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Abstract

This report provides a complete exposition of the main proof in Johan Histad’s thesis [Has87].
The result gives a lower bound on the size of certain Boolean circuits computing the PARITY fune-
tion, and it implies that AC® ¢ NC!. Every effort has been made to make the proof understandable
for someone with no background in the area of theoretical circuit complexity. To that end, the re-
port begins by introducing the basic definitions and classes of the field. The proof is then motivated
by a section explaining why circuits are of interest to theoretical computer scientists.

Before stating and proving Hastad’s result, some preliminary concepts are presented. These
ideas are the “building blocks” of the proof itself. A brief history of related results is given. Then,
an intuitive description of the proof and a “road map” of its structure (which has several levels
and branches) are presented to provide an overall gist of what is going on behind the formal
mathematics which follow. The heart of the proof is the so-called “Switching Lemma”, which is
given considerable attention. The main result and a corollary are then stated and proven.
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Chapter 1

Introduction

This tech report summarizes the main result of Johan Histad’s thesis [H3s87|, proving an expo-
nential lower bound on the size of (non-uniform) ACP circuits computing the PARITY function. If
those terms don’t mean anything to you, don’t worry — you're about to discover the world of
circuit complexity. We’ll start at a simple level in this introduction, rigorously defining all the
important concepts and classes we’ll need to understand Hastad’s result. We'll also try to motivate
the study of cirenit complexity, and in so doing, to explain how it relates to complexity theory in
general. Before doing that, however, we define the all-important structure at the center of circuit
complexity: the Boolean circuit.

1.1 The General Boolean Circuit Model

Definition 1 (Boolean Circuit) A Boolean circuit is a directed acyclic graph (DAG) in which
each of the ares between nodes represents a wire and in which the nodes are partitioned into 3
sets: inputs, outputs, end gates. We call the number of wires leading into a node its fan-in, and
the number of wires leading out of a node its fan-out. Let N = {zy,...,z, } be the set of input
variables. The inputs are nodes labeled with variables from N or their complement (a variable
or its complement is called a literal), and they must have a fan-in of 0. The outputs are nodes
labeled with variables yy,...,Yyr, and they must have a fan-in of I and a fan-out of 0. Gates are
the internal nodes which are neither inputs nor outputs; they are special because each one has a
Boolean function associated with it, as explained below. Wires which lead into a gate are the inputs
to that gate, and those which lead out of it are its outputs.

Notice that the terms “input” and “output” in isolation are ambiguous because they can be
associated with either entire circuits or individual gates. We use n and r to represent the number
of inputs and outputs of the circuit, respectively. Both the inputs and the outputs must be ordered;
we can then denote the inputs by z,,..., 2z, and the outputs by #,...,¥r.

We want to use Boolean circuits to compute arbitrary Boolean functions — i.e., functions
F:{0,1}* - {0,1}" from n inputs to r outputs. This is done by associating a Boolean function
with each of the gates. That is to say, with each gate g; we associate a Boolean function f; :
{0,1}* — {0,1}, where k is the fan-in of the gate.! The function associated with the gate
determines the gate’s fype. If the gate happens to have a fan-out greater than 1, the single output

11t should be noted that the inpuis to each gate must be ordered, just as the inputs to the overall circuit are.
This is necessary to make the correspondence between the inputs to the gate g; and the arguments to the function
fi unique.
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computed by the gate will be propagated along all of its output wires. It should be noted that the
Boolean functions computed by each gate are typically rather simple, the most common ones being
AND (A), or (V), and NoT (—). However, there is no theoretical limit to the complexity of these
functions.

Definition 2 (Circuit Size/Depth, Gate Level) Two important properties of a circuit are its
size and depth. The size of a circuil is simply the number of gates it contains, while its depth is
the number of gates along the longest path from an input to an output. The level of a gate is the
length of the longest path from any input to that gate. Notice that the depth of the circuit is the
same as the mazimum gate-level value over gll gates.

Definition 3 (Bottom Fan-In) We define the bottom fan-in of a circuit to be the mazimum
fan-in of the gates on level I of the circuit.

Figure 1.1: A Simple Boolean Circuit.

Example 4 Consider the circuit shown in Figure 1.1. The direction of each arc has been omitted
for simplicity. We will implicitly assume that the direction of arcs in this paper’s circuit drawings
is upward, with the inputs toward the bottom of the page and the outputs toward the top.

In this particular case, the circuit computes a Boolean function of five inputs using AND, OR,
and NOT gates, and produces two outputs. The size of the circuit is eight, and its depth is five; it
therefore has five gate levels. All non-outputs in this circuit have fan-out one, except for the gate
marked “A” and the inputs z3 and z4, which have fan-out two. The bottom fan-in of the circuit is
one, since both gates on level 1 have fan-in one.

Once a Boolean function is assigned to each gate, the circuit as a whole computes a Boolean
function. There is a natural way to compute the function Fy(z1,...,%.) represented by a circuit
C,. In essence, we work “up” the circuit, computing and propagating values whenever possible,
until the outputs have been computed. First, we label each of the inputs with either 0 or 1 to
correspond with the inputs (z3,...,z,); all gates are initially unlabeled. We then consider all the
unlabeled gates. We pick any unlabeled gate g; all of whose input wires originate from labeled
gates. These are the inputs to that gate’s Boolean function f;. Since they are all specified, we can
compute f;, and we label g; with the result. This process repeats until we have finally labeled the
inputs to all of the output nodes, at which point the overall value F,(2;,...,Z,) of the circuit has
been computed.
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Figure 1.2: Cireuit of Figure 1.1 Labeled on Input ¥ = (1,1,0,1,0).

Example 5 The labeling for the circuit of Figure 1.1 on input & = (1,1,0,1,0) is shown in
Figure 1.2. In this case, the output is 33 = 1, yo = 0. By trying all 4 values for z3 and z4, we
determine that gate A will be labeled with 1 if and only if either z3 or z4 is 1, but not both.
Another way to put this is that gate A is labeled with the ezclusive OR (XOR) of z3 and =z4, or
more generally, with their sum modulo 2.

Notice that the value of gate A is used as the input to two other gates. If we changed the rules
of Boolean circuits to say that all internal gates must have a fan-out of exactly one, the sub-circuit
inside the dotted line would have to be duplicated, thereby increasing the size of the circuit. The
version of the circuit with unbounded fan-out is smaller because it takes advantage of a common
sub-circuit, and “re-uses” its computation.

It is important to note that two different circuits may compute identical functions. That is to
say, although G, and H, may be two different circuits on n inputs, it may be the case that for all
inputs z1,...,2n, Gu{Z1,...,2n) = Ha(zy,...,2,). Henceforth, if we do not explicitly state the
number of inputs to a circuit, we will assume it has » inputs (or else the number will be clear from
context).

Definition 6 (Equivalent Circuits) Any two circuits G, end H,, having the same number of -
inputs and outputs and computing the same function, are said to be equivalent.

Notation 7 (G,=H,) If G, and H, are equivalent circuits, we write G, = H,. Notice that = is
an equivalence relation on circuits.

Definition 8 (Forced Circuits) Let G be an arbitrary Boolean circuit. If G=0 or G=1, we say
that G is forced to @ or 1, respectively.

1.2 Circuit Families

By definition, a circuit is a fixed structure constructed from a finite number of components. In
particular, any given circuit has a certain number of inputs n, and it can only compute functions
of n bits.

Compare circuits to computer programs. A program which sorts words will work on an input
list of any size. If programs were like circuits, we would have to have a different sorting program
for each input size -— one program to sort 2 words, one program to sort 3 words, etc.. Just as there
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are programs which work on inputs of any size, there are Boolean functions which can be defined
for any number of inputs. Here are two important functions we will refer to later:

PARITY Evaluates to 1 iff the sum modulo 2 of the inputs is 1 (put another way, this function is 1
iff the number of 1’s in the input is odd).
MAJORITY Evaluates to 1 iff at least half of the inputs are 1.

Since any given circuit has a fixed number of inputs, there is no way any single circuit could
compute either of these functions for all input sizes. Despite that limitation, we would still like
to be able to make statements about the asymptotic complexity of functions such as PARITY and
MAJORITY relative to circuits. So long as we consider circuits in isolation however, there is no way
to make statements regarding the complexity of circuits for arbitrary Boolean functions in terms
of the input size.

We therefore generalize the notion of a single Booleaa circuit C,, computing a function of 7
bits, to that of a circuit family C which can compute a Boolean function F of any number of bits.
The circnit family C is simply an infinite collection of Boolean circuits, such that exactly one circuit
C., is in the collection C for each input size n = 1,2,.... To compute the value of C(zy,...,z;),
we simply select that circuit in the family which computes F' on j inputs — namely, C; — and
apply it to the 7 bits of input.

Definition 9 (Circuit Family Size/Depth Complexity) We say that the circuits for comput-
ing a function F are of size (depth) complexity O(f(n)) if there is some constant ¢ such that each
circuit C, in the family for F is of size (depth) < ¢- f(n). Circuits for computing F are of size
(depth) complexity Q(f(n)) if there is some constant ¢ such that each circuit C, in the family for
F is of size (depth) > ¢ f(n). We often omit the word “complezity” and speak simply of the size
or depth of a circuit family.

We can now speak of, say, polynomial-sized circuits, by which we mean circuits taken from a
circuit family whose size grow by a polynomial of n. Since the circuit family is actually a set of
circuits, we often use the word “circuits” to mean “circuit family”; if the context is such that this
meaning could be confused with “plural of circuit”, we will explicitly say “circuit family”. Note
that saying “circuits of size O(f(n)) compute g,” means that a circuit family for the function g
has size complezity O(f(n)), whereas saying “g is computed by a circuit of size s,” means that a
single circuit containing s gates exists that computes the function g.

An important question that we address later is, “How is a circuit family C represented, and
how do we know what the circuit Cy, is for any given n?” This question will make more sense once
we understand how circuits relate to Turing machines, as discussed in the next section.

1.3 Motivation

Why study circuits? One of the primary unsolved questions in complexity theory is that of whether
problems solvable in polynomial time by a non-deterministic Turing machine can also be solved
in polynomial time by a deterministic one, i.e., whether P = NP. Many computer scientists
believe that in fact the two classes are not equal. To prove this, however, would require proving
a super-polynomial deterministic-time lower bound for some problem in NP. Proving non-trivial
lower bounds is very difficult in general because it requires showing that each and every possible
algorithm we could ever imagine to solve some problem requires more than a given amount of
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some resource for at least one input. In fact, the best lower bounds produced to date for any
NP-complete problem are only slightly super-linear.

An intuitive reason why lower bounds are so difficult to prove is that the Turing machine model
of computation is surprisingly complex. Although the rules by which a Turing machine operates
are simple, the organization of the machine is flexible enough that its simple mechanism, when
taken as a whole, is extremely powerful and difficult to constrain. All known lower-bound proof
techniques related to Turing machines relativize to arbitrary oracles. That is to say, if we prove a
relationship between two classes using current proof techniques, then that relationship still holds
between the classes if they are both given the power of the same arbitrary oracle. Since there are
oracles 4 and B such that P* = NP4 and P? # NPZ [BGS75], it is doubtful that lower-bound
proofs on Turing machines using current techniques will be successful in proving P # NP.

Here is where circuits come in. Turing machine time is analogous to circuit size. In particular,
the class of functions computable by polynomial-sized circuit families? is equivalent to that com-
putable by polynomial-time Turing machines. The labeling algorithm given earlier for evaluating
a circuit shows that a Turing machine can simulate a polynomial-sized circuit in polynomial time,
and Pippenger and Fischer [P¥79] show that any Turing machine which runs in time O(T(n)) can
be built with circuits of size O(T(n) - log T(n)), proving the other direction. Therefore, if a super-
polynomial size lower bound could be proven for circuits computing some NP-complete problem,
we would know that P # NP!

Circuits are also of interest because they serve as a good model for parallel computation. The
algorithm given earlier for simulating a circuit by a sequential machine is ideal for parallelization
since, at any given time, there may be many gates all of whose inputs are labeled. We can assign
a separate processor to each such gate, and label all of those gates in one step! In this case, the
depth of a circuit corresponds to parallel time and the size corresponds (roughly) to the number
of processors required for a parallel machine to evaluate a circuit in this way. Moreover, parallel
machines can be built from circuits. These circuits will be considered reasonable if they have a
polynomial number of gates (or processors) and require poly-log time. Since parallel machines have
a fixed connection architecture, there is also a bound on the number of neighbors each gate may
have. We will see later that the complexity class called NC corresponds to these requirements.

1.4 Restrictions on the General Model

One approach to making progress on meaningful lower bound proofs is to limit the flexibility (and
hence the power) of the machine. The hope is that a more limited model may yield non-trivial
lower bound results, but also, and more importantly, tools for proving general lower bounds which
can then be brought to bear on the general model of computation.

There are several orthogonal aspects of the general Boolean circuit model which can be con-
strained. Here are some of the more important ones.

Size Limits can be placed on the number of gates in the circuits of a circuit family. Due to
the correspondence between circuit size and the time required by a sequential machine to
simulate the circuit, a reasonable request of circuits is that they be polynomial in size. This
requirement is also important because circuit size corresponds to the number of processors
required by a parailel machine to simulate the circuit.

#These circuits must be uniform as described later, and they must be built from gates which are polynomial-time
computable.
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Depth Limits can be placed on the depth of the circuits in a circuit family. Recall the correspon-
dence between circuit depth and parallel time. We expect a parallel machine to be able to
simulate a circuit much faster than a sequential one (otherwise, the extra processors are not
doing much good!). Therefore, a reasonable request of polynomial-sized circuits is that they
be sub-polynomial in depth, usunally some power of log n.

Gate Types Various models allow circuits to contain only certain types of gates. The standard
set of allowed gates is { AND, OR, NOT }. Removing NOT gates from this set yields monotone
circuits (described below). Augmenting the standard set with more powerful “meta-gates”
is analogous to giving the standard model “oracles” for the advanced functions computed by
the meta-gates.

For example, if we extend the standard set of gates by also allowing circuits to contain
gates computing MAIORITY, we can build constant-depth, linear-size circuits for PARITY (an
exercise left to the reader). As this paper will show, constant-depth circuits for PARITY using
the three standard gates require an exponential number of gates. Therefore, the “oracle”
MAJORITY gates reduce the circuit size of constant-depth PARITY circuits from exponential
to linear!

Maximum Fan-In A bound can be placed on the maximum fan-in of every gate in a circuit.
Note that if the fan-in is bounded, a function which depends on all its inputs requires at least
O(logn) depth.

Maximum Fan-Out A bound can be placed on the maximum fan-out of every gate in a circuit.
Unless otherwise stated, fan-out is typically unbounded. The case in which fan-out is bounded
by 1 results in circuits called Boolean formulas. Their name comes from the fact that the
function computed by any such circuit can be written as a logical formula; this representation
is possible because none of the sub-circuits in this case are “re-used”.

Uniformity Uniformity is a property not of an individual circuit, but of a circuit family. Notice
that our definition of a circuit family does not preclude circuits which compute arbitrarily
difficult functions. For example, we can easily imagine a circuit family for computing an
undecidable set such as the halting set .3 Let K, = { z€ {0,1}" [z € K and |2[=n }.
For any input size n, there are 2" possible inputs, and a certain (finite) subset of these is in
K. Therefore, we can easily build an oR-of-ANDs* circuit which computes the characteristic
function of K, (denoted Ak, ).* We construct the circuit as follows: for each z € K, there
will be an AND gate {call it g;) which will evaluate to 1 iff the input to the circuit is exactly z;
we then take the OR of all these AND gates.® It should be clear that this approach generalizes
to arbitrarily complex functions.

Although circuits like the one described above for computing Ag,, exist, they are compu-
tationally impossible to construct with Turing machines. In order for a Turing machine to be

3Let M:, Ma,... be a standard enumeration of all Turing machines. Then K = { i | Mi(¢) halts }. It is well known
that there is no algorithm for deciding if an arbitrary i is in K; for a proof, see for example [HU79], Chapter 8.

*An OR-of-ANDs is a depth-2 circuit in which the top gate is an OR and all level-1 gates are aND's. We also speak
of AND-of-ORs, which have the obvious reverse structure.

5The characteristic function of a set S is that function Ag such that

_ 1 z€§
As(z) = { 0 otherwise.

SIf gate fan-in is bounded, each AND or OR gate with unbounded fan-in can be implemented as a binary tree of
AND or OR gates, respectively, with bounded fan-in.
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able to simulate a circuit family, the Turing machinre must determine the length of the input
n, and then find the circuit C, in the family corresponding to this input length. Uniformity
is the ability to construct the circuit C, from the input length n. Uniform circuit families are
thus represented by the Turing machines that construct them. The name “uniform” comes
from that fact that in order for an infinite collection of circuits (namely, the circuit family) to
be constructible by a finite program (namely, the Turing machine), the circuits in the family
must contain some sort of pattern which makes them uniform. There are varying degrees of
uniformity depending on how much computational resource we allow the Turing machine that
constructs the circuits to use. Common uniformity classes are P-uniform and LOGSPACE-
uniform, where the bounds on time and space are measured in terms of the input length n.

Certain combinations of these restrictions have proven especially interesting. Associated with
each model is a class of functions. Theoreticians just love defining new classes — most of which
are named by acronyms. The world of circuit complexity is no exception. Here is a list of a few of
the important classes related to circuits.

NC" circuit families’ have the following properties:

o { AND, OR, NOT } gates

¢ polynomial size

. O(logi n) depth

¢ bounded fan-in of 2

o unbounded fan-out

¢ LOGSPACE-uniform. The literature is inconsistent on the uniformity-aspect of NC, so
it is often specified explicitly, as in “(non-uniform) NC!”.

AC' circuit families have all the same characteristics of NC' circuit families, except they have
unbounded fan-in.

Monotone Circuits A monotone (non-decreasing) function is one which does not decrease as the
input is increased. Monotone circuit families are similar in that they implement monotone
(non-decreasing) functions. In particular, changing a 0 to a 1 in the input cannot decrease
the output. MAJORITY is an example of a monotone (non-decreasing) function, while PARITY
is not (since changing any input always changes the output). Note that if each of a circuit’s
gates is monotone, then the circuit as a whole must also be monotone. Therefore, since AND
and OR are both monotone functions, circuit families built only from AND and OR gates with
no negated variables as input are always monotone.

Definition 10 (NC, AC) We define NC = Y22, NC' and AC = U2, AC".

There are a few immediate consequences of these definitions. First, by definition, every NC’
circuit is an AC* circuit, thus, Vi, NC' € AC'. Furthermore, every gate in an AC' circuit has at
most a polynomial (of the input size n) number of inputs, since there are only that many gates in
the entire circuit. We can simulate each gate in an AC' circuit by a binary tree of gates of fan-in
2. This tree will have polynomial size and logarithmic depth.® By simulating every gate of an

TNC stands for “Nick’s Class”, named after Nicholas Pippenger; see [Coo79] for its first published definition.
!1f the number of inputs to the AC gate is O(n") for some k, then the binary tree with that many leaves
simulating the gate has O(n") nodes and log n* = O{log n} depth.
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AC’ circuit in this way, we produce a circuit of polynomial size® and depth O(log n - log! n) , hence

Vi, AC* C NC**!. Taken together, these results imply an alternating chain of containment of the
classes NC and AC, namely

NC® C ACP C NC!' C AC* C NC? € AC? ¢ NC3...,

so NC = AC. Since circuits in LOGSPACE-uniform NC and AC can be constructed in polynomial
time and are polynomial in size by definition, they are easily simulated in polynomial time by a
Turing machine, so NC = AC C P.

The lowest non-trivial class in this chain is AC%. NCO? is uninteresting because in constant
depth with a bounded fan-in the number of inputs is bounded. Therefore, even simple functions like
PARITY and MAJORITY which depend on all or most of their inputs cannot possibly be computed by
an NCO circuit family. However, it is known that PARITY and MAJORITY are both in NC! (the proof
is left as an exercise). This leads us to the following natural question: “Can PARITY or MAJORITY
be computed by an AC? circuit family?” As we shall now see, Johan Hastad’s thesis provides a
lower bound which proves the answer to be “no,” thereby demonstrating that the containment of
ACY% in NC! is strict.

SSince a polynomial (the number of gates in the AC' circuit) times a polynomial (the number of gates in the
binary tree simulating each AC' gate) is a polynomial.



Chapter 2

Preliminaries

This chapter outlines some definitions and tools used in the main proof that PARITY cannot be
computed by (non-uniform) ACP circuits. Unless stated otherwise, we will henceforth be considering
circuits (functions) with only 1 output. We will therefore speak of the output of a circuit and leave
it unlabeled in circuit diagrams.

2.1 Canonical Circuit Model

We will be working with ACP? circuit families, i.e., those families which contain circuits of some
constant depth k, polynomial size n°, unbounded fan-in, and unbounded fan-out. To make the
proof easier, we will work with ACP circuits in the following canonical form.

Definition 11 (AC® Canonical Form) We say that an AC® circuit is in canonical form if:

s il contains no NOT gates, and
e we can assign a “level” to each gate such that every gate’s outputls lead to gates on higher
levels, and such that all gates on the same level are of the same Lype.

For ezxample, the last circuit shown in Figure 2.2 (pg. 11) is in canenical form.

We will be making statements about circuits in canonical form. To extend our results to AC°
circuits in general, it is important that we understand how much a circuit can grow when it is
transformed into an equivalent circuit in canonical form. The following claim provides an answer
to that question.

Claim 12 We can convert an arbitrary AC® circuit to canonical form such that its depth does not
increase, and such that its size increases by at most a factor of 2.

Proof We first remove all NOT gates by pushing them down to the literals using DeMorgan’s
laws.! This process can at most double the size of the circuit, since we may need two copies of each
internal gate — the original value of the gate and its complement. To see this, start at level 1 of the
circnit and build a corresponding complement gate for each AND or OR gate (build the complement
version using DeMorgan’s laws). Then do the same at each successive level. We eliminate NOT

1DeMorgan’s laws say that we can push 2 NOT through an AND by changing the AND to an OR and complementing
each of the inputs. Similarly, we can push a NOT through an oR by changing the or to an AND and complementing the
inputs. In terms of Booclean algebra: —~{(z1AzzAZa) = (—z1)V(—z2)V({—z3s) and —~(z: Vz2Vza) = (—z1)A(-z)A(~z3).

9
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gates in the obvious way, using the complement gate corresponding to the original input to the
NOT gate. It should be clear that we will always have the gates we need at lower levels to build the
original version and complement version of each gate without adding any new gates (except the
new complement gate, of course). Therefore, this step at most doubles the number of gates, and
does not increase the depth of the circuit.

We now have a circuit containing only AND and OR gates. We temporarily label each gate with
a “level” as follows: we label the inputs with 0, and then label each internal gate with 1 plus the
maximum level of all its inputs. The output gate will therefore have the highest label, and it will
be the depth of the circuit.

We must now adjust the circuit to meet the second half of the canonical form requirement. We
start at the highest level and work our way down the circuit. Since there is only one gate at the
top of the circuit, its type determines the types of each of the successive levels. Assume we have
forced gates on levels i + 1 and higher to be of the appropriate type. Without loss of generality,
assume the gates on level : + 1 are all ORs.

We now consider the gates on level i. These gates are supposed to be ANDs, so we can leave the
AND gates as they are. We handle the ORr gates on level 1 as follows., The outputs of any such or
gate can go either to a gate on level i + 1 or to a gate on some level above i + 1 (or both). Wires of
the former type must lead to an OR gate (since all gates on level i + 1 are ors). Since ACP circuits
have unbounded fan-in, we can merge the two gates by routing the inputs of the OR on level i to
the OR on level i 4+ 1 instead, as shown in the first transformation of Figure 2.1. Once we have
removed all wires of the former type, all outputs go to gates on levels strictly above i + 1, so we
can simply slide the OR up one level by relabeling it with i+ 1. The process is shown in the second
transformation of Figure 2.1. We will use these “merge” and “slide” operations in later proofs as
well.

Figure 2.1: Merging and Shifting a Gate.

Notice that the overall levelling process cannot increase the depth of the circuit, nor can it
increase the size of the circuit, since we never add a new gate. Therefore, transforming a circuit to
canonical form increases its size by at most a factor of 2 and does not increase its depth. |

Example 13 Figure 2.2 (pg. 11) illustrates the process of transforming a circuit to canonical form.
We first remove the NOT gates, and then apply the process described above to level the circuit by
gate type.

Observation 14 (Complementing a Canonical Circuit) A simple but important observation
is that taking the complement of a circuit in canonical form does not change its size or depth. In
fact, the complement version has the exact same structure as the original except for the fact that
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Figure 2.2: Transforming a Circuit to Canonical Form.

AND gates become OR gates (and vice-versa) and all input literals are complemented. This result
follows directly from DeMorgan’s laws.

2.2 Assignments

Recall that ¥ = {z4,...,2, } is the set of input variables.

Definition 15 { Assignment) An assignment is a mapping ¥ : N — {0,1}. An assignment 9 is
said to satisfy @ circuit C,, (or to be a satisfying assignment of Cy,) if Co(¥(21),...,%(zn)) = 1.

Omne aspect of circuits which allows us to prove lower bounds on them is the fact that AND and
OR gates can be forced to output a certain value by a single input of the proper type. In particular,
we note the following:

Observation 168 (Forcing AND and OR Gates) An AND gate with a single input of Q is forced
to 0, regardless of the other inputs to the gate. Similarly, an OR gate with a single input of 1 is
forced to 1, regardless of the other inputs to the gate. Furthermore, if one of the inputs to an AND
gate is 1, then the output of the gate depends only on the values of the other inputs, so the input
known to be 1 can be eliminated. In a sense, the 1 input is absorbed by the AND gate. If all the
inputs are absorbed in this way (i.e., all of the inputs are known to be 1) then the AND gate is
forced to 1. Similarly, 0 inputs are absorbed by OR gates, and if all the inputs to an OR gate are
eliminated in this way, the Or gate is forced to 0.

2.3 Restrictions

Say we fix some of a circuit’s inputs, but not necessarily all of them. This idea of a partial
assignment to the input variables — which we shall call a restriction — can cause a “chain reaction”
of gate forcings by Observation 16. Even though we do not know the values of the inputs which
are unfixed, some gates on level 1 of the circuit may be forced. These forced gates may force other
gates, which may force other gates, and so on, with the cascade of gate forcings possibly resulting
in the circuit’s final output being forced. We now formalize the notion of a restriction, and then
discuss the consequences of applying restrictions to circuits.

Definition 17 (Restriction, |p|) A restriction is @ mapping p: N — {0,1,X }. We call 0 and
1 values, gnd X a non-value. A variable mapped to 0 (or 1) is fixed at 0 (or 1). A variable mapped
to X is an undetermined input, and should be considered capable of taking on either the value 0 or
the value 1; essentially, it remains a variable. The size of a restriction is the number of variables
it maps to values. We denote the size of a restriction p by | p|.
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Notation 18 (,;5) Let § C N. For any restriction p defined on the variable set N we write ps to
denote the restriction p with domain limited to S.

Notation 19 (Xs,0s,15) Let S C N. We write Xs, Og, and 1 to denote the restrictions which
map every varicble in S to X, 0, or 1 respectively.

Notation 20 11'e will use the shorthand of representing assignments and restrictions by strings
taken from {0,1}" and {0,1, X }" respectively. For ezample, if n = 4 and the restriction p is such
that p(z1) = 1, p(z2) = X, p(z3) = 0, and p(z4) = X, we would write p = 1X0X.

As mentione | earlier, when a restriction is applied as input to any particular circuit, there may
be a cascade of forced gates, potentially forcing the output computed by the circuit. Whenever
a gate becomes ‘orced, we can replace the gate and all its input wires with a constant value. We
then continue u:.til no more gates are forced.

In this way. applying a restriction p to a circuit C, results in a new circuit Cj. Since ail
variables mappe | to 0 or 1 by p will either force a gate or be “absorbed” into a gate, C;, will have
exactly n — | p| inputs, one for each variable mapped to X by p. Thus, if p = X, Cl=Cpifpis
an assignment, - hen C/, =0 or C}, =1, since the output of any circuit must be forced if all its inputs
are fixed.

Notation 21 { 7[p) We denote the circuit resulting from the application of restriction p to circuit
G by G[p, and -all the circuit “G restricted by p”. Restricting G by p and then restricting the
resulting circuit »y o is written (G[p)[o. In this case, o must be a mapping on n—|p} variables. We
assume that the variables remaining after restricting G by p are in the same order as the variables
of the original « rcuit.

(0) ( )(}}((4)02)
@ @ (@)

Figure 2.3: A Circuit Restricted by p = 0X0X X and then by ¢ = X0X.

Example 22 (onsider the circuit G shown in Figure 2.3a (for readability, the circuits shown are
not in canonical form). Applying the restriction p = 0X0XX to circuit (a) yields circuit (b). Using
the fact that ai OR with 1 input merely outputs that input, we can simplify this circuit to yield
circuit (c). If we then apply the restriction ¢ = X0X to this circuit, we get circuit (d). Finally,
merging the AND’s in this circuit yields circuit (e). Therefore, (G[p}[c = (z2 A 5).

Observation 23 (Restrictions of PARITY) An important property of PARITY we will use later
is that eny restriction of PARITY results in a circuit which computes PARITY or the complement of
PARITY on the remaining inputs. The resulting circuit PARITY[p is PARITY or —PARITY depending
on whether it n.aps an even or odd number of variables to 1, respectively.
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Since X’s could be further assigned either 0 or 1, a single restriction can be thought of as
generalizing a set of “more specific” restrictions. We now make this notion precise.

Definition 24 (Generalization Order =) We define the partial order “is a generalization of”
(denoted symbolically by =) between two restrictions p, o such that domain(p) = domain(c) as

follows:
p = o or p can be formed from o by

pr o <= replacing some 0’s and 1’s in o with
X'’s.
For ezample, 1 XX>101, X0X0>10X0, but X0X0 ~1XX0. Note that = is reflerive, anti-
symmetric, and transitive, so it is a partial order. If p> o, we also say that o specializes p.
If p=o and p # o, we write p> o and say “p is a proper generalization of 0” or “¢ is a proper
specialization of p.”

If circuit G and restriction p are such that G[p=0 or G[p=1, then all other restrictions & such
that p> o, when applied to G, will yield the same circuit. In the case where the resulting circuit
is the constant circuit 1, the above statement is expressed symbolically as:

(Glp=1Apro) = Glo=1. (2.1)

The key idea is that if & specializes p and both are applied to the same circuit, then all the gates
forced by p will also be forced (to the same values) by o, and ¢ may even force some additional
gates. This behavior results from the definition of the generalization order between restrictions
and from the behavior of AND and OR gates observed earlier.

Observation 25 (DAG Induced by >) The partial order = suggests a DAG of restrictions. In
this DAG, the nodes on level i (0 < i £ n) are all those restrictions containing exactly : X’s. There
will thus be (7) - 2~ nodes at level 7; the top level (i = n) has one restriction (namely, Xx), and
the bottom level (i = 0) consists of the 2™ assignments. A node p at level ¢ + 1 is connected to a
node ¢ at level i if and only if p> o. In this DAG, a restriction containing : X's has exactly 2¢
children (since we can replace each X with 0 or 1 to get a child) and n — ¢ parents (since we can
replace each value (0 or 1) with an X to get a parent).

2.4 Minterms

We now consider minterms, a certain type of restriction which will be used extensively in the lower-
bound proof of PARITY. Put informally, the minterms of a circuit are the most general restrictions
(according to the partial order ») forcing the circuit to 1.

Definition 26 (Minterm) A minterm o of a circuit G is a restriction on the inputs of G with
the following two properties:

1. Gle=1 and
2, any proper generalization of o does not force G to 1, i.e.,V restrictions ¢ (¢ >0 = G[opF#1).

Notation 27 (I'(G)) For any circuit G, we write ['(G) for the set of all minterms of G.
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Example 28 (Minterms of PARITY) The minterms of PARITY are precisely the 2"~! satisfying
assignments of PARITY. There is an easy proof of this fact. PARITY obviously has 2"~! satisfying
assignments. We now show that each of these assignments must also be a minterm (i.e., we show
that any proper generalization of a satisfying assignment cannot force PARITY to 1).

PARITY and its complement are special in the following sense: they are the only two Boolean
functions such that changing any single input to the function changes its output. Therefore, any
restriction of PARITY (or —PARITY) which maps some variable to X canrot be a minterm, because
replacing the X in the restriction by both 0 and 1 will yield two different output values. By
definition, a minterm must force the output to 1, regardless of which value each X takes on.
Therefore, the minterms of PARITY and —~PARITY can only be assignments.

Minterms

Figure 2.4: A Simple Circuit and its Minterms.

Example 29 Consider the circuit G (in canonical form) shown in Figure 2.4. Since the top-level
gate is an AND, any minterm must force the OR gates A and B to 1. Setting z3 to 1 guarantees
this to happen, so ¢ = XX1XX is one minterm of the circuit. We now consider the case where
z3 is 0 in order to find minterms which map z3 to X. Setting z; to 1 forces B to 1 as required,
but we must also set Z7 to 1 in order to force A to 1. Therefore, ¢ = 01X XX is also a minterm
of G. Finally, we consider the case where both z3 and z5 are (0. For B to be forced to 1 we must
set both z4 and z5 to 1; for A to be forced to 1 we must set 2; to 1 and z, to 0. From this we
conclude that ¢ = 10X11 is another minterm of G. Since we have considered every possible way of
forcing both A and B to 1, these are the only minterms of the circuit. Notice that - as opposed
to PARITY — the minterms of this circuit are different sizes, namely 1, 2, and 4.

At this point, it may seem that the minterms of Example 29 were found in a rather haphazard
way, and one might even doubt that all of them were indeed found. Fortunately, there is an easy
and precise way to determine a circuit’s minterms. Recall the DAG of restrictions discussed in
Observation 25 (pg. 13). We determine the minterms of a particular circuit from this DAG by a
marking algorithm, which works as follows. First, we mark the nodes on level 0 which are labeled
with satisfying assignments of the circuit; all other nodes are initially unmarked. Then, for each
higher level in turn, we mark any node all of whose children are marked.

Claim 30 For any circuit G, this marking algorithm marks ezactly those nodes which are restric-
tions p such that G[p=1.

Proof (by induction on the level i)
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Base Case By definition, any satisfying assignment 3 is such that G[¥=1. All other (non-
satisfying) assignments force G to 0, so they are not marked.

Inductive Step Assume that all nodes on levels 0 through ¢ are properly marked. We must show
that a node p on level i + 1 becomes marked iff G{p=1. From the structure of the DAG we
know that all children of p are marked iff all proper specializations of p are marked. By the
inductive hypothesis, this is equivalent to saying that all proper specializations of p force the
circuit to 1.

To complete the proof, we must therefore show that

Glp=1 & Vo(pro = G[o=1).

(=) f G[p=1, then by equation (2.1) (pg. 13), all proper specializations of p must also
force G to 1. (¢=) If every assignment 1, where p > ¥, is such that G{¢¥'=1, then G[p(Z) =1
for all inputs £ to G[p, so the function computed by G[p is precisely 1, i.e., G[p=1. |

Once the marking algorithm terminates, the minterms are precisely those nodes & such that:
1) o is marked, and 2) none of o’s proper ancestors is marked.? However, these are precisely the
two conditions stated in the minterm definition on page 13.

Observation 31 (Disjunctive Normal Form Using Minterms) We can build a small circuit
consisting of a single AND gate to represent any minterm ¢. The inputs to the gate are literals
corresponding to variables mapped to values by o: we use input literal z; if ¢(z;) = 1 and literal
T; if o(z;) = 0. Notice that the fan-in of this AND gate is precisely {a|.

It is easy to see that this AND circuit is satisfied by any assignment % such that o > 1. Say we
build such a circuit for every minterm in I'(G), and we then take the OR of these minterm circuits,
resulting in a depth-2, OR-of-ANDs circuit M. Call this the disjunctive normal form circuit for G.
Notice that the bottom fan-in of M is given by the size of the largest minterm of G. We claim
without proof that &= M, but the reader should be able to verify this claim easily using the ideas
of the restriction DAG and the marking algorithm for determining the minterms of G.

Observation 31 tells us that any circuit G can be represented by the oR of its minterm circuits.
In the proofs to come, we will be interested in bounding the bottom fan-in of this latter circuit.
Since the bottom fan-in of the OR-of-ANDs is precisely the size of the largest minterm of G, the
following notation for expressing the size of the largest minterm of a circuit will be useful.

Notation 32 (Imt(G)) Let G be an arbitrary Boolean circuit. We define Imt(G) to be the size of
the largest minterm of G, i.e.,

If G has no minterms (i.e., if T(G)=0), we define® Imt(G) = 0.

¥If some proper ancestor of & is marked, then some parent of & must also be marked, so it suffices to check that
none of o’s parents is marked.

3This definition will make sense in later contexts, where we will be writing Imt{G) < s to represent the event that
G can be written as an OR-of-ANDs with bottom fan-in < s. Certainly, if G has no minterms, G=0, and it is clear
that the 0 function can be written as an OR-of-ANDs with bottom fan-in < s, so defining Imt(G) = 0 in this case is
done to make Imt(G) < s when T'(G)=0.
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Observation 33 Although Imt(G) < s implies the existence of an OR-of-ANDs for G with bottom
fan-in < s (by Observation 31), it is interesting to note that the converse is not true. That is,
there are OR-of-ANDs circuits having a minterm strictly larger than the maximum fan-in of the
AND gates. For example, consider the OR-of-ANDs

G=(z1 ATeAZ3)V(TTAZ2 ATy) V(21 ATZ A Z5) V(TT AT A Tg)-

G has bottom fan-in 3. However, since one of (z1 A 22), (31 A 22), (21 A T32), or (ZT A T3) must be
true, we see that p= X X1111 is a minterm of G with size 4, so the largest minterm of G is strictly
greater than its bottom fan-in.

2.5 Probability Lemmas

We will need to make use of the following simple lemmas from probability theory throughout the
proof. They are stated without proof, but are easily verified. Capital letters in the following .
lemmas represent events drawn from some universe of events /. We use the standard notation
for conditional probability: Pr[B|A] is the probability of event B occurring given that event A
occurs.

Lemma 34 Let Ay, As,..., Ax be a partition* of the universe of events U. Then for any event B,
Pr[B)] < max(Pr(B|A:], Pr{B|Az2], ..., Pr[B| Ax]).

Lemma 35 Let Ay, As,..., A be k (not necessarily disjoint) events. Then

k
Pr{A:VAz:V..:VA4] <Y Prl4],
=1
with eguality if and only if the events are painoise disjoint.
Lemma 36 Pr([AAB)=Pr[A]xPr[B|A]=Pr[B]xPr[A|B].

Lemma 37 (Pr[A|BAC])<Pr[4|C]) < (Pr[B|AAC]<Pr[B|C]).

The sets A1, Aa,..., Aq-are said to partition a set S if they cover § (e, AiUAzU---UA, = S) and if they are
pairwise digjoint (i.e., Vi # j, A; N A; =90).




Chapter 3

Proof Overview

In this chapter, we present a “high-level” version of the lower bound proof. The proof has several
levels and branches. Therefore, a “road-map” of the actual proof has also been included; it can be
used as a reference and to determine the overall structure of the document.

For those who also wish to refer to Histad’s thesis, the numbers of those lemmas and theorems
which appear in [Has87)] are given parenthetically, as in “([H&s87] Theorem 5.1)”. The write-up
of the proof maintains nearly the same structure as Hastad’s, but introduces a slightly different
notation.

Recall that AC? circuits have constant depth, unbounded fan-in and fan-out, and polynomial
size. We will be proving an exponential size lower bound for circuit families computing PARITY
which share all the properties of AC® circuits ezcept for polynomial size. However, we will loosely
speak of AC® PARITY circuits; the reader should understand that the circuits are AC® in every
respect except size.

3.1 History

Let k represent the maximum depth of all the cireunits in an AC® circuit family for PARITY. Furst,
Saxe, and Sipser ([FSS84]) produced the first super-polynomial size lower bound for such circuits.
Ajtai ([Ajt83]) independently derived a slightly stronger super-polynomial lower bound. Later, Yao
([Ya0835]) proved a strictly exponential lower bound, which led to important results regarding the
polynomial time hierarchy. However, Yao's proof is considered technical and difficult to understand.
Hastad’s proof ([H&s86], [Has87]) is simpler than Yao’s, and it also tightens the exponential lower
bounds somewhat. The details of these results are shown in Table 3.1 (pg. 18). These lower bounds
should be compared with the best known upper bound of:

Size(ACO-PARITY) = O (“E-%?"”(k-”), so Size(AC%-PARITY) = O (nzn”""”).

Constructing circuits satisfying this upper-bound is an interesting exercise.

3.2 Intuition Behind the Proof

The following proof outline should provide an intuition into the rigorous proof of Theorem 68
(pg. 42). However, this description does not use the notion of bottom fan-in, which is crucial

'In this bound, log!") n denotes the log fanction iterated i times.
?In these bounds, c; is a constant depending on k.

17
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Reference | Lower Bound
[FSS84]' | Q(nles™ "' ")
[Ajt83]? Q(nenlosn
[Yao85) Qfont/¥
(Hasg6)? | Q(25+")

Table 3.1: A History of Lower Bound Results for AC? (depth-k) PARITY Circuit Sizes.

in that proof. Furthermore, it takes the proof of the Switching Lemma in Chapter 4 as a given.
Despite such omissions, it is hoped that this sketch will provide some intuition into the ideas behind
the math of the formal proof.

3.2.1 A First Stab at the Proof

We will show that no “small” AC? circuit families for PARITY exist. What we mean by “small” will
be formalized in the actual proof, but we can think of “small” as being “sub-exponential in size”
for now. The proof is done by induction on the depth & of possible AC? circuit families for PARITY.
For the base case (k=2), it is fairly easy to show that depth-2 ACP circuits require Q(2") gates.®
For the inductive step, we use a proof by contradiction: we show that if small depth-k+1 PARITY
circuits did exist, then small depth-k PARITY circuits would also exist, thereby contradicting the
inductive hypothesis.

Therefore, assume a small depth-k+1 circuit-family C*+! exists for PARITY. Now, consider any
circuit C*¥+? in the family. Without loss of generality, this proof sketch assumes that all circuits
are in canonical form* and that additionally, every wire from a gate on level i goes to a gate on
level i + 1. We say such circuits are in strict canonical form.® If we could, in general, transform
this circuit into a small depth-k circuit computing PARITY, then applying the transformation to all
the circuits in the family would result in the depth-k family we desire.

It is important to note at this point that the depth-k circuit produced by the transformation
need not necessarily compute PARITY on all n of the original inputs for us to achieve the same
result. For example, suppose that we could convert each of the circuits in the family Ck*tl to a
depth-k circuit computing PARITY on only kalf its inputs. Then, since circuit families are infinite
by definition, the new circuit family C* would also be infinite, and it would have a PARITY circuit
for each input size as required. '

3.2.2 Reducing Depth by One: Switching Gate Types

One way to decrease the depth of the circuit would be to rewrite it as a circuit computing an equiv-
alent function such that the gate types of two adjacent levels of the original circuit are “swapped”
(i.e., the roles of one AND level and an adjacent OR level are swapped). Of course, for the new
circuit to compute the same function as the old one, we might have to add or remove gates on the
two levels involved, and re-wire the circuit near those two levels; the important thing is that the

3We will show in Claim 70 (pg. 43) that they require at least 1+ 2™~" gates, to be exact.

*We do not lose generality because, by Claim 12 (pg. 9), converting a circuit to canonical form can cause its size
to at most double. Therefore, if we prove that the cancnical version of some circuit family for PARITY must be
exponential in size, the original family itself must also be expouential in size.

®Converting to strict canonical form may cause a large size blow-up. However, we get around this problem in the
actuai proof by introducing a more relaxed version of canonical form called quasi-canonical form.
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changes to the circuit would be local. In the new circuit, there would then be at least two adjacent
levels of the same gate type which could be merged to reduce the depth by one.® For this swapping
operation to work, it would have to:

1. preserve the function computed by the circuit (namely PARITY), but not necessarily the
number of inputs (as pointed out above), and
2. result in a small circuit.

We will choose to swap the roles of AND and OR gates on the bottom two levels of the circuit.
Consider the set of sub-circuits rooted at gates on level 2. It may be that some of these sub-circuits
share level-1 gates with each other (i.e., some of the level-1 gates may have fan-out greater than
1). To make each sub-circuit independent from the others, we first duplicate each of the shared
level-1 gates (as many times as necessary), so all gates on level 1 have a fan-out of 1. This step
may cause us to create many new gates, but not too many; if we started with a sub-exponential
number of gates, we will still have a sub-exponential number of gates after this step, so our circuit
will still be “small”. '

Since the overall circuit is in strict canonical form, all sub-circuits rooted at gates on level 2
are either AND-of-ORs or OR-of-ANDs. Without loss of generality, say they are all AND-of-ORs. We
call the operation of writing an AND-of-ORs as an equivalent, small or-of-ANDs (or vice-versa) the
switching operation. If we switch each of the AND-of-ORs sub-circuits, we can then merge the two
levels of AND gates on levels 2 and 3, thereby reducing the depth of the overall circuit by one. The
problem thus boils down to being able to turn any AND-of-ORs into an equivalent OR-of-ANDs (or
vice-versa) which does not blow up too much in size.

Unfortunately, it is not always possible to switch an AND-of-ORs to achieve an equivalent OR-
of-ANDs of “small” size. For example, consider the AND-of-ORs shown in Figure 3.1a. This circuit’s
inputs have been divided into n/2 groups, with inputs z; and z;,; (i odd) in the same group. The
circuit is true iff at least one of the inputs in each of the n/2 groups is true. Notice that the size
of this circuit — n/2 + 1 — is linear in n. However, when we try to express this function as an
OR-of-ANDs, the size blows up to an exponential in n, namely 2™/2 + 1 (see Figure 3.1b). It is clear
that simply rewriting the circuit with the roles of AND and OR gates interchanged will not suffice
to achieve our result.

XEX X XNX5% X XXX X XX X,
(b)

Figure 3.1: Switching May Cause an Exponential Size Blow-up.

Recall from Observation 23 (pg. 12) that PARITY has the following special property: any restric-
tion of PARITY results in either PARITY or —PARITY. This leads to the idea of first applying some
restriction p to our PARITY circuit C5+!, and then attempting to switch each of the sub-circuits

®This merging is possible because fan-in is unbounded in the definition of AC.
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rooted at a level-2 gate to produce a circuit equivalent to C%+1[p. The important point is that this
resulting circuit can be reduced to depth k¥ and computes PARITY (or its complement).

Essentially, we make the application of a restriction p the first step in the overall switching
operation. The hope is that the restriction will eliminate enough gates that we can switch the
sub-circuits rooted at level-2 gates without causing the resulting circuit to grow too much in size.
Figure 3.2 below illustrates the complete switching process applied to a simple depth-3 circuit. Of
course, we will only be transforming PARITY circuits this way in the actual proof.

Make depth-2 circuits Apply random “Switch” gates Mezge gates of like
into trees by dupli- p € Rp. on levels 1 and 2 type on levels
caring level-1 gates In this example, (swap AND's and 3 to reduce

as necessary. p = XX1XX and OR’s) depth by one

Figure 3.2: Switching a Simple Circuit to Reduce Its Depth by One.

3.2.3 Objections to the Proposed Switching Technique

There are still several possible problems with making this means of converting a depth-k+1 family
to a depth-k family feasible. We will enumerate them in turn, and then show how each can be
dealt with.

1. We said earlier that the switching operation must resuit in a circuit which computes the same
function as the original. What do we do if CE+1[p = ~PARITY.

2. How do we choose the restriction g to use for each conversion? Intuitively speaking, it
doesn’t seem like a particular restriction (or even a particular kind of restriction) will succeed
in allowing us to switch every possible circuit. Is there some clever way of picking a particular
restriction to apply depending on certain key properties of the circuit, or is there perhaps a
more powerful method?

3. If p maps any variables to values, then the new circuit Ck+17p will have n’ < n inputs. For
the new circuit to still be “small”, its size must be small in terms of the new number of inputs
n’ and the new depth k.

4. We have said that we will convert the family C**1 to the family C* by converting each of the
individual circuits C,’f"'l, n=1,2,.... Of course, this process never terminates because there
are an infinite number of circuits to convert, but we need only show that such a conversion is
theoretically possible. Define new-inputs(n) to be the number of inputs to the circuit resulting
from the conversion of C¥+! (n = 1,2,...). A problem occurs if there is some constant ng
such that Vn, new-inputs(n) < no, because then the new circuit family C* is finite, and hence,
incomplete.

Observation 38 Notice that a “gap” in the image of new-inputs is not a problem because
we can always pick a circuit in C* with more inputs than we need and fix the extra inputs
to 0. Therefore, it is not necessary for new-inputs to be onto, but it is necessary for the
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image of new-inputs to be infinite. Of course, this latter condition is also sufficient to answer
objection (4).

3.2.4 Answering Objections (1) and (2)

We answer objection (1) by pointing out that if C5+1[p = —PARITY, we can just take the com-
plement of the restricted circuit. This is sufficient because taking the complement of a circuit in
canonical form maintains its size and depth (see Observation 14 (pg. 10)). We will now answer
objection (2), and in so doing, we will also address objections (3) and (4).

Furst, Saxe, and Sipser [FSS84] introduced the following very powerful idea: rather than trying
to pick a certain restriction to use in converting each circuit, we will pick one at random from some
probability distribution of restrictions. We will then show that the probability of being able to
switch the roles of AND and OR gates and still end up with a “small” circuit (taking obJectlon (3)
into account) is high enough that objection {4) will also be answered.

The power of this idea cannot be overstated. To show that some restriction ezists which will
allow us to switch a circuit, we need only show that the probability that a random one does the
job is non-zero! Unfortunately, we must ensure that the probability is high enough to overcome
objection (4). However, we will see that proving a constant lower bound of 2/3 on the probability
of switching success suffices.

3.2.5 Random Restrictions: The Distribution R,

We now define the distribution R, from which all random restrictions in the rest of this paper will
be drawn. The distribution R, has a parameter p (0 < p < 1) which affects the character of the
restrictions drawn from it; the higher p is, the more likely a random restriction p € R, is to map
variables to X.

Definition 39 (R;) Picking a restriction p at random according to the distribution R, means the
following. For each of the variables z1,...,z,, we will independently choose to map z; to an
element of { X,0,1} with the following probability:

X with probability p;
p(zi) =« 0 with probability (1 — p)/2;
1 with probability (1 — p)/2.

Notice that the chances of any given variable being mapped to 0 or 1 are equal. Also, since

the probability that a variable remains indeterminate (i.e., gets mapped to X) is p, the expected

-number of variables remaining after applying a random restriction to a circuit with n inputs is pn.

For the rest of this paper, all probabilities Pr[-..] will be taken over the universe of random

restrictions p, drawn with distribution R,, unless stated otherwise. Let G be an AND-of-ORs.

Informally, we say that a restriction p fails in switching G if there is no way to write G[p as a
small or-of-ANDs.” If p does not fail to switch G, we say p succeeds in switching G.

TNotice that it is always possible to express a function as an OR-of-ANDs using the disjunctive rormal form circuit
(see Observation 31 (pg. 15)). However, expressing an arbitrary function as a small OR-of-ANDs is another matter
altogether. For example, there is no way to express PARITY as a small OR-of-ANDs (this will be shown in Claim 70
(pg- 43)).
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3.2.6 Answering Objections (3) and (4)

Let us now summarize the proposed means of converting the family C*+1 into the family C*. We
convert the whole family by converting each of its depth-k+1 circuits C¥*! (n = 1,2,...) to a
depth-k circuit. Now, to convert each of the depth-k+1 circuits, we first duplicate gates on level
1 as necessary to ensure that all gates on level 1 have fan-out 1. We then pick a restriction p at
random according to R, and apply it to each of the depth-2 sub-circuits on the bottom two levels
of CX¥+1. We hope to show that when each of these AND-of-ORs (or OR-of-ANDs) sub-circuits is hit
by p, there is a very good chance that it can be rewritten as a small OR-of-ANDs (AND-of-ORs).
In particular, there will be at least one restriction which succeeds in switching all of the depth-2
sub-circuits. This done, we can merge the two levels of adjacent like gate types® to produce the
depth-k circuit C¥, desired, where n’ = new-inputs(n).

We must still deal with the very important issue of what is meant by “a very good chance
[of switching success].” We fail to switch the entire circuit Ck+1 if we fail to switch any of the
sub-circuits rooted at a level-2 gate. That is, we fail overall if we fail on the first such sub-circuit
or the second or the third and so on. Say we can bound the probability of failing to switch any
depth-2 circuit in isolation. Then by Probability Lemma 35 (pg. 16), and since the probability of
failure for each sub-circuit is bounded by the same value,

Pr{failure overall } < (# of depth-2 sub-circuits) x Pr[failure for a single depth-2 circuit]. (3.1)

There can be at most a small (i.e., sub-exponential) number of depth-2 sub-circuits to switch (since
the number of depth-2 sub-circuits is the same as the number of gates on level 2, and is certainly
limited by the size of the original circuit). For the overall probability of failure to be small (i.e.,
< 1), the probability that a random p fails to switch any single depth-2 circuit must therefore be
eztremely small, hopefully exponentially so.

The proof now reduces to the problem of bounding the probability that a random restriction
fails to switch a depth-2 circuit in isolation. H&stad proves such a bound in a result he calls the
switching lemma. We will defer its proof to Chapter 4. This lemma does the real work of the
overall proof. Essentially, it gives an exponentially decreasing upper bound on the probability that
a random restriction will fai! to switch an arbitrary AND-of-ORs (a corollary shows that the bound
on switching failure applies to OR-of-ANDs circuits as well). Such a bound implies, by the argument
above, that the probability of failure is strictly less than 1 for sufficiently large n. Therefore, there
is always at least one restriction which succeeds.

However, finding one restriction that succeeds is not enough to fully answer objections (3) and
(4), because the restriction may not map enough variables to X. For example, we can always find a
restriction that leaves only one variable behind, but then our circuit family will be finite. Therefore,
we need to place a lower bound on the number of variables mapped to X (i.e., new-inputs(n)).

One way to answer objections (3) and (4) would be as follows. We consider a function £b : N -
N that will be a lower bound on new-inputs(n). To answer objections (3) and (4), we require that
£b have the following properties:

1. ¥n, £b(n) < n,
2. £b~(n) = poly(n), and
3. limpo0 £8(n) = o0.

Property 1 is necessary because applying a restriction to a circuit cannot increase the number of
inputs. .

3Namely, levels 2 and 3.
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Now, suppose we could show that, for all circuits &, there is some restriction p which succeeds
in reducing G’s depth by one and which maps at least £b(n) of the inputs to X. Such a result
would immediately answer both remairing objections! Here is why. Consider objection (3). If the
size of the new circuit in terms of the original number of inputs is given by the sub-exponential
function size(n,k + 1), then its size in terms of the new number of inputs and depth is at most
size(£b=~1(n), k). Property 2 implies that this new function of » and k is still sub-exponential. Now
consider objection (4). Property 3 and the assumption £b(n) < new-inputs(n) ¥n together imply
that lim, .o, new-inputs(n) = oco. By Observation 38 (pg. 20), this answers objection {4).

Therefore, we will have completed the proof if we can pick such a function £b and show not only
that the probability of overall switching success is non-zero, but moreover, that it is large encugh
that at least one of the successful restrictions maps > ¢b(n) of the inputs to X (for sufficiently
large n).

Definition 40 (“Small” Restriction) A restriction is “small” if it maps > €b(n) of ils inputs
to X. Note that by definition, p is “small” iff |p| < n ~ £b(n).2

We can show that at least one of the successful restrictions is “small” by showing that it is
impossible for all of the “small” restrictions to be failing. If the “small” restrictions were a subset
of the failing ones, then the probability of failure would be at least as great as the probability of
being “small”. Therefore, if

Pr | failure overall] < Pr[p is “small” ], (3.2)

the “small” restrictions cannot be a subset of the failing ones, and so at least one successful
restriction must be “small”. By equation (3.1) (pg. 22), equation (3.2) follows if we can show that

(# of depth-2 sub-circuits) x Pr[failure for a single depth-2 circuit] < Pr[p is “small”]. (3.3)
Notice that the right-hand side of this inequality can be simplified:

Pripis “small”] = Pr[p maps > £b(n) variables to X |

= 3 Pr{lpl=n-k]
k=£b(n)

= 3 (:)p"(lﬁp)“-"- (3.4)
k=1b(n)

In the actual proof, we will choose p to be a slowly monotone decreasing function of n, such as
p=n"1/1% Therefore, as the size of circuits in the circuit family grows, the chance that a random
p will map a variable to X will decrease slowly. We will then choose ¢b(n) to be the expected
number of variables remaining after applying p — namely, pn — so £b(n) = pn = n%1°, Notice
that this b satisfies the three requirements listed on pg. 22.

Since £b(n) is the expected number of variables remaining, the sum of equation (3.4) is the
“area” under the tail of a binomial distribution curve with probability p starting at the point
where the curve achieves its maximum. Proving inequality (3.3) is a matter of approximating this
distribution and bounding it from below. We defer the actual statistical analysis until the proof of

®“Small” is in quotes because our choice for £b(n) in the actual proof will imply that these “small” restrictions
are actually quite large with respect to n. In fact, for any constant fraction ¢ < 1, there is a “small” restriction with
size > cn for sufficiently large n.
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Theorem 68 (pg. 42). For now, suffice it to say that the sum (3.4) approaches 1/2 as n — oo. Using
the result of the switching lemma, we will show that the probability of overall switching failure is
< 1/3 for sufficiently large n, so equation (3.2) will be true for sufficiently large n.

This completes the proof overview. A final observation may be in order regarding the fact that
the result holds only for sufficiently large n. Remember that all our definitions were phrased in
terms of asymptotic complexity! Keep in mind that any finite set of circuits can be shown to obey
an arbitrary size (or depth) bound just by using a large enough constant. What concerns us is
how circuit families of infinite size behave for large n. Therefore, so long as our results pertain
to circuits with sufficiently many inputs, they reflect the true requirements (in the case of lower
bounds proofs) of circuits computing PARITY.

3.3 A Proof Road Map

Figures 3.3 (pg. 25) and 3.4 (pg. 26) present a “road map” of the proof. In these diagrams, an
arrow from one box to another means the former is used in the proof of the latter. Wherever
possible, the main result of a lemma or theorem has been given in quotes.

These diagrams are intended solely for your reference while you are following the proof. They
will certainly look confusing to you now. Don’t worry! The notation will make sense to you as you
get deeper and deeper into the proof; you will probably want to keep checking your position in the
proof against these diagrams so you don’t lose the forest for the trees, so to speak.

Figure 3.3 shows the proof tree for the Stronger Switching Lemma, and corresponds roughly to
the proofs of Chapter 4. Figure 3.4 has the Stronger Switching Lemma at its base and builds up
from there; this proof tree corresponds roughly to the results of Chapter 5.
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Stronger Switching Lemma 45 (pg. 29)
{[Has87] Lemma 4.2)
“Pr[Imt(G[p) > s| F[p=1] < a*”
(by induction on the # of OR gates w)

-

Inductive Step

Equation (4.3) (pg. 30) .
“Pr{lmt(G[p) 2 5| F{p=1] < max{(A),(B)}”

N

Lemma 49 (pg. 30) Lemma 50 (pg. 30)
“(A) < a7 “B)<a™
1

Equations (4.8)—(4.12) (pg- 33)
“B)Y< Y. (C)x (D)

YCT, Y59
Lemma 59 (pg. 34) Lemma 60 (pg. 35)
17| “D) < (21Y! = 1)(a?-I¥hy
+ \ Equation (4.16) (pg. 36).
“D< 3 @y
Lemma‘58 (pg- 33) “(E) < (F)” (pg. 34)| - A, Ady
“Pr[pv=XyIGIFPT¥1] t
= (2p/1+p)I¥I” | Lemma 37 (pg. 16) I Lemma 64 (pg. 37)
“G) < o171
t
Equation (4.17) (pg. 38)
“(G) < max ()"
I
Equations (4.18)—(4.22) (pg. 38)
“H) < as-I¥P

Figure 3.3: A Road Map of the Proof’s Lower Level.
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Corollary 74 (pg. 49) ([Has87] Corollary 5.3)

“Poly-size AC PARITY circuits require O(logn/loglogn) depth”

3

Theorem 73 (pg. 48) ([His87] Theorem 5.1)

(by contradiction)

“AC® PARITY circuits require exponential size”

3

Theorem 68 (pg. 42) ([Has87] Theorem 5.2)
(by induction on the depth k)

f 3

Base Case Inductive Step

Claim 69 (pg. 43)
“Depth-2 PARITY circuits F
have bottom fan-in > n”

Lemma 66 (pg. 41)
([H4s87] Lemma 4.8)
“a < spt”

Switching Lemma 41 (pg. 28)

Corollary 42 (pg. 28)

([Has87] Lemma 4.1) “OR-of-ANDs can be switched
“Pr[Imt(Glp) > 8] £ &*” with the same probability”

f §

Stronger Switching Lemma 45 (pg. 29)
([H3s87] Lemma 4.2)
“Pr(Imt(G[p) > 5| Flp=1] < o*”
(by induction on the # of OR gates w}

Figure 3.4: A Road Map of the Proof’s Upper Level.
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Chapter 4

The Switching Lemma

We now state and prove the switching lemma, which, loosely speaking, allows us to “switch” the
roles of AND and OR gates on the bottom two levels of a circuit in canonical form. For the rest of
this chapter, we will be working with a depth-2, AND-of-ORs G, as shown in Figure 4.1. Let G have
w OR sub-circuits denoted by Gy,...,Gyw, each of fan-in at most £, so G as a whole has bottom
fan-in < t.

Figure 4.1: The anD-of-ors Circuit G,

Say we have chosen a certain value for p (later, we will pick an exact value for p so that our
bounds on success are high enough to make the result work). We then randomly choose a restriction
p according to R,. Consider the circuit G[p. We would like to switch the roles of OR’s and AND's
in G[p and express G[p as an OR of small ANDs. By a small gate we mean that the gate has fan-in
< s for some value s > 0 {also to be chosen later). We also say a minterm is small if it has size
< 3. Informally, the switching lemma states that the probability of not being able to express G[p
as an OR of small ANDs is an exponentially decreasing function of s (i.e., like 27%).

We know by Observation 31 (pg. 15) that if each of G[p’s minterms is small (i.e., if Imt(G[p) <
s), then G[p can be expressed as an OR of small ANDs. Therefore, the only times a random
restriction p may not! succeed in letting us express G[p as an oR of small ANDs is if Imt(G[p) > s.
The switching lemma tells us that the probability of this happening, for suitable values of p and ¢,

INotice we say “may not” instead of “does mot” because Observation 33 (pg. 16) showed that it is possible to
write G[p as an OR of small ANDs even if Imt(G[p) > s. Therefore,

Pr{G[p cannot be written as an OR of small ANDs | < Pr{Ilmt(G[p) > 1)

27
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is an exponentially small function of s. The corollary to the switching lemma then shows that we
also fail to switch an OR-of-ANDs with the same exponentially small probability.

4.1 Statement and Corollary of the Switching Lemma

Lemma 41 (Switching Lemma — [Has87] Lemma 4.1) Let G = AL, Gi, where each G is
an OR of fan-in < t. Let p be a restriction chosen randomly according to R,. Then for any s > 0,
we bound the chance of failure of being able to write G{p as an OR of small ANDs by:

Pr[lmt(Glp) 2 8] < o,

where a (< 1) is the unique positive root to the equation

(+ () (3)) = 6+ () Q) )

We state parenthetically that a < 1; later we will be able to bound a by 1/2 for suitable values
of p and t. In any case, the important point is that the probability of failing to be able to switch
the circuit is an exponentially decreasing function of s (for fixed p and ?).

Corollary 42 If G is an OR-0f-ANDs, where each AND is of size < t, then we fail to be able to
write G[p as an AND-of-ORs, where each OR is of size < s, with the same probability as that given
in Lemma {1.

Proof We will again use Observation 14 (pg. 10), which states that taking the complement of
a circuit in canonical form simply swaps all the AND and OR gates, and complements the input
literals. We first make the following two observations:

Observation 43 (Pr[p]=Pr[7]) Let p denote the complement of p; i.e., 7 is the same as p except
that it maps to 1 whatever p maps to 0, and vice-versa. Then Vp, p and p have an equal probability
of occurring in the distribution R,.

Observation 44 For any circuit C and any fixed restriction p, = (C[p)=(-C)[7. This is true be-
cause taking the complement of C' complements its literals, so applying the complement restriction
7 after complementing C yields the same result = (C[p). Notice that if one circuit is an AND-of-ORs,
the other will be too.

Taken together, these two observations imply that the order in which we apply a restriction to
a circuit and take its complement is irrelevant. That is,

YC,C' : Pr[~(C[p)=C'] = Pr[(~-C)[p=C"]. (4.2)

If we complement G, making it an AND-of-ORs, apply the switching lemma to it, and then comple-
ment the result to “undo” the effect of the first complement operation, we fail in switching -G with
the same probability as that given in Lemma 41. However, Equation (4.2) tells us that the process
described is equivalent to first applying a random restriction p, and then taking the complement
before applying the switching lemma and complementing a second time. Hence, we fail in switching
G with the required probability. ]

We will not prove the switching lemma because it turns out to be easier to prove a stronger
version of it. The stronger version is identical except that it conditions on an arbitrary Boolean
function F being forced to 1 by p. Conditioning upon this event facilitates the proof.
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4.2 The Stronger Switching Lemma

Lemma 45 (Stronger Switching Lemma — [H4s87] Lemma 4.2) Let G = AY; G;, where
each G; is an OR of fan-in < t. Let F be an arbitrary Boolean function, and let p be a restriction
chosen randomly according to R,. Then for any s > 0,

Pr[lmt(G[p) 2 s| F[p=1] < o’

where a (< 1) is the unique positive root to equation (4.1) (pg. 28). If there is no restriction p such
that F{p=1 (e.g., if F=0), then we use the convention that the conditional probability is 0.

Corollary 46 The stronger switching lemma implies the switching lemma.

Proof We simply choose F'=1. Since 1[p=1, the probability in this case is conditioned over all
P, just as it is in the regular switching lemma. n

We will need to make statements about the actual values of inputs reaching the gate Gy.
Without loss of generality, we will assume that all inputs to the circuit are not complemented. We
do not lose generality for two reasons. First, R, has been defined such that variables get mapped
to 0 or 1 with equal probability. Second, no single AND or OR gate has both a variable and its
complement as inputs, because if it did, the gate could then be replaced by 0 or 1, respectively.

Notation 47 (T, N', T’} Recall that we denote the set of all input variables by N. Let T denote
the set of inputs to G1. Furthermore, let N' and T be the subsets of N and T, respectively, mapped
to X by p. Therefore, minterms of G[p apply to the variables in N', and minterms of Gy[pr apply
to the variables in T'. See Figure {.2 for a pictorial representation of these sets.

p[Pr01010101 XXX X[ XXXXX010101010 1Py |
|
o GETITH TTTTT

Figure 4.2: Applying a Typical Restriction to the Circuit G.

Example 48 Say N ={z1,z3,...,27} and the inputs to G, are T ={z1,z3,25,27 }. If we choose
p=0XX10XX, then N’_.= {z2,23,76,27} and T’ = { 23,27 }. If, on the other hand, we choose
p=1X101X1, then pr=17.

Proof of Stronger Switching Lemma (by induction on w)

Base Case (w = 0) In this case, G=1 (recall from Observation 16 (pg. 11) that an AND with no
inputs is trivially true), so the probability is in fact 0, and the result follows immediately.
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Inductive Step We will consider the induction hypothesis to hold for the circuit G' = AL, Gi,
so consider the leftmost OR circuit G,. We first partition the universe of all 3" possible
restrictions into two sets:

Ayv={p|Gilpr=1}and A2 = {p|Gi[pr#1}.
By Lemma 34 (pg. 16), it follows that
(A)

Pr(Imt(Glp) 2 s| F[p=1] < max{Pr{Imt(G[p) > s| F[p=1 A Gi[pr=1], (4.3)
Pr(Imt(Glp) 2 s| Flp=1AGi[pr£1]} '

(B)

)

To prove the Lemma, we must therefore show that (A) < o® and (B) < o*. We now consider
these two probabilities separately.

Lemma 49 (A) < a”.

Proof We are conditioning on Gy [pr=1. Since G has an AND gate at its top level, we know that
Gi[pr=1 => G=G'. Therefore, (A) < o’ by the induction hypothesis. =

Lemma 50 (B) £ a®.

Proof Since the rest of the proof is concerned with establishing this case, it will be helpful to
characterize the restrictions we are conditioning on. We start with the following two observations.

Observation 51 Recall that Gy is simply an OR gate. Hence,
Gilpr#l <> Vz; € T, (p(zi)=0V p(z;) = X). C (4.4)

Within this case, there is the special subcase of pr = 0r. This case is special because it implies
that Gp has no minterms! Here is the reason why:

(pr=0r) = (Gilpr=0) => (G[p=0).

The first implication follows from the fact that an oRr with all 0 inputs is forced to 0; the second
implication follows because G has an AND gate at its top level. Furthermore, given the initial
assumption that Gi{pr#1, we know that

pr=0r = T'=9, (4.5)

since pr does not map any variables to X. At some point, we will have to deal with the special
subcase ppr =07 separately.

Observation 52 By definition, every minterm of G[p is a mapping only from the variables in N’
Since G{p is an AND-of-ORs, any minterm ¢ € T(G[p) must make every G [p true. In particular,
we have

Vo € I(G[p), (Gi[pr)[om=1. (4.6)

Furthermore, since G, [pT is an OR circuit, equation (4.6) implies that every minterm maps at least
one variable in 77 to 1:
Yo € T(Glp), 3z; € T': opi(zi)=1. (4.7)
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G(N T oo e e uuuuuN.T’

PIPr0000000XXXX | XXXXX101010101P T
| all 0's or X's
Glp (N (T N-T'

atleastone 1 ?

..||||.......... e
..||||.......... s

Figure 4.3: Pictorial Description of p and o for Lemma 50.

Taken together, equation (4.4) and equation (4.7) can be represented graphically, as shown in
Figure 4.3. This representation shows us that pr maps the variables T only to 0 or X, whereas
pN—T maps the variables N — T to either 0, 1, or X. It also shows us that o7 maps at least one
of the variables in 7" to 1.

We next partition the minterms in I'(G[p) by the subset of 1" they map to values. More
specifically, we partition I'(G[p) by the equivalence relation ~:

og~T = V2, e T, (ofz) # X = T(I,‘)#X)..

Two minterms are in the same equivalence class if and only if they map identical subsets of T” to
values. We will represent an equivalence class by that subset ¥ of 7' which all minterms in the
class map to values.

Normally, we will imagine that Y C T”, which is equivalent to saying that p maps all variables
of Y to X (symbolically, py =X’y). However, for technical reasons, we will need tolet Y C 7. We
will consider the case Y Z T” to be degenerate, but we will have to take it into account.

Example 53 Let n=7, s0 N = {z1,2;,...,27}. Furthermore, let T = { z1,23,23,74 }. Say we
choose p= X0XX1XX. Then N'={z,23,24,7¢,77 } and 7' ={ 2y, 23,24 }. Suppose further that
the rows of the following table represent the minterms of G[p:

oT! IN!'=T!

F1 | X3 (T4 || T ] 7
XJo[t[[Xx]1
X110 X X
11 X1111}0
11X [X|[0o]1
0 | X]X||X |0
X|X{11]0

Horizontal lines have been drawn dividing the minterms into their respective equivalence classes
according to the ~ relation. Reading from the top down, the equivalence classes are represented
by the sets ¥ = {z3,24}, {z1,24}, {21}, and {2,}.
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Notation 54 (Imt¥(G[p)) Let Y C T. We write Imt¥(G{p) to denote the size of the largest
minterm o € [(G[p) such that o+ assigns values to exactly the variables in Y (i.e., the size of
the largest minterm in the equivalence class represented by Y ). If there are such minterms, it is
clear that Imt¥(G[p) > |Y|, since these minterms map at least the variables in Y to values. If
there are no such minterms, or if Y T’ (i.e., p does not map all variables of Y to X ), we define?
ImtY(G{p)=0. The pictorial representation of ox: mapping ezdctly the variables in Y to values is
shown in Figure {.4.

Glp (N (T (T-Y Y ? * ¢N-T
all X's
6|0nCny XX X100 0G I XXX 1 0Cp.p
all values
Glplo T-Y

Figure 4.4: The Minterm o7+ Assigns Values to Exactly the Variables Y.

Example 55 If we consider the minterms shown on page 31, we see that the first minterm listed
in each equivalence class is the largest. Therefore, Imt{== XGlp) = 3, Imt{= }SG [p) = 4,
Imt{#1XG[p) = 3, and Imt{#+ X G[p) = 3. As examples of the special cases, Imt{= XG[p) = 0
and Imt{%2%3 G [p) =0.

Let us make use of the new notation to summarize our knowledge to this point.

Claim 56 (Y = 0) => Pr [Imt¥(G[p) > s|Gilor#1] =0

Proof Assume Y = 0. There are two cases to consider: T(G[p)=9 (i.e., pr =07) and T(G[p)#0.
In the former case, Imt¥{G[p)=0 by definition, so the claim follows from the fact that s > 0. The
latter case follows from equation (4.7) (pg. 30), since every minterm (regardless of its size) must
map at least one variable in T’ to 1, so Y would have to be non-empty in this case. Since Y =9,
there is no p satisfying the event, so the probability is zero. |

Claim 57 For all p such that Ga[pr#£1, (Imt(G[p) 2 3) <= Vycr ysa(lmt¥(Glp) > s).

Proof For the forward direction, we note that if a minterm of size > s exists for G[p, it must
assign values to some ¥ € T’ C T. Moreover, by Claim 36 above, we know that ¥ # 0. For the
reverse direction, we know at least one Y C T, Y # 0 makes Imt(G[p) > s true. As an aside, we
know in fact that ¥ C 77, since otherwise Imt¥(G[p) = 0 < s. In any event, there is some minterm
of size > s, which is all we need to establish the reverse direction. [ ]

2As5 in Notation 32 (pg. 15), this definition is made solely for the sake of making the event lmt(G{p) = s false
when [(G[p)=for Y ¢ T '
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We are now ready to make some progress toward bounding the difficult case (B) of equation (4.3)
(pg. 30).

(B) = Pr{lmt(Gfp) > s|Flp=1AG1[pr#1] (4.8)

= Pr{Vycrym (Imt¥(Glp) 2 5) | Flo=1AGi[pr#1] (4.9)

< X Pr[mt*(Glp) 2 5| Flp=1AGi[pr#1] (4.10)
YCT.Y#D

= 3 Pr[lmt"(G[,o)2sz\py=fy|Frp51AG1[pT;é1] (4.11)
YCT, Y4

(C)

= z Pr[pyzfﬂF[pElAGl['pT;él]x (4.12)

YCT,Y#

Pr [Imt¥(G[p) > s| Flp=1AGi[or£1 A py =Xy ]
(D)

We now explain each of the equalities and inequalities in this chain. (4.8) = (4.9) by Claim 57
(pg. 32) above. (4.9) < (4.10) follows by Lemma 35 (pg. 16). We reason that (4.10) = (4.11) as
follows. By assumption, ¢ > 0, so Imt¥(G{p) > 0. But by definition of Lth(G Tp), Imt¥(Glp) is
non-zero only if p maps all variables Y to X, so Imt(G[p) > s => py=Xy. Finally, (4.11) =
(4.12) by Lemma 36 (pg. 186).

We will now analyze each of the factors (C) and (D) in that expression separately. Notice
that the set Y is fired when we evaluate (C) or (D) in isolation. In Lemma 58, we will bound
probability (C) without conditioning on the fact that F[p=1. In Lemma 59 (pg. 34), we will then
bound probability (C) in the general case. Finally, we will bound probability (D) in Lemma 60

(pg- 35).

4.2.1 Bounding the Probability (C)

Lemma 58 ([H3s87} Lemma 4.3) Forany Y C T, Y #0, Pr [py:)?y |Gy rPTil} _ (%)IYI_
Proof By equation (4.4) (pg. 30), we know that Vz; € T, (pr(z:)=0V pr(z;)=X). Therefore:

Pripr(zi)=X] )'Y'
Prlpr(2:i)=0V pr(z;)=X]

1Y

)m

IYI

Pr [py:fylGlprﬁl] = (

fo
-
G

3

l\D
-?;““L?

1
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Y
Lemma 59 ([H2s87] Lemma 4.5) Forany Y C T, Y #0, (C) < (1_24?5)! I.
Proof By Lemma 58, we need to show that
(C)= Pr[py =Xy | Flp=1 AGalpor#1] < Pr [py =Xy [Gilor #1] (413)

We use probability Lemma 37 (pg. 16). In this lemma, if we replace “A” by “py =Xy”, “B” by
“F[p=17, and “C” by “G1[pr#1”, then equation (4.13) is true if and only if

Pr[Flp=1|py =Xy AGi[pr#1] < Pr[Flp=1|Gilpr#1]
(E) (F)

The intuitive idea used to prove this inequality is that forcing more inputs to be X can only
decrease the probability that F is forced (to 1). The argument is formalized as follows. Let R,
be the probability distribution B, conditioned on Gy[pr#1; by equation (4.4) (pg. 30), the only
restrictions in this space are those that map the variables T to 0 or X. We build a table of all
possible py versus py_y values (see Figure 4.5 below), The table thus has an entry for every
restriction in R;,. We label the rows with all ways py can map the variables Y, and we label the
columns with all ways py_y can map the variables N — Y. Note that N — Y may contain some
variables in T, and p must map these to 0 or X only.

P.. ., maps the variables N-Y
N-Y
S| RO X > (=N =R ]
I =3 Eal 1 Bl ~|=%|Oo
b I D DG SN T PSS (g Bl B
(=X B4 Eol Bl B2 B [= N RN ]
A1k~ E=2 =1 F.] x<xjlo|lo
(=N N=T B4 R0 -3 K= . K=2
00,...000 E1EB1ELIELELE1] seee E1H14Q
00....00 Bl RIS F1E1J0|eses]|0]|0E]
00,...0X0 ELELH1HI P10 ]|eees E1F0 |0
p 00....0%X EIEIBIBIHLEL] vees |OEIHE]L:
Y 06....X00 ELEIF1ELIEL1F0|evee F140 Kl
mapsthe 00....X0X FLiE I BIB1E1E1]deeee fld0]0
variables : HHHIIHHOEHHE R
. . I EEREEERERE] . [BERE] p
mY » " AEREERERKXE R a e|leo|e
XX....X0X 1TEITHIBIEIJO|»seee J|O]OEL:
XKoo .XX0 Bl BRI H - B1H1EL] »eee E1ET4 0
XX....XXX ELELHBIE1E130|wese |0jO]O
w
M

Figure 4.5: Table of Restrictions Used to Prove Lemma 59.

For each entry (i.e., for each restriction p), we write 0 or 1 in the table if Flp#1lor Flp=1,
respectively. We randomly pick a restriction p according to the distribution R;, by first picking a
row according to R/, and then, independently picking a column according to R,. Let M be the
set of columns with a 1 in row “XX --- X", The table has been drawn with all the columns of M
grouped at the left.

Call the (i,7)th entry of the table a[i,j]. Each row i and each column j have some partial
probability of occurring; call these probabilities 7; and c; respectively. Say ¢ is the sum of the
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probabilities of the columns of M, i.e., ¢ = ¥ cpr¢j. Now, (E) is the probability of a 1 occurring
in the bottom row of the table, which is exactly the probability ¢. The probability (F), on the
other hand, is the sum of the probabilities r;c; for each entry (4,7) such that afi,j]=1.

The key observation to be made is that any column with 2 1 in the “XX --- X” row must have
1’s in the entire column, because if F[p=1 when py = Xy, then it must also be true that Flp=1
even if py assigns 0 to some variables. Therefore, the columns of M are all 1’s. This means that all
the 1’s in the columns of M make (F) at least as big as (E), and if any other 1’s occur in columns
not in M, then (F) is strictly bigger than (E). Symbolically:

(F) = 3 ricj

aft,gl=1

= Z [cj (Z r,-):l + (/ Z r,-c]-)
JEM H EMA afi,f]=1
() (E)
jeM JEMA af,j]=1
= (B)+ ( > ch,-f)
€M A als,j]=1

2 (E)

By showing (E) < (F), we have proven equation (4.13) (pg. 34). |

4.2.2 Bounding the Probability (D)
Lemma 60 The probability (D) introduced in equation (4.12) (pg. 33) is bounded as follows:

(D) = Pr [Imt"(G[p) 2 5| Flp=1A Grlpr#1 A py = Xy | < (271 = 1)(a-11Y).

Proof We are now conditioning on py = Xy, and the probability is satisfied only by those restric-
tions p such that some minterm & has size > s and such that o7+ assigns values ezactly to the
variables in Y. This means that oyv_y = X1/_y. As before, it helps to have a picture describing p
and ¢ in this branch of the proof, and it is given in Figure 4.6.

Notation 81 (A, lmtw‘(G[p)) Let A be an assignment on the variables of Y, i.e., A: Y — {0,1}.
We write Imt¥ *(G[p) to denote the size of the largest minterm o € I'(G(p) such that: 1) o assigns
values to exactly the variables of Y (as shown in Figure {.6) and 2) oy = A.

We now summarize our knowledge using this new notation. Just as we split the probability
before by considering all cases Y C T, ¥ # 0, we now split the probability by considering all cases
A:Y —{0,1}, A # Oy. The following two claims are just slight variations {in spirit) of Claims 56
and 57 on page 32.

Claim 62 (A=0y) = Pr [lmty')(Gfp) > s|Gi[pr#1A py=fy] = 0.

Proof (by contradiction) Assume A =0y, and that the probability is non-zero. Then there is a
restriction p and a minterm ¢ of G[p which have the properties exhibited in Figure 4.6, with the
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[oforlor OO0 1 0 T[0 § XX X0w o)

l. ¢ maps 2 §

Glplo (T-Y? ¢ ) varisblestovalues (2 2 %)

n total

Figure 4.6: Pictorial Description of ¢ and ¢ for Lemma 60.

additional condition that oy = A. Consider how o7+ maps the variables T'. The variables 7' - Y
are all mapped to X, and the variables Y are all mapped to 0. These inputs feed into the OR gate
G. Since it receives only 0 and X inputs, that OR gate is not forced to 1 (L.e., (Gi[pr)[oT #1).
However, (G1[pr)[or feeds into the top-level AND gate of the overall circuit (G[p)[o, so it must
also be the case that (G[p)[o# 1, contradicting our initial assumption that ¢ was a minterm of
Glp. =<« |

Claim 63 For all p such that G{p#1 and oy =Xy,

(MtY(GTp)Zs) = ( \V lmy"‘(G[p)Zs),

A AsQy
where A ranges over all mappings Y —{0,1}.

Proof This follows from Claim 62 above (it is for this reason that A # Oy in the \/ on the right
hand side) and from the simple fact that a minterm which assigns values to exactly the variables
Y of T must make some assignment A of 0's and 1’s to the variables ¥, and vice-versa. ]

Now, as before, we use probability Lemma 35 (pg. 16) to turn the V/ into a sum:

(D) = Pr[lmt"(Glp) 2 s|Flp=1AGifor#lApy=Ry| (414)
= Pr| \V mt"NGlp) 25| Flp=1AGifpr#lApy =Xy (4.15)
A, 20y
< ¥ Pr[mt*NGlp) 2 5| Flp=1AGilor#1 Apy =Xy ]. (4.16)
A, Aztly —~ d
(G)

(4.14) = (4.15) by Claim 63 above, and (4.15) < (4.16) by Lemma 35 (pg. 16). We now attempt to
bound the probability (G). When (G) is considered apart from the sum, both Y and A are fized in
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(G) (Y is fixed because it was fixed in (D}). Once (G) is bounded, we can bound (D) and complete
the proof of Lemma 60 (started on pg. 35).

4.2.3 Bounding the Probability (G)
Lemma 64 Forany Y CT,Y#0 and any A: Y —{0,1}, A # Oy,

(G) = Pr[Imt* (G[p) 2 s| Flp=1A Gifpr #1 A py =Xy | < 7171,

Proof Let R; be the probability distribution R, conditioned on Gi[pr#1 and py:X.y. Re-
strictions in this space are like the restriction p pictured in Figure 4.6 (pg. 36). As before, we
define an equivalence relation =, and partition R; into equivalence classes, where two restrictions
are considered equivalent if they both map the variables in T—Y to 0 and X in the same way,
Symbolically, - :
Yo,6 € By, (p~ & <= Vz; € T-Y, p(z;)=6(z;)).

There will be 21T-¥1 equivalence classes. The class a restriction p is in depends solely on the element
(0 or X) to which each variable in T~Y gets mapped. Notice that a restriction p in any equivalence
class can map the variables in ¥ —T to any element of {0,1,X }.

We can represent R;;' by the table shown in Figure 4.7. The rows are labeled with the 2/
mappings from the variables 7-Y to {0, X }, and the columns are labeled with the 3iV=7! mappings
from the variables in N — T to {0,1,X }. Each entry thus stands for a smgle restriction p € Ry,
and the equivalence classes are precisely the rows of the table.

N-T
Ol ]| Ol Q| >
[« K=l E=T0 =] Ty g x| >
: : 5 L LLL ] : .
olalale|c]a | x| >
00....000 Equivalence Class {s1]
00,...00x Equivalence Class [s2]
00....0X0 Equivalence Class [53]
p 00....0XX Equivalence Class [s4]

T-Y 00....X00 Equivalence Class [s5] Ty
maps the _00....xo0x Equivalence Class [56] > 2
variables : :

T_Y H H \\

XX....X0X .

XX....XX0 H \ "
XX, ... XXX H ) P
— o

IN-Tt
3

Figure 4.7: The Random Restriction Space R Partitioned into Equivalence Classes.

3The fact that all restrictions p in the table map ail variables in Y to X is represented implicitly by showing that
only restrictions p € R are in the table.
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Notation 85 ([s;]) We denote the equivalence classes induced by ~ on Ry by (1], [s2],s .- s [8i7=r1],
where s; is the string equivalent of the elements to which every restriction in the class maps the
variables T—=Y. In the table above, s, = “00---007, s; = “00---0X7”, 33 = “00---X07, ...,
ol T-Y| = “XX.-XX”.

Sinc;e) [81], -, [8gi7-x] partition the restrictions Rf, we can apply probability Lemma 34 (pg. 16)
to obtain:

(G)

Pr [Imt*X(G[p) 2 5| Flp=1A Gaor#1 A py =Xy |
< m?xPr [lmty"\(Gl'p) >s|Flp=1AGipr#ElApy=Xy Ap€ [s,']] (4.17)

max Pz [Imt¥A(G[p) 2 s| Flp=1Ap € [s]]
(H)

.
7

Notice that the conditions G1[pr#1 and py = Xy have been dropped from the last probability.
They were dropped because they are superfluous:

pels] = pe B! = Gi[pr#1npr=Xy

by definition of R7.

Recall that Y and ) are fixed in probability (G). When we consider (H) in isolation, i (1 < i <
21T-Y1y is additionally fixed. If we can show that (H) < a*~1Y1 for every way of fixing 7, we will
have bounded (G) and proven Lemma 64. :

We therefore focus our attention on (H). Throughout this proof, we have used Pr[A] to
stand for the probability of event A occurring when a restriction p was drawn at random from
the distribution R,. By successively adding conditions for p to satisfy, we have slowly been paring
down the universe over which the probability is taken. The condition required of p in (H), namely,
p € [si], limits the universe of restrictions more than any other condition we have seen so far in the
proof. In fact, we will now show that this condition limits the universe enough for us to invoke the
induction hypothesis!

Here is the key idea: if p € [s;], then fixing i completely determines pr. By virtue of being
in R;,', we know p maps all the variables in Y to X. By virtue of being in [si], p’s mapping of
the variables in T—Y is also completely determined. Since pr as a whole is therefore completely
determined, the probability in (H) is really being taken only over pn—1 € Rp. To show that the
probability is ranging only over py.T € R,, we will write Pr pN_TE Ry [A].

We can solve for (H) by splitting up p into two restrictions (parts), pr and pn.r, that are
equivalent to p when applied one after the other. The first “part” corresponds to the part of p
which we know to be fixed in (H), namely, that part which acts on T'. Since this restriction is
fixed, applying it to a circuit gives us a single, fixed circuit. The second “part” corresponds to
that portion of p which is unfixed in (H): the part that acts on N —T. Using the fact that p € {s:}
completely determines pr, we have:

(H) = Pr[Imt¥NGlp) 2 s| Flo=1Ap € [sil]

Pty re, |5 (Glon)on-r) 2 8| (Flpr)lonr=1]. (4.18)

At this point, we are very close to being able to invoke the induction hypothesis. Note that for
imt¥ A((Glpr)[pN-T) > s to be true, there must exist a minterm o such that |o] > s and such that
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o maps ezactly the variables in ¥ to values according to the assignment A. Recall that we use G’ to
denote V;_; G, and that the induction hypothesis says that the stronger switching lemma is true
for G’'. Consider applying first pr, then o7+, and finally py_7 to G. By definition of a minterm, we
know that (G [pr)[or =1, so after applying pr and o7 to G, the sub-circuit G has been forced
to 1. Since the top-level gate of G is an AND, the circuit which results is G’, so

{(Gler)[er)en-r = G'{pNT

Since o7+ maps exactly the variables in Y to values, |ay/| =Y |. Therefore, if there is a minterm
o meeting all the requirements discussed in the previous paragraph, oy will be a minterm for
G'[pn-t of size jonig| = |o| = |or| = o] = |Y| > s = [Y]. That is,

Imt" (G lpr)on-r) 2 3 = Imt(G'[pnr) 2 5 - |Y]. (4.19)

Finally, letting F’ denote the fixed circuit F'[pr in the probability of equation (4.18) gives:

(4.18) = Prpy 1cR, [Imt**(Glor)lponr) 2 ] F'lpnr=1] (4.20)
< Proyger, [Imt(G'lonr) 2 (s = |YD | F'lonr=1] (4.21)
< oYl (4.22)

The inequality (4.20) < (4.21) follows from (4.19) above. The inequality (4.21) < (4.22) holds by
the induction hypothesis, where “small” fan-in has been changed to mean < (s = |Y}), and a has
been raised to that power in (4.22) accordingly. Therefore, (H) = (4.18) < o*~I¥1,

Equation (4.17) (pg. 38) tells us that

(G) £ max(H).
Since the bound on (H) is independent of ¢, these two facts taken together imply that
(G) € max o171 = g#~1Y]
thereby proving Lemma 64 (pg. 37). n

We can now resume the proof of Lemma 60 (pg. 35) and bound the probability (D). Recall
from equations (4.14)—(4.16) (pg. 36) that

(D) < LZ (G)] < LZ a’-""].
AEly L Ay

The sum is taken over (2!¥1 - 1) possible values for A. Since the bound on (G) is independent of
A, (D) < (2¥1 = 1)(a*=1¥1). This completes the proof of Lemma 60 (pg. 35). n

We are now in a position to finally complete the proof of Lemma 50 (pg. 30) bounding the
probability (B). We have shown so far that

gl
©< (7)) ad (0) 5@ - 1)),
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Recall from equations (4.8)—(4.12) (pg. 33) that (B) € Tycr vy (C) X (D). Therefore,
(B) = Pr{Imt(G[p) 2 s|F[p=1AGi[pr#1]

2p \"1 iy =Y
< — 20 = 1)(
I () e ne

o E (2p) Y121Y1 — (2p)I7]
YCT,Y#A (1+p)-a)i¥l

o (4p)¥! - 2p)*1
yg;,;‘rﬂ (1 +p)- )Yl (4.23)

Since the summand in equation (4.23) depends only on the size of Y and not on its members,
we now sum over all sizes of Y. The number of sets Y C T of size i is (ITI). We will sum over
all sizes i; we can start at i = 0 because the summand in (4.23) is 0 when |Y|=0. Using simple
algebra, we can simplify equation (4.23) as follows.

(4p)!"! = (2p)"!

(423) = o' (157 a7

MY -]
(EMEEH)-E6ED)
oG- )T e

The last equality is achieved by employing the binomial coefficient formula

S ()=

=0

(4]
a’

once for each sum, using # = |T|. Finally, using the fact that |T'| < ¢, we have:

wsosl(er (5 1) - (o (9] -

The equality follows from the fact that o was defined to be the root of
Ar LYY (ip_.i))‘
(1+(1+p a)) —1+(1+ 1+p a
%) -+ (2
i ) | R e =1.
[(1+(1+p o L+ 1+p a

Therefore, (B) < o®. This completes the proof of Lemma 50 (pg. 30). |

50

By Lemmas 49 (pg. 30) and 50 (pg. 30) we have thus shown that both (A) and (B) are < o’.
By equation (4.3) (pg. 30), this completes the induction, and thus proves the stronger switching
lemma. [ |



CHAPTER 4. THE SWITCHING LEMMA 41
To apply the switching lemma, we need a bound on the size of . Hastad gives the following
lemma, which we state without proof.

Lemma 66 ([Has87] Lemma 4.8) Let a solve the equation given for it in the switching lemma
on page 28. Then for some absolute constant po > 0, for all p < py, a < 5pt.



Chapter 5

Lower Bounds for Parity

We now use the power of the switching lemma to prove lower bounds on the size of AC® pARITY
circuits. We start by proving a theorem suitable for induction, and then show that this implies an
exponential lower bound on the size of constant-depth PARITY circuits. We then give a corollary
which bounds the minimum depth of polynomial-size AC? circuits! computing PARITY.

5.1 A Preliminary Theorem

We would like to be able to work with circuits in canonical form. However, because wires from
level-1 gates of circuits in canonical form may extend to gates above level 2, we cannot freely
switch the sub-circuits rooted at level-2 gates. We therefore relax the definition of canonical form
as follows.

Definition 87 (Quasi-Canonical Form) A circuit is in quasi-canonical form if it is in canonical
form, with the ezception that gates on level 1 may be of either type.

Theorem 88 ([His87) Theorem 5.2) PARITY cannot be computed by AC® circuits in quasi-
canonical form with: '

¢ depth k&,
o # of gates on levels 2 and above < 21
¢ bottom fan-in < fanlf““l).

"”(k_l), and

for sufficiently large n.

For the proof, assume without loss of generality that the gates on level 2 are AND gates.? The
theorem states that circuits of the form pictured in Figure 5.1 cannot compute PARITY,

Proof (by induction on the depth k)

Base Case (k = 2) We first argue that a depth-2 circuit for PARITY in quasi-canonical form must
in fact be in canonical form. If it were not, there would be some gate on level 1 that was
the same type as the sole level-2 gate. In this case, fixing a single input (to 0 if the circuit

10f course, these circunits are AC? in every respect except for being constant depth.
2We do not lose generality because the switching lemma works on both AND-of-OR and OR-of-AND circuits {by
Corollary 42 (pg. 28)).

42
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Figure 5.1: The Circuits of Theorem 68 Which Cannot Compute PARITY.

contained an AND of an AND, or to 1 if it contained an OR of an OR) would force the value of
the circuit, so it could not compute PARITY.

Therefore, all of the gates on level 1 must be of the same type. To prove the result, all
we must show is that every AND-of-ORs or OR-of-ANDs for PARITY must have bottom fan-in
larger than 1—10—111/ (¥=1), In fact, something much stronger than that can be proven:

Claim 69 FEvery level-1 gate of any OR-0f-ANDs or AND-of-ORS PARITY circuit must have
fan-in > n.

Proof (by contradiction) Say we had an oRr-of-ANDs computing PARITY which contains
an AND gate g (on level 1) with fan-in n’ < n. Let ¥ be any assignment to the variables
which makes all n’ literal inputs to g (and hence, g itself) true. Since the top-level gate of
the circuit is an OR, the assignment i also makes the entire circuit true.

The fan-in of g is < n, so there is some variable z; not appearing as an input to g. There
is thus an assignment 4’ which is the same as 9 except that it maps the variable z; to the
other value. Notice that g, and hence the entire circuit, will still be true on the assignment
¥/. However, PARITY is such that changing any one of the inputs changes the output, so our
circuit cannot be computing PARITY as assumed.=><«

That AND-of-ORs for PARITY cannot have a level-1 gate with fan-in < n follows from
the fact that we could take the complement of any such circuit to yield an oR-of-ANDs for
—PARITY. Since complementing an AND-of-ORs does not change any gate's fan-in, the resulting
circuit has a level-1 gate with fan-in < n. However, it easily verified that the above argument
also applies to OR-of-ANDs for —~PARITY. u

As an aside, the following claim immediately follows from Claim 69:

Claim 70 Every AND-of-ORs or OR-0f-ANDs for PARITY must have at least 1 + 271 gates.
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Proof Without loss of generality, consider an OR-of-ANDs.> Any AND gate which has both a
variable and its complement as inputs will be forced to 0, making it useless. Therefore, only
count the AND gates with one input for each variable. By Claim 69, each AND gate has fan-in
n, so it will have exactly one input for each variable. Thus, each AND gate is made true by
exactly one assignment to the variables. Since PARITY has 2"~ satisfying assignments, there
must be at least that many AND gates. Taking the top-level OR gate into account, it thus
follows that any OR-of-ANDs for PARITY must have at least 1 + 2"-1 gates. [ |

Inductive Step Assume true for k£ and show true for k+41.

Proof {by contradiction) We assume such depth-k+1 circuits do exist for PARITY, and
then show that this implies the existence of such depth-k circuits, thereby contradicting the
induction hypothesis. The contradiction implies that depth-k+1 circuits of this form cannot,
in fact, recognize PARITY.

Therefore, assume such depth-k+1 circuits for PARITY exist. They will have size < 91sm
(not counting gates on level 1) and bottom fan-in < -Ln” k = ¢. We will apply the switching
lemma to these depth-k+1 circuits and construct depth—k circuits for PARITY which meet the
requirements of the theorem. To prepare the circuit for switching, we make some changes to
the circuit. This involves the following 4-step process.

nlfk

1. Duplicate gates on level 1 having fan-out greater than 1 to insure that all level-1 gates
have fan-out 1.

2. Separate the gates on level 1 into two types, “high” and “low”, depending on whether
their output leads to a gate above level 2 or a gate on level 2, respectively.

3. Each “low” gate of the incorrect type (AND in this case) has an output leading to a gate
on level 2 of the same type. Merge all such gates.

4. If an input has a wire leading to a level-2 gate, insert a gate on level 1 along this wire
of the correct type (OR in this case); this gate will have fan-in and fan-out 1.

An example of these four transformations is shown in Figure 5.2.

The “high” level-1 gates will be set aside and left “as is” for the rest of the proof. If all
the children of a level-2 gate are of the incorrect type for level 1, step 3 may increase the
bottom-fanin of the circuit. However, step 4 will insert dummy gates, each having fan-in 1, to
fix that problem. Therefore, we see that for any circuit, the overall transformation described
above does not change the function it computes, its depth, the number of gates it contains
on levels 2 and above, or its bottom fan-in. Moreover, the sub-circuits rooted at level-2 gates
are AND-of-ORs sharing no level-1 gates, and the OR gates in these AND-of-ORs each have
only one output going to a level-2 AND gate. We can therefore apply the switching lemma
independently to these sub-circuits.

We next choose s =t = -Lnlf Efixp=mn % and apply a random restriction from R,.
This allows us to apply the swm:hmg lemma mdependently to the sub-circuits rooted at
level-2 gates. By the switching lemima, the probability that we cannot write any particular
one of these depth-2 sub-circuits as an OR of small ANDs is bounded by o’. The probability
that we fail overall in being able to write all the depth-2 sub-circuits as ORs of small ANDs
is the same as the probability that we will fail on at least 1 of them (i.e., we fail on the first
one or we fail on the second one or...).

3The result also holds for AND-of-ORs because the following proof works equally well for ~PARITY, and we can
take the compiement in that case.
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2. Divide

1. Duplicate
level-1 gates
——f—

level-1 gates
——t
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Figure 5.2: The Four-step Transformation of Theorem 68 (pg. 42).

Using probability Lemma 35 (pg. 16), the probability that a random restriction p fails
overall is therefore bounded by the sum of the probabilities of failure on each sub-circuit.
The bound on the probability of failure implied by the Switching Lemma holds irrespective
of the sub-circuit being switched, so the probability of failure for each sub-circuit is bounded
by the same value, namely o*. Therefore:

Pr[failure overall] < a® x (# of depth-2 sub-circuits) (5.1)

The total number of depth-2 sub-circuits is certainly bounded by the total number of
gates on levels 2 and higher, so

(# of depth-2 sub-circuits) < 215 /*, (5.2)

Taken together, equations (5.1) and (5.2) imply that
Pr[failure overall] < (2'116"1”) (a®) = 2%°a® = (2a)°.

Therefore, with probability at least 1 — (2a)* we will succeed in switching all the depth-2
sub-circuits.

We now need to “merge” gates on levels 2 and 3. However, a level-2 gate could have
outputs going to one or more gates on level 3 and to one or more gates above level 3. As
in the construction of Claim 12 (pg. 9) that transformed a circuit into canonical form, we
“merge” the gate with gates it connects to on level 3, and “slide” the gate up one level for
the other outputs. In the worst case, every level-2 gate may need to slide up to level 3 in this
way. As an example of this final process, Figure 5.3 shows what happens when we switch,
merge, and slide the final circuit of Figure 5.2. After switching and then sliding and merging
as necessary, we have a new circuit with the following properties:
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Merge & Slide o
Collapse One Level
——————————— -

Figure 5.3: Switching and Collapsing the Final Circuit of Figure 5.2.

¢ computes PARITY or "PARITY

This follows by Observation 23 (pg. 12). If the resulting circuit is —PARITY, we
take its complement; by Observation 14 (pg. 10}, the resulting circuit (which computes
PARITY) is of the same size and depth.

¢ depth =&

After merging and sliding the level-2 gates, there are no more gates on level 2. We
can therefore collapse at level-2 to get an overall circuit of depth k. That is, we can
decrease the level of all gates above level 1 by one.

o # of gates on levels 2 and above < 2/t

As we said earlier, all level-2 gates in the original circuit may slide up to level 3 in
the new circuit in the worst case. Therefore, after collapsing at level 2, the number of
gates on levels 2 and above in the new circuit is at most the number of gates on levels
2 and above in the old circuit.

¢ bottom fan-in < s = Il—onl*”‘

The bottom fan-in of the “high” level-1 gates we set aside does not change; it is
t = #nl/*. The bound given by the Switching Lemma for the bottom fan-in of the
“low” level-1 gates is s = &nl/k.

e quasi-canonical form

We have not changed any part of circuit above level 3. The “sliding” operation adds
new gates to level 3, but they are all of the correct type. There are no longer any gates
on level 2. Therefore, the new circuit is now in quasi-canonical form.

o # of inputs > pn = n(*~1)/* (with non-zero probability)

That p succeeds and/or maps at least pn variables to X with non-zero probability
follows if we can show that the probability of mapping pn or more variables to X is
strictly greater than the probability of failure (see the more complete description on
pg. 23). Therefore, we must demonstrate that

(2a)° < Pr{p maps > pn variables to X | = Z (?)p"(l - )", (5.3)
=pn

By Lemma 66 (pg. 41),
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so 2a < 1. Since s — o0 as » — oc, lim,—,.»(2a)’ = 0. Hence, for any constant fraction
(such as 1/3), (2a)* < 1/3 for sufficiently large n. We will therefore complete the proof
of inequality (5.3) by showing that:

Claim 71 For sufficiently large n, 1/3 < the sum of inequality (5.3) (pg. 46).

Proof (by citation) The proof requires some technical bounds from probability theory.
See [Bol85], Chapter 1 or [Fel68], Chapter VII for a more complete explanation of these
bounds. Let 5,, denote the random variable computed by summing n independent
random variables, each of which has probability p of being 1 and probability ¢ = (1 - p)
of being 0. Then we have:

zn: (?)Pi(l - P)ﬂ_{ =Pr{Snp 2 pn]

i=pn

We cite the following well-known theorem for bounding the area under the tail of such
a binomial distribution.

Theorem 72 (DeMoivre-Laplace) Let 0 < p < 1 and 0 < z be functions of n. If
pgn — 00 as n — 00, and if z{pgn)*/? = o((pqn)2/3), then

Jim Pr[Sa, > pn+2(pgn)'/?] =1 - 8(z),

where 1 -
#(z) = ﬁe-%r‘ and @(z)=/_ #(z) dz

are the normal density function and normal distribution function, respectively.

~ We choose z = 1 /n. We must first verify that our p and z satisfy the conditions of
the theorem. Indeed, pgn = n*~V/¥(1 - n=1/%) 50 pgn — o0 as n — co. The second
condition is also easily satisfied.
It is well known that limy_. ®(y) = 1. Notice also that ¢ is a symmetric function.
Therefore, since z = 1/n, im,_. ®(z) = lim,_,o &(y) = 1/2, so we have that:
lim Pr [.S',.,p > pn+ z(pqn)m] =1/2.

n—oo

Since the extra quantity z(pgn)!/? — 0 as n — oo,
ﬂ15_{130Pr[.S',..,F, >pn|=1/2,

$0 1/3 < Pr[Ss, > pn] for sufficiently large n. |

This result establishes inequality (5.3) (pg. 46), thereby proving that such a successful
restriction occurs with non-zero probability. Since the probability that p succeeds and assigns
at least n(F~1M/* variables to X is non-zero, in particular, there must be at least one such
restriction. We apply that restriction to the circuit, take the complement if necessary, and
consider the PARITY circuit that results.

In order to invoke the induction hypothesis on this new circuit, we must recalculate the
bounds on the number of gates and the bottom fan-in in terms of the new number of inputs
and the new depth. Letting m = n(*=1/% (ie., n = m*/(,=1)) represent the number of inputs
to the new circuit, we find that the resulting PARITY circuit has:
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o depth &
e £ of inputs =m

., . A (- kf(k=1))(1/5) P
e 3= of gates on levels 2 and above < gfsnt/* — g (m*(t=1) = gfgm!/*=V)

k
e bottom fan-in < Hn'/* = % (m"/(""l))n/ - Lmt/(k-1),

and that the circuit is in quasi-canonical form. However, the induction hypothesis tells us
that precisely such circuits cannot exist. =<= ]

5.2 Tle Main Result

Theorem 73 ([His87] Theorem 5.1) PARITY cannot be computed by AC® circuits with:

e deptl k, and

. hfl~1l 3ipat
» size < 2(3 w

for sufficier tiy large n.

Proof (by contradiction) Assume such circuits exists. Without loss of generality, we can assume

they are in canonical form.* Now, make each circuit in the family a depth-k+1 circuit by adding

an extra ga e on “level 0" for each wire leaving an input,® so the bottom fan-in of the new circuit

ist=1. Le p= 3= and apply the switching lemma to the sub-circuits rooted at level-1 gates using
1

3= 15 (T"a)i (k=1) Again, we compute the properties of the new circuit:
o deptl. =%
W switch the bottom 2 levels of the circuit, and then merge and slide the level-2 gates
as betfore to collapse at level 2 and reduce the depth by one.

1 kfk=1 1/k=1
o # of gates on levels 2 and above < o) »

In the worst case, we may have to slide all of the old level-2 gates. Therefore, the number
of gatas on levels 2 and above in the new circuit is at most the number of gates on levels 1
and ahove (i.e., all the gates) in the old circuit.

¢ bottocm fan-in < s = %5(1"—0)1/(]"1)
Tlis is the bound given by the Switching Lemma.
e canonical form

W assumed the circuit started in canonical form. Canonical form is preserved by the
switching operation on the bottom-most sub-circuits and by the merging and sliding opera-
tions.

e # of inputs = pn = n/10 (with non-zero probability)

Tlie fact that a restriction exists with non-zero probability which succeeds in switching
and which maps at least 1/10 of the variables to X follows by the counting arguments used
above. These arguments work because & < 5pt = 5-(1/10)-1 = 1/2 as before, so the
probability of failure approaches 0 as n — oco. As before, the probability that a random
restriction maps at least the expected number of variables to X approaches 1 /2 as n — o0.

4We do not lose generality because, by Claim 12 (pg. 9), transforming a crcuit to canonical form does not increase
its depth, and can at most double its size. The result can be proven for canonical circuits using a smaller constant
in the exponent than 1/10 (such as 1/11), so for sufficiently large n, the result as stated holds for circuits in general;
the factor of 2 size blow-up is drowned out by the smaller constant in the exponent for sufficiently large n.

5We use AND gates if the level-1 gates are ORs and OR gates if the level-1 gates are ANDs.
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That such a circuit exists with non-zero probability implies in particular that at least one exists.
Consider this new circuit. As in the proof of Theorem 68 (pg. 42), let m denote the number of
inputs in the new circuit, and compute the bottom fan-in and size in terms of this value. Setting
m = n/10 (i.e., n = 10m) we have:

n )ll(k-l) 1 1/(k=1)

1
bottom fan-in < -—(— = —m
— 10\10 10
and kjk=1
=l l/k=
size (not counting gates on level 1) < 2(i) ntfh=t
o)/ oyt
kf(k—1) —1/(k=1 -
= o) () Imifte=)
_ 21‘6"‘1/“‘_1)
Referring to Theorem 68 (pg. 42), we see that such circuits for PARITY cannot exist, =<« |

5.3 A Lower Bound on Depth

Corollary 74 ([His87] Corollary 5.3) Polynomial-size circuit families for PARITY must have
depth at least (logn)/(c + loglogn) for some constant c.

Proof The lower bound on the size of constant-depth PARITY circuits given in Theorem 73 (pg. 48),

k/k=1
=1 1/k=1

size < 2(%) , (5.4)

is expressed in terms of the depth k¥ and the number of inputs n. To prove this corollary, we ask
how big the depth would need to be in order for (5.4) to be a polynomial of n. That is, we solve
for the depth & which makes (5.4)=n° for some c. The result follows using simple algebra:

ne = 2% HE e
3] (take the log of both sides)
E \1/k-1
clogn = (11—0 n)
4 (take the log of both sides)
log(elogn) = (k log 3% + log n)
4
loge +loglogn = gEslog (%) + riylogn
i) (let ¢/ = loge and ¢ = log (%5) )
¢ +loglogn = £45+ Lologn
i} (multiply right side by kk;l <1)
¢ +loglogn > ¢+ Llogn
[k (let ¢ = ¢ — ¢
¢” +loglogn > ilogn
¢ 1
ko> c’"+ﬁ)g‘r}ogn

thereby demonstrating the bound to be proven. u
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