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"A DYNAM C SPACE- TI ME NETWORK FLOW MODEL
FOR CI TY TRAFFI C CONGESTI ON
by

Daniel J. Zawack and Cerald L. Thonpson

ABSTRACT

A space-tine network is used to nmodel traffic flows over tine for a
capacitated_road transportati on system having one-way and two-way streets.

Also, for the first tinme, traffic signal |ights which change the network
structure are explicitly incorporated into the nodel. A linear (tine) cost

per unit flow is associated with each arc, and it is shown that under the nodel
structure, travel time oﬁ a street is a piecew se |linear convex function of the
nunber of units traveling on that street. Hence congestion effects are ex-
plicitly considered while maintaining the linear nature of the nodel. Two
efficient solution nethods are proposed. A network flow solution for a nultiple
source single destination network and a shortest path solution for a single

sour ce singl e destination netmork.-

Two exanples‘;re égésented. 'The first exanple has one source and one
sink. There is a uﬁinndal buil dup of traffic at the source (say a factory)
which enters the street network as quickly as its capacity pernmits and proceeds
through the network, stopping at red |ights when necessary, towards the sink
(a residential area). Conputations with this exanple show that the arrival ;ate
has nulti pl e peaks which are induced by thq stop lights.

In the second exanple there are nultiple sources and one sink. The re-
sults here are simlar except that the arrival rate has a single broad peak which
is due to the extrene symetry of the constraints of the problem
KEY WORDS: Dynamic traffic assignnent nodel, Space-tine network flow nodel,

Network traffic flow, Traffic congestion




I. | NTRODUCTI ON

A fundanental problem faced when planning for the construction 6f new
roads and the inprovenentlof existing roads is to predict in detail the re-
sulting traffic patterns. A nodel which can estimate, with reasonable accuracy,
future patterns will assist in avoiding the creation of new bottl enecks. The
resulting problemis genefally known as the traffic assignnent prdblem

In the literature the probl em of estimating traffic flows in road net-
works is generally formulated as an equilibriumproblem Knight [18] has given
the‘follow ng intuitive description underlying this equilibrium approach:

"Suppose that between two points there are two hi ghways, one of

which is broad enough to accommbdate w thout crowding all the

traffic which may care to use it, but is poorly graded and surfaced,

while the other is a nuch better road, but narrOM/and‘quite li.m.ted

in capacity. If'a | arge nunber of trucks operate between the two

termni and are free to choose either of the two routes they will

tend to distribute thensel ves between the roads in such proportions

that the cost per unit of transportation, or effective return per

unit investnent, will be the sane for every truck on both routes.

As nmore trucks use the narrower and better road, congestion devel ops,

until at a certain point it beconmes equally profitable to use the

br oader but poorer road."

Wardrop [25] fornalized the notion of a network equilibriuminto the
foll owi ng fmo principl es:
1. "The journey times on all routes actually used are equal and |ess than
those whi ch woul d be experienced by a single vehicle on any unused

route.”
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(2) | "The average journey tine is a mninmm
Wal drop goes on to explain that
"The first criterion is quite a likely one in practice, since it
m ght be assuned that traffic will tend to settle down into an
equilibriumsituation in which no driver can reduce his journey
tine by choosing a newroute. On the other hand, the second
criterion is the nost efficient in the sense that it mnimzes
the vehicle hours spent on the journey."
The first principle inplies that each individual selects the shortest route
avail abl e under given traffic conditions. The resulting pattern is generally

called user optinal. The second inplies a central authority inposing a set

of routes which mnimzes total travel time. ~ The resulting pattern in this

case is generally called systemoptinal.

In varQropfs description of the problemthe required nunber of trips

bet ween each origin déstination pair is a'specified constant. This problem
is known as the fixed demand traffic assignnent problem The elastic demand
traffic assignment problemwas first enunci ated by Becknan,.thhire and
Wnston [1]. In this problemthe nunber of trips between each origin destina-
tion pair is a function of the travel tine between each origin destination pair.

. Both of these fornulations have been studied extensively. A survey of
wor k done on problemformulation is given by Beckman [2]. The basic paper on
the constant denand nbodel was witten by Dafernbps and Sparrow [3]. This work
has been extended by Dafernos [4,5,6,7], and Florian [12]. MNguyen [22] has
devel oped efficient algorithns that are able to treat large scale problens en-
countered in practice. Florian and Nguyen [11] present the results of a valida-

tion study using the constant denmand nodel. Gartner [13,14] provided a survey of
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wor k done on the elastic denaﬁd problem Leblanc and Farhangi an @92 and Eafernﬁs
have nade recent extensions. An introduction to the field is provided by Potts
and diver [23].

In both the constant demand and el astic denmand nodels a static set.of
origin destination demands is assunmed to exist. This may be a valid long run
assunmption but it is not in the long run that road network congestion occurs.

The bottl eneck situations which arise are short termdynam ¢ phenonenon. Rush
hour does not occur on the average or in the long run and yet these types'of peak
load conditions are the nost inportant to analyze in judging traffic patterns

on a street network. By assuming traffic is in equilibriumone assunes away

the dynam cs of denmand which is the crux of the problemwhich planners need to
resol ve. Hence the appropriateness of the equilibrium assunption nust be
questioned in nmany applications.

Recent papers by Heydecker [15] and Steinberg and Zangwill [24] also in-
di cate that eqﬁilibriun1so|ution concepts may not always be applicable to rea
traffic situations. |

Traffic assignment nodels are often intended for analysis of rush hour
situations in which the rate of traffic flowinto the network will be increasing
for some period until a peak rate is achieved and possibly maintained for a
brief period, followed by a decrease. There may be nuItipIe peaks in the rate
of traffic flow as various factories or office buildings release their workers.
Furthernmore the road network itself is dynamic. As traffic signals change avail -
able routes are being opened and closed. Hence it is not likely that there wll
ever be an equilibrium state achieved in the network.

One nodel has been proposed by Merchant and Nemhauser [20] which considers
dynam c fl ows. It allows nultiple origins and a single destination and treats

congestion explicitly. The nodel is nonlinear and nonconvex. Proof is given

18]




that it can be solved for a global optimmusing a one pass sinplex algbrithm
The nodel m ninizes the tétal cost of the flows. An efficient solution procedure
for the nodel is presented by Ho [16].

In the present paper we propose a space-tine network flow nodel which
explicitly incorporates all the characteristics of road networks generally
considered in the literature together with dynanic aspects not usually considered.
Cbngestion is nmodeled by a linear space tine network and it can be shown that,
froma given start time, the tine to travel a street is a piecew se |inear convex
function of the flow on the street at the start tinme. Each route has a capacity
at any'given tinme which is determ ned by the physical space available at that
time on that route. The nodel accepts a variable set of inputs over tine.

Finally the dynamcs of a road network caused by the changing of traffic signals
are for the first time explicitly incorporated in a road network f|OMInDde|..

Two types of solutions are proposed. The first for a nultiple source
single destination space tine network is termed a network flow solution and
requires a set of dynamic flows over the time horizon of the nodel which minimze
total travel time. This solution is conpu;ed by use of the network code NETFLO,
due to Kennington and Helgason [17], which is very fast. The second, for a single
source single destination space tine network termed a shortest path sol ution
gives a set of dynamic paths froma single source to a single destination which
are the shortest available at a given tine relative to traffic |eaving the source
in all prior time periods. This solution is obtained by repeated use of a shortest
path al gorithmwhich is known to have time conplexity O(rn% where n is the
nunber of nodes of the network.

In the second section of this paper the nodel is stated as a space tine

network nodel. The space tinme network nodel itself has nore general application
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than sinply tratfic flqw anal ysis, for instance, to the Job Shop Scheduling
problem In section three the nodel is a-plied specifically to the dynamc
traffic flow probhlem In sections four and five the space tinme network flow
and shortest path solution nmethods are discussed. Finally in section six two
hypot heti cal street networks are given and solutions are determ ned for each

situation.

1. A TWDO ATTRI BUTE DYNAM C NETWORK FLOW MODEL

In this section a two attribute "netmork fl ow nodel which is dynamc,
i.e., changes over tine, will be developed. The nodel is dynamc in two senses.
First the input and output of the nodel can vary over tinme. Second, the network
itself may change over tine. In the present setting the other.attribute besi de
tine is space, but applications are under devel opnent where the éecond attrithe
may be other than space. For clarity in the description, the nodel attributes
will be referred to as space and tine, but it should be renenbered that the spécé

attribute could be interpreted as other attributes, also in other nodels there

could be other attributes.

In the space-ti.ne setting the network is constructed fromnodes and
directed arcs having the following properties. Each node represents both tine
and | ocati on. Each directed arc represents a directed path of length k tine
units connecting a pair of nodes.

There are two types of arcs in the network nodel. The first type is a
capacitated arc called a green arc. The terninology given indicates that as
flows traverse these arcs they are in a go state, progressing fromone |ocation
to another. A green arc connects two nodes (i,t) and (j,t+k(i,j)), | 4

where node (i,t) represents location i at time t and node (j,t+k(i,j))
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repre;ents location j at time t + k(i,j) where k(i,j) is the length of time
required under normal conditions to travel from location i to location j;
The arc [(i,t), (j,t+k(i,j))] connecting node (i,t) to (j,t+k(i,j)) indicates
that it is feasible to travel from location i to location j in k(i,j) time
units starting at time t. The upper bound on thé quantity of flow per unit
time which may enter and traverse the arc [(i,t), (j,t+k(i,j))] 1is called the
capacity of the arc. 1If this capacity is exceeded the remaining units must
wait to use green arc [(i,t+l),(j,t+1+k(i,j))] or take another route. The
capacity of green arcs connecting two locations i and j may vary over time.

The second type of arc is also capacitated and is termed a red arc.
The terminology red indicates that as flows traverse these arcs they are in a
delay state. Flows which traverse red arcs are simply passing time at a fixed
location. A red arc connects two nodes (i,t) and (i,t+l) where node (i,t)
represents location i at time t and node (i,t+l) represents location i
at time t%l. The flow on arc [(i,t),(i,t+l)] connecting node (i,t) to node
(i,t+l) represents flow units that are not allowed to flow on some green arc
from node (i,t) and are delayed during the time interval [t,t+1].

Consider the cause for this delay and the impact of delay on the time to
travel between two locations i and j. The reason for delay at location i
starting at time t is that the capacity of green arc [(i,t),(J,t+k(1,3))]
over which flow is desired has been reached preventing further flow through
this arc starting at time t. If the flow is delayed then it remains at location
i until timg t+l and, if there is capacity'available on green arc [(1i,t+l),
(j,t+1+k(i,j))], the flow may move forward, otherwise it will continue to be

held at location i until time t+2.




Let c(i,j) be the capacity of flow on any green arc connecting i to *j
and let k(i,j) be the normal flowtinme from i to j. Then the process described
above inplies that the total time required for X flowunits to travel from i

to j given they start at time t is given by the follow ng function:

FIX((1,t),3))] = k(,9)-X(4L,t),j) if O *X((i,t),j) <c(i,j) (a)

mk(i,J)ee(i,3) + [k@E,H][X({H,t),]) - e(i,j)]
: (b
ifoc(i,g) *X((i,t),j) < 2c(i,j)

=k(i,1)+2¢(1,1) + e(d,1) + (k@ 2] [X((L,t),]) -2c(i¢j)] * ()

if 2c(i,j) *X((i,t),j) < 3c(i,j)

k(90 met,i) + 28 o1, 5) + (k1,4 IX(E, ), 1)-ne,1)]
| 7 ()
if nc(i,.i) *X((i,t),1) <B* (n+)c(i,j)

Expression (a) states that for flow quantities X((i,t),j) which are less

than the capacity of the green arcs between i and | the total tinme to travel
from i to | for all units leaving at tine t is the nornal travel time be-
tween i and | tines the number of units travelling. Expression (b) states

that if the quantity of flow X((i,t),j) 1is greater than the capacity of green
arc between i and | but less than twice that capacity then the total time to
travel from i to | for all units leaving at time t is the normal time k(i,j)
for the first c(i,j) wunits and then the normal tine plus one for the units
exceeding c(i,j). Expression (d) states that if the quantity of flowis greater

than n times the capacity of the green arcs between i and | but less than B




a bound on X((i,t) ,j) which is less than (n+l) c(i,j) then the total time to
travel frofn i to j for all units leaving at tine t 1is the sumof these
terms. The first termis the normal travel time fcr the first n*c(i,j) flow
units. The second termis the sumof the first n-1 integers multiplied by the
capacity c(i,j) of the green arcs between i and j. This termis the additional
time required for the (n-1)%(i,j) units whi ch exceed the nornal capacity between
i and j. The last termis the marginal travel tine for the units exceeding
n»c(i,j) multiplied by the nunber of units in excess. That is the flowunits

in the interval [n*c(i,j)+l,B] require the normal travel time plus n time
units to travel from i to j. |In expression (d) the upper bound Bon X((i,t),j),
the flow starting at time t fromlocation i to |, is the capacity of the red
arc at location i (this capacity does not appear in the expression) plus the
capacity c(i,j) of the green arc connecting i and j. The red arc capacity

can be interpreted as the maxi numlength of a queue before the green arc.

Note that k(i,j) and c(i,j) are nonnegative. Hence the function F is
nonnegative. Also note that for each interval [mc(i,j),(mH)c(i,j)} for.
m=0,1...n the slope of the function is a positive constant k(i,j) + m and
as m increases the slope increases. Cearly the function F is piecew se
i near convex. Hence the next theorem follows imediately.

THEOREM  The time required for X units of flow starting at time t to travel
from i to | in the space tine network is a piecew se |inear convex function
of X given by the function F above.

A dynamic space time network is constructed for a graph P = (S, N D A,
where S is a set of source locations, N is a set of intermediate |ocations,
D is a set of destination locations and A is a set of ordered pairs (i,j) i 4]

i eSUN, |jeNUD. For each ordered pair (i,j) e A, let k(i,j) be the
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normal travel time from i to |j. This defines the length of arc (i,-j)

in P. Let «c(i,j) be the flowcapacity in flowunits per unit tine for arc
(i,j) e A Let T be the length of the tine horizon over which the dynanic
flow nodel will be constructed. Let u(i,j) be the length of the shortest path

from i e S to j e SUNUD. Let wu(*,j) - min u(i,j) j e SUNUD.
i eS )
Based on this data the space time network Ge (D NGR V) can be

constructed where D is the set of destination locations of P, hi is the
space tin;e node set of G 6 1is t-he green arc set of G Ris the red arc set
of G and Vis a dummy arc set of G

hi = {(i,t)/i eSUNJD, t«O,...,T}

R oe- U(i,t),(i,t+1)]/i e SJIN, t - y(**>e-.. T-1}

G - {[(i,t),(j,t-He(i,iN1/(i,j) e A t - u(*i),....T-k(i,j)}

V o= {[(i,t),il/i e D t «y(*,i),...,T}

The arcs in V all have length zero and infinite capacity. They allow
the flowto arrive at a destination at various tines.

The length of each arc [(i,t) ,(j ,t4k(i,j))3 -c G is k(i,j). The length of
each arc [(i,t),(i,t+l)] e R is 1. The capacities of the green arcs c[(i,t),
(j,t+k(i,j))] and of the red arcs c[(i,t), (i,t+l)] are the maximumrates in
units/unit time at which units may enter an arc. These rates can be specified in
vari ous ways depending on the specific appl i cati on.

As described the graph G may have nmultiple sources and multiple des-
tinations. In the applications of interest in this paper the results of solving
a network flow problem associated with thils network can only be neaningfully
interpreted when quantities sent froma source can be identified as to their final
destination. Hence if there are multiple destinations in the set D the associated

network flow problemmst be formulated as a nulticomodity network flow nodel to
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insure units leaving a specific source arrive at a specific destination. The
nul ti connodity case will be treated in a later paper. In the rest of this paper
the focus will be on situations where D is a singleton. Then a standard network
fl ow probl em can be solved while insuring all units arrive at the appropriate
desti nati on.

Next the network flow problem associated with G w Il be defined.

Let P = (S,NDA be as the above graph where D~'{d} and | et
G= (DN GRYV) be the associated space tinme network.

Let x[(i,t),(j,t+k(i,j))] be the flowinarc [ (i,t), (j . .t4k(i,j))] e G

Let x[(i,t),(i,t+l)] be thé f-IO\;vin arc [(i,t), (i,t+)] e R

Let x[(d,t),d] be the flowin arc [(d,t),d] e V. This is the flow
arriving at the destination at tine t. It is an instantaneous flow from
location d at time t to a timeless representation of l|location d.

Let b(s,t) be the supply of flowunits at source seS at tinme t.

Let G(s,t) = {[(s,t)(j,t+k(s,j))] e G for seS and fixed t.

FGi,t) - {[(i,t),(j,t+k(i,j))] e 5} for ieN and fixed t.

TG, t) = {[(j,t-k(j,i)),(i,t)] ¢ G for leN and fixed t.
FRGi,t) -' {[(i,t),(i,t+)] e R for ieNand fixed t.
TR(i,t) = {[(i,t-1),(i,t)] ¢ R for ieNand fixed t.

Gd,t) - {[(j,t-k(j,d)), (d, t)] cG for deD and fixed t.

The network flow problemis defined by the follow ng statements. A brief

di scussi on of them foll ows

(1) Mn  E k(i j)-X[(i,t),(j,t+k(i,j))] + Z X[ {d,t),{H,t+1)]
G R

Subject to
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(2) G Et)X[(s,t),(i,t-l-b(s,i))] + X[ (s,t), (s, t+1)] =b(s,t)
S,
for seS, t =0...,T-1

(3) E-X(J,t-k(i,0)), ()] + B X(i,t-1),(i,1)]

TQ(i 1) TR(i, t)
- B OX[(i,t), (j,tak(i,j))] - E X((i,t),(i,t+1)] =0
FEi,t) FR(i,t)

for ieN, t =u(*i)..... T-1

(4 E X(j,t-k(j,d)),(dt)] - X(d,t),d -0

qdt)
for {(d,t)] t =u(*,d),...,T}
T-1
(5) E X(d,t),d = E E b(s,t)
t(d,t),d eV - seS t=0

(6) 0 "x[(i,t),(j,t-l-k(i,j))] SC[(ist)p(j!t'H‘(isj))]
for [(i,t),(j,t+k(i,j))] ¢ G

(7) 0 *x[(i,t), (L,t41)] Sel(d,8), (,t+l)]
for [(i,t),(i,t+)] e R

(8)  x[(t,d),d] ~0 for {(t,d) | t =0,...,T

The objective function (1) calls for the mnimzation of the sumof tota
flowtime in the network. The éonstraint set specifies the followng. Equa-
tion (2) says that the sumof flows |eaving a sourcé location s at tinme t via
all green and red arcs emanating fromthat source nust equal the supply b(s,t) at the
sour ce node. Thfs must be true for all source locations and times. Equation (3)
says that the sum of flqms into any node other than a source or destination node

must be equal to the sumof flows out of the node. Equation (4) indicates that the
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sumof flows into the destination at any specific tine t nust be equal to the
flow out of the destination at that tine t and into the dunmy destination
Equation (5) states that the sum of the floms.into the dummy destination mnust
equal fhe sum of all supplies fromall source locations in all tinme periods.
Finally (6) and (7) specify that the flows on all green and red arcs are non-
negati ve and capacitated.

As stated at the outsef of the 'section, the nodel is dynanmic in two aspects.

The first is that inputs at source locations can be varied in any fashion over tinme.,

The output is also free to arrive at the destination in any feasible manner
where feasibility is determned by the arc capacities. The second dynam c
aspect is that the network itself can be made to vary over tine. This can be
done by changing the capacities or. the arcs. An arc can be closed to flow at a .
specific time sinply by setting itfs.capacity at zero. Simlarly if conditions
change so that at a specific tine capacity oﬁ a path in the network is reduced

then the capacity of the corresponding arcs can be reduced accordingly.
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I11. DYNAMC TRAFFIC FLOW MODEL

Traffic flow has three features that car readily bé captured by the
dynamic two attribute ﬁetwork nodel

First traffic flow is dynam c because the quantity of traffic entering
a given street network varies over tine. During rush hour the entering traffic
may wel | exceed the normal capacity of the street causing |ong del ays, where only
a fewmnutes before the rush hour period traffic mght be light. This
characteristic of traffic flowis accounted for in the nodel by allow ng varying
source quantities to flow into the nodel over tine.

Second as the quantity of traffic in the streets increases, congestion
results, causing the travel time between any pair of locations to increase as a

function of the nunber of vehicles on the road. This is precisely what occurs

in the nodel. As green arcs between i and | reach their capacity traffic
will be forced to utilize red arcs at i causing the travel time between i and
j toincrease as a function of the units traveling between i and | at a

given tine. Different travel time functions can be fitted by changing the capacity
settings on the green arcs.

Third, when traffic signals change the street network changes its structure.
When a signal is red in a given direction the‘intersection has been closed in
that direction until the signal becones green again. Wen the signal changes
the intersection is reopened in the original direction and it is closed in the
direction perpendicular to the original. As a traffic signal changes from one
tine period to the next the effect is to change the capacity of the routes con-
trolled by the signal. For all routes using the direction in which the signa
is red, the route capacity has been tenporarily reduced to zero. Changes in

route structure as a result of traffic signal operation can be incorporated
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into the nodel by varying the capacities of green arcs over time. This feature
of the model will be denbnstrated by an exanple. |

Consider a two way intersection which normally requires one time unit to
cross in any direction. Such an intersection can be represented by 8 nodes and

12 green arcs as in Figure 1.

(2,t-1)
(8 t+‘1) 7 3 st)
‘\\\\ NORTH
(7.1) ~ e (4,t+1)

(6,t+1)

FIGURE 1. The network associated with the
intersection of two two-way streets in
which left and right turns and right-
turn-on-red (RTOR) are permtted. If
one or both of the streets is one-way
then parts of this network should be
el i m nat ed.
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Nodes Green arc capacities
Arcs From To North-South East-West
1 1,t 6,t+1 20 0
2 i,t 8,t+l 10 5 (RTOR)
3 it 4,t+1 5 0
4 3,t 8,t+l 0 20
5 3,t 2,t+1 5 (RTOR) 10
6 -3,t 6,t+1 0 5
7 5,t 2,t+1 20
8 5,t 4,t+1 10 5 (RTOR)
9 5,t 8,t+1 5
10 7,t 4,t+1 0 20
11 7,t 6,t+1 5 (RTOR) 10
12 7,t 2,t+1 0 5

TABLE 1. Green arc capacities for the

network in Figure 1

Table 1 lists the 12 green arcs and their capacities. There are two sets of
capacities associated with the arcs. In the column labeled green NS, capacities
are specified as if the traffic signal were green in the north south direction |
and red in the east west direction. In the column labelled green EW, capacities
specifying the opposite traffic signal condition are given. According to the
capacities in the green NS colummn, traffic is prohibited from flowing east or
west. Also left turms originating from either the east or the west are pro-
hibiéed. Right turn on red (RTOR) is allowed. Traffic from the east or west
may make a right turn, but the capacity of the right turn arcs have been re-
duced from their normal capacity of 10 to 5. Recall there are red arcs connect-

ing (a,t) to (a,t+l) where a €{1,3,5,7} and (b,t+l) to (b,t+2) where b e{2,4,6,8}.
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- Thus when traffic is delayed by a red signal it follows ared arc or if the
signal is red for nore than one time unit then it follows red arcs for as nmany
tine units as the signal is red after which it may resune its forward progress
on a green arc. So by varying the capacities of green arcs which provide con-
necti ons across intersections, all the workings of a traffic control device
can be nodel | ed.

Note that the 8 node 12 arc intersection representation of the previous
exanpl e sussunes all intersection types in which two streets cross. For in-
stance an intersection in which traffic is 2 way in one direction and one way
in the other is formed out of a subset of the arcs and nodes of the exanple.
Simlarly if both cross streets are one way.

Next the construction of a dynamic traffic flow nodel from a street
diagramw || be discussed. First a graph P = (S NDA is required. P is the
graph formed fromthe map of streets and intersections. This graph has a node
set S which includes all |ocations where traffic will enter the system A
second node set N which includes all internediate |ocations where two or
nore streans of traffic join together or where one streamof traffic may separate
into two or nore streans. These nodes are associated with intersections on the
map. A single traffic intersection where two streets cross nay generate as
nmany as 8 nodes if two way traffic is allowed on each street. As shown in Figure
1 of the previous exanple a location where 2 way traffic crosses has four points
of entry to the intersection where traffic streans nay separate and four points
of exit fromthe intersection where streans of traffic may join. Partition the
intermediate node set N into two subsets: NB is the subset of nodes in N
whi ch are begi nning nodes of arcs naking the connection across an intersection

(such as nodes 1, 3, 5 and 7 in Figure 1). Sinilarly NE is the subset of
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nodes in N which are ending nodes of the same type arc (such as 2, 4, 6, 8
in Figure 1). Cdearly N= NB UNEand NB f) NE,=0. The third node set is D
which is the singleton destination of the traffic.

The final element of P is the set A of directed arcs partitioned into
two subsets Al and AS. The set Al is the subset of arcs connecting nodes
ir; NB to nodes in NE. These arcs carry traffic across intersections. Gven
Al Idefi ne the conplinentary set AS « A- Al. These arcs are associated with
the streets.

In order to denpnstrate these concepts consider the street diagramin

Fi gure 2.

\/
o

s )

FIGURE 2. Sinple street network

In this situation there are 3 streets, all one way. One can travel from
s to d or from s to Q and from Q to d. Assune that at Q there is a
conflicting streamof traffic (not shown) and hence there is an intersection to
cross and a traffic signal at Q

Fromthis street diagramthe graph P given in Figure 3 is formed with
the sets S«{s}, NB - {q}, NE-' (r), D- {d}, AS -'" {(s,d) (s,q) (r,d)} and
Al - (g0}

S e >‘d

\ e

T2

FIGURE 3. G aph associated with street network

in Figure 2.
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Normal travel times k(i,j) are associated with each_arc (i,j). This
is the tine required to travel from i to j on arc (i,j) V\heré there is no
congestion on this arc. Also dynamic capacities «c(i,j) are assigned to each
arc (i,j) where the dynamic capacity of an arc (i,j) is the nmaxi numnunber of
vehi cl es which can depart per unit tirre.and travel from i to j in the normal
tine k(i,j). Finally what mght be termed the parking capacity of each street
is required. This value will be utilized in establishing red arc capacities in
the dynam c network. The parking capacity Z(i,j) of each street (i,j) e ASis
the maxi mum nunber of vehicles which could be parked end to end within the |ane
structure of the street. For the exanple in Figure 3 the dynam ¢ and parKking

capacities and nornmal travel tines appear in Table 2.

Nor nal
Travel Dynani ¢ Par ki ng
Arcs Ti me Capacity Capacity
(s,d) k(s,d) =2 c(s,d) =5 2(s,d) =25
AS (s,q) k(s,aq) - 1 c(s,q) =3 2(s,q) =15
(r,d) k(r,d) == 1 c(r,d) =3 2(r,d) = 18
Al (q,r1) k(g,r) - 1 c(q,r) =3

TABLE 2. Travel tines and capacities for graph
in Figure 3

Uilizing the specified data the graph G of a dynam c space tine
network can be constructed. First a tine horizon T nust be chosen. The node
set is N- {(i,t)]i e SJIJNBLINJD, t =u(*,i,...,T}. The red arc set is
R= {[(i,t),(i,t+l)] |i € S UNB UNE, t =u(*,i),...,T-1} V\hére the length of each
red arc is 1. The green arc set is G= {[(i,t),(j,t+k(i,j))]|(i,j) e Al UAS,

t = U(*,i),... ,T-k(i,j)} where u(*,i) 1is the shortest path fromany s e S to i
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as in Section Il. The associated k(i,j) 1is the length of each green arc. The
dumy arc set is V-={[(i,t),i]|i eD t =u(*i),...,T} where each dummy arc
has length 0 and infinite capacity.

Next the capacities on the green arcs and the red arcs must be speci-
fiéd. In order to specify the gfeen arc capacities it is useful to consider
two disjoint subsets of green arcs. The first being the subset of green arcs
which correspond to streets. (Call this set GS where G5 r'{[(i,t),(j,t-kb(i,j))l
(i,j) eAS, t -u(*4).. .T-kki,j )}. The capacity c[ (i,t), (j,t+k(i,j))] of arc
[(1,t),(),t+k(i,t))] e GS is «c(i,j). It is the naxinun1nunber-of vehicl es
whi ch can-depart per unit tine and travel the street in normal time. The second
subset of green arcs contains those arcs such as arc [(I,t),(2,t+l)] in Figure 1
which correspond to crossing an intersection. Call this set G where
a * {[(i,t),(j,t-H(,jN]Ii,j) e A, t -u(*¢i)...T-k(i¢j)}. The capacities
-on these arcs_are'a function of the traffic signal pattern. In period t if
traffic is not restricted by a signal fromleaving node i then the capacity
cl(i,t),(j,t-H(i,j))] of arc [(i,t), (j. t-H(i,j))] ed@ is c(i,j) where c(i,j)
Is as defined above. In period t if traffic is stopped by a signal fromleaving
node i to go tonode | then the capacity of the corresponding arc is zero.
If on the other hand traffic in period t is restricted by a signal from|eaving
node i to goto j, for exanple in the case of a right turn on red then the
capacity of the corresponding arc is reduced from c(i,j) 1in an appropriate

manner .
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The red arcs pernmit queues to form Three types of queues nay be
visualized. The first are queues which may format the source. |If at time t
there are nore vehicles desiring to enter the system froma source location than
capacity allows at tine t then a queue forms of vehicles which nust wait unti
time t+l to enter the system

The two other-types of queues formon streets that begin and end at inter--
sections. The first of these arises fromthe build up of vehicles waiting at
ared traffic signal. These are vehicles at the end of the street waiting to
cross an intersection. The second of these queue types is formed by the build
up of traffic on the street as it becones congested. This nay be viewed as
traffic waiting at the beginning of the street for its opportqni{y to travel the
street in normal tine.

In order to specffy the red arc capacities the red arc set is partitioned
into three di sjoint subsets corresponding to the three queue types discussed
above. The first is the subset RS of red arcs fornmed fromthe nodes in S
where KS - {[(i,t),(i,t+l) ] |ieS, t =0,...,T-1}. These are the red arcs in
which a queue may format a source |location. The capacity of each of these arcs
is infinity because there is no restriction on the nunber of vehicles which may
be waiting at a source location at any given tine to enter the network.

The other two sets of red arcs formthe queues at the begi nning and end
of streets which begin and end at an intersection. The capacities of these red
arcs are physically constrained by the parking capacity of the street. The sum
of vehicles at any given time in these red arcs plus the nunber of vehicles
travelling on the street cannot exceed the parking capacity Z(i,j) of street
(i,j)eAS. In order to specify these red arc capacities for a street (i,j) an ex-

pression called MWT(i,j) is devel oped for the maxi mum nunber of vehicles
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travelling on a street at any given tine. Once WT(i,]|) is known, the re-
mai ni ng parki ng capac{ty may be assigned to the red arcs at the begi nning and
end of the street. The value assigned to MWT(i,j) i s the maxi mum nunber of
vehi cl es which can be admtted to the street per unit tine (capac}ty) mul tiplied
by the nunber of time units nornmally required to travel the street. For exanple
if 10 vehicles per time unit nmay start and travel a street in 3 tinme units there
may be a maxi mum of 30 vehicles travelling the street at a given tinme. Hence for
astreet [((i,j), (Jj,t+k(i,j))]eGS,  MWIT(i,j) «k(i,j)-c[(i,t), (j,tak(i,j))I e
Thus the total nunber of vehicles allowed to be waiting at the beginning and at
the end of arc [(i,t), (j ,t+k(i,j))]eGS is Z(i,j) - MWT(i,j).

Gven Z(i,j) - MWWT(i,j) for (i,j)eAS the total capacity available to
be assigned to red arcs at the beginning and end of a street is known. The subset
RB of red arcs at the end of the street is formed fromnodes in NB where
KB » {[(j,t),(j,t+)] |jeNB, t - u(*,j),...,T-1}. These are the red arcs in which
a queue may formin front of a red light. If L is defined to be the length in
tine units of the green cycle of the intersection at j and t* is a fixeq_tjne
when the traffic signal at | is -éreén then the capacity of these arcs is
i n{ L- E C[(J-,t*), (at-Fe(j ,£))], k(i,j) - WT(i,j) - C(i,:l‘)}-

[(.t%), &, t*He(j, )] edl |
The first expression in the mnimization is the nunber of vehicles which can pass
through the intersection at the end of street (i,j)eAS during a green cycle of
the traffic signal. This is found by summng the capacities of all arcs |eaving
location j during a green phase of the traffic signal. The second express?on
is capacity available to the red arcs at the beginning and end of street (i,j) less
the capacity of (i,]). Hence the capacity of the red arcs in RBis the maxi mum size

of a platoon that can pass through the intersection from j during the next green
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cycle unless this anmount is greater than the total nunber of vehicles allowed
to be in the red arcs at the beginning and end of street (i,j) less c(i,j).
This insures that there will always be room for at least «c(i,j) vehicles at the
begi nning of the street.

| Renmaining is the subset RE of red arcs forned fromthe nodes in NE where
Ré «'{[(i,t),(i,t+l)]|ieNE, t - u(*,1),...,T-1}. These are the red arcs in which
queues may format the beginning of thelstreet (i,j). The capacity of these arcs
is the physical space remaining for vehicles after considering the maxi mum nunber

of vehicles traveling the street plus the nunber allowed to be waiting at a signal

Specifically
cl(ivt), (i t+)] = 2Z(i,j) - MWIT(i,j) - c[(j,t-H(ij)),(j,tak(i,j)+)] for
[(i,t),(i,t+l)]eRE. Note that j is uniquely determ ned because all the traffic

at node (i,t) where ieNE is entering a unique-street. G is now conpletely
def i ned.

Figure 4 shows the graph G associated with the graph P of the exanple.
The time horizon T has been selected to be 5. Table 3 contains a listing of
the arcs (except for the dummy arcs) mﬁth tHeir associ ated | engths and capacities.
Note that the intersection forned by arcs fromlocation q to location r

has a green traffic signal in period 2 and a red traffic signal in periods 1, 3.
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Dynam c graph for the exanple. Arcs
fromqg to r have varying capacities
as shown depending on the stop |ight

settings.
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IV. NETWORK FLOW SOLUTION

One solution to the problem of finding a set of optimal traffic flows in
a dynamic space time traffic flow network G is obtained by solving the network
flow problem defined in Section II by statements (1) through (8). This problem
is a capacitated network flow problem and is easily solved by available network
codes [17] . Examples of such solutions are given in Sectior VI.

The average travel time for vehicles in the network is the sum of all
vehicle travel times divided by the number of vehicles. Since in the network
flow problem the number of vehicles is fixed and the sum of vehicle travel time
is minimized the average travel time is also minimized in the network flow solu-
tion for vehicles in the network. 1In order to interpret a network flow solution
it is assumed that all travelers in the network are willing to cooperate to
achieve a traffic flow pattern which minimiies the average travel time for all

vehicles. Achieving this objective may require that some vehicles do not follow

| a path currently available to them having travel time (for them) shorter than
that given by the path chosen (for them) by the network flow model. The latter
occurs when the input exceeds normal capacity of the network for a number of
consecutive periods and the path currently available, though shorter in total
duration, involves waiting at some location. The fact that normal network
capacity is exceeded means that for every space in the system which opens there is
a vehicle waiting to fill that space. Hence any unnecessary waiting by an earlier
vehicle only results in increased delay to later vehicles. By continuing on even
a longer path and not waiting for the shorter path to open, delay for following
units is reduced, thus reducing average travel time.

The dynamic space time traffic flow network has been described as a multiple-

source-single-destination network. The solution of the associated network flow
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probl em specifies a set of flows which ﬁﬂll bring all vehjcles fromall source
locations and all start times to the specified destination. This probl em can be
vi ened as ffnding opti.mal shipping routes for a single comodity fromnmultiple
sources to a single destination

Intuition mght lead one to coﬁclude that the symmetric problemhaving a
single source and nultiple destinations could also be solved by a sinple network
formulation; but it cannot. In the single source nultiple destination problem
vehicles will be scheduled to | eave the source at a specific tine with a specific
destination. The vehicles required at a given destination will be the sum of
vehicles sent fromthe source in all tine periods bound for that destination.
If the sinple network flow problem associated with the single source nultiple
destination network is solved the solution will fulfill the requireﬁents at
each destination with the required units comng fromany set of source tines such
that the overall solution is optinmal. The required units need not have come from
the correct starting locations or at the correct starting times. The only way
to insure the solution corresponds to the original requirenents is to solve the
problemas a nmulticomodity network fiow probl em where each of the sets of
vehicles leaving froma given Iocafion and bound for a given destination conprise

a separate commodity.
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V  THE SHORTEST PATH SOLUTI ON

The shortest path solution will be defined only for a single source single
destination street graph P. The reason why it cannot be defined nore generally
will be nmade clear after the algorithmfor finding a shortest path solution is
st at ed.

The intuition behind a shortest path solution is that all users desire to
. reach the destination as quickly as possible. This inplies the optimal route
for a user is the shortest path from source to desiination, but since the éystem
is dynamic and can becone congested, the path which will arrive at the destina-
tion as. early as possible depends on both the I ével of traffic and the traffic
signal sequence ahead.

The algorithm for determining a shortest path solution first dispatches
all traffic arriving at the start node at the first period. Wen all of the
first period traffic has been routed from source to destination the tfafffc
arriving at-the start node at the second period is then routed from source
‘to destination, etc. Traffic is always dispatched along the shortest route
ha;;ng unused capacity until the capacity c[(i,t),({,t+k(i,j))] of soné”afc in
the route is reached, and the route is saturated. Then a new.dynénic space finé
traffic flownetwork is generated. The new network is the same as the old net-
wor k except that the capacities of all arcs in the route along which traffic was
di spatched are reduced by c[(i,t),(j,t+k(i,j))], the quantity of traffic dis-
patched. Then the shortest path in the new network with avail able capacity is
found and traffic dispatched along that route until the capacity «c[(i,t),
(j,t+k(i,j))] of some arc in the route is reached. Then another new graph with
reduced arc capacities is generated and the process repeated. Note that in this

process the sane physical path may be followed by successive dispatches of vehicles
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Wi th.congestion del ay added as vehicles followred arcs. Therefore t hese pat hs
will require a longer time to traverse

In order to interpret this solutfon two assunptions about user behavi or
are made. First, users wish to arrive at the destination as soon as possible
after leaving the source. Second, the user has perfect know edge of traffic
conditions and traffic signal sequencing ahead and with this know edge selects
the shortest available path

The algorithmfor finding the shortest path solution is given in

Appendi x A.
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The paths which are found can be used to calculate the average travel
time for all vehicles and the variance in travel tine. The actual routes
travel ed from source to destination are also avail abl e

At the beginning of the section it was stated that this algorithmis
only defined for a single source single destination P graph. In this settind
traffic is always dispatched so as to give priority to vehicles in order of their
departure tinmes. |If thereare multiple sources and a single destination then
di spatching by time priority alone does not uniquely define a solution. To see
the difficulty note that vehicles may |l eave fromtw separate sources at the
sane time and arrive at some internediate location at the same tinme. |If the
route ahead will not admt both vehicles dueto capacity constraints, it is no
Ionger cl ear which vehicle should go and which should wait.

The al gorithm can also be applied to a network flow solution for a sihgle
source single destination network. - Dispatching the solution on a time priority
basis yields a set of routes and quantities for those routes which are consi st ent
with the network flow solution. Conparison of the shortest path solution and
atime priority dispatch of a network flow solution allow one to observe when a
route other than the shortest available is utilized by the network flow solution
in order to reduce the sumof travel tines.

In order to find the shortest path solution corresponding to network
flow solution, a capacitated network defined by the network solution is utilized
The flows assigned to the arcs in the network solutions are used to redefine the
arc capacities. Arcs with zero flowin the solution are assigned zero capacity.
Arcs with positive flow values in solution are assigned their respective flow val ues
as capacities. The algorithmfor finding a shortest path solution can be applied

to the resulting network to find a consistent shortest path solution. In order to
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interpret the resulting solution, it is assumed that users follow shortest paths

given, they are constrained to be the actual flows in the network flow solution
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VI.  COVPUTATI ONAL EXAMPLES

The nodel has been applied to two hypothetical street diagrans. The
first one has a single source, 23 intersections and a singledestination. The,
street diagramappears in Figure 5. This diagramwas transforned into a P
graph and then a G graph. 1In the P graph each intersection in the diagram
is exploded into the appropriate subset of the 8 node 12 arc representation of
intersection novenents in Figure 1. Each node of the diagramin Figure 5 be-
cones anywhere from6 nodes and 7 arcs to 3 nodes and 2 arcs in the P graph
For instance node 33 requires 6 nodes and 7 arcs to represent it in the P
graph where as node 12 requires only 3 nodes and 2 arcs in the P graph. Al so
in Figure 5 arcs with arrowheads at both ends represent streets which allow two
way traffic. Hence these arcs are represented by two arcs in the corresponding
P graph. The resulting P graph has 101 nodes and 145 arcs.

All intersections require one time unit to cross. It takes one tine unit
to travel fromthe source to any of the three intersections reachable fromthe
source. All east-west streets require two tinme units to traverse. I'n the .south
direction three tinme units are required to traverse the streets with intersection
numbers in the thirties. It takes two tine units to traverse the streets with
intersection nunbers in the twenties or in the forties.

Four time units are required to traverse streets with intersection nunbers
in the tens or in the fifties. It also takes four tine units to travel between
intersections 14 and 25 and between 54 and 45. Finally, two time units are re-
quired to travel from25 or 45 to the destination 60.

The capacity fromthe source to each of the three intersections reachable
fromit is 100 units/tine unit. The capacity of all east west streets is 15

units per time unit. The capacity of all south bound streets except for those
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with intersections having nunbers in the twenties or forties is alsd 15 units

per time unit. South bound streets with intersection nuhbers in the twenties or
forties have capacity 30 units/tinme unit. The streets fromintersections 25 and 45
to the destination have capacity of 150 units/tinme unit. Arcs crossing inter-
sections had their capacities set as the smaller of the capacity of the street
f£0n1which traffic is exiting or the capacity of the street to which traffic

will enter.

The G graph was created fromthe P graph for a 37 period horizon. The
resulting G graph contains 2958 nodes and 6069 arcs. Only intersections having
poténtially conflicting traffic were signal controlled. For instance, inter-
sections 51 and 52 were not signaled since traffic sinply nerges at 51 and
separates at 52. There are 15 intersections where traffic may actually cross
and these intersections were signal controlled. AII the signals were on a simul-
taneous 3 period cycle in which for 2 periods the signal allowed traffic to flow
south while it was stopped east and west except for right turns. Then for one
period the situation was reversed.

Figure 6 shows the graph of the nunber of departures fromthe source in
each period fromtine O to time 10. The arrivals at the destination for the net-
work flow and shortest path solutions are also shown in Figure 6. (Cbhserve that
while the input increases to a peak and then decreases, the output is very irregular..
The restrictions caused by the traffic signals are the cause of the irregular
output. This is evidenced by the fact that the time fromtrough to trough and
frompeak to peak in the arrival graphs is 3. This is the sane as the.traffic
signal cycle tine.

In a street systemwith a single source and a single destination a set of

streets whose renmpval fromthe system separates the source fromthe destination is
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called a separating set. In such a system, a separating set with minimal flow
capacity determines the maximum flow capacity of the street system. In Figure 5
the maximum flow capacity is 105 given, for instance, by the capacity of the
separating set {(13,14),(23,24),(33,34),(43,44),(53,54)}. From period one
through period five the rate of departure exceeds the maximal flow capacity of the
street system. In fact from period one through period eight a total of 900 units
are trying to enter the network. This means there is input in excess of capacity
for eight consecutive periods yet at the destination, node 60, no pattern of
arrivals that repeats exactly can be observed.

Figure 7 shows the average travel times for each departing group under
the network flow and shortest path solutions. For the network flow solution the
arrival times were derived by assuming shortest paths were followed given the set
of flows defined by the solution. The first departing group of 60 does better on
the average under the shortest path solution, but after the first departing group
the network flow solution travel times are better on the average for all other de-
parting groups. To achieve this better average performance the first group of
travelers do not take the shortest paths available. Rather some of them follow
longer paths so those following will not be delayed in queues waiting to use
shorter paths. Clearly, the individual and group goals are in conflict in this
situation. This conflict may make it difficult or impossible to actually impose
the network flow solution. In an actual application the observed solution will
probably not be exactly the same as either solutiom.

The second street diagram has 12 sources, 8 intersections, and a single
destination. The street diagram appears in Figure 8. As in the previous example,

the street diagram was transformed into a P graph and then a G graph. First
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the P graph is formed by éxploding the intersections in to the appropriate
subset of the 8 node 12 arc représentation of intersection nmovenents. The
resulting P graph has 74 nodes and 108 arcs.

Al'l intersections require one time unit to cross. It takes three tine
units to travel fromany source to its reachable intersection. It takes two tine
units to travel between any‘pair of intersections. Finally, the ércs | eadi ng
to destination 33 are also two tine units long. -

The capacity of each of the arcs except the four arcs connecting to the
destination is 10 units/tine unit. The four arcs connecting to_the desti nati on
each have a capacity of 30 units/time unit.

The G graph was created fromthe P graph for a 25 period horizon.

The resulting "G graph contains 2034 nodes and 4335 arcs. All intersections
serve potentially conflicting traffic flows and therefore all intersections mére
signal controlled. Al the signals were on a simultaneous 4 period cycle in which
for two periods the signal allowed traffic to flownorth and southwhile it was
stopped east and west except for right turns. Then for two time periods the
situation was reversed

Figure 9 shows the graph of the total number of departures fromall sources
in each period fromtine zero to tine five. There were five units sent from each
source in periods zero and five, 10 units from each source in periods one and four and
15 units fromeach source in periods two and three. The total nunber of arrivals at
the destination for the network flow solution are also shown in Figure 9. These
arrivals are further divided into those entering the destination fromthe east and
west and those entering fromthe north and south.

In this network the arrivals reach a steady state of seventy for periods

8 to 17. Also during periods 8 to 17 there is an oscillation of the flow quantities
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arriving fromeast and west versus those arriving fromthe north and south. . The
consistent arrival paths observed in this exanple are a result of the symetry
of the street network, in terns of travel tinmes fromsource location, the traffic

signal pattern, and the source flow quantities. A further contributing factor

is the uniformty of street capacities. It is highly inprobable that these four
conditions woul d ever be satisfied in an application. It is to be expected that
generally an irregular flow pattern will occur such as that observed in the first

exanpl e rather than the steady state pattern observed in this exanple, because
street lengths and capacities don't generally match exactly, source input
quantities vary fromsource to source and traffic signals cannot usually be per-

fectly coordinated as in this case.
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APPENDIX A

V. ALGORITHM FOR DISPATCHING TRAFFIC FLOWS TO MINIMIZE USER TRAVEL TIME.
Definitions and Notatiom:

V=D UN the space time node set of G.

E=R UG yD, the arc set of G.

d 1is the destination.

(s,t) 1is the source location of time ¢t.

S(s,t) 1is the supply of vehicles at the source at time t.

Pk(t) is the kth path found from the source node (s,t) to destination d.

E[(Pk(t))] is the arc set of path Pk(t).

L is the length function where L(2) 1is the length of arc A&cE.

L(Pk(t)) is the length of the kth path from the source node (s,t) to
the desfination d.

F is the flow function where F(L) 1is the flow in arc 2cE.

F(Pk(t)) is the flow in the kth path from source node.(s,t)

to destination d.

CAP 1is the capacity function where CAP(L) is the current capacity of an arc 2¢E.

CAP(Pk(t)) is the capacity of the kth path
Path capacity is defined as

min  {CAP(2)}
zeE(Pk(t))

W(F(Pk(t)),L(Pk(t)), E(Pk(t))) be a vector valued function where the first
element of the vector F(Pk(t)) is the flow in the kth path from source
node (s,t) to destination d, the second element of the vector L(Pk(t))
is the length of the same path, and the remaining elements are the arcs

in the path Pk(t).
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ALGORI THM

STEP 0O

STEP 1.

STEP 2.

STEP 3.

I NI TI ALl ZATI ON
Set T ={t:S(s,t) >0} - {tuttes...,t } where t- <to < ,.,,,. <t

J z n - J z n

Go to STEP 1.

For (s,t,j) find the shortest path in G from (s,t,j) tod. Call this
path Prc(t,j). Let L(P«(t,j)) = L. Let E(P(t,j)) « P

Send y- min {CAP(P(t,j),S(s,t,j)} wunits on path \(t,j) by doing
the foll owi ng

For  *eE(P«(t,j)) set Kil) - F(£) +\j
Set  WF(Pk(t,j)), L(P«(t,j), B(P(t,]))) - (V,LoP).

Update the arc lengths and arc capacities of G as follows:
For all £E£eE(Pc(t,j)) set CAP(fc) *o CAP(E) - (j.
IF CAP(£) =0 then set L(JI)= e
Update the supply at node (s,t,j)
A(s,t,j) S(s,t,j) - u.

Go to STEP 2.

IF S(s,t,j) >0 then k «- k +1 and go to STEP 1.

If S(s,t,j) *0 then j « j +1 and go to STEP 3.

If j  <n+l then k « 1 and go to STEP 1.
If j - n+1 STOP.

END OF APPENDI X A.
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