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S O L U T I O N O F T H E F R O B E N I U S 
P R O B L E M 

Rav i K a n n a n 1 

November 27, 1989 

A b s t r a c t T h i s p a p e r considers t h e "Froben ius p rob l em" : Given n n a t u ­
ra l n u m b e r s a 1 ? a 2 , . . . an such t h a t t h e g rea t e s t c o m m o n divisor of a u a2,... an 

equa l t o 1, find t h e largest n a t u r a l n u m b e r t h a t is no t express ible as a non-
nega t ive in teger c o m b i n a t i o n of t h e m . Th i s p r o b l e m is N P - h a r d ; b u t for t h e 
cases n = 2 , 3 po lynomia l t i m e a lgo r i t hms a r e known t o solve it . Here a 
po lynomia l t i m e a l g o r i t h m is given for every fixed n. Th i s is done by first 
p rov ing a n exac t re la t ion be tween t h e Froben ius p r o b l e m a n d a geomet r i c 
concep t called t h e "cover ing r a d i u s " . T h e n a po lynomia l t i m e a l g o r i t h m is 
deve loped for finding t h e covering rad ius of any p o l y t o p e in a fixed n u m b e r 
of d imens ions . T h e las t a l g o r i t h m relies on a s t r u c t u r a l t h e o r e m proved here 
t h a t descr ibes for any p o l y t o p e K, t h e set K + Z n = {x : x £ R n ; x = 
y + z ; y £ K ; z G Z n } . T h e proof of t h e s t r u c t u r a l t h e o r e m relies on some 
recent deve lopmen t s in t h e G e o m e t r y of N u m b e r s . In pa r t i cu la r , it d r aws on 
t h e no t ion of "wid th 1 1 and covering radius in t roduced in K a n n a n and Lovasz 
[9], a t h e o r e m of I last ad [6] b o u n d i n g the wid th of la t t ice-point - f ree convex 
bodies and tin* techn iques of K a n n a n , Lovasz and Scarf [10] to s t u d y t h e 
shapes of a po lyhed ron ob t a ined by t r ans l a t i ng each facet paral le l to itself. 
T h e concep t s involved a r e defined from first pr inciples . In t h e last sec t ion , I 
deve lop a a decision p r o c e d u r e (which is po lynomia l t i m e b o u n d e d for fixed 
p , n) t o dec ide t h e t r u t h / falsity of a n y sen tence of t h e following form (where 
Q is a given copo lyhed ron in R p a n d A,B,b a r e given ma t r i ces of su i t ab l e 
d imens ions . See N o t a t i o n below.) 

V y G Q / Z ' 3 z < E Z n Ax + By<b. 

T h e sen tence says in words : for every y for which a n in teger vec to r z € Zl 

exis ts such t h a t (y,z) is in Q , t h e r e exists also an in teger vec tor x so t h a t 

Ax + By < 6. T h e Froben ius p r o b l e m is easily seen t o b e a special case . 

Supported by NSF-Grant CCR 8805199 
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N o t a t i o n 
R n is E u c l i d e a n n space . T h e l a t t i ce of all in teger vec tors in R n is d e n o t e d 

Z n . For a n y two sets 5 , T C R n , we d e n o t e b y S + T t h e set {s + t : s G 
5 ; f 6 T } . For a n y pos i t ive real , A, we d e n o t e by A5 , t h e set {Xs : s G S } . 
For a n y set W in R n + / a n d any set V in R ' , we d e n o t e by W/V t h e set 

{x : x G R n such t h a t t he re exists a y G V wi th (x , y) G W } . 

W / V is t h e set ob t a ined by "p ro jec t ing o u t " V from W . 
A c o p o l y h e d r o n is t h e in te rsec t ion of a finite n u m b e r of half spaces -

s o m e of t h e m closed a n d t h e o the r s open , ("co" for closed / open . ) If a 
copo lyhed ron is b o u n d e d , I will call it a copo ly tope . 

S o m e s t a t e m e n t s in t h e p a p e r will asser t " t h e a l g o r i t h m finds c o p o l y t o p e 
Pi " . T h e precise m e a n i n g of this s t a t e m e n t is as follows : s u p p o s e P , is 
in R 7 1 . T h e a l g o r i t h m will find a r a t iona l mx (n +1) m a t r i x C a n d a r a t iona l 
m x 1 vec tor b where / is a t mos t some po lynomia l funct ion of n a n d for each 
row of A, e i the r t h e < or t h e < s ign such t h a t P , equals 

By ci " r a t iona l polyhedron '" , we mean a po lyhedron t h a t can be descr ibed 
by a s y s t e m of inequal i t ies t h a t have ra t iona l coefficients; t h e inequal i t ies 
m a y have i r r a t iona l r ight h a n d sides. 

In m u c h of t h e p a p e r A will b e a fixed m x n m a t r i x . If t h e m e a n i n g 
of A is c lear from t h e con tex t , for a n y b in R m , t h e p o l y h e d r o n {x G R n : 
Ax < 6} will be de n o t e d by AV In m u c h of t h e p a p e r , b will va ry over 
s o m e c o p o l y h e d r o n in R m . Some b o u n d s in t h e p a p e r will be in t e r m s of 
t h e affine d imens ion j Q of th i s copo lyhedron . E x c e p t for T h e o r e m (7 .2) , th i s 
genera l i ty is no t s t r i c t ly needed . T h e r eade r m a y res t r ic t a t t e n t i o n t o t h e 
case w h e n j Q = m for t h e first r ead ing . T h e "size" of a r a t i ona l m a t r i x is t h e 
n u m b e r of b i ts needed to express i t . It is a s s u m e d t h a t in tegers a r e w r i t t e n 
in b i n a r y n o t a t i o n , so it t akes a O ( l o g M ) l eng th s t r ing t o express a n in teger 
of m a g n i t u d e M. 

A basis B of t h e l a t t i ce Z n is a set of n l inear ly i n d e p e n d e n t vec tors 
{ & i , 6 2 , . . -bn} in Z n , such t h a t each m e m b e r o f - Z w c an be expressed as a n 

{x : x G R n such t h a t t he re exists a 
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in teger l inear c o m b i n a t i o n of fe2> • • • n̂}- T h e " f u n d a m e n t a l para l le lopied" 
c o r r e s p o n d i n g t o B is t h e set {x : x = ]CS=i ^t&t whe re A, G R satisfy 0 < 
A, < 1 } . I t is d e n o t e d F(B). For each po in t y in R n , t h e r e is a u n i q u e l a t t i ce 
po in t z such t h a t z + F(B) con ta in s y. T h e para l le lopied z + F(B) is d e n o t e d 
F(B;y). 

In m o s t of t h e p a p e r , t h e only la t t ices t h a t occur a r e Z r for s o m e n a t u r a l 
n u m b e r r . In sect ion 2, we use m o r e genera l la t t ices . A la t t i ce in genera l 
is t h e set of all in teger l inear combina t ions of a set of l inearly i n d e p e n d e n t 
vectors in Euc l idean space . 

1 I n t r o d u c t i o n 

T h e F roben ius p r o b l e m can be r ephrased as follows : "Given n coins of 
d e n o m i n a t i o n s a u a2,... (in, wi th G C D ^ , a 2 , . . . a n ) equa l t o 1, w h a t is t h e 
largest in teger a m o u n t of m o n e y for which c h a n g e c a n n o t b e m a d e wi th these 
coins ? " N o t e t h a t t h e G C D condi t ion implies t h a t we c a n in fact m a k e 
c h a n g e for any large enough in teger a m o u n t of money. T h e s imple s t a t e m e n t 
of t h e Froben ius p r o b l e m makes it a t t r a c t i v e . Not surpr is ingly, t h e Frobenius 
p rob lem is N P - h a r d in general . Th i s is not proved in this paper . For t h e 
special case of n — 2, t he answer is explici t ly known - it is </ia 2 — (i\ — a 2 . 
T h e proof of this is e lementary . (See for e x a m p l e [19]) A po lynomia l t ime 
a l g o r i t h m t o solve t h e Frobenius p rob lem in t h e case n = 3 was developed 
in 1977 by R o d s e t h [15] based on t h e resul ts of Selmer a n d Beyer[20]. T h e r e 
is a s u b s t a n t i a l l i t e r a t u r e on t h e genera l p r o b l e m - see for e x a m p l e t h e bib­
l iography in [19], [4]. N o po lynomia l t i m e is k n o w n for fixed n g r ea t e r t h a n 
3. T h i s p a p e r develops one for a n y fixed n. It m i g h t seem t h a t th is resul t 
would follow from t h e resul t of Lens t r a [13] t h a t In teger P r o g r a m m i n g in a 
fixed n u m b e r of var iables can b e solved in po lynomia l t i m e ; b u t n o t e t h a t a 
na ive so lu t ion t o t h e F roben ius p r o b l e m involves solving (in t h e wors t case) 
a n e x p o n e n t i a l n u m b e r of In teger P r o g r a m s - o n e each t o d e t e r m i n e for each 
n a t u r a l n u m b e r b w h e t h e r 6 can b e expressed as a n o n n e g a t i v e in teger combi­
n a t i o n of a i , a 2 , . . . an. Some p r u n i n g is possible , b u t no such d i rec t m e t h o d 
is k n o w n t o work. For an a p p r o x i m a t i o n a lgo r i t hm, see [11]. 
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T h e F roben ius p r o b l e m is re la ted t o t h e s t u d y of m a x i m a l l a t t i ce po in t 
free convex bod ie s , a top ic of l ong - s t and ing in te res t in t h e G e o m e t r y of N u m ­
bers . T h i s re la t ion is descr ibed by Lovasz in [14]. H e also fo rmula tes a con­
j e c t u r e which he proves would imply a po lynomia l t i m e a l g o r i t h m for t h e 
F roben ius p r o b l e m for a fixed n u m b e r of in tegers . T h e s t r u c t u r a l resul t of 
th i s p a p e r does no t prove this conjec ture , b u t does imp ly a closely re la ted 
one as shown in sec t ion 7 . Scarf a n d Shal lcross [17] have recen t ly observed 
a s o m e w h a t d i rec t re la t ion be tween m a x i m a l la t t i ce free convex bod ies a n d 
t h e F roben ius p rob lem. T h e r e have been some app l i ca t ions of t h e Froben ius 
p r o b l e m t o a so r t ing m e t h o d called Shel l-Sort - see for e x a m p l e Incerpi a n d 
Sedgwick [7] and Sedgwick [18]. 

In sec t ion 2, t h e Froben ius p r o b l e m for n coins is exac t ly re la ted to t h e 
"cover ing r a d i u s " of a ce r t a in s implex in R 7 1 " - 1 . T h e no t ion of cover ing rad ius 
for t h e so-called cen t ra l ly s y m m e t r i c convex sets is a classical no t ion in t h e 
G e o m e t r y of N u m b e r s ; in [9], it was i n t roduced a n d s tud ied for genera l 
convex se ts . I t is defined as follows : 

For a closed convex set P of nonzero vo lume in R n , a n d a l a t t i ce L of 
d imens ion n a lso in R n , t h e least pos i t ive real t so t h a t IP + L equals R n 

is called t h e "cover ing r ad ius" of P wi th respect to L. It will be deno ted by 

In words , t h e covering radius is t h e least a m o u n t t by which we m u s t 
"blow u p " P a n d one copy of P p laced a t each l a t t i ce p o i n t so t h a t all of 
space is covered. 

S u p p o s e K is a closed b o u n d e d convex set in R n a n d v is a n e l e m e n t of 

R n . T h e w i d t h o f K a l o n g t; is 

m a x j i ; • x : x 6 K} — min{v • x : x 6 K}. 

T h e w i d t h o f K (w i th respec t t o t h e l a t t i ce Z n ) is defined t o b e t h e 
m i n i m u m w i d t h of K a long a n y nonzero in teger vector . N o t e t h a t th is differs 
from t h e usua l defini t ion of t h e geomet r i c w i d t h of K, w h e r e t h e m i n i m u m 
is over all un i t vec tors v r a t h e r t h a n all nonzero in teger vec tors . T h e w i d t h 
as defined he re is g r ea t e r t h a n or equa l t o t h e geomet r i c w i d t h s ince nonze ro 
in teger vec tors have l eng th a t least one . 
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T h e following so-called "flatness t h e o r e m " is p roved b y H a s t a d [6] us ing 
t h e resu l t s of Laga r i a s , L e n s t r a a n d Schnor r [12]. 

F l a t n e s s T h e o r e m If t h e w i d t h of a closed b o u n d e d convex set K in 
R n of nonze ro v o l u m e is a t least n 5 / 2 / 2 , t h e n K con ta ins a p o i n t of Z n . 

T h e bes t k n o w n a s y m p t o t i c resul t replaces t h e n 5 / 2 / 2 in t h e a b o v e the ­
o r e m by 0 ( n 2 ) , it a p p e a r s in [9]. I use here t h e a b o v e resul t s ince it has a 
s imple explici t c o n s t a n t . 

R e m a r k : T h e cond i t ion of nonzero vo lume is necessary as seen by 
t h e following e x a m p l e : A' = {x G R 2 : xx > l ; x i = V2x2}- However , in 
t h e case t h a t K is a r a t i ona l po lyhedron , i.e., K is desc r ibed by a s y s t e m 
of l inear inequal i t ies wi th r a t iona l coefficients, t h e a s s u m p t i o n of nonzero 
v o l u m e c a n b e d i spensed wi th in t h e a b o v e t h e o r e m . (Th i s follows from t h e 
s imple obse rva t ion t h a t if such a po lyhed ron has zero vo lume , t h a n its w i d t h 
m u s t b e zero a long s o m e nonzero in teger d i rec t ion , n a m e l y a long one of its 
facet d i rec t ions . ) I will, in fact, use this version of t h e t h e o r e m for r a t iona l 
po lyhed ra . 

K a n n a n , Lovasz a n d Scarf [10] show t h a t for any fixed m x n m a t r i x 
A sat isfying some nondegeneracy condi t ion , t he r e is a smal l finite set V 
of nonzero integer vectors such that for a n y "r ight h a n d side" 6. t h e r e is 
some v(b) be longing to V such t h a t t he p o l y t o p e A'^ = {x : Ax < b] has 
a p p r o x i m a t e l y t h e smal les t w id th a long v{b); more precisely, t h e wid th of 
Kb a long v(b) is a t mos t twice t h e w i d t h of K\> a long a n y nonze ro in teger 
vec tor . Sec t ion 3 of th is p a p e r proves f rom first pr inciples a resul t in t h e s a m e 
spir i t . T h e r e a r e two differences - here , I do no t a s s u m e a n y n o n d e g e n e r a c y 
cond i t ion . Secondly, in t h e resul t here , b is allowed t o vary over s o m e subse t of 
R m a n d t h e u p p e r b o u n d on t h e ca rd ina l i ty of V is in t e r m s of t h e d imens ion 
of t h e affine hul l of th is subse t . L e t t i n g t h e subse t b e t h e whole of R m , we 
can recover a resul t s imi lar t o [10]. 

T h e resu l t of sect ion 3 will be used in t h e s t r u c t u r a l t h e o r e m proved in 
sec t ion 4 which descr ibes t h e set K + Z n where K is a p o l y h e d r o n . T h e proof 
of th i s t h e o r e m is by induc t ion ; t h e induc t ive proof will need a "un i form" 
desc r ip t ion of K + Z n as each facet of K is moved para l le l t o itself in s o m e 
res t r i c t ed fashion. In this con tex t , t h e t h e o r e m of sec t ion 3 comes in useful. 
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Section 5 gives an algorithm for finding the covering radius in a fixed 
number of dimensions using the theorem of section 4. 

In both sections 3 and 4, the "right hand side" b is allowed to vary only 
over a bounded set. Section 6 proves the Main Theorem without such a 
restriction. 

The result of section 6 is used to produce a "test set" for Integer Program­
ming - see Theorem (7.1). This theorem is then used to design a decision 
procedure for sentences of the form mentioned in the Abstract - see Theorem 
(7.2). In particular, the decision procedure decides in polynomial time (for 
fixed n,p), the truth / falsity of a sentence of the form 

Vy e Z p 3x e Zn : Ax + By < 6. 

This is a generalization of Lenstra's result which gives a polynomial time 
algorithm for deciding sentences of the form 

3x eZn : Ax < 6. 

It is an interesting open problem to devise such algorithms for sentences with 
a higher number of alternations, in particular for sentences of the form 

3z eZp Vye Zq 3x e Zn : Ax + By + Cz<b. 

See Remark 4 of section 8. 

2 F r o b e n i u s p r o b l e m t o C o v e r i n g R a d i u s 

For ax, a2 ... ,an positive integers with gcd(ai ... ,an) = 1, let Frob(ax ... ,an) 
largest natural number t such that t is not a nonnegative integer combina­
tion of a\..., an. The aim of this section is to relate Frob{a\, a<i,... an) to 
the covering radius of a certain n — 1 dimensional simplex. This is done in 
Theorem (2 .5) . 

(2.1) T h e o r e m [2] 

Frob{a\..., an) = max min t\ — an (2.2) 

/6{l,2...,an—1} 
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( 

where t/ = the smallest positive integer congruent to / modulo an, that is 
expressible as nonnegative integer combination of a x... , an_i. 

Proof: The proof is rather simple. Let TV be any positive integer. If 
N = 0(mod an), then TV is a nonnegative integer combination of an alone. 
Otherwise, \i N = l(mod an), then TV is a nonnegative integer combination 
of a\ . . . , an iff N > £/. 

n-l 
Let L = {(xi xn_i) : xx^integers and ^ at£; = 0(moc/ a n ) } (2.3) 

n-l 
and let S = {(xi, x2 ...,^n-i) : X{ > 0 reals and ^ a t £ t < l } (2.4) 

t=i 
(2.5) Theorem fi(S,L) = Frob(ax ,a2 ..., an) + d\ + a2 + ... + an 

where ̂ (5, L) is the covering radius of 5 with respect to L. 
Proof: Abbreviate Frob(au a2,.. ., an) by F and //(S, L) by //. First, I 

show ft < F + aA -fa2 . . . + an. Suppose y £ Zn~\ and XIi1"1 ai!Jt = l(mod an). 
By definition of //, 3x\, .. . . xn_i,.rn > 0 integers such that Yl?=\ aiJ'i — U — 
/ + anxn; thus with = (xx . .. , £n_i), we have (y — x') £ L and (y — x') + t(S 
contains y — x' + x' — y. Since this is true of any y £ Zn, and ti < F + an, 
we have: 

Z^1 C (F + an)S + L (2.6) 
Further it is clear that R71"1 C Z n ~ l + (ax + ... + an_x)5. To see this, note 
that for z £ Rn~\ we have [z\ = .. L̂ n-iJ) € Z71"1 and (2 - |*J) € 
(ai + fl2 • • • + ctn-i)'?- Hence I have shown 

R n _ x Q z n _! + ^ + _ + a ^ i ) 5 c (F + ax + ... + an)5 + L (2.7) 
Now for the converse: Consider (F + an)S + L. I claim that F + a n is 

the smallest positive real t such that tS + L contains Z71"1. First suppose, for 
some t' < F + an, t'S + L contains Z71""1. Then for any 1 £ { 1 , . . . , an — 1 } , 
pick a y £ Z71"1, such that J2\~l «tj/t = I (mod an). y is in i'S + x for some x 
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in X, so (y — x) is in t'S. But I^]1"1 a,(y,- — xt) = l(mod an) and j/,- — > OV,-, 
implies that < Since this is true of any /, we have F < t1 — a n < F a 
contradiction (using Theorem (2.1)). 

Conversely, for any y G Zn~~\ if aiUi = /(moo? an), since < F + 
an, 3^1,..., ,£n_i > 0 integers so that X^"1 a;£t = / = Y^i"1 atyt(modan) 
and ^J1 - 1 at£t = £/. Then (y—x) € L and (y — x) + £/S contains (y — x) + x = y, 
so L + (F + a n ) S contains y. Thus I have shown: 

F + a n = min{/ : t > 0, real and tS + L D Z71"1} ' (2.8) 

By (2.8), we see that 3y E Z n - 1 , such that for any xGL, with yt — xt > 0Vt, 
we have ai(yi — Xi) > F+an. Now let e be any real number with o < e < 
1 and consider the point p = (pi,P2> • • -Pn-i ) defined by p, = yt + (1 — e)Vi. 
Suppose 9 is any point of L such that pt > t̂Vz. Then are all integers, so 
we must have qi < ytVt. 

n— 1 n—1 n—1 n—1 
So, £ at(pt- - 9.) = at)(l - e) + £ â J/t - ft) > (1 - e) £ at + (F + a n ) 

1 1 1 1 
by the above. 

Since this argument holds for any e G (0 1), we have // > F + a t . 
Together with (2.7) now, Theorem (2.5) is proved. 

I 

Remark : By applying a suitable linear transformation, we can "send" 
L to Z n - 1 . This sends the simplex S to some simplex whose constraint matrix 
is still rational. I assume this has been done ; in the coming sections, I will 
deal only with covering radii of sets with respect to the standard lattice of 
integer points. 

3 V e c t o r s a l o n g w h i c h K b h a v e s m a l l w i d t h 

(3.1) Lemma : Suppose A is an m x n matrix of integers of size <f>. For 
each b € Rm, we denote by Kb the polyhedron {x : Ax < b}. Let P be 
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a copo ly tope in R m of affine dimension j 0 such that for all b £ P, Kb 
is nonempty and bounded. 2 Let M be max{ |6 | : b 6 P } . There is an 
algorithm that finds a partition of P into copolytopes Px, P2,... Pr where 
r is at most m3n+Jo (2 log 2 M + I2n2<f)))n*Jo, and for each copolytope P t , it 
finds a nonzero integer vector V{ and n x m matrices T t , T{ such that for all 
i, I < i < r and all 6 6 Pi, we have 

• T h e point T t6 maximizes the linear function V{ • a: over x in AV 

• T h e point T[b minimizes the linear function u t • x over x in A^ and 

either W i d t h V i ( A 6 ) < 1 

or Vu ^ 0,tz G Z n , Width V t (A ' 6 ) < 2 W i d t h u ( A ' 6 ) . 

Further, the algorithm works in t ime polynomial in data and log M if 
n,j0 are fixed. 

P r o o f I first describe how to find the nonzero integer vectors v l 9 1 ; 2 , . . . 
wi th which to prove the theorem and then describe how to find the partition 
of P. T h e first m of the vectors will be the rows of ,4. We note that every 
Kh of zero volume has width 0 along one of these rn vectors. Also, if a 
Kb has width at most 1 along one of these m directions, it is u t a k e n care 
of" by that direction. So we only need the rest of the vectors to take care of 
full-dimensional Kb with width at least 1 along each of the m facet directions. 

Since Kb is bounded, we have that Kb is contained in a ball of radius 
M 2 4 n * [21, Theorem 10.2] around the origin. Also, Kb has a centroid - say 
- x 0 . Consider Kb — Let this be {x : Ax < b'}. No te that b' belongs to 
P' = P+{ co lumn space of A ) which is a set of affine dimension at most 
n + jo . By the above, 0 < b\ < M 2 5 f , 2 * V i . By the properties of the centroid 3 

, and the lower bound of 1 on the width of Kb in any of the facet directions, 
we have that 

7 r < 6' < M 2 5 n 2 * V i . 
(n + 1) -

2 N o t e t h a t Kb is b o u n d e d for all b iff {x : Ax < 0} = {0}. 
namely , if yQ is the centroid of a b o u n d e d c o n v e x se t K in R n , then for a n y z € K 

w e have (1 + ±)y0 - Lz e K . 
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Let R C Rm be the rectangular solid {y : < y{ < M25n2*Vz}. Applying 
the next lemma with Q = the affine hull of P' , we get a finite set V in Rm 

such that for each y e PnP', there is a y' G V with y1 < y < 2y'. (Note that 
by that lemma, the set V1 can be found in polynomial time when n, jQ are 
fixed.) For each y' in V such that Ky» is full dimensional, we find the nonzero 
integer vector that attains the width of K y ' . This set of nonzero integer 
vectors clearly suffices as our set of V{ 's. (The nonzero integer vector along 
which the width of a polyhedron is minimised, can be found in polynomial 
time for a fixed number of dimensions - see [9 (1986) version].) 

We now have a set of vectors v\, v2,... such that each of the relevant Kb 
has "small"4 width along one of these vectors. For each we perturb it 
slightly to get a v[ with the property that (i) for any b G P, a vertex of Kh 

achieves the maximum (minimum) of the linear function v[ • x over Kb iff it 
achieves the maximum (respectively minimum) of u, • x over Kb ; and (ii) for 
each b in P, there is a unique vertex of Kb that achieves the maximum and 
a unique vertex that achieves the minimum of v[ • x over Kb- This is possible 
with an increase in size by at most a polynomial additive term. (For example, 
see [21].) Consider each of the (at most m n ) nonsingular n x n submatrices 
D of A. For each of these we can define an n x m matrix T by augmenting 
B ~ l with 0 columns so that the possible corners of any A'̂ , are of the form 
Tb for such T. I will denote by f(T) the ordered subset of {1,2, ...m} of 
cardinality n that contains the indices of the rows of A that go into B . Let 
f(T) = {/i(T), / 2(T),... fn(T)}. We let f0(T) be zero for all T. If there is 
degeneracy, it may happen that a vertex v of some Kb equals Tb for more 
than one T. In that case, we will say that T is the lexicographically least 
one defining the vertex v if the set f{T) is lexicographically least among all 
"basis" sets that define v. This can be expressed more precisely as follows 
: let g(T) be the set of / such that for s with f3(T) < I < /5+I(JT), we have 
that row / of A is independent of rows /i(T), f2(T),... fs(T) of A. Then, we 
say that v = Tb satisfies Av < b and for each / in g(T), we have the / th 
component of Av is strictly less than 6/. 

4 "Small" means either at most 1 or at most twice the minimum width along any nonzero 
integer direction. 
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W e orde r t h e T 's a n d call t h e m 7 \ , T 2 , T h e r e will b e o n e c o p o l y t o p e 
P ( T t , T j , Ujt) for each t r ip le in t h e p a r t i t i o n of P . T h e c o p o l y t o p e 
P ( T t , T j , v*) will b e t h e set of all b's in P for which 

• p = T t 6 a n d <? = Tjft be long to AV F u r t h e r , T t is t h e lexicographical ly 
least one t h a t defines p a n d t h e s a m e for Tj a n d q. 

• T h e m a x i m u m value of v'k • x over A'& is a t t a i n e d a t T t 6. 

T h e m i n i m u m value of v'k • x over Kb is a t t a i n e d a t T 7 6 . 

For each / < k, t h e r e exist x^l\y^ in Kb, such t h a t ^/ • (x^ — y ^ ) > 
vk-{Txb-T3b). 

• For each / > k, t h e r e exist x^l\y^ in A'&, such t h a t v/ • (x^ — t/O) > 
Vk'(Tib—Tjb). (Th i s a n d t h e previous condi t ion say t h a t t h e w i d t h of Kb 

a long Vk is t h e least a m o n g all t h e d i rec t ions { v i } . T h e s t r i c t inequa l i ty 
in t h e p rev ious cond i t ion is t he r e to e n s u r e t h a t each b belongs t o only 
one P(Ti,Tj,vk). 

( 3 . 2 ) C l a i m Each P(Ti,Tj,vk) defined above is a copo ly tope . T h e 
copo ly topes form a pa r t i t i on of P . For each b £ P{l\,Tj, vk)- we have t h a t 
Kb has smal l w i d t h (a t mos t 1 or a t mos t twice t h e m i n i m u m in any in teger 
d i rec t ion) a long vk a n d fur ther Tib max imizes vk-x over Kb a n d Tjb minimizes 
Vk • x over AV 

P r o o f T o prove t h e first s t a t e m e n t , I will show t h a t each of t h e a b o v e 

cond i t ions in t h e defini t ion of P ( T i , T j , V j k ) can b e expressed by l inear con­

s t r a i n t s poss ib ly wi th t h e i n t roduc t i on of new var iables . O n l y t h e second 

a n d t h i rd cond i t ion need a n y e x p l a n a t i o n a t all. T h e second cond i t ion is ex­

pressed b y c o m p l e m e n t a r y s lackness of l inear p r o g r a m m i n g - namely , we say 

t h a t t h e c o m p l e m e n t a r y so lu t ion is feasible t o t h e dua l , i.e., t h a t VkB~x > 0 

w h e r e Bi is t h e nxn basis m a t r i x co r r e spond ing t o T t . N o t e t h a t in fact, th is 

s t a t e m e n t does n o t involve 6, so it need n o t b e inc luded as a cons t r a in t , if it 

is no t satisfied, t h e n t h e P ( T i , *, vk) is e m p t y for all * = T j , so t he se pieces 

need no t b e inc luded in t h e p a r t i t i o n of P . Cond i t i on 3 is t r e a t e d similarly. 
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T H E S T A T E M E N T I N T H E C L A I M T H A T T H E C O P O L Y T O P E S F O R M A P A R T I T I O N O F P IS 

E A S Y T O S E E : IF b B E L O N G S TO P ( T ; , T J , t ^ ) , T H E N T H E W I D T H O F A L O N G Vk IS 

LESS T H A N ITS W I D T H A L O N G V L 9 Z ; 2 , . . . V k - \ A N D AT M O S T ITS W I D T H A L O N G V f c + i , . . . , 

S O Vk IS U N I Q U E L Y D E T E R M I N E D B Y b. T H E N CLEARLY, B Y T H E P E R T U R B A T I O N , T{ A N D 

Tj A R E U N I Q U E L Y D E T E R M I N E D . 

T H E REST O F T H E C L A I M IS E A S Y TO S E E . 

N O W FOR T H E L E M M A : W E M A Y R E T U R N T H E P A R T I T I O N { P ( T I , Tj,Vk)} O F P , 

A N D A S S O C I A T E D W I T H P ( T , - , 2 j , V ^ ) , T H E V E C T O R Vk A N D T H E M A T R I C E S T{,Tj T O 

SATISFY T H E L E M M A . T H E U P P E R B O U N D O N R, T H E N U M B E R O F E L E M E N T S I N T H E 

P A R T I T I O N IS E A S I L Y O B T A I N E D . 

I 

( 3 . 3 ) L e m m a L E T R C R m
 B E T H E R E C T A N G L E {y : a < yx < fNi) 

W H E R E 0 < a < /3 A R E A R B I T R A R Y RATIONALS . L E T Q B E A N Y A F F I N E S U B S P A C E 

O F R m W I T H D I M E N S I O N S A Y t. T H E N T H E R E E X I S T A FINITE SET V I N R m W I T H 

11"| < ( 2 M ( L O G 2 f + 1 ) ) S U C H T H A T FOR E A C H J/ £ R PI Q , T H E R E IS A y' G V 
W I T H y' < y < 2y'. 

F U R T H E R , G I V E N P , Q , T H E SET V C A N B E F O U N D I N P O L Y N O M I A L T I M E P R O V I D E D 

N , t A R E FIXED. 

P r o o f : D I V I D E R I N T O S U B - R E C T A N G L E S E A C H O F T H E F O R M 

{z : o2Vi < z{ < a 2 p , + 1 FOR i = 1, 2 . . . , M } 

W H E R E P I , P 2 • • • A R E N A T U R A L N U M B E R S B E T W E E N 0 A N D / = L O G 2 ( / ? / A ) . I 

WILL S H O W B Y I N D U C T I O N O N T H E P A I R T, m T H A T Q FL P IS C O N T A I N E D I N T H E U N I O N 

O F S O M E 

2 W ( / + iy 

S U B R E C T A N G L E S O F R W H I C H CLEARLY P R O V E S T H E L E M M A . 

T H E C A S E t = 0 IS CLEAR FOR ALL M . T H E C A S E m = 0 IS TRIVIAL. F O R H I G H E R 

tf, N O T E T H A T IF Q INTERSECTS A S U B R E C T A N G L E , IT INTERSECTS T H E B O U N D A R Y O F T H E 

S U B R E C T A N G L E . F O R A N Y I, 1 < i < m A N D A N Y PT-, 0 < p,- < /, C O N S I D E R T H E 
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(rn — l ) - d i m e n s i o n a l r e c t a n g l e R' = R D {z : Z{ = 2Pla} a n d t h e d i v i s i o n o f i t 

i n t o s u b r e c t a n g l e s " i n d u c e d " b y t h e d i v i s i o n o f R. A l s o , l e t QO{z : Z{ = 2Vxa) 
b e Q'. I f f o r a n y i a n d a n y p t , s u c h a Q' e q u a l s Q , w e h a v e t h e l e m m a b y 

i n d u c t i o n o n m . S o a s s u m e t h i s i s n o t t h e c a s e . T h e n , Q' i s a (t — 1 ) -

d i m e n s i o n a l a f f i n e s p a c e . A p p l y i n g t h e i n d u c t i v e a s s u m p t i o n , w e k n o w t h a t 

t h e r e a r e ( 2 ( m — 1 ) ( / + l ) ) ' " 1 s u b r e c t a n g l e s w h o s e u n i o n c o n t a i n s Q' Pi R ' . 

E a c h s u c h s u b r e c t a n g l e i s a f a c e t o f 2 s u b r e c t a n g l e s o f R . T h u s t h e r e a r e 

2 . ( 2 ( m — 1 ) ( / + l ) ) ' " 1 m ( / + 1 ) s u b r e c t a n g l e s o f R w h o s e u n i o n c o n t a i n s 

QDR. 

T o g e t t h e r e q u i r e d a l g o r i t h m , n o t e t h a t i n t h e c a s e w h e r e s o m e Ql e q u a l s 

Q , w e g e t o n e " p r o b l e m o f s i z e " i , m — 1 a n d i n t h e o t h e r c a s e , w e g e t ra(/-fl) 

p r o b l e m s e a c h o f " s i z e " t — 1 , m — 1 . 

( 3 . 4 ) L e m m a : S u p p o s e K i s a r a t i o n a l p o l y h e d r o n i n R n a n d v 6 

Z n \ { 0 } s a t i s f i e s 

e i t h e r W i d t h v ( A ' ) < 1 

o r V u / 0 , u e Z \ W i d t h , ( A ) < 2 W i d t h l l ( A ) . 

S u p p o s e a l s o t h a t y i s i n A a n d v - y — a . F o r j3 G R, d e n o t e b y H(j3) t h e 

s e t {x e R n : v • x = ^ } . L e t 5 = n 5 / 2 + 1 . T h e n f o r a l l 7 6 ( a a + 1 ] , w e 

h a v e 

P r o o f : I t i s e a s y t o s e e t h a t w e m a y a s s u m e t h a t y = 0 a n d a = 0 

s i n c e b o t h s i d e s i n t h e a b o v e e q u a t i o n a r e u n c h a n g e d b y t r a n s l a t i o n s o f K 

( p r o v i d e d o f c o u r s e , # ( 7 ) i s a l s o s u i t a b l y t r a n s l a t e d ) . N o w s u p p o s e x b e l o n g s 

t o # ( 7 ) f o r s o m e 7 € ( 0 1 ] a n d x b e l o n g s t o K + Z n . S o x — K i n t e r s e c t s Z n , 

h e n c e t h e r e e x i s t s a r e a l n u m b e r t £ [ 0 1 ] s u c h t h a t x — tK i n t e r s e c t s Z n , 

b u t t h e i n t e r i o r o f x — tK d o e s n o t . ( T h i s u s e s t h e f a c t t h a t K i s c l o s e d a n d 

0 G A ' . ) T h e n t h e w i d t h o f tK a l o n g s o m e n o n z e r o i n t e g e r v e c t o r m u s t b e 

a t m o s t \nbl2 b y t h e F l a t n e s s T h e o r e m ( s e e r e m a r k f o l l o w i n g t h e F l a t n e s s 
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T H E O R E M I N S E C T I O N 1) F R O M W H I C H IT FOLLOWS T H A T T H E W I D T H O F tK A L O N G v 

M U S T B E AT M O S T N 5 / 2 . T H E N IF z IS I N (x — tK)DZn, W E H A V E \v-(z — x)\ < N 5 / 2 , 

T H U S W E H A V E \v • z\ < s W H I C H I M P L I E S T H A T x B E L O N G S TO 

I N THIS S E C T I O N , T H E M A I N T H E O R E M IS S T A T E D A N D P R O V E D . T H E I D E A O F T H E 

T H E O R E M IS TO D E S C R I B E T H E SET K + Zn W H E R E A ' IS A P O L Y H E D R O N . W E A S S U M E 

K IS D E S C R I B E D B Y m LINEAR I N E Q U A L I T I E S Ax < b W H E R E A IS A N M X n M A T R I X 

A N D b A N M X 1 V E C T O R . IF IT H A P P E N S T H A T K IS C O N T A I N E D IN T H E F U N D A M E N T A L 

P A R A L L E L O P I P E D F(B) C O R R E S P O N D I N G TO S O M E B A S I S B O F L = Z n , T H E N CLEARLY, 

K + L = (K FL F(B)) + L. T H I S O F C O U R S E IS N O T T R U E I N G E N E R A L . 

I N SPIRIT , T H E T H E O R E M B E L O W S T A T E S T H A T I N G E N E R A L , IT IS E N O U G H T O L O O K 

AT T H E P O R T I O N O F K + L ( W H E R E L == Z n ) , C O N T A I N E D I N S O M E P A R A L L E L O P I P E D S 

W H I C H A R E LATTICE T R A N S L A T E S OF T H E F U N D A M E N T A L P A R A L L E L O P I P E D C O R R E S P O N D I N G 

TO S O M E B A S E S ( N O T E T H E PLURAL) O F L. F U R T H E R , W E N E E D TO C O N S I D E R O N L Y A 

" S M A L L " N U M B E R OF LATTICE TRANSLATES . T H E N U M B E R O F B A S E S O F L AS WELL AS T H E 

N U M B E R O F LATTICE TRANSLATES IS B O U N D E D A B O V E B Y A F U N C T I O N O F N A L O N E . T H E 

P R O O F O F T H E T H E O R E M WILL B E B Y I N D U C T I O N ; I N T H E B O D Y O F T H E I N D U C T I V E P R O O F , 

W E WILL L O O K AT SETS O F T H E F O R M K' -V V W H E R E K1 IS T H E I N T E R S E C T I O N O F K 

W I T H S O M E L A T T I C E H Y P E R P L A N E A N D V T H E I N T E R S E C T I O N O F L W I T H T H E S U B S P A C E 

PARALLEL TO T H E H Y P E R P L A N E . W E WILL N E E D TO D E R I V E A " U N I F O R M " D E S C R I P T I O N O F 

T H E S E SETS AS T H E H Y P E R P L A N E IS T R A N S L A T E D PARALLEL TO ITSELF. T H E S E C T I O N S T H E N 

C A N B E ALL D E S C R I B E D A S {y : A!y < b'} W H E R E T H E bf VARIES as A N AFFINE F U N C T I O N 

O F b A N D T H E P O S I T I O N O F T H E H Y P E R P L A N E . T O FACILITATE S U C H A N I N D U C T I V E P R O O F , 

W E WILL C O N S I D E R A M O R E G E N E R A L S E T T I N G T H A N K + L , N A M E L Y K\> + L W H E R E 

Kb = {x : Ax < b} A N D N O W , W E LET b V A R Y O V E R A C O P O L Y T O P E P I N R m . 

P R O V I N G T H E L E M M A . 

4 T h e M a i n T h e o r e m 
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T H E T H E O R E M WILL S A Y T H A T FOR FIXED n A N D T H E A F F I N E D I M E N S I O N O F P , W E C A N 

P A R T I T I O N P I N T O A P O L Y N O M I A L N U M B E R O F C O P O L Y T O P E S S U C H T H A T I N E A C H P A R T , 

T H E R E IS A N U N I F O R M D E S C R I P T I O N O F Kb + L. 

( 4 . 1 ) T h e o r e m L E T A B E A N m X n M A T R I X O F INTEGERS O F S I Z E <f>. L E T P 
B E A C O P O L Y T O P E I N R m O F AFFINE D I M E N S I O N j Q S U C H T H A T FOR ALL 6 £ P , T H E SET 

Kb = {x : Ax < b} IS N O N E M P T Y A N D B O U N D E D . L E T M = ( M A X & € P ( | 6 | + 1)). 

T H E R E IS A N A L G O R I T H M W H I C H FOR A N Y FIXED N , j Q R U N S I N T I M E P O L Y N O M I A L I N 

0 , LOG M A N D A N D FINDS A P A R T I T I O N OF P X R n I N T O S U B S E T S S I , S 2 , . . . S R S U C H 

T H A T : 

1. r < (n(f>m\og M ) J ' ° N D N , W H E R E C/ IS A C O N S T A N T I N D E P E N D E N T O F N , M , M , <̂ >. 

2 . E A C H S , IS O F T H E F O R M S'JZ1
 W H E R E S T- IS A C O P O L Y H E D R O N I N R m + n + ' A N D 

/ < n3n. 

3. L E T T I N G S t ( 6 ) = {x £ R n : (6, x) £ S T } , W E H A V E FOR ALL i A N D ALL b £ P , 

5,(6) + Z" = 5 , (6) . 

T H E A L G O R I T H M ALSO FINDS C O R R E S P O N D I N G T O E A C H S , , A COLLECTION 23, O F A T 

M O S T n 3 n B A S E S O F Z n . C O R R E S P O N D I N G TO E A C H B A S I S B I N E A C H Bx, IT FINDS A N 

AFFINE T R A N S F O R M A T I O N T(B) : R m —» R n A N D A S E T Z(B) O F AT M O S T N N P O I N T S 

OF Z n S U C H T H A T FOR ALL i A N D ALL b £ P , W E H A V E 

(Kb + z n ) n Si(b) = 

U ( ( ^ 6 + Z ( 5 ) ) n P ( P ; T ( P ) 6 ) ) I + Z n n s t ( 6 ) . 

/ * E N D O F S T A T E M E N T O F T H E T H E O R E M * / 

R e m a r k R E M I N D E R O N S O M E N O T A T I O N : F(B; y) IS T H E L A T T I C E T R A N S L A T E 

O F T H E F U N D A M E N T A L P A R A L L E L O P I P E D F(B) C O R R E S P O N D I N G T O T H E B A S I S P , T H A T 

C O N T A I N S T H E P O I N T y. 

P r o o f : T H E P R O O F IS B Y I N D U C T I O N O N N . F I R S T , I D O T H E C A S E n = 1. H E R E 

E A C H R O W O F A C A N B E A S S U M E D TO B E ± 1 ; S A Y T H E FIRST k R O W S A R E + 1 A N D T H E 

REST -1 . W E WILL H A V E S I , S 2 , . . . Sk C P X R 1 D E F I N E D B Y 

Si = {(b,x) : b £ P ; b, < bubi < 6 2 , . . • h < 6 , - 1 ,6 , < 6 , + I , 6, < 6 , + 2 . . . 6t- < 6*}. 
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In words, 5t- consists of all (b,x) for which i is the min imu m j such that 
bj = min{6, : / = 1 , 2 , . . . k}. For (b9x) G 5,-, we have 6 t G AV Let Bt- = { { 1 } } 
for all i and let T(B) be the affine transformation defined by T(B)b = b{ for 
the single basis B in 23,. Finally, let Z(B) = { 0 , - 1 } for all B. It is easy 
to check that the theorem is valid with these quantities; this completes the 
proof for n = 1. 

It is useful to remark that the role of T(B) is to "get a hold of a point" 
T(B)b that is guaranteed to be in AV We then know that we have all the 
information needed regarding Kb + Z by just looking at the intersection of 
Kb with the parallelopiped containing that point and a neighbouring paral­
lelopiped. 

Now we go to general n. First, we may restrict attent ion to each of the 
copolytopes that lemma (3.1) partitions P into in turn. So without loss of 
generality, assume that we know a linear transformations T, T' and a nonzero 
integer vector v such that for all 6 G P , we have A^ has "small" width (i.e., 
width of at most 1 or a width at most twice the min imum width along a 
nonzero integer direction) along v and Tb minimizes v • x over x in Kb and 
T'b maximizes v • x over x in AV 

After a suitable unimodular transformation, we may assume that v is the 
first unit vector t { . 

Let now e x - Tb = a . For any real number 7 , let # ( 7 ) = { x 6 R n : ex - x = 
7 } . Let L = Z n . 

T h e idea now will be to obtain an expression for (Kb + L) D H(~f) as 7 
varies over (a a + 1]. T h e inductive assumption will enable us to get an 
expression for each such section and then we will put the sections together. 

For any/? G R , let Q(6, /?) = Kb^H(^), We can find an integer m x ( n - l ) 
matrix C , an m x m affine transformation D and an m— vector d such that 

V6,/3 Q(6,/?) = {{fax) : x G R n - 1 satisfies Cx < Db+pd}. 

Let Q(6, /?) = { £ G R ^ 1 : C x < £ 6 + /9c/}. 
For 7 G ( a a + l ] , we have by lemma (3.4) , (with s = n 5 / 2 + 1) 

(Kb + L)n H(f) = 
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( A ' T + U U ( I N # ) ) ) N % ) = 

us

k=_3 {{KbNH(t- k)) + ( L N H { k ) ) } = 

U U - . ( ( W . 7 - * ) + ^ ) + * C ! ) ( 4 . 2 ) 

where V = LOH(O) = O x Z 7 1 " * 1 . As s t a t e d earlier, 7 will vary over t h e r ange 
(a a + 1 ] , so 0 = 7 — A: will vary over t h e r a n g e ( a — 5 a + s + 1 ] . Let 7 ( 6 ) = 

{(3e{a-s a+s+l] : <?(& ,/?) ^ 0 } which is equa l t o ( a - * a + 5 + l ] N [ T 6 

Let 6 ' == J D 6 + f3d. As 6 varies over P , a n d /3 varies over 1(b), b' varies over 
some c o p o l y t o p e P' of affine d imens ion a t mos t j 0 + 1. F u r t h e r , clearly, we 
can o b t a i n a n a t u r a l n u m b e r v' so t h a t it is b o u n d e d in size by a po lynomia l 
in t h e size of A a n d l o g ( M A X F C € p ( | 6 | + 1 ) ) a n d P ' is con ta ined in a ball of rad ius 
v' a b o u t t h e origin in R m . Also, for all b' £ P ' , we h a v e Q(V) = {x : Cx < b'} 
is n o n e m p t y a n d b o u n d e d . 

A p p l y i n g t h e induc t ive a s s u m p t i o n on Q(bf) + Zn~l will give us a p a r t i t i o n 
of P ' x R 7 1 " 1 ; clearly, we m a y s u b s t i t u t e b' = Db+{3d t o m a k e this a p a r t i t i o n 
of P 0 x R n _ 1 w h e r e P 0 = {(&,/?) : & G P ; / 3 G 7 ( 6 ) } . So by induc t ion , we get 

( 4 . 3 ) a p a r t i t i o n of P 0 x R 7 1 " 1 in to subse ts P I , P 2 , • • • Rt such t h a t 

1. each Ri is of t h e form R\jZl where P - is a copo lyhedron in R T n + n + / a n d 
/ < (71 - I ) 3 * " - 1 ) and for all (&, tf) G P 0 , 

2 . P ^ ^ ^ + Z ^ 1 = P T ( 6 , ^ ) . 5 

For technica l convenience , We let P 0 = {(b,/3,x) : T " & < /? < a + 5 + l ; 6 G 
P } a n d P M = {(&,/?,*) l a - ^ ^ T M E P } . Now R 0 , R u . . . R t + l 

form a p a r t i t i o n of P x ( a - 5 a + 5 + 1 ] . 

W e also get co r r e spond ing to each subse t P T , for 1 < i < t a col lect ion Z3, 

of bases of Z N ~ * con t a in ing a t mos t (n — l ) 3 ^ " 1 ) bases , a n d co r r e spond ing 
t o each basis P , a n affine t r ans fo rma t ion T(B) a n d a set Z(B) of po in t s in 
Z 7 1 " 1 so t h a t for all i = 1 , 2 , . . . t a n d all (&, /?) G P 0 , we h a v e 

(Q(b,(3) + Zn-1)n(Rt(b,/3)) = 

5Reminder on notation : Ri(b,(3) = {x £ R n - 1 : {b,0,x) £ Ri}. 
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U (Q(b,0) + Z(B))nF{B;T(B)(% + Z n - l 
N * , - ( & , / ? ) ( 4 . 4 ) 

W E LET B0 = £ * + i = 0 . S I N C E , £ ( & , / ? ) = 0 FOR 0 £ [Tb T'b), ( 4 . 4 ) IS N O W 

V A L I D FOR ALL ( 6 , /?) I N P X ( A — 5 A + S + 1 ] . 

T H E S U B S E T S O F P X R n W I T H W H I C H I P R O V E T H E T H E O R E M A R E O B T A I N E D AS 

FOLLOWS : L E T J = ( Z _ 5 , Z _ s + i , . . . io,... I 5 ) B E A N Y (2s + 1 ) - T U P L E O F INTEGERS 

E A C H IN T H E R A N G E [0 t + 1 ] . T H E R E WILL B E O N E S U B S E T Sj I N T H E P A R T I T I O N O F 

P X R n FOR E A C H S U C H J . IT IS D E F I N E D AS T H E SET O F ( 6 , /?, x) : b £ P , /3 £ R , A: £ 

R n _ 1 S U C H T H A T 

3 Z £ Z : /? + z £ ( A A + 1 ] , (6,/? + z - fc,I) G Rtk FOR = - 5 , —s + l,...s 

N O T E H E R E T H A T 6 " C O M E S F R O M " P A N D ( / ? , X ) " C O M E F R O M " R n . IT IS O B V I O U S 

T H A T T H E SETS Sj A R E OF T H E F O R M Sj/Zl
 W H E R E T H E Sj IS A C O P O L Y H E D R O N A N D 

/ IS N O T T O O H I G H . ( I N F A C T , / < 1 + (2s + L ) ( N - L ) 3 ^ " 1 ) < N 3 N . ) T O S H O W FOR 

A N Y 6, T H E I N T E R S E C T I O N O F Sj(b) A N D Sjt(b) IS E M P T Y FOR J ^ J ' , W E P R O C E E D 

AS FOLLOWS : J A N D J ' M U S T DIFFER I N O N E O F THEIR " C O O R D I N A T E S " , S A Y , IN T H E 

k T H C O O R D I N A T E J H A S j A N D J' has j ' W I T H j ^ j ' . F O R A N Y b G P , A N D 

/? £ ( A — S A + 6 + L ] , W E H A V E T H A T Rj(b,/3) A N D Rj'(b,f3) do N O T I N T E R S E C T , 

F R O M THIS IT FOLLOWS T H A T Sj(b) A N D Sj>(b) D O N O T I N T E R S E C T . 

T H E O T H E R T W O P R O P E R T I E S R E Q U I R E D O F T H E COLLECTION {Sj} - T H A T THEIR U N I O N 

IS P X R n FOR A N Y F I X E D b A N D T H E Y A R E I N V A R I A N T U N D E R Z n ALSO FOLLOW EASILY . 

T H E B O U N D O N T H E N U M B E R O F Sj G I V E N B Y I T E M 1 IS A R G U E D B Y I N D U C T I O N 

O N n AS FOLLOWS : IT IS O B V I O U S FOR n = 1 . F O R O T H E R N , B Y L E M M A ( 3 . 1 ) , 

T H E P A R T I T I O N O F P I N C U R S U S A FACTOR O F A T M O S T (mn LOG M<f>)c^n+^ FOR S O M E 

C O N S T A N T C . T H E N W E M A Y A P P L Y T H E I N D U C T I V E A S S U M P T I O N FOR £, T H E N U M B E R 

O F P I E C E S I N T O W H I C H P' X R n - 1 IS P A R T I T I O N E D . T H E <f> A N D LOG M P A S S E D O N 

T O THIS P R O B L E M A R E E A S I L Y C H E C K E D T O B E AT M O S T nc' T I M E S T H E ORIGINAL <f> A N D 

LOG M A N D O F C O U R S E T H E n + j 0 P A S S E D O N IS T H E S A M E as B E F O R E , S I N C E n IS 

D E C R E A S E D B Y 1 A N D j Q I N C R E A S E D B Y 1 . F U R T H E R , T H E N U M B E R O F J IS AT M O S T 

(t + I ) 2 N 5 / 2 + 3 . S O W E G E T , T H E N U M B E R O F J IS AT M O S T 

( 4 . 5 ) 

( M N LOG M<t>)c{n+jo)+3c'ni/2jond""1) 
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W H I C H IS LESS T H A N OR E Q U A L TO (mn LOG M<f>)iondn
 FOR A S U I T A B L E C H O I C E O F d. 

W E M U S T N O W A S S O C I A T E A C E R T A I N SET O F B A S E S O F Z " W I T H E A C H Sj. I D O 

THIS AFTER G I V I N G A N I D E A O F W H A T T H E S E T M U S T B E . F O R E A C H J, S A Y J = 

(i-a, i - 3 + i , . . . i 0 , . . . is), A N D FOR 7 E ( A A + 1 ] , W E G E T U S I N G ( 4 . 2 ) , 

((Kb + L)nn(i))nSj(b) = 

7 X 

k=-s 

N Sj(b) ( 4 . 6 ) 

C U 7 x { ( Q ( 6 , 7 - f c ) + Z B - 1 ) N / E , - f c ( 6 , 7 - ^ ) } 

W H E R E T H E LAST C O N T A I N M E N T C O M E S F R O M T H E FACT T H A T FOR 7 I N T H E R A N G E 

( A A + 1], IF ( 6 , 7 , X ) B E L O N G S TO S J , T H E N ( 6 , 7 — k,x) B E L O N G S TO R i k . N O W , 

B Y (4 .4) , W E G E T , 

+ u 

[B€B,L 

( Q ( 6 , 7 - A R ) + Z N - X ) N Rik(b,~f-le) = 

( Q ( 6 , 7 - * ) + Z ( B ) ) N F ( S ; T ( B ) ^ * J 

( 4 . 7 ) 

N I ? t - t ( 6 , 7 -

W E C A N W R I T E T(B)(j^j AS R „ 6 + U>'/3 W H E R E TQ IS A N AFFINE T R A N S F O R M A T I O N 

A N D w' IS A N (n — 1 ) X 1 V E C T O R . L E T 7 ' 0 B E T H E N X M M A T R I X W I T H 0 ' S I N T H E 

FIRST R O W A N D Tq IN T H E O T H E R R O W S ; LET w B E T H E /? V E C T O R ( ^ J , ) . L E T r. <5 Z N _ 1 

B E S U C H T H A T 

U / € F ( B ) + Z . 

W E " C O M P L E T E " B TO A B A S I S 5 ' O F A S FOLLOWS : IF B = 6 2 , - - • & N - I } , 

T H E N W E LET 5 ' = { ( 0 , b x ) , ( 0 , 6 2 ) , . . . ( 0 , 6 N _ X ) , ( 1 , z)}. 

T O D E F I N E T ( J 3 ' ) , W E P R O C E E D AS FOLLOWS : LET B € B U . L E T y = T ( B ) ( 7 ' F C ) = 

+ w ' ( 7 - fc)- L e t y ' = ( ° » S 0 A N D L E T y° = ( 7 - fc)ei + y'- T h e n a s 

7 V A R I E S O V E R ( A A + 1 ] , y0 V A R I E S O N T H E S T R A I G H T L I N E S E G M E N T p F R O M 

T0b+ (a — k)(ei + w) = z0, S A Y , T O Z 0 + ex 4- «>. W E C A N E X P R E S S z0 A S W H E R E 
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U is an affine transformation. Then it is easy to see that p C F(B'\ Ub) + C, 
for a set C of at most n corners of F(B'). So we get, for 7 in ( a a + 1], 

OxF(B;T(B)[ _ 1) + ( 7 - k)ex CC + F(B'; Ub) (4.8) 

We will let U = T(B') be the affine transformation corresponding to B'. 
We let Z(B') = (0 x Z(B)) - C . So, we have \Z{B')\ < n\Z(B)\ < nn using 
the inductive assumption. T h e collection Bj of bases of L corresponding to 
Sj is defined as the set of B1 defined as above - one for each B in each R{k 

for k — —s, — s + 1 , . . . 0 , . . . s. 
Now, for 7 belonging to ( a a + 1], we have 

(7 - k) x (Q(b, 7 - k) + Z( B ) ) n F (B; T(B) ^ * fc) ) 

C p t + 2 ( B ' ) ) n f ( B ' ; (76)] + C 

B y subst i tut ing this into (4 .7) , we gel 

( 7 - & ) x ( Q ( 6 , 7 _ A : ) + Z ' 1 - 1 ) n ^ - k) x Rik{bn - k) 

C | J [ ( / u + Z ( J 5 ' ) ) n F ( 5 ' ; t / 6 ) ] + Z n . 
B € 8 , K 

Subst i tut ing this into (4.6) , we get 

p t + I ) n i / ( 7 ) ) n 5 J ( i ) c 

U + U [{Kb + Z{B'))C\F(B';Ub)\ + Zn 

k=-s BeB,. 

(4.9) 

(4 .10) . 

Since ke\ + Z n = Z n and the right hand side of (4.10) is invariant under 
adding Z n , we have 

(Kb + Zn) n S , ( 6 ) = 

U [(Kb + Z(B'))DF(B';Ub)} + Zn n £,(&). 
B ' € 8 J 

T h i s comple t e s t h e proof of t h e t h e o r e m . 
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5 A l g o r i t h m t o f ind t h e c o v e r i n g r a d i u s 

( 5 , 1 ) P r o p o s i t i o n : T h e r e is a po lynomia l p(-) such t h a t for a n y r a t i ona l 
p o l y t o p e Q of nonzero vo lume a n d r a t i ona l l a t t i ce L, w i th t o t a l size TV, 
/i = L) is a r a t i ona l n u m b e r of size a t mos t p(N). 

P r o o f : W e h a v e \i < c0v? j \ \ [9] . B u t \ \ is equa l t o t h e d o t p r o d u c t 
of a n in teger vec to r wi th t h e difference of two vert ices of so we h a v e 
\\ > 1/M whe re M is an in teger w i th n u m b e r of bi ts b o u n d e d a b o v e by 
s o m e po lynomia l in N. T h u s ji < c0n2M. T h e d i a m e t e r of Q ( t h e m a x i m u m 
Euc l idean d i s t a n c e be tween t w o po in t s in Q) is b o u n d e d a b o v e by an in teger 
wi th n u m b e r of bi ts b o u n d e d a b o v e by s o m e po lynomia l in N. F r o m these 
two facts , we can der ive an integer D w i th po lynomia l n u m b e r of bi ts such 
t h a t t h e Euc l idean d i s t a n c e be tween any two po in t s in fiQ is a t m o s t D. 
Since // is invar ian t u n d e r t r ans l a t i ons , we can t r a n s l a t e Q so t h a t 0 be longs 
to t h e in ter ior of Q. Let Q = {x : a^x < 6 t; i = 1 , 2 , . . . ra} where 6 t a r e all 
now s t r i c t ly pos i t ive . 

In w h a t follows, we say t h a t a po in t x in space is "covered" by a l a t t i ce 
po in t z if x £ z + /J>Q> Let R b e t h e f u n d a m e n t a l para l le lop iped of L corre­
s p o n d i n g to s o m e basis of L. Let T be t h e set of all po in t s of L a t d i s t a n c e 
a t m o s t D from R. T h e n , each po in t of R is covered by a poin t of T. T h e r e 
is a " las t" po in t x0 in R t h a t is covered a n d t h u s for each / £ T , we have 
t h a t x0 does no t lie in t h e in ter ior of / + fiQ, i.e., t h e r e exis ts a n in teger 
i ( / ) , 1 < < ra, such t h a t a%^(x0 — /) > j/6 t(/). T h u s , t h e r e is a funct ion 
i : T —* 1 , 2 , . . . r a such t h a t we have t h a t /z is t h e m a x i m u m value of t h e 
following l inear p r o g r a m : (us ing t h e fact t h a t bj > OVj) 

a*™ 
m a x / : x £ R ; 7 — ( x - /) > til £ T 

Hi) 
T h e m a x i m u m value m u s t b e a t t a i n e d a t a basic feasible so lu t ion of this 

l inear p r o g r a m whose coefficients a r e ra t iona l s whose sizes a r e poly normal ly 
b o u n d e d in N a n d thus t h e p ropos i t ion follows. 

I 
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GIVEN A RATIONAL POLYHEDRON Kb = {x : Ax < b} IN R N , WE WISH TO 

COMPUTE ITS COVERING RADIUS. SINCE THIS IS A FRACTION WITH NUMERATOR AND 

DENOMINATOR POLYNOMIALLY BOUNDED IN SIZE, WE CAN DO THIS BY BINARY SEARCH 

PROVIDED FOR ANY RATIONAL £, WE CAN CHECK WHETHER tKb + Z N EQUALS R N . WITH­

OUT LOSS OF GENERALITY, WE MAY ASSUME THAT t = 1. W E APPEAL TO THE THEOREM 

OF THE LAST SECTION TO FIND THE 5T-, 25, ETC. WHERE P IS ASSUMED TO BE THE SINGLE­

TON { 6 } . THEN WE CHECK IN TURN FOR EACH 5T- WHETHER THERE EXISTS AN x G Si(b) 

SO THAT x £ K + Z N . W E WILL FORMULATE THE LAST AS SEVERAL MIXED INTEGER 

PROGRAMS EACH WITH POLYNOMIALLY MANY CONSTRAINTS AND A FIXED NUMBER OF 

INTEGER VARIABLES (FOR FIXED N) . FOR EACH B IN 25T, AND FOR EACH z G Z(B), 

WE WISH TO ASSERT THAT THE UNIQUE LATTICE TRANSLATE x(B) OF x THAT FALLS IN 

THE PARALLELOPIPED F(B;T(B)b) IS NOT IN Kf, + z. TO EXPRESS THIS BY LINEAR 

CONSTRAINTS, WE CONSIDER ALL MAPPINGS / OF THE FOLLOWING SORT : / TAKES TWO 

ARGUMENTS - A B IN Z5: AND A z IN Z(B). T H E RANGE OF / IS { 1 , 2 , . . . ra}. W E 

WILL CONSIDER EACH POSSIBLE SUCH MAPPING / AND FOR EACH SOLVE A MIXED INTEGER 

PROGRAM THAT ASSERTS THAT THERE EXISTS AN x IN 5 , ( 6 ) SUCH THAT FOR EACH B G Bx 

AND FOR EACH z G Z(B), THERE IS A y(B) IN Z N SUCH THAT x + y(B) BELONGS TO 

F(B; T(B)b) AND x + y(B) — z VIOLATES THE f(B, z) TH CONSTRAINT AMONG THE 

M CONSTRAINTS Ax < b. IF ANY OF THE M I P ' S IS FEASIBLE , THEN WE KNOW THAT 

Kb + Z N ^ R N , OTHERWISE Kb + Zn = R N . W E USE THE ALGORITHM FROM [8] TO 

SOLVE EACH M I P IN POLYNOMIAL TIME. 

HERE, j Q = 1 AND M — |6 | . SO THE NUMBER OF 5T- 'S IS AT MOST (n4>m LOG | 6 | ) N D N 

BY 1. OF THEOREM ( 4 . 1 ) . T H E NUMBER OF / ' S IS AT MOST M N 4 N AGAIN FROM THE­

OREM ( 4 . 1 ) . T H E NUMBER OF INTEGER VARIABLES IN EACH M I P IS AT MOST N 3 N + 1 . 

SO THE TOTAL RUNNING TIME OF THE ALGORITHM FOR CHECKING IF K + Z N = R N IS 

(nc/>m\b\)nen 

FOR SOME CONSTANT E. A SIMILAR BOUND WITH A DIFFERENT CONSTANT OBVIOUSLY AP­

PLIES TO THE ALGORITHM FOR FINDING THE COVERING RADIUS AND SOLVING THE FROBE-

NIUS PROBLEM. 

THIS CONCLUDES THE DESCRIPTION OF THE ALGORITHM TO FIND THE COVERING RADIUS 

OF A POLYTOPE IN A FIXED NUMBER OF DIMENSIONS. 
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6 T H E C A S E O F U N B O U N D E D R I G H T H A N D S I D E S 

This section proves Theorem (6.1) which extends Theorem (4.1) to the case 
when P is a copolyhedron. In this case, the parameter <j>, the size of the ma­
trix A will essentially subst i tute l o g ( m a X f e € p ) | 6 | . Here is a precise s tatement 
of the theorem. 

( 6 , 1 ) T h e o r e m Let A be an m x n matrix of integers of size <f>. Let 
P be a copolyhedron in R m of affine dimension j 0 such that for all b £ P , 
the set Kb = {x : Ax < b} is nonempty and bounded. There is an algorithm 
which for any fixed n, j 0 runs in time polynomial in the size of the input and 
finds subsets a partition of P x R n into subsets R2,.. . Rr such that : 

1. r < (n<f>my°nen where e is a constant. 

2. Each R{ is of the form R[/Zl where R\ is a copolyhedron in R m + n + / 

and / < n 3 n . 

3. Lett ing R{(b) = {x £ R n : (6, x) £ P t } , we have for a l l i and all b £ P , 
Rt(b) + Zn = P t ( 6 ) . 

T h e algorithm also finds corresponding to each P t , a collection £5t of at 
most n 3 n bases of Z n . Corresponding to each basis B in each 25,, it finds a n 
affine transformation T(B) : R m —> R n and a set Z(B) of at most n n points 
of Z n such that for all i and all b £ P , we have 

( t f 6 + Z n ) n P t ( 6 ) = 

( J ((Kb + Z(B))nF(B]T(B)b))\ + Z T 

I 
n p t ( 6 ) . 

/ * E N D O F S T A T E M E N T OF T H E T H E O R E M * / 

I will prove the theorem by using Theorem (4.1) . To do so, I will show 
using lemma (6.2) below that for any b £ P , the description of Kb + Zn 

can be easily obtained from the description of Kc + Z n where c has all its 
components in the range [0 n2 3 ( ^]. Further, I will show that c is a "piecewise 
affine" function of b ; i.e., that P can be partitioned into polynomial ly many 
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copolyhedra such that for each copolyhedron in the partition, there is an 
affine function that maps b to c. This proof will use lemma (6.3) . Throughout 
this section, I let M denote n2 3 <*\ 

L e m m a ( 6 . 2 ) : Let A be an m x n matrix of integers of size <f>. Suppose 
6 is any point in R m with 6 > 0. (So, 0 is in Kb.) Define V = (b[, V2,... Vm) 
by : b'{ = mm{bi, n234>}. Then , 

Kb + Z n = A V + Z n . 

P r o o f : T h e proof is based on the following fact due to Cook, Gerards, 
Schrijver and Tardos [3] : Let A be the m a x i m u m absolute value of any 
subdeterminant of A. If a point p belongs to Kb, and if Kb contains some 
point in Z n , then there is a point q £ Z n fl Kb with \pi — g t | < n A for 
i = 1 , 2 , . . . n. (This fact is true for any "right hand side" b.) 

It is clear that 
Kb + Zn D A V + Z n . 

Now, I will prove the converse. Suppose x is any point in Kb + Z n . T h e n 
Kb — x contains an integer point; it also contains —x. So, by the above fact, 
there is an integer point z in Kb — x with |^ t + x t | < n A for all i. B y Theorem 
3.2 of [21], A is at most 2 2 < j f >. It is now easy to see that z + x belongs to Kbt 

finishing the proof of the lemma. 

I 

Suppose v • x = vQ is a hyperplane in Euclidean space. It partitions space 
into two "regions" - {x : v • x < v0) and {x : v • x > vQ}. Similarly, a set 
of / hyperplanes in R m partition R m into (at most) 2l "regions" each region 
being determined by which side of each hyperplane it is on. There is another 
well-known upper bound on the number of regions - it is 

For / < m, the s u m is 2l and the result is obvious. For / > m, we proceed by 
induction. T h e number of regions formed by the first / - 1 of the hyperplanes 
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is at most J2™=o Cfc*) induction. Now imagine adding the / th hyperplane. 
I c laim that the number of existing regions that the / th hyperplane intersects 
is at most J2k=o (' fc1) ' t ° s e e this, note that the intersections of the existing 
regions with the / th hyperplane form a partition of the / th hyperplane 
(an m — 1 dimensional affine space). Each region intersected by the / th 
hyperplane is divided into two by it. So we get the total number of regions 
formed by all* the / hyperplanes is at most 

which proves the claim. The lemma below follows immediately. 
L e m m a ( 6 . 3 ) Suppose V is a j dimensional affine subspace of R m . For 

any set of / hyperplanes in R m , the number of regions in the partition of R m 

by the / hyperplanes that V intersects is at most 

Further, if j is fixed, then given the hyperplanes and V, we can find the 
regions intersected by V in polynomial time. 

P r o o f : T h e first part is already proved. For the algorithm, we go 
again to the first part of the proof and see that a problem with parameters 
/,jf is reduced to two problems one with parameters / — 1, j and the other 
/ — 1 , j — 1 . If the running t ime of the algorithm is T( / , j ) , we get the recurrence 
T(IJ) < T(1-1J) + T(1-1J-1) + 0(1) which solves to T(IJ) is in O(P). 

Suppose as in the Theorem (6.1) , P is a copolyhedron of affine dimension 
j 0 in R m . Consider each of the (at most mn) nonsingular n x n submatrices 
B of A. For each of these we can define an n x m matrix T by augmenting 
B~l with 0 columns so that the possible corners of any K\> are of the form Tb 
for such T. For each such T, and each i, 1 < i < ra, consider the hyperplane 
{b : a^Tb = 6,-} in R m . (Reminder : a<»> is the i th row of A.) There 
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are at most rnn+1 such hyperplanes and so by lemma (6.3) , we have that 
P intersects at most m̂ n+1 °̂ of the regions that these hyperplanes partition 
R m into. It is not difficult to see that for fixed n, j0, we can find these regions 
in polynomial time. For each such region £/, there is a Ty such that Tub is 
in Kb for all b G U ; in other words b — ATjjb is a nonnegative vector for 
all b G U. Consider the m hyperplanes (6 — AT{jb)i = M for i = 1, 2,... m. 
By applying lemma (6.3) again, Ave see that U intersects at most mJo of the 
regions that these m hyperplanes partition space into. We partition U into 
these m3° or less parts. Thus we have found so far in polynomial time, a 
partition of P into copolyhedra P\, P2,... Pt with 

t < m<n+2>*> 
and associated with copolyhedron Pk in the above partition, we have a 

T(Pk) and I(Pk) C {l,2,...m} such that for all be Pk, 

0 < (b - AT(Pk)b)i < MWi € I(Pk) and 

(b-AT(Pk)b)t>i\M£I(Pk). 

For each b e Pk, let b' = b - AT(Pk)b, let b" be defined by V( = 6; for 
i G /(Pfc) and b'( = A/ for other i. Let 6W = 6X' + AT(Pk)b. Note that there 
is a linear transformation that maps each b to V". Now by lemma (6.2), we 
see that for all b G Pk, we have 

Ky + Zn = tf6" + Z n . 

Note that 6" belongs to the copolytope 

P'={b:b£P;\b\ < M} 

We apply the main theorem (4.1) with this copolytope. I will show that 
an easy argument then gives us Theorem (6.1), To this end, let 5, be one of 
the sets in the partition of P1 x R n that Theorem (4.1) yields. Corresponding 
to each such 5t we define one subset R{k of Pk x R n for each k. Namely, 

Rik = {(b, x):bePk; (6", x - T(Pk)b) € 5,-} 
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It is easy to see that the Rik have all properties 1,2, and 3 in the s tatement 
of Theorem (6.1) with a suitable choice of constant e. B y Theorem (4.1) , 
have for all 6 in Pkl 

we 

(AV + Zn) n Si(b") = ( A > + Z " ) n Si(b") = 

1J ( ( A V + Z{B)) n F(B; T(B)b")) 1 + Z " 
.BeB, 

n 5,(6"). 

Translating the sets on both sides of the above equation by T{Pk)b, we 
obtain 

( A 6 + Z " ) n Rik(b) = 

U ((AV« + Z(B)) n F(B-T(B)b" + T(Pk)b))\ + Z " 
.BeB, 

n Rik(b). 

Since ^ A"6, we may replace AV' on the right hand side (rhs) of the 
above equation by AV (Note that then we would have lhs contained in the 
rhs. T h e converse is obvious.) Further, there is an affine transformation, 
say, Q that takes b to b". So, we may now define the affine transformation 
corresponding to the basis B to be 

T(B)Q + T(Pk) 

to complete the proof of Theorem (6.1) . 

7 T e s t s e t s for I n t e g e r P r o g r a m s , V3 s e n ­
t e n c e s a n d m a x i m a l l a t t i c e - f r e e Kb 

For linear programming problems, we know that if there is a feasible solution, 
there is a basic feasible one. This can be expressed as follows : 

Suppose as before A is an m x n matrix of rank n. Consider as before, 
each of the (at most mn) nonsingular n x n submatrices B of A. For each of 
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these we can define annxm matrix T by augmenting B"1 with 0 columns so 
that the possible corners of any Kb are of the form Tb for such T. Then we 
can say that for all possible right hand sides 6, if Kb is nonempty, then one 
of the Tb belongs to Kb. This section proves a similar theorem for Integer 
Programs. 

( 7 , 1 ) T h e o r e m : Let A be an m x n matrix of integers of size <f> with the 
property that {x : Ax < 0 } = { 0 } (or equivalently, Kb is bounded for all 6). 
Let P be a copolyhedron in R m of affine dimension jQ. For n, jQ fixed, there 
is a polynomial time algorithm that finds a partition of P into copolyhedra 
P i , P 2 , . . . P r with r < (mn<f>yon

 n and for each P t , finds a set T{ of pairs 
(T,T') affine transformations where T : R m —• R n and V : Zn Zn such 
that for all i and for all 6 G P t , 

tf6 n Zn ̂  0 3(T,T') G 7; : T'LTftJ G AV 
Further, for each i, the set 7̂  contains at most n 4 n pairs (T, T'). 
P r o o f : First, we may replace P by {6 : b G P , 3x : Ax < 6 } . So assume 

without loss of generality that for all b in P , we have Kb ̂  0 and bounded. 
Let L = Zn. Note that A'fc Pi Z, is empty iff Kb + L does not contain 0. We 
apply Theorem (6.1) to get the partition of P x R n into P i , R2,... P r . Let 
Pi: = {6 : 0 G P,(6)}. It is easy to see that P , is of the form P(/Zl where P / is 
a copolyhedron and / is a constant (for fixed n). In fact a stronger statement 
is true. The P , are actually copolyhedra. To see this, we have to go into 
the proof of theorem (4.1). The partition of P x R n into 5X, 52,... in that 
theorem (where 5, = 5t-/Z' ) has the following property : for each (6, x) G 5t 

(with b G P , x G Zn), there is a unique y G Z' so that (6, x,y) belongs to S[. 
In fact, each component of y is of the form F'[Fx\ where P 7 , F are affine 
transformations. This is easily proved by induction on n noting that in (4.5), 
the z is in fact forced to be [a + 1 — /3\. 

Also, from Theorem (6.1), we have for b in P,-, 

(Kb + Zn) n Zn = 

[ (J (/(6 + Z(5))nF(B;T(5)6))+Zn|riZn. 
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T h e left h a n d s ide in t h e above e q u a t i o n is e m p t y if a n d only if for each B, 
t h e u n i q u e l a t t i ce po in t in F(B; T(B)b) has t h e p r o p e r t y t h a t £s(&) — 
Z(B) does no t in te rsec t AV It is q u i t e s t r a igh t fo rward t o see t h a t for each 
p £ Z(B), we can find a pa i r of affine t r ans fo rma t ions (T,T') as requi red 
in t h e s t a t e m e n t of T h e o r e m (7.1) , such t h a t zsib) — p = T'([Tb\). T h i s 
comple t e s t h e proof of t h e t h e o r e m . 

I now give a decis ion p r o c e d u r e for dec id ing t h e t r u t h or falsity of ce r ta in 
sen tences in P r e s b e r g e r a r i t h m e t i c . 

( 7 . 2 ) T h e o r e m : T h e r e is an a l g o r i t h m which takes as i npu t an ra x n 
m a t r i x A a n d an ra x p m a t r i x B a n d an ra x 1 m a t r i x b all m a d e u p 
of in tegers a n d a copo lyhed ron Q in R p + / by a set of defining inequal i t ies , 
decides w h e t h e r t h e following sen tence is t rue . 

Vy e Q/Zl 3x e Zn : Ax + By < b. 

F u r t h e r for fixed ? i , p , / , t h e a lgo r i t hm runs in t i m e b o u n d e d by a po lyno­
mia l in t h e leng th of t h e inpu t . 

R e m a r k : N o t e R p and Z p a r e b o t h special cases of sets of t h e form 
Q/Zl. T h e first is obvious . For t he second, we can m a k e / = p a n d Q = 
{{y->y) : V € R p } . Also, it is easy to see t h a t t h e F roben ius p r o b l e m : given 
cii, a 2 , . . . a n , a n + i , is Frob(aua2^...an) < a n + 1 ? is a specia l case of such a 
sen tence . 

P r o o f : Let Q/Rl = Q'. T h e set Q' includes t h e set Q/Zl - t h e set of all 
t h e y of in te res t . For y in Q\ t h e q u a n t i t y b — By is in an affine s u b s p a c e P 
of R m of d imens ion p or less. So by T h e o r e m (7.1) , we can find in po lynomia l 
t i m e (s ince n , p a r e fixed) a p a r t i t i o n of P in to copo lyhed ra Pu P2, ...Pr w i t h 

. r < (rt(f>m)pndn 

a n d for each P t , a collection 7- of pairs of affine t r ans fo rma t ions (T , T") 
sat isfying t h e cond i t ions of t h a t t h e o r e m . T h e sen t ence 

Vy 6 Q/Zl 3x e Zn : Ax + By < b 
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IS FALSE IFF THERE IS SOME P , WITH THE PROPERTY THAT 

3y G Pi n Q/Zl : V(T, P') G Tx : T'[T(b - P y ) J £ {x : Ax < b - P y } . 

THIS WILL BE TRUE IFF ONE OF THE MIXED INTEGER PROGRAMS SET UP BELOW IS FEASIBLE 

: CONSIDER EACH OF THE M N 4 N MAPS / FROM PAIRS ( T , Tf) IN 7~ TO { 1 , 2 , . . . M } . 

FOR EACH SUCH M A P , WE WILL HAVE ONE M I P THAT ASSERTS THAT THERE EXISTS A 

y G P,- n Q/Zl WITH (T'[T(b -By)\) VIOLATING THE / ( 7 \ V) TH CONSTRAINT FOR 

EACH ( T , X" ) . NOTE THAT THE FLOOR OF A REAL VARIABLE w CAN BE EXPRESSED USING 

A NEW INTEGER VARIABLE WHICH IS CONSTRAINED TO BE IN THE INTERVAL (w — I w]. 

ALSO THE CONDITION THAT y G Q/Zl CAN BE EXPRESSED BY INTRODUCING / NEW 

INTEGER VARIABLES. FOR CONVENIENCE, ORDER THE PAIRS ( T , T') AND REFER TO THEM 

AS ( T , T')i. T H E M I P WILL READ AS FOLLOWS : 

3y G R p , z G Z', z u z2,... G Z n : (y, r ) G Q; y G P t 

P t (6 - P y ) - 1 < zi < Ti(b - By); {AT[zx)I(T^)x > b J { T T ) . . . 

CLEARLY, WE MAY SOLVE EACH M I P FOR EACH P t IN TURN AND IF ONE OF THEM IS 

FEASIBLE, RETURN FALSE FOR THE SENTENCE OTHERWISE, TRUE. 

IT IS NOT DIFFICULT TO SEE THAT THE REQUIRED BOUND ON THE RUNNING TIME. 

T H E REST OF THE SECTION DISCUSSES PROPERTIES OF THE SET OF RIGHT HAND SIDES 

b FOR WHICH Kb n Z n IS EMPTY. 

LET 

LF{A, P) = {b:beP, Kb 0 Z n = 0 } . 

LET P I , P 2 , . . . BE THE PARTITION OF P THAT THEOREM ( 7 . 1 ) YIELDS. LET 

LF(A,P) = UiLF(APi). 

LF(A, Px) CAN BE DESCRIBED BY LINEAR CONSTRAINTS WITH THE INTRODUCTION OF 

SOME EXTRA INTEGER VARIABLES AS THE FOLLOWING SHOWS : WE CONSIDER ALL MAPPINGS 

/ OF THE FOLLOWING SORT : / TAKES AS ARGUMENT A PAIR ( T , T') IN % AND ITS RANGE 

IS { 1 , 2 , . . . m). LET V(i, f) BE THE SET OF b SATISFYING 
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• 6 belongs to P t . 

• T'( \Tb\) violates constraint number / ( T , T') of the m constraints Ax < 
b. 

To express the floor, we can introduce a new integer variable and linear 
constraint. Thus , we see that LF(A, Pi) is the union of a polynomial number 
of sets each of the form c o p o l y h e d r o n / Z / where / is a constant for fixed n, j 0 . 
We use this discussion in a slightly different context below. 

Suppose as above A is a fixed m x n matrix of integers with {x : Ax < 
0} = { 0 } . For any b G R m , as before, we let Kb = {x : x G R n ; Ax < &}. 
We say that a Kb is maximal-latt ice-point free if it has no points of Z n 

in its interior and any convex set that strictly contains Kb does. We can 
replace the last condition by the requirement that every facet of Kb have a 
lattice point interior to it [14]. By a theorem of Bell [1] and Scarf [16], a 
maximal lattice free Kb has at most 2n facets. We choose all subsets of the 
m inequalities Ax < b of cardinality at most 2 n , and for each subset, we will 
s tudy the positions of the facets that result in maximal lattice free sets; we 
only incur an extra factor of m 2 " by this which is polynomially bounded for 
fixed n. Then arguing as for the case of lattice-point-free sets and adding the 
condition that each facet have a lattice point, we get the following theorem. 

( 7 . 3 ) T h e o r e m : Suppose n is fixed. Then for any ra x n integral 
matrix A, there exists a collection of sets {U\, U2,... Ut}, where t is bounded 
by a polynomial in the size of A, and each C/t is of the form U'JZ1, where / 
is a constant , and U[ is a copolyhedron such that the collection of maximal 
latt ice point free sets is precisely the c o l l e c t i o n { / ^ : b 6 U\ U U2 U . . . Ut}. 

R e m a r k : Note that a similar theorem is not true for just lattice-point-
free 6 - there we would have also needed to assume that m was fixed or else 
at least the affine dimension of P over which b varied was fixed. T h e theorem 
of Bell and Scarf helps us dispense with this assumption for maximal lattice 
point free sets. 
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8 R e m a r k s 

R E M A R K 1 : T H E T I M E B O U N D S FOR T H E D E C I S I O N P R O C E D U R E FOR T H E S E N T E N C E S 

O F T H E O R E M ( 7 . 2 ) H A V E A D O U B L E E X P O N E N T I A L D E P E N D E N C E O N N , T H E N U M B E R 

O F V A R I A B L E S I N T H E I N N E R Q U A N T I F I E R . W H I L E THIS M A Y S E E M P R O H I B I T I V E , IT 

WILL B E S H O W N I N A F O R T H C O M I N G P A P E R T H A T T H E FOLLOWING P R O B L E M IS N P -

C O M P L E T E - G I V E N A S E N T E N C E O F T H E F O R M I N T H E O R E M ( 7 . 2 ) I N W H I C H n + p IS 

0 ( L O G ( L E N G T H O F T H E S E N T E N C E ) ) , D E C I D E W H E T H E R IT IS T R U E OR FALSE. ( I N O T H E R 

W O R D S , E V E N IF T H E N U M B E R O F V A R I A B L E S IS RESTRICTED TO B E V E R Y S M A L L , T H E 

P R O B L E M STILL R E M A I N S N P - H A R D . ) A S U B S T A N T I A L I M P R O V E M E N T I N T H E D O U B L E 

E X P O N E N T I A L D E P E N D E N C E W O U L D T H U S RESULT I N FASTER S I M U L A T I O N S O F G E N E R A L 

N O N D E T E R M I N I S T I C T U R I N G M A C H I N E S B Y D E T E R M I N I S T I C O N E S . 

R E M A R K 2 : T H E Q U E S T I O N ARISES : W H A T C A N B E S A I D A B O U T T H E F R O B E N I U S 

P R O B L E M W H E N n IS N O T FIXED. I N A F O R T H C O M I N G P A P E R , I WILL S H O W T H A T FOR 

V A R I A B L E N , I N D E T E R M I N I S T I C P O L Y N O M I A L T I M E , W E C A N FIND A N A P P R O X I M A T I O N 

TO T H E F R O B E N I U S N U M B E R TO W I T H I N A FACTOR O F 2 N . W I T H A N O N D E T E R M I N I S T I C 

A L G O R I T H M , W E C A N C O M E W I T H I N A FACTOR O F 0(n3) I N P O L Y N O M I A L T I M E . 

R E M A R K 3 : R E L A T E D TO T H E F R O B E N I U S P R O B L E M IS T H E FOLLOWING : G I V E N 

A X , A 2 , . . . A N , W I T H G C D ( A I , A 2 , . . . an) E Q U A L T O 1, FIND T H E TOTAL N U M B E R O F 

N A T U R A L N U M B E R S T H A T C A N N O T B E E X P R E S S E D AS A N O N N E G A T I V E I N T E G E R C O M B I ­

N A T I O N O F a\, A 2 , . . . a n . IT IS E A S Y TO S E E T H A T THIS N U M B E R IS W I T H I N A FACTOR O F 

2 O F F = Frob(cii, A 2 , . . . A N ) : J U S T N O T E T H A T FOR A N Y I N T E G E R X , 1 < x < F, 
E I T H E R x OR F — x C A N N O T B E E X P R E S S E D AS A N O N N E G A T I V E I N T E G E R C O M B I N A T I O N 

O F <zi, < Z 2 , . . . a n . N O P O L Y N O M I A L T I M E A L G O R I T H M IS K N O W N TO FIND THIS N U M B E R 

E X A C T L Y I N FIXED D I M E N S I O N . 

R E M A R K 4 : L E N S T R A ' S RESULT Q U O T E D EARLIER G I V E S A P O L Y N O M I A L T I M E AL­

G O R I T H M TO D E C I D E T H E T R U T H OR FALSITY O F A £ X S E N T E N C E O V E R P R E S B E R G E R A R I T H ­

M E T I C , ( U S I N G T E R M I N O L O G Y F R O M L O G I C ) I .E . , A S E N T E N C E O F T H E F O R M : 

3 * i , x2,... xn € Z : x e Pi U P2 U P3 ... Pt 

W H E R E P T A R E P O L Y H E D R A . A C T U A L L Y , E X S E N T E N C E S M A Y H A V E A C O N J U N C T I O N S , 

D I S J U N C T I O N S A N D N E G A T I O N S O F LINEAR C O N S T R A I N T S . N E G A T I O N S M A Y B E R E P L A C E D 

B Y T H E O P P O S I T E I N E Q U A L I T Y . W E M A Y T H E N U S E L E M M A (6.3) TO C O N V E R T T H E 

LINEAR C O N S T R A I N T S I N T O " D I S J U N C T I V E N O R M A L F O R M " , I .E . , I N T O A D I S J U N C T I O N O F 
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G R O U P S W H E R E E A C H G R O U P IS A C O N J U N C T I O N O F C O N S T R A I N T S , OR E Q U I V A L E N T L Y , A 

P O L Y H E D R O N . B Y L E M M A (6 .3) , THIS D O E S N O T I N C R E A S E T H E S I Z E B Y M O R E T H A N A 

P O L Y N O M I A L I N F I X E D D I M E N S I O N . T H E DETAILS OF T H E C O N V E R S I O N TO " D I S J U N C T I V E 

N O R M A L F O R M " A R E LEFT T O T H E R E A D E R . A L S O , N O T E T H A T L E N S T R A ' S RESULT AS S T A T E D 

W O R K S O N L Y FOR T H E C A S E O F O N E P O L Y H E D R O N ; B U T O B V I O U S L Y , W E M A Y R E P E A T T H E 

P R O C E D U R E FOR E A C H P T . T H E A L G O R I T H M IS P O L Y N O M I A L T I M E B O U N D E D P R O V I D E D 

n IS FIXED. 

T H E O R E M ( 7 . 2 ) G I V E S A N A L G O R I T H M FOR D E C I D I N G C E R T A I N S O - C A L L E D N 2 S E N ­

T E N C E S ( U S I N G T E R M I N O L O G Y F R O M L O G I C ) , I .E. , S E N T E N C E S O F T H E F O R M 

V T / 6 Z P 3xeZn: (x,y)eP. 

T H I S A L G O R I T H M IS P O L Y N O M I A L T I M E B O U N D E D P R O V I D E D n + p IS FIXED. A G E N E R A L 

N 2 S E N T E N C E O V E R P R E S B E R G E R A R I T H M E T I C C O U L D R E Q U I R E (x,y) T O B E L O N G TO A 

U N I O N O F P O L Y T O P E S R A T H E R T H A N J U S T O N E (CF. LAST P A R A G R A P H ) . IF IT IS T H E 

U N I O N O F / P O L Y T O P E S , T H E N U S I N G 0 ( L O G /) E X T R A I N T E G E R V A R I A B L E S , W E C A N W R I T E 

IT A S A C O N J U N C T I O N O F C O N S T R A I N T S . S O IF / ALSO FIXED, W E H A V E A P O L Y N O M I A L 

T I M E A L G O R I T H M FOR D E C I D I N G S U C H S E N T E N C E S . IT IS A N I N T E R E S T I N G O P E N P R O B L E M 

T O R E M O V E THIS RESTRICTION T H A T / B E FIXED. 

M O R E INTERESTINGLY , W E D O N O T K N O W D E C I S I O N P R O C E D U R E FOR E 3 S E N T E N C E S 

W H I C H R U N S IN P O L Y N O M I A L T I M E FOR FIXED N U M B E R O F V A R I A B L E S . T H I S A N D S I M I L A R 

A L G O R I T H M S FOR H I G H E R LEVELS OF T H E H I E R A R C H Y I N P R E S B E R G E R A R I T H M E T I C R E M A I N 

I N T E R E S T I N G O P E N P R O B L E M S . 

A c k n o w l e d g m e n t s I T H A N K I M R E B A R A N Y , BILL C O O K , M A R K H A R T M A N N , 

L A C I L O V A S Z , H E R B S C A R F A N D D A V I D SHALLCROSS FOR M A N Y H E L P F U L D I S C U S S I O N S . ' 
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