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1 I n t r o d u c t i o n 

T h e logical f ramework L F is a l a n g u g e for formal ly spec i fy ing d e d u c t i v e s y s t e m s in a form 
su i tab le for u s e by gener ic too l s t h a t s u p p o r t a variety of inferent ia l a c t i v i t i e s . [ H H P 8 7 , 
H H P 8 9 , A H M 8 7 ] For t h e m o s t par t , L F has b e e n cons idered as a v e h i c l e for spec i fy ing 
formal logical s y s t e m s such as var iat ions o n propos i t iona l and p r e d i c a t e log ic . H o w e v e r , 
L F is a lso i n t e n d e d for u s e in spec i fy ing p r o g r a m m i n g l a n g u a g e s , in part icu lar opera t iona l 
s e m a n t i c s and t y p e checkers . [BH88] ( S e e also t h e work of K a h n and his co-workers a n d 
of Mil ler and his s t u d e n t s for re la ted efforts. [ C D D + 8 5 , C D D K 8 6 , F M 8 8 , H M 8 8 ] ) Here t h e 
overal l a ims are s imilar , b u t t h e i n t e n d e d appl i ca t ions are qu i te different: ra ther t h a n focus 
on m a c h i n e - a s s i s t e d proof, o n e is i n t e r e s t e d in a direct "opera t iona l i za t ion" of spec i f icat ions 
of p r o g r a m m i n g l a n g u a g e s , y i e ld ing , for e x a m p l e , a t y p e checker and e v a l u a t o r . T h e pro
g r a m m i n g l a n g u a g e Elf [Pfe89] prov ides j u s t such a vehic le for " e x e c u t i n g " L F spec i f i cat ions . 

T h e p u r p o s e of th i s p a p e r is t o s t u d y t h e formal izat ion of p o l y m o r p h i c t y p e s y s t e m s for 
t h e f r a g m e n t of M L i n t r o d u c e d b y D a m a s and Milner [ D M 8 2 ] . Our p u r p o s e wil l b e two- fo ld . 
O n t h e o n e h a n d w e are i n t e r e s t e d in t h e intr ins ic difficulty of e n c o d i n g various s y s t e m s of 
t y p e a s s i g n m e n t in L F . A n u m b e r of p r o b l e m s arise a long t h e way , not all of w h i c h h a v e 
an ent i re ly sa t i s fac tory s o l u t i o n . O n t h e o ther h a n d , w e are i n t e r e s t e d in t h e o p e r a t i o n a l 
b e h a v i o r of our spec i f i ca t ions . T h i s wil l l e a d us t o consider several a l t e r n a t i v e s , a n d t o s t u d y 
the ir proper t i e s as EH p r o g r a m s . 

T h e p a p e r is o r g a n i z e d as fo l lows . F i r s t , w e i n t r o d u c e t h e bas ic ca lcu lus g i v e n b y D a m a s 
a n d Mi lner , r e f o r m u l a t e d t o t a k e careful a c c o u n t of t h e u s e of t y p e var iables , a n d t o m a k e 
exp l i c i t t h e d i s t i n c t i o n b e t w e e n t y p e s a n d t y p e s c h e m e s . T h i s ca lcu lus a d m i t s a s traightfor
w a r d e n c o d i n g in L F , b u t is u n s u i t a b l e for direct i m p l e m e n t a t i o n b e c a u s e of t h e p r e s e n c e 
of n o n - s y n t a x - d i r e c t e d ru les . S e c o n d , a "normal form" ca lcu lus is c o n s i d e r e d . T h i s ca lcu lus 
m a y b e v i e w e d as g e n e r a t i n g t h e der ivat ions in t h e bas ic ca lcu lus t h a t are in n o r m a l f o r m , 
i . e . , for w h i c h p o l y m o r p h i c i n s t a n t i a t i o n is appl ied only t o var iables , a n d p o l y m o r p h i c g e n 
era l i za t ion o n l y t o l e t - b o u n d var iables at t h e po in t at w h i c h t h e y are a d d e d t o t h e c o n t e x t . 
T h e e n c o d i n g of th i s ca l cu lus in L F requires auxi l iary j u d g e m e n t s in order t o e n s u r e t h a t 
t h e n o r m a l form p r o p e r t y is p r e s e r v e d , b u t o t h e r w i s e p r o c e e d s a long s t a n d a r d l ines . T h i s 
f o r m u l a t i o n is s y n t a x - d i r e c t e d , b u t is st i l l insuff ic iently d e t e r m i n i s t i c t o b e u s a b l e for t y p e 
c h e c k i n g . W e therefore cons ider a th i rd , "a lgor i thmic" f o r m u l a t i o n of t h e ca l cu lus , s imilar 
t o t h a t u s e d in C e n t a u r . T h i s vers ion is a res tr ic t ion of t h e n o r m a l form ca lcu lus t h a t e n 
sures t h a t w h e n a l e t - b o u n d variable is a d d e d t o t h e c o n t e x t , t h e m o s t g e n e r a l t y p e s c h e m e 
p o s s i b l e is a s s igned t o t h e var iab le . 

2 T h e D a m a s - M i l n e r C a l c u l u s university l ibraries 
CARNEGIE-MELLON UNIVERSITY 

2.1 Syn tax PITTSBURGH, PENNSYLVANIA 15213 

Let TV b e a d e n u m e r a b l e se t of type variables, r a n g e d over b y s a n d t. L e t BT b e a set of 
base types, r a n g e d over b y b. T h e se t of type expressions, r a n g e d over b y r , is t h e l eas t se t 
TS s u c h t h a t TV C TE, BT C T£, a n d if T\ € TS a n d r 2 € TS, t h e n r a - » r 2 <E TS. T h e 
se t of type schemes, r a n g e d over b y a, is t h e l eas t set TS c o n t a i n i n g f f r for e a c h r G TS 
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a n d \/t.<r for e a c h t G TV a n d a G TS. In e x p r e s s i o n s of t h e form Vt.cr, t h e t y p e var iable 
t is b o u n d in <r; t y p e s c h e m e s differing on ly in t h e n a m e s of b o u n d variables are ident i f i ed . 
Free variables a n d c a p t u r e - a v o i d i n g s u b s t i t u t i o n are def ined as usua l . T h e set of free t y p e 
variables in a t y p e r or t y p e s c h e m e a is d e n o t e d by FTV(r) or FTV(cr), re spec t ive ly . 

Let T C TV b e a f inite se t of t y p e var iables . W e w r i t e T \- r t o m e a n t h a t FTV(r) C T. 
Similarly, w e w r i t e T h a t o m e a n t h a t FTV(a) C T . 

Let V b e a d e n u m e r a b l e set of ordinary variables, r a n g e d over b y x a n d y. Let C b e a 
set of ordinary constants, r a n g e d over b y c. T h e set of ordinary expressions, r a n g e d over b y 
e, is t h e least se t £ s u c h t h a t V C £ , C C £ , a n d if ex £ £ a n d e 2 G £ , t h e n so are e1 e 2 , 
Xx.ei, a n d let x=exin ei. In expres s ions A z . e , t h e variable x is b o u n d in e; in e x p r e s s i o n s 
let x=ei in e 2 , t h e variable x is b o u n d in e 2 . Free variables are def ined as usual ; e x p r e s s i o n s 
differing on ly in t h e n a m e s of b o u n d variables are ident i f i ed . 

Let X C V b e a f inite set of ord inary var iables . W e wr i te X h e t o i n d i c a t e t h a t e is an 
expres s ion s u c h t h a t FV(e) C X . 

2.2 Sequent-s ty le P r e s e n t a t i o n 
T h e s t a n d a r d f o r m u l a t i o n of a t y p e a s s i g n m e n t s y s t e m is in t e r m s of typing sequents cons i s t - . 
ing of a n e n v i r o n m e n t , an e x p r e s s i o n , a n d a t y p e . In th i s s u b s e c t i o n w e g ive a s e q u e n t - s t y l e 
f ormula t i on of t h e D a m a s - M i l n e r t y p e a s s i g n m e n t s y s t e m . T h e p r e s e n t a t i o n differs f r o m 
t h a t of D a m a s a n d Mi lner in t h a t w e i n c l u d e a set of t y p e variables as part of t h e t y p i n g 
asser t ion . 

A type environment is a part ia l f u n c t i o n E : V —* TS w i t h f inite d o m a i n . If E is a t y p e 
e n v i r o n m e n t a n d x £ dom(E), t h e n Eyx:cr d e n o t e s t h e e x t e n s i o n of E b y t h e g i v e n b i n d i n g . 
Let FTV(E) d e n o t e t h e se t \ J x € d o m { E ) FTV{E(x)). 

W e wr i t e T h E t o m e a n t h a t E is a t y p e e n v i r o n m e n t s u c h t h a t for e a c h x G d o m ( J 5 ) , 
T h E(x). 

A typing sequent is a four - tup le T;E ^> e : a w h e r e T C T V , E is a t y p e e n v i r o n m e n t 
such t h a t T h 22, e is a n e x p r e s s i o n s u c h t h a t d o m ( 2 £ ) h e, a n d a is a t y p e s c h e m e s u c h t h a t 

Th<7. 
T h e fo l lowing rules def ine t h e der ivabi l i ty re la t ion for t y p i n g s e q u e n t s : 

T;E^>e:Vt.cr 

T ; i ; > e : [ r / i ] o -

T , t ; E > e : < 7 

(T h r) (S-INST) 

(t £ T) ( s - g e n ) 

T\E > x : a 

r ;E ,g : f tTi >e:fTr 2 

T ; £ > Ax .e : H k (r 1 ->r 2 ) 

= <r) (S-VAR) 

( x ^ dom(JE)) ( s - A B S ) 
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T; E > d : i K r x - . T a ) T;E~>e2: ft Tg 

T; E > c j : <ra 

T ; £ » e j e 2 : f t r 2 

T;jE,x:<ti » e 2 : a 2 (x £ d o m ( £ ) ) 

( s - A P P ) 

( s - l e t ) 
T;E^> let x = e a i n e 2 : <r2 

T h e rules S-ABS a n d S-APP h a v e a s o m e w h a t pecu l iar form d u e t o t h e expl ic i t inc lus ion 
of t y p e s i n t o t y p e s c h e m e s . A m o r e fami l iar - look ing f o r m u l a t i o n m a y b e o b t a i n e d b y con
s ider ing t w o forms of t y p i n g as ser t ion , T ; E e : a as be fore , a n d T ; E ^> e : r , w h e r e r is 
a t y p e . T h i s variant is formal i zed as fol lows: 

T ; £ > e : Vf.tr 

T ; £ > e : [r/<]<r 

r ; £ > e : ftr 

T ; £ > e : t 

( T h r ) ( S - I N S T ' - I ) 

( s - i n s t ' - 2 ) 

T;E > e : r 

T ; E > e : fir 
( S - G E N ' - l ) 

T ; £ > e : a 

T ; £ > e : Vt.<r 

T ; £ > x : <r 

T ; £7, a: fin » e : r 2 

T;E > Ax .e : t i - » t 2 

T ; £ > e i : T^T2 T; E > e 2 : Tj 

( £ ( x ) = <r) 

( x £ d o m ( £ ) ) 

T,E> e 1 e 2 : r 2 

T ; £ , x : < t x > e 2 : <72 

( x £ d o m ( E ) ) 

(S -GEN' ) 

(S-VAR') 

(S -ABS' ) 

( S - A P P ' ) 

( s - l e t ' ) 
T ; 2? » let x = e j in e 2 : <r2 

T h e s e t w o s y s t e m s are , i n a n o b v i o u s s e n s e , e q u i v a l e n t . W e wil l regard t h e former as 
t h e "official" def in i t ion , a n d w r i t e D M h T ; £ > e : c r t o i n d i c a t e t h a t t h e t y p i n g s e q u e n t 
T; E > • e : a is der ivable in a c c o r d a n c e w i t h t h o s e ru le s . 
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2 . 3 N A T U R A L D E D U C T I O N - S T Y L E P R E S E N T A T I O N 

T h e D a m a s - M i l n e r ca lcu lus a d m i t s a natura l d e d u c t i o n - s t y l e f o r m u l a t i o n in w h i c h t h e bas i c 
j u d g e m e n t form is t h e typing assertion e G a. T h e usua l n o t a t i o n a l c o n v e n t i o n s for d i scharge 
of h y p o t h e s e s are a d o p t e d h e r e . ( S e e [Mar82] for a r e l a t e d s y s t e m of n a t u r a l d e d u c t i o n . ) 

T h e na tura l d e d u c t i o n - s t y l e rules are as fol lows: 

e G Vi.cr 

e G [r/t]a 

eecr 

e G Vt.CR 
(T) 

( N - I N S T ) 

( N - G E N ) 

I € <r 

(+) Xx.e G 1\(TI—*r2) 

e i e 2 € i\T2 

tx € o-x e 2 € ^2 

/e< x = e i in e 2 € <r2 

w h e r e t h e s ide c o n d i t i o n s i n d i c a t e d a b o v e are as follows: 

( N - V A R ) 

( N - A B S ) 

( N - A P P ) 

( N - L E T ) 

t T h e t y p e var iable t d o e s n o t o c c u r free in a n y t y p i n g h y p o t h e s i s o n w h i c h t h e 
der ivat ion of t h e p r e m i s e d e p e n d s . 

j T h e variable x d o e s n o t o c c u r free in any t y p i n g h y p o t h e s i s , o t h e r t h a n t h o s e 
d i scharged b y t h e rule i n s t a n c e , on w h i c h t h e der iva t ion of t h e p r e m i s e 
d e p e n d s . 

J u s t as w i t h t h e s e q u e n t - b a s e d f o r m u l a t i o n , t h e r e is a m o r e n a t u r a l - l o o k i n g var iant b a s e d 
o n t w o forms of t y p i n g j u d g e m e n t , e G a and c G r , r e l a t e d b y t h e ru les 

e G r 
( N - I N S T ' ) 

e G r 

e G f T r 
( N - G E N ' ) 

T h e use s of FT in rules N - A B S a n d N - A P P are t h e n e l i m i n a t e d . 
W e wr i te T ; E \~DM C G <T t o i n d i c a t e t h a t e G a is der ivable in t h e a b o v e s y s t e m f r o m 

h y p o t h e s e s E i n v o l v i n g o n l y t y p e var iables in T . It is w o r t h n o t i n g t h a t th i s def in i t ion is 
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f o r m u l a t e d so as t o rule ou t der ivat ions in w h i c h a variable is governed b y m o r e t h a n o n e 
t y p i n g h y p o t h e s i s . O t h e r der ivat ions d o arise , b u t w e reject t h e m as "mal formed" a n d do 
n o t cons ider t h e m a n y further . W i t h th i s in m i n d , it is a s imple m a t t e r t o e s tab l i sh t h e 
equ iva l ence of t h e s e q u e n t - a n d natura l d e d u c t i o n - s t y l e p r e s e n t a t i o n s . 

P r o p o s i t i o n 2.1 D M h T ; £ » e : ^ iffT;E^DM e G a. 

2.4 Formal iza t ion in LF 
T h e D a m a s - M i l n e r ca l cu lus , as p r e s e n t e d a b o v e , is readi ly formal izable in L F . T h e s i g n a t u r e , 
SDM? ° f this s y s t e m is g i v e n as fol lows: 

ty : Type 
sty : Type 
tm : Type 

b : ty (beBT) 
-* ' ty -> ty -> ty 

fr ty sty 
V (ty -+ sty) -> sty 
A (tm —• tm) —> tm 

• tm —• tm —• tm 

LET tm —> (tm —» tm) tm 
G tm —• sty —> Type 

INST He:tm.H<f):ty -> sty.TLrity.e G V(<£) —• e G <j)(r) 

GEN Tleitm.TIfcty -> sty .(Utity .e G e G V(<£) 
ABS Ufitrn —• <m.IlT1:fy.IIr2:<j/.(IIx:im.x G ftTX —• / x G fTr2) -

A ( / ) € 1KTX-T2) 
APP IIe1:im.IIe2:im.nT1:<j/.11x2:^.6! G ^(TX—>T-2) —> e 2 G ff TX —• 

c i • e 2 'G fTr 2 

LET I Ie i : im. I I / 2 : im —* irn.no^sit/ .IItfy-sty-ei G ^ —> 
(IIx:i77i.x G CTJ —• /2(z) G ^2) —• LET(ei,/ 2) G <r2 

T h e a d e q u a c y of th i s s i g n a t u r e is s t a t e d as fo l lows: 

P r o p o s i t i o n 2*2 Let EDM be given as above. 

1. For every finite set T of type variables, there is a compositional bisection ( — )* between 
types r (resp., type schemes a) such that T h r (resp., T1 h a) and canonical LF terms 
of type ty (resp., sty) in context T(T). Here T(T) is the context consisting of one 
declaration t : ty for each i G T, written in some standard order. 

2. For every finite set X of ordinary variables, there is a compositional bisection ( — )* 
between terms e such that X \- e and canonical LF terms of type tm in context V(X). 
The context T(X) is defined similarly to T(T). 

3. There is a compositional bisection between derivations of T; E h e G cr and canonical 
LF terms of type e* G <x* in context T(T),T(E), where T(E) is the context consisting 
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of the pairs of declarations x : tm,xl : R* where T(x) = r and x' is distinct from any 
ordinary variable. 

From an o p e r a t i o n a l p o i n t of v i e w , th i s s i gna ture is undes i rab le for direct e x e c u t i o n in 
Elf s ince t h e p r e s e n c e of t h e INST a n d GEN rules l eads t o u n d i r e c t e d search . H o w e v e r , it is 
clear t h a t t h e s e rules n e e d b e u s e d on ly in rather res tr i c ted c o n t e x t s . T o m a k e th i s prec i se , 
w e t u r n t o t h e q u e s t i o n of n o r m a l i z a t i o n of der ivat ions in t h e D a m a s - M i l n e r ca l cu lus . 

2.5 Proof Normalization 
A n o r m a l form der ivat ion in t h e n a t u r a l d e d u c t i o n ca lcu lus are t h o s e for w h i c h n o o c c u r r e n c e 
of N-GEN is i m m e d i a t e l y fo l lowed b y an o c c u r r e n c e of N-INST. W h e n th i s is t h e case w e m a y 
co l lapse t h e adjacent o c c u r r e n c e s , rep lac ing t h e der ivat ion 
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e £ c 

e € VI.<7 

e G [r/t]a 

f rom p r e m i s e s T ,£ ; J£, w h e r e t 0 T , b y t h e der ivat ion 

[r/t)6 

e e [r/t]cr 

f r o m p r e m i s e s T ; E. ( T h i s is e s sent ia l ly j u s t t ype - /3 - reduc t ion of der iva t ions . ) 
T a k i n g th i s as t h e p r i m i t i v e n o t i o n of r e d u c t i o n o n der ivat ions , w e m a y o b t a i n t h e fol

l o w i n g P r a w i t z - s t y l e resu l t : 

PROPOSITION 2 . 3 Every derivation has a unique normal form. 

N o r m a l forms c a n b e further ref ined b y cons ider ing " c o m m u t i n g c o n v e r s i o n s " w h e r e b y 
rules N-INST a n d N-GEN c o m m u t e w i t h rule N-LET. B y or ient ing t h e s e c o m m u t a t i o n condi 
t i o n s t o force o c c u r r e n c e s o f N-INST a n d N-GEN "upward" , w e o b t a i n an e x t e n d e d n o t i o n of 
r e d u c t i o n for w h i c h w e c o n j e c t u r e t h e e x i s t e n c e of u n i q u e n o r m a l forms . 

O n e r e a s o n for i n t e r e s t i n n o r m a l i z a t i o n p r o p e r t i e s of der ivat ions is t h a t t h e y p r o v i d e 
use fu l i n f o r m a t i o n for a t y p e c h e c k i n g a l g o r i t h m : s u c h an a l g o r i t h m m a y , w i t h o u t loss of 
genera l i ty , a t t e m p t t o c o n s t r u c t o n l y n o r m a l form der ivat ions . It is e a s y t o s ee t h a t n o r m a l 
f o r m der iva t ions ( in t h e s e c o n d , e x t e n d e d , s e n s e ) h a v e t h e fo l lowing i m p o r t a n t s t r u c t u r a l 
p r o p e r t i e s : 

1. T h e p r e m i s e of a n y o c c u r r e n c e of rule N-INST is e i ther t h e c o n c l u s i o n of a n N-VAR 
o c c u r r e n c e or of a n o t h e r N-INST o c c u r r e n c e . 
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2. T h e conc lus ion of any o c c u r r e n c e of rule N-GEN is e i ther t h e las t s t e p of t h e deriva
t ion , or t h e p r e m i s e of a n o t h e r N-GEN o c c u r r e n c e , or t h e first p r e m i s e of an N-LET 
o c c u r r e n c e . 

T h u s all uses of N-INST a n d N-GEN occur in " m a x i m a l s e g m e n t s . " For N-INST, all such 
s e g m e n t s b e g i n w i t h N-VAR a n d e n d w i t h t h e app l i ca t ion of s o m e o t h e r rule , and for N-
GEN, all such s e g m e n t s b e g i n w i t h s o m e o ther rule and e n d w i t h an o c c u r r e n c e of N-LET (or 
t e r m i n a t e t h e der ivat ion . ) B y cons ider ing an n-ary form of q u a n t i f i c a t i o n , all such s e g m e n t s 
m a y b e co l lapsed i n t o a s ingle use of t h e appropr ia te rule . ( W e wil l n o t p u r s u e th i s re f inement 
any further . ) 

3 T h e N o r m a l - F o r m C a l c u l u s 

A s r e m a r k e d a b o v e , n o r m a l - f o r m der ivat ions in a t y p e a s s i g n m e n t ca l cu lus are part i cu lar ly 
re levant for t y p e check ing . It is therefore in t ere s t ing t o c o n s i d e r a d irect p r e s e n t a t i o n of 
t h e n o r m a l form der iva t ions , a n d t o assess t h e c o m p l e t e n e s s of an a l g o r i t h m aga ins t th i s 
f ormula t ion . T h e p u r p o s e of th i s s e c t i o n is t o exp lore severa l p o s s i b l e f o r m u l a t i o n s of a 
n o r m a l form ca l cu lus , a n d t o cons ider their formal i za t ion in L F . 

3.1 Sequent-style Presentation 
T h e r e are t w o s e q u e n t - s t y l e p r e s e n t a t i o n s . T h e s imples t f o r m u l a t i o n m a k e s u s e of o n e n o n -
tr iv ia l m e t a - l e v e l o p e r a t i o n ( p o l y m o r p h i c i n s t a n t i a t i o n ) , a n d i n f i n i t e l y - m a n y rule s c h e m e s 
for LET. A l t e r n a t i v e l y , w e m a y a c h i e v e a f initary formula t ion t h a t m a k e s use of t w o auxi l iary 
j u d g e m e n t s . 

T h e first s e q u e n t - s t y l e p r e s e n t a t i o n uses t y p i n g s e q u e n t s of t h e f o r m T ; E ^> e : r , w h e r e 
T a n d E are as be fore , a n d t h e r i g h t - h a n d s ide is a t y p e , ra ther t h a n a t y p e s c h e m e . T h e 
t y p i n g rules m a k e u s e of t h e re la t ion T h a > r as def ined b y D a m a s a n d Mi lner , w i t h t h e 
res tr ic t ion t h a t t h e free t y p e variables in cr a n d r are l i m i t e d t o t h o s e occurr ing in T . T h e 
der ivat ion rules are as fo l lows: 

( T h a > r , E(x) = a) ( s - V A R - N F ) 

(x £ d o m ( E ) ) ( s - A B S - N F ) 

( S - A P P - N F ) 

T\E > x : r 

T;E^> Xx.e : T ^ T 2 

T ; E > c i : T i - > r 2 T ; E > e 2 : rx 

T ; E > c i e 2 : r 2 

r , f 1 , . . . , t n ; £ ; > e 1 : r 1 T ; E , x : V i a . . . i ^ n > e 2 : r 2 

_ - y . : ( i i , • • • , t n $ T , x <£ d o m ( £ ) ) 
l\ti^>let x=ei in e 2 : r 2 

( S - L E T - N F ) 
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T h e re lat ion T h a > r is def ined s imilarly t o D a m a s - M i l n e r , as fo l lows: T h -fir > T, 
a n d T h Vt.cr > [r/t]a, p r o v i d e d t h a t T h r . 

N o t e t h a t t h e r e is o n e rule s c h e m e S-LET-NF for each choice of n £ a;, ref lect ing t h e 
"degree of p o l y m o r p h i s m " of t h e t y p e s c h e m e as s igned t o t h e / e / -bound e x p r e s s i o n . N o t e 
t h a t n is no t required t o b e m a x i m a l : a n y degree of p o l y m o r p h i s m sufficient t o carry out a 
t y p i n g der ivat ion is l e g i t i m a t e . ( T h i s is in contras t t o t h e "a lgor i thmic" formula t ion s t u d i e d 
b e l o w in w h i c h w e are required t o c h o o s e t h e largest degree of p o l y m o r p h i s m c o m p a t i b l e 
w i t h t h e t y p i n g rules . ) 

T h e r e is a lso a f initary f o r m u l a t i o n t h a t avo ids t h e use of t h e t y p e s c h e m e i n s t a n t i a t i o n 
re la t ion , a n d requires on ly o n e rule s c h e m e for LET. H o w e v e r , it m a k e s u s e of t w o auxi l iary 
t y p i n g s e q u e n t s , T\E C : <r, a n d T\E ^$>j e : a. T h e i n t e n t i o n is t h a t t h e rides 
g o v e r n genera l i za t ion , a n d t h e >>j rules g o v e r n i n s t a n t i a t i o n of t y p e s c h e m e s . T h e m a i n 
t y p i n g rules are as a b o v e , w i t h t h e fo l lowing t w o rules rep lac ing S-VAR-NF a n d S-LET-NF: 

(E(x) = a) 

T ; E > G e i : <rr T ; E, zvrx > e 2 : r 2 

T; E ^> let x=e\ in e2 : T 2 

T h e ru les g o v e r n i n g ; > / are: 

r ; £ » f x : f t r 

T\E > x : T 

T\E > 7 x : Vt.<r 

T;E^ix: [r/t]a 

T h e rules g o v e r n i n g are: 

T;E > e : r 

( T h r ) 

T ; £ > G e : t r 

T,t;E>G e i c 

T; E >>G Vt.<7 

(S-VAR-NF') 

(S -LET-NF' ) -

( S - I N S T - N F - 1 ) 

( S - I N S T - N F - 2 ) 

( S - G E N - N F - 1 ) 

( S - G E N - N F - 2 ) 

P r o p o s i t i o n 3 . 1 There exists a compositional bijection between normal form derivations in 
the DM calculus and derivations in the second "normal form" calculus. 

T h e de ta i l s of t h e e q u i v a l e n c e are t e d i o u s t o w r i t e d o w n , b u t a m o u n t t o p r o v i n g t h e 
s t ruc tura l proper t i e s of n o r m a l f o r m der iva t ions in t h e D M ca lcu lus d i s c u s s e d i n t h e p r e v i o u s 
s e c t i o n . 
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3.2 Natural deduction-style Presentation 
A natura l d e d u c t i o n - s t y l e p r e s e n t a t i o n of t h e inf in i tary s e q u e n t - s t y l e formula t ion m a k e s u s e 

of t w o t y p i n g j u d g e m e n t s , e G r a n d e Ex T h e la t t er j u d g e m e n t form is u s e d in t h e 

e n c o d i n g t o record t h e t y p e s of var iables , re f lect ing t h e fact t h a t in t h e n o r m a l f o r m calcul i , 

variables are g i v e n p o l y m o r p h i c t y p e s , w h e r e a s phrases are g iven m o n o t y p e s . T h e na tura l 

d e d u c t i o n f o r m u l a t i o n is as fol lows: 

x Ex & 

X £ T 
(<r>r) 

{x e x ft(N)) 

e G r 2 

Xx.e € Ti—»r 2 

(T) 

e 2 € TX 

e i e 2 G r 2 

(X € x V t i . . . t „ . T ! ) 
e i G r j e 2 € T 2 

(TT) 

( N - I N S T - N F ) 

( N - A B S - N F ) 

( N - A P P - N F ) 

( N - L E T - N F ) 
let x = e i in e2 E r 2 

w h e r e t h e (J ) s ide c o n d i t i o n is as be fore , a n d t h e ( f f ) c o n d i t i o n requires as wel l t h a t i a , . . . , t n 

b e a s e q u e n c e of t y p e variables n o t o c c u r r i n g free in a n y t y p i n g h y p o t h e s i s o n w h i c h t h e 

der iva t ion of t h e first p r e m i s e d e p e n d s . 

T h e finitary f o r m u l a t i o n also h a s a n a t u r a l d e d u c t i o n a n a l o g u e , e m p l o y i n g t h r e e forms 

of t y p i n g a s s e r t i o n , e E r , e Ei c , a n d e EG c o r r e s p o n d i n g t o each of t h e t h r e e forms of 

t y p i n g s e q u e n t . T h e rules are as fo l lows: 

x Ei <T 

(x Ei F K N ) ) 
e E r 2 

Xx.e E Tx—>r2 

e x E T1—>T2 e2 E T\ 

e i e 2 E r2 

tt) 

( x Gj a i ) 
e 2 G r 2 

/ei x = e i in e2 E r2 

w h e r e t h e (%) s ide c o n d i t i o n is as be fore . 
T h e rules g o v e r n i n g Gj are: 

x Ei FT(r) 

x E r 

tt) 

( N - V A R - N F ' ) 

( N - A B S - N F ' ) 

( N - A P P - N F ' ) 

( N - L E T - N F 7 ) 

( N - I N S T - N F - 1 ) 
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x G/ [r/t]a (N-INST-NF-2) 

T h e rules govern ing G(? are: 

e £ r 
( N - G E N - N F - 1 ) 

e EG CT 
(t) 

e e G Vt.c (N-GEN-NF -2) 

w h e r e t h e c o n d i t i o n ( f ) is as before . 

A c o r r e s p o n d e n c e b e t w e e n der ivat ions in t h e s e calcul i a n d normal - form der iva t ions in t h e 
b a s i c n a t u r a l d e d u c t i o n ca lcu lus of t h e p r e v i o u s s e c t i o n m a y also b e o b t a i n e d b y p r o c e e d i n g 
a long t h e s a m e l ines as for t h e s e q u e n t p r e s e n t a t i o n s . T h e deta i l s are o m i t t e d here . 

3.3 Formalization in LF 

T h e inf ini tary n a t u r a l d e d u c t i o n f o r m u l a t i o n m a y b e e n c o d e d in L F us ing re la t ive ly s t a n d a r d 
m e t h o d s , p r o v i d e d t h a t w e are wi l l ing t o a d m i t a formal i za t ion t h a t is n o t u n i f o r m in t h e 
cho ice of p a r a m e t e r n G u> t o t h e let ru le . I n o t h e r w o r d s , w e present an infinitary s i g n a t u r e 
^ N F D M l *kat c o n t a i n s o n e let rule for e a c h cho ice of p a r a m e t e r n. A l t h o u g h t h e p a t t e r n 
is en t i re ly c lear , t h e f o r m u l a t i o n is n o t u n i f o r m . T o a c h i e v e a c o m p l e t e l y u n i f o r m e n c o d i n g 
a p p e a r s t o require m e t h o d s s imi lar t o t h o s e u s e d in M a s o n ' s e n c o d i n g of H o a r e log ic . [Mas87 , 
A H M 8 7 ] 

T h e s ignature S^FDMl is de f ined as fo l lows . T h e s y n t a x part is t h e s a m e as for EDM> 
a n d is o m i t t e d . T h e r e m a i n d e r is as fo l lows: 

G : tm —• ty —> Type 
G x : trn —• sty —> Type 

> : sty -> ty -> Type 
I N S T l : I l r : ty.TLcf): ty -> sty.V(<f>) > 4>(r) 
INST2 : I l r : ty.fi r > r 

INSTNF : He : tm.Ua : sty.Hr : ty.(e G x cr) —> (a > r) -* (e £ r) 
APPNF : l i e ! : tm.TLe2 : tm.Tl^ : ty.Ur2 : ty. 

( e a G T i - » r 2 ) - > ( e 2 G rx) - > ( e i • e 2 G r 2 ) 
ABSNF : 1 1 / : tm —• tm.TLr^ : ty.TLr2 : ty. 

(Tlx : tm.(x G x r x ) - > (fx G r 2 ) ) - > (\(f) G T i - > r 2 ) 
L E T N F l : I l e i : tm.Hf2 : tm —» tm.TL<f>: ty —* sty.Hr2 : ty. 

(Jit : ty.ei G <f>(t)) - (Tlx : tm.(x G x V(<£)) - » (f2(x) G r 2 ) ) 
L E T ( e x , / 2 ) G r 2 

LETNF2 : H e ! : tm.TLf2 : tm —> im.II<£ : ty -> ty -+ sty.Tlr2 : ty. 

( f f i i : «y.m 2 : t y . c i G # t i ) ( t 2 ) ) - > 
( H a : t m . ( * G x V ( A i a : <y.V(A* 2 : ty.#ii)(i2)))) ( / 2 ( x ) G r 2 ) ) - > 
L E T ( e ! , / 2 ) G r 2 
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T h e a d e q u a c y t h e o r e m is s imilar t o t h a t of t h e e n c o d i n g o f t h e bas ic s y s t e m , e x c e p t t h a t 
it is s t a t e d o n c e for each cho ice of p a r a m e t e r n £ u>. T h a t i s , w e e s tab l i sh a c o m p o s i t i o n a l 
b i j ec t ion b e t w e e n der ivat ions in t h e inf ini tary ca lculus w i t h m a x i m u m "degree of p o l y m o r 
p h i s m " n a n d canonica l L F t e r m s of a p p r o p r i a t e t y p e in t h e pref ix of t h e a b o v e s i gna ture 
i n c l u d i n g let r ides u p t o degree n. 

T h e f initary natura l d e d u c t i o n f o r m u l a t i o n of t h e n o r m a l form ca lcu lus m a y b e d irect ly 
t r a n s c r i b e d in to L F b y p r o c e e d i n g a long s t a n d a r d l ines , as fo l lows: 

£ 

ABSNF 

APPNF 

LETNF 

INSTNFl 
INSTNF2 
GENNFl 
GENNF2 

tm —> ty —> Type 
tm —> sty —> Type 
tm —> sty —> Type 
IITX : ty.Ur2 : ty.Hf : tm —> tm. 
(Ux : tm.x £/ ftri —> fx £ r2) —> A(/) £ Ti—>T 2 

I l e i : < m . I I e 2 : tm.Uri : ty.HT2 : ty. 
(E1 £ r i - > r 2 ) - * ( c 2 £ n ) - » ( e a • e 2 £ r 2 ) 
I l e i : < m . I I / 2 : f m —> im.HcT! : 5ij/.IIr2 : ty. 
EI EG <RI —* ( H x : i m . ( x £ / <7i —> ( / i f a ) G r 2 ) ) —» 
L E T ( c ! , / 2 ) £ r 2 

H e : t m . H r : it / .e £ / ff r —• e £ T 
H e : t m . I I r : it/.H<£ : ty-+sty.e £ / V(<£) - * e € j ^ ( r ) 
H e : tm.Ur : ty.e £ r —• e £<~ ftr 
H e : i m . H ^ : ty-+sty.(ILt: ty.e EG <t>(t)) - > e £ G V(<£) 

T h e a d e q u a c y of th i s s i g n a t u r e m a y b e s t a t e d as fo l lows . 

P r o p o s i t i o n 3 . 2 For any context T representing a typing context T\E, there is a compo
sitional bijection between proofs of e E r (resp., e Ei cr, e EG &) in the finitary, natural 
deduction presentation of the normal form calculus and canonical LF terms of type e* E r* 
(resp., e* £/ a*, e* EG &*) in context T. 

T h e u s e of m ul t i p l e j u d g e m e n t s in th i s e n c o d i n g ensures t h a t der ivat ions h a v e a res tr i c ted 
f o r m d e t e r m i n e d by t h e s y n t a x of t h e e x p r e s s i o n . H o w e v e r , it st i l l suffers f rom t h e def ic iency 
t h a t t h e rules do no t c o n s t r a i n t h e "degree of p o l y m o r p h i s m " t o c h o o s e for a Zei-bound 
e x p r e s s i o n . In part icu lar , it is l e g i t i m a t e t o c h o o s e a n e x c e s s i v e l y prec i se t y p e for t h e i d e n t i t y 
f u n c t i o n , a n d th i s can l ead t o fai lure of t y p e check ing . F r o m a n o p e r a t i o n a l p o i n t of v i e w , th i s 
m e a n s t h a t t h e Elf in terpre ter w o u l d b e forced t o backtrack unt i l all choices are e x h a u s t e d . 
T h i s l e a d s u s t o cons ider a m o r e r e s t r i c t e d vers ion of t h e n o r m a l f o r m ca lcu lus t h a t ensures 
t h a t pr inc ipa l t y p e s are c h o s e n for / e t -bound e x p r e s s i o n s . 

4 T h e A l g o r i t h m i c C a l c u l u s 

O n e a p p l i c a t i o n of n o r m a l - f o r m calcul i is in t h e proof of s y n t a c t i c c o m p l e t e n e s s of a t y p e 
c h e c k i n g a l g o r i t h m : s ince t h e a l g o r i t h m c o n s t r u c t s o n l y n o r m a l form der iva t ions , i t o u g h t 
t o b e re la t ive ly s tra ight forward t o p r o v e t h a t it is c o m p l e t e w i t h r e s p e c t t o t h e n o r m a l form 
ca lcul i . H o w e v e r , th i s is n o t so s ince t h e a l g o r i t h m c o n s t r u c t s der ivat ions of an e v e n m o r e 
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res tr ic ted form t h a n t h e n o r m a l forms of t h e last s e c t i o n . For e x a m p l e , in t h e let r ide t h e r e 
is n o requ irement t h a t t h e t y p e of t h e Zei-bound e x p r e s s i o n b e t a k e n as genera l as pos s ib l e , 
whereas t h e a l g o r i t h m wil l c learly do so . T h u s , t h e r e is no t a c o m p l e t e c o r r e s p o n d e n c e 
b e t w e e n t h e n o r m a l form ca lcu lus a n d t h e der ivat ions bui l t b y t h e a l g o r i t h m . T o a c h i e v e 
th i s c o r r e s p o n d e n c e w e cons ider a further re f inement of t h e n o r m a l form ca l cu lus , ca l led t h e 
algorithmic ca l cu lus . S u c h a lgor i thmic s y s t e m s are e m p l o y e d in t h e def in i t ion of S t a n d a r d 
M L [ M T H 9 0 ] . T h e y h a v e t h e a d v a n t a g e t h a t t h e y spec i fy qui te prec i se ly t h e c o m p i l e - t i m e 
e l a b o r a t i o n w i t h o u t g e t t i n g i n v o l v e d in t h e deta i l s of a t y p e check ing a l g o r i t h m . 

4.1 Sequent-style Presentation 
T h e r e are t w o s e q u e n t - s t y l e p r e s e n t a t i o n s , c o r r e s p o n d i n g t o t h e inf ini tary a n d f ini tary vari
a n t s of t h e n o r m a l form s e q u e n t s y s t e m s . 

T h e first is o b t a i n e d b y rep lac ing t h e rule S-LET-NF b y t h e fo l lowing rule: 

r , t 1 , . . . , t n ; £ ; > e 1 : n T ; E, xXtx . . . t ^ > e 2 : r 2 

—— : : (tt) (S -LET-A) 
T] E > let x=el tn e 2 : r 2

 v J v J 

w h e r e t h e s ide c o n d i t i o n (++) is 

.. •, t n g T , x £ d o m ( £ ) , T C FTV(E) 

T h e c o n d i t i o n T C FTV(E) ensures t h a t t h e un iversa l c losure is m a x i m a l , s ince w e k n o w 
in genera l t h a t FTV(E) C T , a n d h e n c e n o t y p e variable in T is d i s chargeab le . 

It is e a s y t o see t h a t th i s rule is e s sent ia l ly equ iva lent t o t h e m o r e famil iar 

T ; E > e x : r x T; E, x: CTr^(ri) > e 2 : r 2 

: \x £ d o m ( E ) ) ( s - L E T - A ' ) 
I ;L ^> let x = e i tn e 2 : T 2 

w h e r e CIT;E(T) is t h e u s u a l polymorphic closure o p e r a t i o n y ie ld ing t h e m o s t genera l g e n 
era l i za t ion of Ti c o m p a t i b l e w i t h T a n d E. ( T h e o n l y difference is in t h e h a n d l i n g of t h e 
var iable s e t s . ) 

T h e r e are t w o f o r m u l a t i o n s b a s e d o n t h e u s e of aux i l iary t y p i n g j u d g e m e n t s . T h e first is 
a more-or- less d irect e x p r e s s i o n of t h e s ide c o n d i t i o n o n T u s e d a b o v e : 

FTVWjE^Genn T ; E , x : * 1 ^ e 2 : r 2 ( S - L E T - A ' " ) 
T ; E > let x = e x in e2 : r2 

T h e res tr ic t ion of t h e avai lable t y p e var iables in t h e first der ivat ion t o t h o s e occurr ing free 
in E ensures t h a t a\ is m o s t genera l , for o t h e r w i s e Ci w o u l d invo lve a free t y p e var iable 
n o t b o u n d in E, c o n t r a d i c t i n g t h e p r o p e r t y t h a t all s u c h t y p e variables o c c u r in t h e t y p e 
variable s e t . 

T h i s f o r m u l a t i o n l e a n s h e a v i l y o n t h e s e q u e n t - s t y l e p r e s e n t a t i o n of t h e ca l cu lus in w h i c h 
w e regard t h e t y p e set a n d t h e t y p e e n v i r o n m e n t t o b e a n "input p a r a m e t e r " of t h e t y p e 
s y s t e m . T h i s a p p r o a c h d o e s n o t l e n d i tse l f t o formal i za t ion in L F , a n d w e there fore cons ider 
a n a l t e r n a t i v e a p p r o a c h e m p l o y i n g a "post-hoc" aux i l iary j u d g e m e n t , T',E*> a witnessed: 
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T; E > G € 1 ' G*I T ; ^> <TI witnessed T\E^x:crx e 2 : R 2 

T; E let x=ei in e 2 : r 2 

( S - L E T - A " ) 

T h e i n t e n t i o n of t h e s e c o n d p r e m i s e is t o e n s u r e t h a t e v e r y free t y p e var iable in sigma 
is "wi tnessed" b y s o m e t y p i n g a s s u m p t i o n in E {i.e., o c c u r s in t h e t y p e s c h e m e a s s i g n e d t o 
s o m e variable b y E). T h i s j u d g e m e n t m a y b e formal i zed as fo l l ows : 1 

T; E > x x : a 

T;E ^> a witnessed 

T ; E S > FF r witnessed 

T;E S > r witnessed 

T ; JE* ^> Vi.cr witnessed T;E r witnessed 

T\E^> [r/t]a witnessed 

T;E ^> T I — > R 2 witnessed 

T\E ^> Ti witnessed 

T; E ^ > T J — > R 2 witnessed 

T ; 3 > r 2 witnessed 

T;E ^> b witnessed 

T; E T I witnessed T;E ^ > R 2 witnessed 

T\E ^ > T I — » R 2 witnessed 

T;E r witnessed 

T\E ^> fir witnessed 

T,t;E,x:t ^ cr witnessed 
(t£T, xg dom(E)) 

( S - V A R - W I T ) 

( S - L I F T - W I T ) 

( S - A L L - W I T ) 

( S - A R R - W I T - L ) 

( S - A R R - W I T - R ) 

( S - W I T - B ) 

( S - W I T - A R R ) 

( S - W I T - L I F T ) 

( S - W I T - A L L ) T ; E > Vt.cr witnessed 

In t h e r ide S-WIT-ALL t h e p u r p o s e of t h e "spur ious" variable d e c l a r a t i o n x:t is t o e n s u r e 
t h a t t is n o t e r e g a r d e d as "c lose-able" in t h e s u b der iva t ion . 

T h e rule S-VAR-WIT m a k e s u s e of a s e q u e n t T ; E x : cr w h i c h is a x i o m a t i z e d b y t h e 
s ingle r ide 

—— (E(x) = a) (S-LOOKUP) 

W e m a y not r e p l a c e > > x w i t h e i ther > • / or s ince i t is i m p e r a t i v e t h a t a b e precisely t h e 
t y p e s c h e m e b o u n d t o t h e var iable x b y E. 

1 Strictly speaking, there are two "witnessed" judgements, one for types and the other for type schemes. 
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T h e p u r p o s e of rules S-VAR-WIT t h r o u g h S-ARR-WIT-R is t o al low for a t y p e e x p r e s s i o n 
ass igned t o a variable t o b e d e c o m p o s e d i n t o c o m p o n e n t p a r t s , w h i c h m a y t h e n b e re
a s s e m b l e d us ing rules S-WIT-B t h r o u g h S-WIT-ALL. For e x a m p l e , if x is a s s igned t h e t y p e 
s c h e m e 1\(t—>i) for s o m e t y p e variable t , t h e n w e should b e able t o d e t e r m i n e , o n th i s bas i s , 
t h a t t is w i t n e s s e d , a n d t h a t is w i t n e s s e d as wel l . If w e are wi l l ing t o m a k e use of a 
m e t a - l e v e l o p e r a t i o n FTV(a), t h e n w e m a y rep lace rules S-VAR-WIT t h r o u g h S-ARR-WIT-R 
w i t h t h e rule 

T F ; t f X r : < r
 A

 ( < €
 F T V { A ) (S-VAR-WIT') 

T\E ^> t witnessed 

T h e m o r e de ta i l ed a x i o m a t i z a t i o n is preferable s ince i t avo ids u s e of s u c h a n o n - t r v i a l oper

a t i o n . 

4.2 Encoding in LF 
T h e a lgor i thmic f o r m u l a t i o n b a s e d o n " w i t n e s s e d " j u d g e m e n t s m a y b e readi ly a d a p t e d t o a 
n a t u r a l d e d u c t i o n s e t t i n g , a n d h e n c e m a y b e d irec t ly e n c o d e d in L F . W e o m i t p r e s e n t a t i o n 
of t h e n a t u r a l d e d u c t i o n ca lcu lus in favor of t h e L F e n c o d i n g . T h e s i g n a t u r e , E D M A L G is a 
modi f i ca t ion of t h e s i g n a t u r e of t h e n o r m a l f o r m ca lcu lus , a n d is def ined as fo l lows: 

€ 

e G 

€ X 

witnessed, 
witnessedt 

APP 
ABS 
LET 

LOOKUP 
I N S T l 
INST 2 
G E N l 
G E N 2 

VAR - WIT 
LIFT - WIT 
ALL - WIT 

ARR - WIT - L 
ARR - WIT - R 

WIT - B 
WIT - ARR 
WIT - LIFT 
Wl - ALL 

tm 
tm 
tm 
tm 
sty 

ty-

> ty - > T Y P E 

» sty — > T Y P E 

* sty — > T Y P E 

» sty — • T Y P E 

+ T Y P E 

T Y P E 

• T 2 

I le i , e 2 : i m . E r x , ^ : tm.e^ G r x — » T 2 —» e 2 G r 2 —• e\ • e 2 G r 2 

E / : <m—>im.Er a ,r 2 : it / .(Ex : tm.x G X ftr —• / x G r 2 ) —» A ( / ) G r r 

I le : tm.TLf : tm—ttm.Uo': s i y . E r : iy. 
e G G ^ — + <7 witnessed, —• ( E x : im.x G X ^ — > G r ) —* LET(e, / ) G r 
E e : i m . E a : siy.e Gx e G/ ^ 
E e : tm.YLr : ty.e G J ff r —• e G r 
E e : tm.E^>: <y—•siy.Er : ty.e G J V(<£) G e G J <£(r) 
E e : tm.Ur : ty.e G r —• e G G 1 T T 
E e : im.E<£ : ty->sty.(ILt : iy.e G G < £ ( * ) ) V(^) 
E e : f m . I I j : sty.e G X ^ —* 0" witnessed, 
E r : i y . f f r witnessed, —> r witnessedt 

H<f>: <y—>siy.Er : ty.\/(<j>) witnessed, —> r witnessedt 

E T I , T 2 : ty.Ti—>r2 witnessedt —> r x witnessedt 
E r A , T 2 : F J / . T X — » r 2 witnessedt —• r 2 witnessedt 
b witnessedt (b G B T ) 
E T I , T 2 : ty.TI witnessedt —> r 2 witnessedt —* R I ~ > R 2 witnessedt 
E r : iy . r witnessedt —• f fr witnessed, 
TL4>: ty —» s£y.(Ei : <y.£ witnessedt —* <£(£) witnessed,) —• V(<£) witnessed£ 

<f>(r) witnessed, 
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T h e s t a t e m e n t of t h e a d e q u a c y of th i s e n c o d i n g is s imilar t o t h o s e g i v e n a b o v e . W e h a v e 
o n l y t o n o t e t h a t w e cons ider canon ica l L F t e r m s of j u d g e m e n t t y p e in c o n t e x t s of t h e f o r m 

t1:ty,...,tn:ty,x1:tm,x'1:x1 £ x <r{,. - - , xk:tm, x'k:xk € x <?l 

in t h e a b o v e s ignature . N o t e t h a t in t h e case of t h e let rule t h e t y p i n g c o n t e x t of t h e first t w o 
p r e m i s e s is t h e same, ensur ing t h a t w e h a v e correc t ly c a p t u r e d t h e n o t i o n of " w i t n e s s e d " e x 
p r e s s e d in t h e s e q u e n t formula t ion . In e s s e n c e , t h e a d e q u a c y t h e o r e m is s t a t e d for a s e q u e n t 
formula t ion of L F , a n d h e n c e w e can ach ieve t h e degree of h y p o t h e s i s contro l required . 

It is w o r t h n o t i n g t h a t canon ica l L F t e r m s of j u d g e m e n t t y p e i n t h e a b o v e s i g n a t u r e 
a n d su i tab le c o n t e x t d e t e r m i n e canonica l L F t e r m s of correspond ing t y p e in t h e s i g n a t u r e 
of t h e n o r m a l form calculus a n d correspond ing c o n t e x t : w e s i m p l y h a v e t o "forget" t h e 
t e r m s e n c o d i n g proofs t h a t cer ta in t y p e s c h e m e s are "wi tnessed ." T h u s w e m a y regard 
t h e a lgor i thmic ca lcu lus as a k ind of " m e t a - c a l c u l u s " for t h e n o r m a l form c a l c u l u s , l imi t ing 
der ivat ions t o t h o s e t h a t w o u l d b e c o n s t r u c t e d b y a t y p e check ing a l g o r i t h m . 

U n f o r t u n a t e l y , th is e n c o d i n g d o e s not i t se l f d e t e r m i n e a r e a s o n a b l e t y p e check ing algo
r i t h m ( in t h e s e n s e of E l f ) , s ince search w o u l d b e wi ld ly u n d i r e c t e d . For e x a m p l e , t o t y p e 
check a let e x p r e s s i o n by a direct o p e r a t i o n a l i z a t i o n of t h e a b o v e rules w o u l d en ta i l "guess
ing" a t y p e s c h e m e for t h e / e f -bound e x p r e s s i o n , a n d check ing b o t h t h a t i t is a l ega l t y p e 
s c h e m e for t h e e x p r e s s i o n , and t h a t it is ful ly genera l . T h i s is c learly u n r e a s o n a b l e , a n d 
m a y b e t a k e n as e v i d e n c e t h a t t h e overal l a p p r o a c h is in d o u b t . For here w e h a v e a c o m 
p l e t e l y d e t e r m i n i s t i c f ormula t i on of t h e ca lcu lus w h o s e o n l y k n o w n e n c o d i n g in L F incurs 
an e x c e s s i v e o v e r h e a d from t h e p o i n t of v i e w of a n Elf-l ike in terpre ter . 

O n e poss ib l e so lu t ion t o th i s difficulty is t o i g n o r e t h e "dec larat ive" f o r m u l a t i o n of t h e 
a l g o r i t h m i c ca l cu lus in favor of a d irect o p e r a t i o n a l e x t e n s i o n t o Elf t h a t a l lows u s t o contro l 
t h e search for a n o r m a l - f o r m der ivat ion in s u c h a w a y t h a t on ly "a lgor i thmic" der ivat ions 
m a y b e c o n s t r u c t e d . P f e n n i n g h a s c o n s i d e r e d s u c h a n e x t e n s i o n , w h i c h m a y b e s u m m a r i z e d 
as fo l lows. T h e crucial i d e a is t o recal l t h a t El f e m p l o y s h igher-order un i f i ca t ion t o con
s t r u c t der ivat ions in t h e L F A-calculus . S i n c e t h e unifier e n u m e r a t e s o n l y m a x i m a l l y genera l 
s u b s t i t u t i o n s , w e are g u a r a n t e e d t h a t if El f c o n s t r u c t s a der ivat ion of e € r , t h e n r is no t 
o v e r - c o m m i t t e d : it will c o n t a i n "logic var iables" of t y p e ty, c o r r e s p o n d i n g t o t h e gener ic 
t y p e variables of M L . T h e s e log ic var iables m a y t h e n b e d i scharged ( b y r e p e a t e d u s e of II-
i n t r o d u c t i o n ) t o a c h i e v e a n L F t y p e w i t h all free var iables of t y p e ty b o u n d b y t h e o u t e r m o s t 
s e q u e n c e of I P s . G i v e n t h i s , w e m a y t h e n a p p l y t h e rule GEN2 r e p e a t e d l y t o "conver t" t h e s e 
I P s t o V's , a n d a c h i e v e a m o s t genera l t y p i n g ( in t h e s e n s e of M L ) . F ina l ly , w e m a y c o n t i n u e 
t y p i n g t h e b o d y of t h e let e x p r e s s i o n , t a k i n g t h e resu l t of t h e forego ing p r o c e s s as a n e w 
h y p o t h e s i s . T h i s s e q u e n c e of o p e r a t i o n s is e x p r e s s e d in EH us ing a spec ia l contro l c o n s t r u c t , 
ca l l ed "resofoe", t h a t a l lows for t h e spec i f i ca t ion of s u c h genera l i za t ion a n d forward-cha in ing 
o p e r a t i o n s . A l t h o u g h th i s e x t e n s i o n is s o u n d ( in t h a t on ly correct der iva t ions c a n b e con
s t r u c t e d ) i t a p p e a r s t o h a v e n o log ica l b a s i s , m u c h as t h e "cut" o p e r a t o r of P r o l o g h a s n o 
log ica l corre late . 

4.3 A Modal Alternative 

T h e e n c o d i n g of t h e a lgor i thmic f o r m u l a t i o n of t h e D a m a s - M i l n e r ca lcu lus is b a s e d o n re
quir ing a cer ta in " m a x i m a l i t y " cr i ter ion t o b e fulf i l led, n a m e l y t h a t t h e t y p i n g der iva t ion 
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of a Ze£-bound e x p r e s s i o n b e " m a x i m a l l y d i scharged" w i t h r e s p e c t t o t y p e var iables . T h i s 
p a t t e r n s e e m s t o c o m e u p in several different formal s y s t e m s . For e x a m p l e , o n e read ing of 
t h e rule of n e c e s s i t a t i o n in a Hi lber t - s ty l e f or mul a t i on of S 4 m o d a l log ic is t h a t t h e proof 
of t h e p r e m i s e is required t o b e " m a x i m a l l y d i scharged" w i t h re spec t t o non- log ica l a x i o m s . 
T h a t i s , if w e h a v e a proof of <f) f rom t h e non- log ica l a s s u m p t i o n if), w e m a y not infer D<f>. T h e 
b e s t t h a t w e can d o is t o "discharge" t h e a s s u m p t i o n ^ ( b y an app l i ca t ion of t h e d e d u c t i o n 
t h e o r e m ) t o ach ieve a pure proof of rj> D <f>, f rom w h i c h w e m a y c o n c l u d e D cf>). S imilar 
m a x i m a l i t y criteria arise in o ther s e t t i n g s as wel l . It there fore m a k e s sense t o cons ider t o 
w h a t e x t e n t it m i g h t b e poss ib l e t o enr ich t h e L F t y p e t h e o r y so as t o a d m i t spec i f icat ion 
of such c o n d i t i o n s . W e m i g h t also h o p e t o prov ide a log ica l bas i s for t h e non- log ica l contro l 
c o n s t r u c t d e s c r i b e d at t h e e n d of t h e prev ious s ec t i on . It shou ld b e m a d e clear at t h e o u t s e t , 
h o w e v e r , t h a t t h e p r o p o s e d e x t e n s i o n is e x t r e m e l y s p e c u l a t i v e : w e m e n t i o n it here o n l y as a 
i n d i c a t i o n of a pos s ib l e fu ture e x t e n s i o n t o L F . 

A s a first a p p r o x i m a t i o n , w e cons ider a "moda l" t y p e c o n s t r u c t o r \Nt(A), w h e r e T is a 
t y p e . T h e r o u g h i d e a is t h a t W r ( ^ ) is i n h a b i t e d b y w r ( M ) on ly if A is i n h a b i t e d b y M 
a n d every free var iable of t y p e T in M is " w i t n e s s e d " in t h e s e n s e t h a t it o c c u r s free in 
t h e c o n t e x t . U s i n g t h i s m o d a l i t y , w e m a y e x p r e s s t h e a l g o r i t h m i c vers ion of t h e let rule as 
fo l lows: 

let : Hei : i m . I I / 2 : tm—>tm.TIcri : sty.HT2 : ty. 
W T Y ( ^ I GG ^ 1 ) — > ( H Z : tm.x E J &i — > fx £ R 2 ) - > let(euf2) £ R 2 

B e a r i n g in m i n d t h e s h a p e of t h e c o n t e x t s cons idered in t h e a d e q u a c y t h e o r e m s a b o v e , it 

is e a s y t o see t h a t t h e m o d a l i t y correct ly enforces t h e " m a x i m a l i t y " c o n d i t i o n o n t h e t y p i n g 

of C\. 

Similarly , t h e r ide of n e c e s s i t a t i o n m i g h t b e e x p r e s s e d as fo l lows ( u s i n g an e x t e n d e d form 
of W in w h i c h t h e subscr ip t is a l lowed t o b e a n arbi trary f a m i l y of t y p e s ) : 

Nec : E<£ : o. \Ntrue{true(<f>)) -> true(D(<f>)) 

T h e a d e q u a c y of t h i s e c o d i n g is p r o v e d b y cons ider ing c o n t e x t s c o n t a i n i n g a s s u m p t i o n s 

of t h e f o r m x : true(<f>), for non- log ica l a x i o m s , a n d y : valid(<f>), for log ica l a x i o m s . I n s u c h a 

c o n t e x t , t h e m o d a l o p e r a t o r correct ly l i m i t s der iva t ions t o t h o s e in w h i c h all n o u s e is m a d e 

of any non- log i ca l a x i o m . T h e s ide c o n d i t i o n o n t h e n e c e s s i t a t i o n r ide is there fore m e t , a n d 

t h e a d e q u a c y of t h e e n c o d i n g fo l lows . 
B e f o r e p u r s u i n g t h e q u e s t i o n of t h e s t a t u s of t h e p u t a t i v e m o d a l e x t e n s i o n of L F , w e o u g h t 

t o cons ider r e a s o n s for cons ider ing i t . Af ter all , in b o t h t h e p o l y m o r p h i c t y p e a s s i g n m e n t 
s y s t e m e x a m p l e a n d i n t h e m o d a l log ic e x a m p l e , e n c o d i n g s i n t o "stra ight" L F are k n o w n . 
T h e m o s t o b v i o u s a n s w e r is t h a t t h e w h o l e p o i n t of L F is t o t r y t o i so la t e t h e c o m m o n a l i t i e s 
of a var ie ty of f o r m a l s y s t e m s so t h a t t h e y m a y b e i m p l e m e n t e d o n c e a n d for all . S ince t h e r e 
are t w o e x a m p l e s , p e r h a p s t h e r e are m o r e In a s l ight ly different d i r e c t i o n , i t m i g h t 
b e h o p e d t h a t b y c o n s i d e r i n g s u c h a n e x t e n s i o n t o L F w e m i g h t p r o v i d e a log ica l bas i s for 
c o n s t r a i n i n g t h e s earch s p a c e a s s o c i a t e d w i t h t h e s i g n a t u r e so as t o e n s u r e t h a t t h e t y p e 
c h e c k i n g a l g o r i t h m is w e l l - b e h a v e d . 

U n f o r t u n a t e l y , t h i s d o e s n o t s e e m t o b e t h e c a s e , as w e n o w e x p l a i n . T h e s ide c o n d i t i o n 
o n t h e app l i cab i l i t y of t h e i n t r o d u c t o r y r ide for t h e m o d a l i t y Wr(^4.) requires t h a t w e first 
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find a t e r m of t y p e A , and t h e n check t h a t it sat is fy t h e cond i t i on t h a t e v e r y variable o n 
w h i c h it d e p e n d s be w i t n e s s e d . If i m p l e m e n t e d na ive ly , th is enta i l s as m u c h o v e r h e a d as is 
i m p l i e d by t h e expl ic i t formulat ion of t h e " w i t n e s s e d " j u d g e m e n t of t h e p r e v i o u s s e c t i o n . 
(In fac t , w e m i g h t h o p e for a r e d u c t i v e e x p l a n a t i o n of W in t e r m s of p u r e L F b y g e n e r a t i n g 
su i tab le "wi tnes sed" j u d g e m e n t s t h a t m u s t b e fulfilled w h e n e v e r t h e W m o d a l i t y is u s e d . ) A 
s l ight ly m o r e s o p h i s t i c a t e d i m p l e m e n t a t i o n w o u l d p r o c e e d as fo l lows. T o f ind an e l e m e n t of 
t y p e \NT(A) in a c o n t e x t T, find an e l e m e n t of A in t h e c o n t e x t T \ T , t h e c o n t e x t o b t a i n e d 
from T b y s tr iking out all dec larat ions of " u n w i t n e s s e d " variables of t y p e T . 2 S h o u l d t h e 
s u b g o a l s u c c e e d , t h e proof is g u a r a n t e e d t o sat i s fy t h e side c o n d i t i o n o n t h e i n t r o d u c t o r y 
rule for W r ( ^ ) - T h u s , t h e post-hoc ver i f icat ion of t h e cond i t i on is a v o i d e d , b u t w e are 
n o n e t h e l e s s left w i t h an u n d i r e c t e d search s p a c e s ince t h e in terpreter w o u l d sti l l h a v e t o 
"guess" t h e degree of p o l y m o r p h i s m appropr ia te for t y p i n g t h e first p r e m i s e of t h e let rule . 
In t h e e n d , t h e m o d a l ap p roach is n o b e t t e r t h a n t h e e n c o d i n g g iven in t h e p r e v i o u s s e c t i o n . 

5 Conclusion 
W e h a v e p r e s e n t e d t h r e e m a i n var iat ions o n t h e D a m a s - M i l n e r t y p e a s s i g n m e n t s y s t e m , 
a n d cons idered the ir formula t ion in L F . A l t h o u g h e a c h a d m i t s a re la t ive ly n a t u r a l e n c o d i n g 
in L F , n o n e of t h e s e e n c o d i n g s is su i tab l e for d irect e x e c u t i o n as a n Elf p r o g r a m . T h i s 
l e n d s c r e d e n c e t o t h e bel ief t h a t e v e n in s u c h a res tr i c ted s e t t i n g , m e t a - p r o g r a m m i n g is 
u n a v o i d a b l e . In Elf th i s takes t h e form of e m p l o y i n g non- log ica l c o n s t r u c t s t o g u i d e search . 
In a t a c t i c - b a s e d i m p l e m e n t a t i o n such as Lego [ L P T 8 9 ] , it is n e c e s s a r y t o w r i t e M L p r o g r a m s 
t o spec i fy b o t h t h e search s t r a t e g y a n d t h e a l g o r i t h m for m a t c h i n g in ference rules w i t h t e r m s . 

T w o rather different a p p r o a c h e s are w o r t h m e n t i o n i n g . O n e very n a t u r a l a p p r o a c h is t o 
avo id a l t o g e t h e r t h e formal i za t ion of t y p e a s s i g n m e n t , a n d i n s t e a d cons ider a l a n g u a g e w i t h 
exp l i c i t t y p e i n f o r m a t i o n a t t a c h e d t o p r o g r a m s , re ly ing o n genera l " a r g u m e n t s y n t h e s i s " 
m e c h a n i s m s [Hue86 , C H 8 8 , L P T 8 9 , E1189, P fe89 ] t o he lp o v e r c o m e t h e e x c e s s i v e v e r b o s i t y 
of e x p l i c i t l y - t y p e d t e r m s . A l t h o u g h it a p p e a r s t h a t o n e c a n n o t c o m p l e t e l y recover t h e M L 
t y p e c h e c k i n g a l g o r i t h m in th i s way , t h e r e is e m p i r i c a l e v i d e n c e t o s u g g e s t t h a t t h i s a p p r o a c h 
suffices in p r a c t i c e . M o r e o v e r , th i s genera l s t r a t e g y is m u c h m o r e w i d e l y a p p l i c a b l e , s ince 
m o s t t y p e s y s t e m s do n o t a p p e a r t o a d m i t s i m p l e , c o m p l e t e in ference a l g o r i t h m s . A n o t h e r , 
par t i cu lar ly c lever , a p p o a c h w a s p r o p o s e d b y Mil ler a n d H a n n a n : ra ther t h a n e n c o d e t y p e 
s c h e m e s a n d p o l y m o r p h i c genera l i za t ion a n d i n s t a n t i a t i o n , t h e y sugges t a n e n c o d i n g of t h e 
t y p i n g rule for let t h a t a m o u n t s t o rep lac ing / e i - b o u n d variables w i t h the ir de f in i t ions , b u t 
w i t h o u t incurr ing t h e cost of p e r f o r m i n g t h e r e p l a c e m e n t . T h e i d e a is t o t y p e check t h e 
b o d y of a let e x p r e s s i o n u n d e r t h e a s s u m p t i o n t h a t t h e b o u n d variable t a k e s o n w h a t e v e r 
t y p e s t h e e x p r e s s i o n b o u n d t o it m a y t a k e . In L F n o t a t i o n th i s is e x p r e s s e d as fo l lows: 

LETMH : Etei : i m . I I / 2 tm —> tm.TL^ : ty.Ur2 : ty. 
e i £ Ti —• (Etx : t m . ( I I r : ty.e-i £ r —• x £ r ) —• f2 x £ r 2 ) —» 
L E T ( e ! , / 2 ) £ r 2 

2 T h e fact that T\T is well-formed is tantamount to the strengthening property of typing whose status in 
this system is unclear. 
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Operat iona l ly , th is a m o u n t s t o r e - t y p e - c h e c k i n g t h e e x p r e s s i o n ei for e a c h o c c u r r e n c e of x1, 
al lowing a d i s t inc t t y p e to b e chosen for e a c h o c c u r r e n c e . In th i s w a y p o l y m o r p h i s m is 
r e ta ined , b u t w i t h o u t in troduc ing t y p e s c h e m e s a n d t h e a s soc ia ted p r o b l e m s . T h e t y p i n g 
p r e m i s e for e\ is i n c l u d e d only t o ensure t h a t e i is w e l l - t y p e d , e v e n if t h e / e / - b o u n d variable 
is n e v e r u s e d . 
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