ing m o r e ini t ia l c o n c e n t r a t i o n t h a n needed t o o b t a i n , 
in t h e ideal ized case , a ce r t a in yield of a t a r g e t p r o d u c t . 

T h e p u r p o s e of th is n o t e is t o formal ize t h e concep t of r e a c t i o n - m e c h a n i s m s t o i c h i o m e t r y by re l a t ing 
t h e concep t expl ic i t ly t o ideal yield. T h e c u r r e n t , semi- formal n o t i o n of m e c h a n i s m s to ich iomet ry , 
as desc r ibed by Cor io [1989], h a s a n a m b i g u i t y d u e t o an u n c e r t a i n , s o m e w h a t a r b i t r a r y decision 
of which m e c h a n i s m species t o r e g a r d as i n t e r m e d i a t e s . T h i s a m b i g u i t y m a k e s t h e concept of 
s t o i c h i o m e t r y less va luab le for t h e discussion of ideal m e c h a n i s m yields . W e shal l i l lus t ra te by 
e x a m p l e how o u r fo rmal iza t ion in t e r m s of l inear p r o g r a m m i n g removes th i s ambigu i ty , while 
ga in ing a c learer u n d e r s t a n d i n g of t h e re la t ion b e t w e e n s t o i c h i o m e t r y a n d idea l yield. 

2 . C o n c e p t o f r e a c t i o n e x t e n t 

T h e fo rma l d e v e l o p m e n t of s t o i c h i o m e t r y relies on t h e concep t of r eac t ion m o l a r e x t e n t , or hereaf te r 
s imply e x t e n t . A r eac t i on e x t e n t is a n u m b e r a ssoc ia ted w i t h each m e c h a n i s t i c s t e p t h a t r ep re sen t s 
t h e ne t flow in moles f rom left-side species t o r ight -s ide species . A s t e p A + B ^ C of e x t e n t 1.5 
m e a n s t h a t via this step 1.5 moles of A,B a r e t r a n s f o r m e d t o C. 

3 . S t o i c h i o m e t r y a n d r e a c t i o n e x t e n t 

O n e p r o c e d u r e t o d e t e r m i n e s t o i ch io m e t ry is ske tched by [Cor io , 1989]. T h i s p r o c e d u r e is of ten 
followed impl ic i t ly w h e n finding s t o i c h i o m e t r y by h a n d on s imple cases . F i r s t , one a r r a n g e s t h e 
m e c h a n i s t i c s t ep s in o r d e r f rom s t a r t i n g m a t e r i a l s t o t a r g e t p r o d u c t . N e x t , o n e decides which 
species a r e i n t e r m e d i a t e s , a n d which a r e final p r o d u c t s , i .e. , no t i n t e r m e d i a t e s nor s t a r t i n g m a t e ­
r ia ls . T h e n , o n e selects values for t h e e x t e n t s such t h a t t h e ne t f o r m a t i o n of i n t e r m e d i a t e s across 
t h e s t eps is ze ro ( t h e e x t e n t c o n t r i b u t e s nega t ive ly t o t h e ne t f o r m a t i o n of a s t e p ' s left-side species , 
a n d pos i t ive ly t o t h e ne t f o r m a t i o n of t h e r igh t - s ide spec ies ) . T h e species of n e g a t i v e n e t f o r m a t i o n 
a re t h e m e c h a n i s m ' s s t a r t i n g m a t e r i a l s , a n d t h o s e of pos i t ive ne t f o r m a t i o n a r e t h e final p r o d u c t s . 
T h e s t o i c h i o m e t r y is der ived from these non-ze ro ne t f o r m a t i o n s , a d o p t i n g the i r m a g n i t u d e s as 
s to i ch iomet r i c coefficients. 



T h i s p r o c e d u r e is i l l u s t r a t ed on t h e following s chema t i c m e c h a n i s m I, w h e r e t h e et- above t h e a r rows 
a re t h e e x t e n t s . 

A + B ¿4 X + 2Y 
B + X ¿1 2Z 
Y + Z S T 

T h e i n t e r m e d i a t e s a r e X, Y, Z , a n d t h e t a r g e t p r o d u c t is T. T h e t h r e e e q u a t i o n s t h a t enforce zero 
ne t f o r m a t i o n of t h e i n t e r m e d i a t e s a r e these : 

X: e i - e 2 = 0 
Y: 2 e i - e 3 = 0 
Z : 2e 2 - e 3 = 0 

which possess t h e so lu t ions e\ = e 2 = a , e 3 = 2 a . S u m m i n g over t h e s t eps t h e species f o r m a t i o n s 

d e t e r m i n e d by t h e e x t e n t s , a n d e q u a t i n g a t o 1 for convenience , we o b t a i n t h e s t o i c h i o m e t r y 

A + 2 5 — 2T. 

T h e a b o v e semi- fo rmal p r o c e d u r e h a s s o m e d r a w b a c k s , which we i l l u s t r a t e by t h e following mech­
an i sm I I , differing f rom I only in t h e coefficient of Y in t h e first s t e p ; t h e m e c h a n i s m is qu i t e 
o rd ina ry , e.g. , it exh ib i t s no f eedback . 1 

A + B — X + Y 
B + X _> 2Z 
Y + Z — T 

T h e species X,Y, Z aga in a re i n t e r m e d i a t e s . W e der ive e q u a t i o n s as before t o force the i r ne t 
f o rma t ions t o zero : 

X: e x - e 2 = 0 
Y : c i - c 3 = 0 
Z : 2 e 2 - e 3 = 0 

T h e only so lu t ion t o t he se e q u a t i o n s h a s t h e e x t e n t s et- ident ica l ly ze ro , m e a n i n g t h a t t h e in te r ­
m e d i a t e s c a n n o t all h a v e zero n e t f o r m a t i o n , unless n o r eac t i ons o c c u r a t al l . T h a t i s , t h e r e exis ts 
no r a t i o of s t a r t i n g m a t e r i a l s t h a t yields T w i t h n o b y - p r o d u c t . T h e r e f o r e , o n e of t h e s e i n t e r m e ­
d ia t e s will a p p e a r as a s to i ch iome t r i c p r o d u c t , in which case t h e ne t f o r m a t i o n of t h e r e m a i n i n g 
two can b e forced t o zero . A p laus ib le c a n d i d a t e for s t a t u s as s to i ch iome t r i c p r o d u c t is species Z , 
which a p p e a r s f rom t h e las t two s t eps t o b e fo rmed in excess . P r o c e e d i n g in th i s way, t h e der ived 
s t o i c h i o m e t r y would b e A + 2B —• T + Z. 

T h e r e a r e t w o lessons f rom m e c h a n i s m I I . F i r s t , t h e concep t of i n t e r m e d i a t e as a species fo rmed 

a n d l a t e r c o n s u m e d , which is on t h e p a t h t o a t a r g e t p r o d u c t , c a n n o t b e ident if ied w i th t h e 

1 It is important to realize that mechanism II is consistent. One set of consistent instances has A,3,X, Y, Z all 
sharing the same molecular formula, and T double that formula. Whether such instances are empirically plausible is 
another matter. 
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set of m e c h a n i s m species t h a t d i s a p p e a r from t h e s to i ch iomet ry . W e saw a b o v e t h a t no t all t h e 
i n t e r m e d i a t e s could b e e l imina t ed . Second , t h e s t o i ch io me t ry of a m e c h a n i s m need n o t b e u n i q u e , 
since it d e p e n d s in s o m e q u i t e o r d i n a r y cases on an a r b i t r a r y decision of which i n t e r m e d i a t e shal l be 
r e g a r d e d as a s to i ch iome t r i c p r o d u c t . T h i s ra ises t h e ques t ion of how bes t t o define s to i ch iome t ry 
in a m a n n e r c o m p a t i b l e w i t h r e su l t s on n o n - p r o b l e m a t i c cases such as m e c h a n i s m I, while ga in ing 
on p r o b l e m a t i c m e c h a n i s m s such as I I a c o r r e s p o n d e n c e t o idea l yield. 

4 . S t o i c h i o m e t r y v i a m i n i m i z a t i o n o f s t a r t i n g m a t e r i a l s 

A m o n g t h e poss ib le m e c h a n i s m s to ich iomet r i e s , we shal l single o u t t h a t which affords t h e bes t 
yield of a t a r g e t p r o d u c t . O u r fo rmal iza t ion of s t o i ch io me t ry shal l t a k e t h e form of a l inear 
m i n i m i z a t i o n p r o b l e m . In th i s sec t ion , we fo rmu la t e t h e e q u a t i o n s , inequa l i t i e s , a n d m i n i m i z a t i o n 
c r i t e r ion for m e c h a n i s m IL T h e n t h e s t o i ch io me t ry d e t e r m i n e d by o u r p r o c e d u r e is c o n t r a s t e d w i th 
t h e s t o i c h i o m e t r y seen a b o v e . 

T h e i n tu i t i ve i dea is t o select , as before , values of t h e r eac t ion e x t e n t s , b u t w i t h o u t any preconce ived 
decision t o force t h e ne t f o r m a t i o n of ce r ta in species t o zero; we have no need for t h e concep t of 
i n t e r m e d i a t e . In a d d i t i o n , m i n i m a l values a re selected for t h e in i t ia l c o n c e n t r a t i o n s of s t a r t i n g 
m a t e r i a l s , such t h a t t h e r e exist r eac t ion e x t e n t s r esu l t ing in an a r b i t r a r y yield of 1 mole for t h e 
t a r g e t p r o d u c t . 

To i l l u s t r a t e , we w r i t e t h e following e q u a t i o n der ived f rom m e c h a n i s m IL 

( i ) 

T h i s s t a t e s t h a t a t r a n s i t i o n f rom c o n c e n t r a t i o n s a t t i m e zero t o t hose a t t i m e t is i nduced by t h e 
r eac t i on e x t e n t s . T h e m a t r i x p r e -mu l t i p ly ing t h e e x t e n t s is de r ived f rom t h e s to ich iomet r i e s of t h e 
ind iv idua l m e c h a n i s t i c s t e p s . T h e n e x t e q u a t i o n , 

T(t) = 1 (2) 

a r b i t r a r i l y fixes t h e yield of T a t 1 mole . All t h e o t h e r var iab les receive no fixed value , b u t a r e 
c o n s t r a i n e d t o b e n o n - n e g a t i v e : 

A(0),A(t),B(0),B(t),X(t)1Y(t),Z(t),elle2,e3 > 0 (3) 

T h e ob jec t ive is t o find t h e m i n i m u m a m o u n t s of s t a r t i n g m a t e r i a l s t h a t yield 1 mole of T v ia 
m e c h a n i s m I I . T h i s ob j ec t ive is formal ized by t h e following s t a t e m e n t : 

M i n i m i z e t h e q u a n t i t y A(0) -f B(0) s u b j e c t t o t h e c o n s t r a i n t s o f e q u a t i o n s 1 , 2 a n d 
i n e q u a l i t i e s 3 . 

( ¿ ( 0 ) ^ - 1 0 0 \ 
B{t) B(0) - 1 - 1 0 
X(t) 0 1 - 1 0 
Y(t) 0 + 1 0 - 1 
Z(t) 0 0 2 - 1 

\ T(t) ) V 0 / { 0 0 1 / 
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W e discuss h o w t o solve th i s m i n i m i z a t i o n p r o b l e m sho r t l y ; i t s so lu t ion is t h i s : 

A(0) = 1.0, B(0) = 1.5, X(t) = 0 .5 , A(t) = B(t) = Y(t) = Z(t) = 0 

Mul t i p ly ing all values b y 2 , we o b t a i n a s t o i ch io me t ry of 

2A + 3B — 2 T + X 

which i m p r o v e s on t h e yield of T impl ied by t h e p rev ious s t o i c h i o m e t r y A + 2B —* T + Z , der ived 

by a r b i t r a r i l y forcing t h e ne t f o r m a t i o n s of i n t e r m e d i a t e s X, Y t o ze ro . 

Following t h e s a m e p r o c e d u r e , we ca lcu la te for t h e u n p r o b l e m a t i c m e c h a n i s m I a s t o i c h i o m e t r y of 

A + 2B —* 2T , t h e s a m e as o b t a i n e d before w i t h t h e u s u a l p r o c e d u r e . 

5 . T h e g e n e r a l c a s e a n d i t s s o l u t i o n 

In sec t ion 4 we f o r m u l a t e d a specific m i n i m i z a t i o n p r o b l e m t o o b t a i n a s t o i c h i o m e t r y for m e c h a n i s m 

I I . T h e gene ra l case is t r e a t e d he r e . 

Given a m e c h a n i s m , we der ive f rom it a m a t r i x Rrxs of r r ows , one for each m e c h a n i s t i c s t e p , 
a n d s c o l u m n s , o n e for each species . T h e en t r i es of a row a re t h e s to i ch iome t r i c coefficients of a n 
ind iv idua l s t e p , u s ing n e g a t i v e coefficients for t h e left-side spec ies , pos i t i ve coefficients for t h e r ight -
s ide spec ies , a n d zero coefficients for a n y species n o t a p p e a r i n g in t h e s t e p . If a species a p p e a r s 
b o t h on t h e left a n d r igh t s ides , t h e n i ts row e n t r y is s imply t h e s igned s u m of t h e two coefficients. 

c(t)sxi =c(0)sXl + ( R T ) s X r E r x l 

T h i s e q u a t i o n says t h a t t h e species c o n c e n t r a t i o n s a t t i m e t e q u a l t h e c o n c e n t r a t i o n s a t t i m e 0 
plus t h e c o n t r i b u t i o n s t o t h e c o n c e n t r a t i o n s f rom t h e r eac t i on e x t e n t s , r e p r e s e n t e d by t h e vec tor 
E, h a v i n g r rows , one for each s t e p . T h i s e q u a t i o n is t h e gene ra l case of e q u a t i o n 1 above . 

T h e o t h e r c o n s t r a i n t s needed a r e e q u a t i o n 2 a n d a gene ra l i za t ion of t h e inequal i t i es 3 : 

1. T h e t a r g e t p r o d u c t h a s c o n c e n t r a t i o n of 1 mole (or a n y conven ien t va lue) a t t i m e t. 

2. All var iab les ( i .e . , species c o n c e n t r a t i o n s , e x t e n t s ) a r e n o n - n e g a t i v e . 

T h e genera l ized m i n i m i z a t i o n p r o b l e m is t h a t of min imiz ing a t t = 0 t h e s u m of t h e c o n c e n t r a t i o n s 

of all s t a r t i n g m a t e r i a l s . 

T h e r e is o n e s u b t l e t y in t h e p r o c e d u r e of th i s sec t ion . If any of t h e m e c h a n i s t i c s t ep s is revers ib le , 
o n e shou ld inc lude t h e reversed s t e p explici t ly in t h e m e c h a n i s m . O t h e r w i s e , s ince e x t e n t s a r e 
c o n s t r a i n e d t o b e n o n - n e g a t i v e , a ne t r e ac t i on in t h e reverse d i rec t ion would b e p r ec luded . 
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6 . S o l v i n g t h e m i n i m i z a t i o n p r o b l e m 

T h e above m i n i m i z a t i o n p r o b l e m is an i n s t a n c e of linear programming. A l inear p r o g r a m m i n g ( L P ) 
p r o b l e m cons is t s p a r t l y of a set of c o n s t r a i n t s , which can b e l inear e q u a t i o n s o r l inear inequal i t ies . 
By conven t ion , all var iables a p p e a r i n g in t h e c o n s t r a i n t s a s s u m e only n o n - n e g a t i v e va lues . T h e 
r e m a i n i n g p a r t of an L P p r o b l e m is t h e m i n i m i z a t i o n c r i t e r ion , r equ i red t o b e a l inear express ion 
(e .g . , A(0) + 5 ( 0 ) in t h e e x a m p l e a b o v e ) . 

A n L P p r o b l e m is solved by r e p o r t i n g one of t h e following: 1. t h a t t h e c o n s t r a i n t s a r e incons i s t en t ; 
2. t h a t t h e q u a n t i t y t o be min imized is u n b o u n d e d ; or 3 . values for ail va r iab les , as well as t h e value 
of t h e express ion t o b e min imized . [ P a p a d i m i t r i o u a n d Ste igl i tz , 1982] h a v e a de ta i l ed discussion 
of l inear p r o g r a m m i n g . 

T h e s e r e p o r t s a r e i n t e r p r e t e d in o u r case as follows. 

1. I ncons i s t en t c o n s t r a i n t s m e a n t h a t t h e m e c h a n i s m is i ncons i s t en t , in one of t w o ways . If t he 
m e c h a n i s m is s c h e m a t i c , t h e n incons i s tency m e a n s t h a t n o a s s i g n m e n t of mo lecu l a r fo rmulas t o t h e 
var iables c a n resu l t in b a l a n c e d s t e p s . If t h e m e c h a n i s m is a specific i n s t a n c e , t h e n incons i s tency 
m e a n s it is u n b a l a n c e d . 

2 . T h e q u a n t i t y t h a t we min imize cannot b e u n b o u n d e d , b e c a u s e c o n c e n t r a t i o n s c a n n o t be nega­
t ive . Hence t h e lower b o u n d on t h e s u m m e d q u a n t i t y of s t a r t i n g m a t e r i a l s is zero . 

3 . If t h e m i n i m i z a t i o n succeeds , t h e n a s t o i c h i o m e t r y m a x i m i z i n g t h e yield of t a r g e t p r o d u c t ex is t s . 

W e h a v e chosen a m i n i m i z a t i o n c r i te r ion r a t h e r a rb i t ra r i ly . In gene ra l , t h e c r i t e r ion can b e any 
su i t ab l e , we igh ted s u m of t h e s t a r t i n g m a t e r i a l s , i .e. , aA + / 3 5 + 7 C . . . , of wh ich o u r choice of 
un i t weights is a specia l case . T h e weights m i g h t reflect re la t ive cos t s , for e x a m p l e . In gene ra l , t h e 
r e su l t ing s t o i c h i o m e t r y d e p e n d s on t h e weights . For e x a m p l e , a zero weight for s t a r t i n g m a t e r i a l 
5 of m e c h a n i s m I I would resu l t in t h e o the rwi se inferior s t o i c h i o m e t r y of A + 2 5 —• T + Z). We 
r e t u r n in sec t ion 8 t o t h e issue of weights in t h e con t ex t of ca t a lys i s . 

C o m p u t e r p r o g r a m s t o solve L P p r o b l e m s a r e readi ly avai lable ; t h e m o s t c o m m o n a r e based on t h e 
S implex a l g o r i t h m . [Press e t a l . , 1986] list a p r o g r a m for one i m p l e m e n t a t i o n of S implex . W e have 
used th is p r o g r a m as a f o u n d a t i o n for a n o t h e r p r o g r a m t h a t finds s t o i c h i o m e t r y f rom t h e symbol ic 
i n p u t s of m e c h a n i s m , s t a r t i n g m a t e r i a l s , a n d t a r g e t p r o d u c t . 

6 . 1 . C o m p a r i s o n w i t h u s u a l p r o c e d u r e 

T h e r e m a i n i n g c o m m e n t s of th i s sec t ion shal l a s s u m e g o o d fami l ia r i ty w i t h t h e S implex a l g o r i t h m . 
Below, we let # s p b e t h e n u m b e r of mechan i s t i c species , #st t h e n u m b e r of m e c h a n i s t i c s t e p s , a n d 

t h e n u m b e r of s t a r t i n g m a t e r i a l s . 

W e have a l r e a d y r e m a r k e d t h a t t h e u sua l m e t h o d t o find s t o i ch io me t ry cons is ts of se lect ing ce r t a in 
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i n t e r m e d i a t e s X , , a n d forcing the i r ne t f o rma t ions X{(t) t o ze ro . T h e S implex -based p r o c e d u r e is 

a gene ra l i za t ion of t h e s a m e idea , as will b e seen shor t ly . 

T h e l i n e a r - p r o g r a m m i n g fo rmula t ion bui lds a c o n s t r a i n t s m a t r i x of r a n k #sp + 1, s ince t h e r e is a 

c o n s t r a i n t for each species ( a s in e q u a t i o n 1) , p lus t h e c o n s t r a i n t T{t) = 1 t h a t fixes t h e yield. T h e 

n u m b e r of var iab les nvars in t h e c o n s t r a i n t s m a t r i x equa l s # s p + #st + # 5 m , c o r r e s p o n d i n g t o 

t h e species c o n c e n t r a t i o n s a t t i m e t h e r eac t ion e x t e n t s , a n d t h e in i t ia l c o n c e n t r a t i o n s of s t a r t i n g 

m a t e r i a l s . 

T h e S implex a l g o r i t h m in effect op t imizes t h e ob jec t ive funct ion over all of t he se cases : find a 

subse t of t h e nvars va r iab les of size nvars — r a n / ; , force t h e var iables in t h e subse t t o zero , a n d 

ca lcu la te t h e values of t h e non - subse t var iables ( so me of t he se m a y t u r n o u t zero a l so) . Hence , any 

so lu t ion t o t h e l inear p r o g r a m h a s a t leas t 

nvars - rank = ( # s p + #st + # 5 m ) - ( # s p + 1) = # s t + #sm - 1 

zeroed var iab les . If we a s s u m e t h a t for t h e ca lcu la ted s t o i ch io me t ry t h e final c o n c e n t r a t i o n s of t h e 
# 6 m s t a r t i n g m a t e r i a l s a r e ze ro , a n d t h a t t h e r eac t i on e x t e n t s a r e pos i t i ve (al l m e c h a n i s t i c s t eps 
have r e a c t e d t o s o m e deg ree ) , t h e n we o b t a i n t h a t a t leas t #st — 1 ( n o n - s t a r t i n g - m a t e r i a l ) species 
have final values of ze ro , i .e. , a r e stoichiometric intermediates. 

W e c a n i l l u s t r a t e th i s resu l t w i t h a m e c h a n i s m cons is t ing of s t ep s Xk - * k = 1 , . . . , N. T h e 

s t o i c h i o m e t r y is X\ —• -YJV+I, t h e final c o n c e n t r a t i o n of X\ is ze ro , a n d t h e e x t e n t s a r e iden t ica l ly 

1. T h e n u m b e r of stoichiometric intermediates is seen t o b e N - 1, one less t h a n t h e n u m b e r of 

s t e p s , cons i s t en t w i t h t h e fo rmula #st - 1. 

7 . E m p i r i c a l I n t e r p r e t a t i o n 

T h e s t o i c h i o m e t r y found by t h e L P fo rmula t ion is a n ideal ized i n p u t / o u t p u t r e l a t ion be tween 

s t a r t i n g m a t e r i a l s a n d t a r g e t p r o d u c t . T h e r eac t i on e x t e n t s a r e freely chosen t o o p t i m i z e th i s 

r e l a t ion , a l t h o u g h physica l ly a choice of e x t e n t s m i g h t c o r r e s p o n d t o "f reezing" a r e ac t i on s t e p 

while i t s r e a c t a n t s a r e p r e s e n t . In a d d i t i o n , empi r i ca l r e a c t i o n yields d e p e n d o n ene rge t i c a n d 

k ine t ic c o n s i d e r a t i o n s . Hence , i t m a y n o t b e feasible ac tua l ly t o achieve t h e idea l yield d e t e r m i n e d 

by t h e s t o i ch iome t ry . 

A n o t h e r p o i n t is t h a t a c e r t a in species m i g h t no t a p p e a r a t all in t h e s t o i ch iome t ry , a l t h o u g h t h e 

r eac t i on could no t p roceed w i t h o u t i t . A n e x a m p l e is a species t h a t is c o n s u m e d by a n in i t ia l s t e p , 

b u t is r e - g e n e r a t e d comple t e ly b y a l a t e r s t e p . Hence , t h e s to i ch iome t r i c r e a c t a n t s m a y b e only a 

subse t of t h e neces sa ry s t a r t i n g m a t e r i a l s . 

T h e s e empi r i ca l issues a r e q u i t e s e p a r a t e f rom t h e concep t of m e c h a n i s m s to i ch iome t ry , wh ich it is 

ou r p u r p o s e he re t o clarify. 
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8 . A p p l i c a t i o n s t o C a t a l y s i s 

T h e l i n e a r - p r o g r a m m i n g re fo rmula t ion of chemica l s t o i ch iome t ry c a n easi ly be deployed t o define 
formal ly t h e n o t i o n of ' c a t a l y s t . ' 

O n e t y p e of c a t a l y s t acce le ra tes t h e progress of a r eac t i on , b u t is no t r e g a r d e d as p a r t i c i p a t i n g 
chemical ly in t h e r e a c t i o n . A n o t h e r t y p e of c a t a ly s t inc ludes species t h a t do reac t chemical ly , b u t 
a r e r e - g e n e r a t e d l a t e r in t h e m e c h a n i s m in a m o u n t s equa l t o t h e a m o u n t r e a c t e d . W i t h r e g a r d t o 
this l a t t e r m e a n i n g of c a t a l y s t , th i s sec t ion shal l develop a fo rmal answer t o t h e following ques t ion : 
Is a given m e c h a n i s m c o m p a t i b l e w i th a ca t a ly t i c role for a p a r t i c u l a r s t a r t i n g m a t e r i a l ? 

To a n s w e r th i s ques t i on , first we obse rve t h a t if a m e c h a n i s m s t o i c h i o m e t r y o m i t s a s t a r t i n g m a t e r i a l 

5 , t h e n t h e m e c h a n i s m can acc ou n t for a c a t a ly t i c role for B.2 So t h e ques t i on is r e fo rmula t ed as : 

Is t h e r e a m e c h a n i s m s to i ch iome t r y hav ing a zero coefficient for t h e s t a r t i n g m a t e r i a l ? 

T h i s n e w q u e s t i o n is a n s w e r e d s imply by chang ing s l ight ly t h e ob jec t ive func t ion ( shown on p a g e 3) 
of t h e l inear p r o g r a m . R a t h e r t h a n min imize t h e s u m of in i t ia l c o n c e n t r a t i o n s of all s t a r t i n g 
m a t e r i a l s £ t t = T 5Af t-(0), i n s t e a d we min imize t h e s u m 

# 3 7 7 1 

SMi(Q) + cxSMk(Q), c > l 
¿=1 

w h e r e SMk is t h e species whose poss ible ca t a ly t i c role is in ques t i on . T h i s fo rmula t ion has t h e 
effect of min imiz ing m o s t crucial ly 5Mfc(0), so t h a t if a s t o i ch io me t ry c o r r e s p o n d i n g t o SMk(O) = 0 
ex i s t s , it will b e chosen . 

W e shal l i l l u s t r a t e w i t h t w o e x a m p l e s der ived from t h e cyclic p a t h w a y for u r e a syn thes i s d iscovered 
by H a n s K r e b s [Holmes , 1980, Ku lka rn i a n d S imon , 1988], for which t h e s t a r t i n g m a t e r i a l s a re 
ornithine, NHz, a n d CO2 ( a s c h e m a t i c vers ion of t h e m e c h a n i s m a p p e a r s o n t h e r i g h t ) : 

ornithine + NHZ + C02 water + CsHlzNzOz A+B + C *± Y + Mx 

NHz + C6HXzNzOz ^ arginine + water B + M\ Z + Y 
arginine + water r=± ornithine + urea Z + Y A + T 

O u r l inear p r o g r a m m i n g fo rmula t ion , w i t h a l a rge mul t ip l i e r for t h e in i t ia l c o n c e n t r a t i o n of or­
n i t h i n e , yields t h e s t o i c h i o m e t r y 

2(NH3) + C02 urea + water 

which m e a n s t h a t t h e p a t h w a y is c o m p a t i b l e w i t h t h e obse rved c a t a l y t i c a c t i on of o r n i t h i n e ( t h e 
" o r n i t h i n e effect") . Clear ly t h e f o r m a t i o n of o r n i t h i n e in t h e t h i r d s t e p sugges t s t h e poss ib i l i ty of 
c o m p l e t e r e - g e n e r a t i o n . 

2 Whether the starting material in fact behaves catalytically depends on more details, such as the reaction kinetics. 
We are treating the compatibility question assuming only a mechanism, with no information on reaction speeds. 
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A m o r e s u b t l e e x a m p l e is t h e following, a l t e r n a t i v e e x p l a n a t i o n of t h e o r n i t h i n e effect, found by a 
p a t h w a y g e n e r a t i o n a l g o r i t h m [Valdes-Perez , 1990]: 

ornithine + C02 ^ water+ C6Hi0N2O3 A + C *± Y + M2 

2(NH3) + CsHiQN203 arginine + water 2B + M2 ^ Z + Y 
C02 + arginine 1 * CeHi0N2O3 + urea C + Z ^ M2+T 

In th i s case , o r n i t h i n e does n o t a p p e a r on t h e r ight side of any s t e p . Neve r the l e s s , a l inear p ro ­

g r a m m i n g f o r m u l a t i o n w i t h t h e s a m e ob jec t ive func t ion as t h e p rev ious e x a m p l e yields t h e s a m e 

s t o i c h i o m e t r y as before : 2(NH3) + C02 - * urea + water. 

T h i s su rp r i s ing resu l t is exp la ined as follows. " S u m m i n g " t h e t h r e e s t e p s , we o b t a i n t h e ne t r eac t ion 

ornithine + 2(NH3) + 2(C02) urea + 2{water) + C$HXQN203. 

U t h e first s t e p t h e n r e a c t s in t h e reverse d i rec t ion , t h e r e su l t ing ne t r e a c t i o n is 2{NH3) + C02 —• 

urea + water, wh ich is t h e der ived s to ich iomet ry . T h i s s t o i ch iome t ry impl ies a net e x t e n t of zero 

across t h e first s t e p . 3 

W e a r e us ing th i s fo rma l i za t ion of ca ta lys i s in a p ro jec t for a u t o m a t e d p a t h w a y - e l u c i d a t i o n t o ru le 

o u t g e n e r a t e d m e c h a n i s m s (or p a t h w a y s ) t h a t a r e i n c o m p a t i b l e w i t h a p r e s u m e d c a t a l y t i c role for 

a s t a r t i n g m a t e r i a l . 

9 . C o n c l u s i o n 

W e h a v e clarified t h e concep t of m e c h a n i s m s to i ch iomet ry , a n d i t s r e l a t ion t o idea l yield, by for­

mal iz ing t h e de r iva t ion of s to i ch iomet ry . A der ived s t o i ch iome t ry c o r r e s p o n d s t o t h e ideal yield 

of a t a r g e t p r o d u c t , in t h e sense of min imiz ing t h e s u m m e d q u a n t i t y of s t a r t i n g m a t e r i a l s . T h e 

fo rmal i za t ion is in t e r m s of l inear a lgebra ic e q u a t i o n s a n d inequa l i t i es , us ing t h e concep t of r e ac t i on 

e x t e n t , b u t w i t h o u t us ing t h e concep t of r eac t i on i n t e r m e d i a t e . F i n d i n g t h e s t o i c h i o m e t r y involves 

solving a s imple , l i n e a r - p r o g r a m m i n g p r o b l e m . 

T h e u s u a l m e t h o d of f inding s to i ch iome t ry , as desc r ibed by [Cor io , 1989], c o n t a i n s a n a m b i g u i t y 

d u e t o i t s re l iance o n t h e concep t of r eac t i on i n t e r m e d i a t e . O u r e x a m p l e a b o v e h a s i l l u s t r a t ed 

t h a t o n e c a n n o t ident i fy t h e m e c h a n i s t i c i n t e r m e d i a t e s w i t h t h e se t of species n o t a p p e a r i n g s toi -

ch iomet r ica l ly . Hence , a n a r b i t r a r y decision is usua l ly m a d e r e g a r d i n g wh ich species t o o m i t f rom 

t h e s to i ch iome t ry . A w r o n g decis ion, f rom t h e v i ewpo in t of ideal yield, will l ead t o a n inferior 

s to i ch iomet ry . 

T h i s n e w fo rmula t i on in t e r m s of l inear p r o g r a m m i n g also p e r m i t s a new fo rma l i za t ion of t h e 

concep t of a species h a v i n g a c a t a l y t i c ro le , which h a s seen app l i c a t i on in o u r p r o j e c t on a u t o m a t e d 

p a t h w a y e luc ida t ion . 

3 We emphasize that whether the mechanism kinetics will allow such a net reaction is another issue. 

8 



A c k n o w l e d g m e n t . Prof. Herbert A. Simon commented valuably on a draft of this report. 
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