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Abstract 

We use relational pointer machines as a framework for generalized computational complex
ity. Non-reuse of memory space, dubbed monotonic computing, is proposed as a fundamental 
concept that threads together various abstract generalizations of PTime. Depending on the 
use of space, relational machines generalize DLogSpace, PTime, NPTime and PSpace, We 
show that alternating first order machines are equivalent, over all finite structures, to mono
tonic machines with positive queries, generalizing the Chandra-Kozen-Stockmeyer Theorem 
ASpaceif) = DTimeQf), and showing that the latter does not depend on any counting mecha
nism. We also show that of two generalizations of PTime, deterministic monotonic machines 
and nondeterministic monotonic positive machines, the former can simulate the latter on all 
structures, and the latter can simulate the former on enumerated structures. Finally, first order 
inductive definitions are shown to be equivalent to monotonic pointer machines with random 
selection. 
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Introduction 

Models of c o m p u t i n g over a rb i t r a ry s t ruc tu res have been s tudied for several decades, 
bu t have a t t r a c t e d increased interest only in recent years , in Logic of P rog rams , Compu
ta t iona l Complexi ty , D a t a b a s e Theory, and General izes Recurs ion Theory. For foundations 
of compu t ing , c o m p u t i n g over a rb i t r a ry s t ruc tu res is mot iva ted by t h e search for unifying 
principles, analogies be tween complexi ty and definitional specifications and hierarchies, re
lat ions wi th finite mode l theory, and an unde r s t and ing of t he l imi ta t ions of s t ruc tures and 
of c o m p u t a t i o n models . 

General ized complex i ty theory was initialized in [Fri70] and pursued by T i u r y n , Kfoury, 
Urzyczyn and o thers . O n e goal of t h e theory is t he generalization of Tur ing mach ine based 
complex i ty classes, such as the identification of generalized forms of P T i m e . These general
izat ions clarify t h e na tu r e , impor t ance , and s tabi l i ty of the Tur ing class considered. If several 
general izat ions of t he s a m e Tur ing class T C (such as P T i m e ) a re equivalent in general , t he 
s tabi l i ty of T C is d e m o n s t r a t e d . If two general izat ions of T C are shown to differ on some 
s t ruc tu res , t h e n two or thogonal aspects of T C are identified. Dually, if t he general izat ions 
of two classes T C i and T C 2 a re shown to differ on some s t ruc tu re , t hen we go some of the 
way towards sepa ra t ing T C i and T C 2 , and we know t h a t if t hey coincide as Tur ing classes 
t h e n a charac te r iz t i c fea ture of t h e Tur ing model , such as count ing configurations wi th in t he 
model , is crucia l in t h e equivalence. 

In a n o t h e r vein, general ized c o m p u t a t i o n a l complexi ty theory migh t shed light on rela
t ions a n d tradeoffs be tween various c o m p u t a t i o n a l complexi ty measures for specific ha rdware 
models (e.g., Tur ing machines , various models for concur rency) , such as t ime , space, rever
sals, a l t e rna t ions , n u m b e r of processes, d e p t h of c i rcui ts , ex t en t of communica t ion , etc . 

In [Lei87] we proposed t h e explici t use of higher order objects in c o m p u t a t i o n models , a 
d i rec t ion t h a t has a l ready bo rne add i t iona l in teres t ing resul ts [Goe89]. T h e model defined 
in [Lei87] is t h a t of relational pointer machines (see §2 below). In this pape r we s tudy the 
effects of n a t u r a l res t r ic t ions on such machines : disallowing reuse of space (monotonic com
p u t i n g ) , a n d disal lowing nega t ive informat ion (by requir ing queries t o be positive, i.e. abor t 
on nega t ive response) . T h e s e res t r ic t ions lead t o general izat ions of de te rmin i s t i c and non-
de te rmin i s t i c P T i m e . 

We show t h a t of two general izat ions of P T i m e , de te rmin i s t i c mono ton ic machines and 
nonde te rmin i s t i c mono ton ic posi t ive machines , t h e former can s imula t e t h e l a t t e r on all 
s t r uc tu re s , a n d t h e l a t t e r can s imu la t e t h e former on e n u m e r a t e d s t ruc tu res . We further 
show t h a t t h e m o s t n a t u r a l general izat ion of P T i m e , nonde te rmin i s t i c mono ton ic posit ive 
mach ines , is equivalent over all structures to a l t e rna t ing first order po in te r machines , thereby 
general iz ing one of t h e m a i n resul ts of [CKS81]. Th i s shows t h a t t h e equivalence between, 
e.g., a l t e r n a t i n g logar i thmic space a n d de te rmin i s t i c po lynomia l t i m e , is in fact independen t 
of t h e exhaus t ive enumerab i l i t y (wi th in t h e c o m p u t a t i o n a l mode l ) of t h e s t r u c t u r e e lements 
or of configurat ions. Th i s should be con t ras ted wi th o the r resul ts on Tur ing complexity, 
such as Savi tch ' s T h e o r e m and Immerman-Sze lepcseny i T h e o r e m [ Imm88, Sze87], which 
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have so far resisted such general izat ions, and may well depend crucially on t h e abi l i ty of the 
c o m p u t a t i o n mode l to count configurations. 

O u r t h e o r e m equa t ing a l t e rna t ion wi th monotonic use of space is re la ted to t he equiva
lence proved in [HK84], be tween a l t e rna t ing p rograms and first order induc t ive definitions. 
However, t h e proofs a re different, and the present equivalence seems to re la te more na tu ra l 
general izat ion of t i m e and space. 

T h e use of mono ton ic (i.e. non-reused) space seems to be of independen t in teres t , as an 
abs t r ac t general iza t ion of t i m e complexi ty, and as a unifying concept for several generaliza
t ions of P T i m e . T h e concept of non-reused space goes back a t least to Hao Wang [Wan57], 
who showed t h a t non-erasing T M ' s are as general as unres t r ic ted T M ' s . O u r results sug
gest t h a t mono ton ic space is a fundamenta l concept which manifests itself in a n u m b e r of 
guises, and th reads toge ther several general izat ions of P T i m e . T h e significance of monotonic 
space c o m p u t i n g is i l lus t ra ted by an in teres t ing result in T h e r m o d y n a m i c s : Charles Benne t t 
[Ben87] has discovered a surpr is ing and beautiful resolut ion of the paradoxes of T h e r m o 
d y n a m i c s , such as Maxwel l ' s D e m o n , in t e rms of informat ional en t ropy: t h e point where 
t h e r m a l en t ropy decreases, in all idealized machines t h a t violate t h e Second Law, is pre
cisely ehere informat ion space is being recla imed, the reby assuming a g ra tu i tous decrease in 
informat ion entropy. In a n o t h e r vein, G i ra rd ' s Linear Logic is based on re la ted observat ions 
a b o u t t h e cost of reusing informat ion, and in fact t h e provably recursive functions of Linear 
Logic wi th counters on space reuse a re precisely t he P T i m e c o m p u t a b l e functions [GSS89]. 

1 . Preliminaries on computing over structures 

1 .1 . A b s t r a c t m a c h i n e s 

T h e s imples t c o m p u t a t i o n mode l over a rb i t r a ry s t ruc tu res a re t h e p r o g r a m schemes of [LP64, 
Pa t68 ] , a n d the i r no t a t i ona l var iants such as register m a c h i n e [Fri70] and first o rder poin ter 
machines [Lei87]. ( T h e concept of p rograms over a r b i t r a r y s t ruc tu res goes back a t least to 
[Ian60].) W h e n the under ly ing s t r u c t u r e is t h e Tur ing Tape , t h e mode l becomes a mul t i -
head read-only T u r i n g mach ine . We use t h e concre te syn t ax of first order po in te r machines 
from [Lei87], to which we refer as l M ' s . T h e basic m a c h i n e has a finite set of states, wi th 
a des igna ted initial s tate a n d an accept ing s t a t e , a finite set of pointers ( to ob jec ts ) , and 
t r ans i t ion rules of two types : V a l u a t i o n , t h a t places a po in te r a t t h e value of a s t r u c t u r e 
funct ion appl ied to the cu r r en t values of des igna ted pointers ( and a l ters t h e s t a t e ) ; and T e s t , 
t h a t b ranches to one of two s t a t e s depend ing on whe the r a s t r u c t u r e re la t ion evaluates 
as t r u e or false for t h e cur ren t values of des ignated poin te rs . T h e defaul t control flow is 
nonde te rmin i s t i c . T h e m a c h i n e accepts i ts i npu t if t he re is an accep t ing c o m p u t a t i o n , wi th 
des igna ted po in te rs ini t ial ized to the i npu t . A m o r e general mode l arises from enr iching 
t h e cont ro l flow to allow alternation [CKS81]: t he non-accep t ing s t a t e s a re classified as 
ex is ten t ia l or universal , a n d accepting alternating computations a r e defined as in [CKS81]. 
T h e m a c h i n e accepts a s t r u c t u r e if t he re is an accep t ing a l t e rna t i ng c o m p u t a t i o n for t he 
inpu t . 
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1.2 . G l o b a l r e l a t i o n s 

T h e issue of in teres t when c o m p u t i n g over finite s t ruc tu res is global (i.e. uniform) com-
putab i l i ty : a global relation [function, boolean] over a class C of s t ruc tu res is a mapp ing tha t 
assigns to each s t r u c t u r e S € C a relat ion [function, boolean value] in S [Tar52, Gur87]. Sup
pose M is a 1M over s t ruc tu res in C, wi th some canonical order ing iti ... irq of its pointers . 
For each r M de te rmines a global r - a ry (par t ia l ) function [M]r on C, where [M]rS(xi . .. xr) 
is t he value (if the re is one) ob ta ined by running M on 5 , wi th pointer 7r t initialized to xt 

for i = l . . . min[r , q]. 

T h e n a t u r e of c o m p u t i n g over s t ruc tu res is great ly affected by the n a t u r e of object name-
ability. A s t r u c t u r e is denoted if each e lement is t he value of some closed t e r m of the 
under ly ing vocabulary. 

If m c is a mode l of c o m p u t a t i o n over s t ruc tu res , a class C of s t ruc tu res is mc-accessible 
if t he re is an M € m c such t ha t , in each 5 G C, every a G |<S| is t he value of some pointer of 
M a long some c o m p u t a t i o n of M (wi thout i npu t ) . T h e pebbl ing technique of [Fri70] shows 
t h a t t he re exists a class of deno tab le finite s t ruc tu res t h a t is not accessible by a 1M (even 
allowing n o n d e t e r m i n i s m or a l t e rna t ion) . 

T h e grea tes t nameab i l i t y is present in enumerated s t ruc tu res <S, whose e lements come 
e n u m e r a t e d (ordered) by some s t r u c t u r e (or compu tab le ) una ry function n, s t a r t ing from a 
s t r u c t u r e cons t an t 0: | 5 | = { 0 , n ( 0 ) , . . . , n * ( 0 ) = 0 } . S t ruc tu res presented on a Tur ing t a p e 
c o m e e n u m e r a t e d by v i r tue of the i r presenta t ion . 

1.3 . M e a s u r i n g s p a c e c o m p l e x i t y 

A computation space t r ad i t iona l ly consists of addressable m e m o r y locat ions, where informa
t ion can be s tored , re t r ieved, a n d replaced. T h e c o m p u t a t i o n space need not be t h e inpu t 
s t r u c t u r e itself; in Tur ing compu tab i l i t y this separa t ion allows m a k i n g sense of low space 
measures , a n d for c o m p u t i n g over abs t r ac t s t ruc tu res it p e r m i t s t h e very definition of space 
complexi ty . 

To m a k e sense of space complex i ty for c o m p u t i n g over a s t r u c t u r e S we consider compu
t a t ion over S jo in t w i th a n auxi l iary memory , in t h e form of a Tur ing Tape . Th i s s t ruc tu re -
jo in ing m e t h o d has a p p e a r e d in several i ndependen t accounts of c o m p u t i n g over abs t rac t 
s t ruc tu re s [Fri71, Fen80], a n d in Tur ing compu tab i l i t y to m a k e sense of subl inear resources 
[SHL65]. For sets A, 5 , let A © B deno te t h e disjoint union of A and B. If <S, A a re 
s t ruc tu re s over vocabular ies a and a , respectively, t hen S © A is t h e s t r u c t u r e of s igna ture 
a 0 a whose universe is \S\ © |*4| (disjoint union) , where FS®A = for each identifier 
F £ cr, and F S e A = F" 4 for each F € a . A (a © a ) - m a c h i n e M and s t r u c t u r e A d e t e rmine 
r - a ry global functions over <7-structures 5 , [M]*(S) = D / [M]r(S © -4). 

O u r canonica l auxi l ia ry s t r u c t u r e is t h e Tur ing T a p e 7ape , whose e lements a re pairs 
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of s tacks over t h e a lphabe t { 0 , 1 , 5 } , wi th t h e obvious opera t ions . A c o m p u t a t i o n over 
S 0 Tape is t h e n in space k if it uses only e lements of Tape of length < k. An r -a ry global 
function p over ^ - s t r uc tu r e s is Turing computable in space f if p = [M\^pe for some M over 
t h e vocabula ry a © r (where r is t h e vocabulary of Tape), such t h a t , for a <7-structure S, 
[M]r(S®Tape) uses < f(\S\) of Tape, for all inpu t . Turing computability in time f is defined 
analogously. 

T H E O R E M I ( H a r 7 2 , G u r 8 7 , C K S 8 1 ) The global relations over enumerated structures 
defined by lM's (deterministic lM's) are precisely the ones Turing computable in NLogSpace 
(DLogSpace, respectively). The global relations defined by alternating lM's are precisely the 
ones Turing computable in PTime. 

1.4 . R e l a t i o n a l p o i n t e r s a n d t r a n s i t i o n s 

A re la t ional (second order) mach ine [Lei87], abbrev ia t ed 2M, is a 1M enr iched wi th relational 
pointers, each assigned a un ique ari ty, and t rans i t ions rules for t h e m : S t o r e , t h a t places t h e 
value of a vector of first order pointers in to a re lat ional po in te r P, D e l e t e , t h a t removes such 
a value vector from P, and Q u e r y , t h a t branches to one of two s ta tes on tes t ing t h e presence 
of such a vector in P . T h u s , a 2M is a 1M enriched wi th a m e m o r y of size polynomial ly 
re la ted t o t h e size of t h e under ly ing s t ruc tu re , whereas a 1M has only a fixed size " C P U . " 
Rela t iona l poin ters a re init ial ized to t h e e m p t y set (more generally, t hey migh t be used to 
allow re la t ional i npu t , i.e. oracles) . 

T H E O R E M I I ( L e i 8 7 ) The global functions over enumerated structures definable by a 
(deterministic or nondeterministic) 2M are precisely the ones Turing computable in PSpace. 

2. Monotonic and positive uses of space 

2 . 1 . M o n o t o n i c T u r i n g c o m p u t a b i l i t y 

A Tur ing machine T is monotonic (non-erasing) if it never wri tes a 0 on t o p of a 1. Hao 
W a n g [Wan57] showed that non-eras ing T M ' s a re as general as un res t r i c t ed T M ' s . 

T H E O R E M I I I A language L C {0 ,1}* is accepted in monotonic DSpace(f) (where 
f(n) >n) iff it is accepted in DTime(f). Similarly, L is accepted in monotonic NSpace(f) 
iff it is accepted in NTime(f). 

P r o o f . We give t h e proof for t h e de te rmin i s t i c case, t h e nonde te rmin i s t i c case be ing similar . 
A T M m a c h i n e T t h a t runs in mono ton ic space / will r epea t a configurat ion after a t mos t 
k • f(n) s t eps , where k is t h e n u m b e r of s t a t e s , and hence is in D T i m e ( / ) . 
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For t h e converse, a s sume t h a t T runs in D T i m e ( / ) . S imula te T by a T M T* t h a t generates 
a list of successive "local configurations" of T , i.e. t r iplets {state, scanned symbol, position), 
where position is t h e d i s tance of t he scanned cell from the first t a p e cell. Tf can c o m p u t e 
t he nex t local configuration by scanning already-l is ted local configurations. For example , 
suppose t h a t the last local configuration is (<?, 0, and the control of T d ic ta tes moving the 
head (of T) t o t he right and changing s t a t e to q'. To d e t e r m i n e t he next scanned symbol , 
T' will serach backwards th rough the list of local configurations, unt i l a t r ip le t of the form 
(p, s,k+l) is encountered . Tf t hen re turns to the last local configuration on its own tape , 
a n d wr i te (q\ s, k+l) to its r ight . If t h e search fails, t hen T' r e tu rns to t h e end of its t ape 
and wri tes (<?', B , fc+l). 
• 

2 . 2 . M o n o t o n i c r e l a t i o n a l m a c h i n e s 

A 2M is monotonic ( abbrev ia ted M) if it uses no Delet ion t rans i t ion . T h u s , an M2M cannot 
"reuse its s tore ." 

T H E O R E M I V A global function over enumerated structures is definable by a determin
istic (nondeterministic) M2M iff it is Turing defined in DPTime (NPtime, respectively). 

P r o o f . T h i s is a s imple modif icat ion of t h e proof of T h e o r e m II. T h e monotonic use of 
space t r ivial ly implies a t i m e bound s imilar to the space bound . Conversely, if compu t ing is 
wi th in po lynomia l t ime , t hen t h e re la t ional pointers used to c a p t u r e P S p a c e can be modified 
to have e x t r a d imens ions , in which a t i m e s t a m p of t h e c o m p u t a t i o n (using the s t r uc tu r e 
e n u m e r a t i o n ) can be placed. Th i s renders t he c o m p u t a t i o n monoton ic . 
• 

A re la ted result for Tur ing compu tab i l i t y is: 

T H E O R E M V Let f be a numeric function, f(n) > n, The global relations over enumer
ated structures definable by deterministic (non-deterministic) M2M's running in space f are 
precisely the ones computable in DTime(f) (in NTime(f), respectively). 

2 . 3 . P o s i t i v e q u e r i e s 

A que ry is p o s i t i v e if on a nega t ive response t h e mach ine enters a n a b o r t i n g s t a t e . A 2M 
is positive ( abb rev i a t ed P ) if all its queries a re posi t ive. 

T H E O R E M V I Let C be a P2M-accessible class of finite structures (in particular, any 
class of enumerated structures). If a global function $ over C is PSpace Turing definable, 
then it is definable already by a P2M. 
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P r o o f . Suppose $ is defined by a 2M M. Let Mf be a 2M t h a t has t h e pointers of M 
plus, for each re la t ional poin ter P of M , a fresh poin ter P , wi th arity(P) = arity(P). M' 
s imula tes M , while ma in t a in ing in P t h e complemen t of P ( this is doable using t h e s t ruc tu re ' s 
accessibil i ty and t h e presence of b o t h Store and Dele te t rans i t ions) . T h e n M' s imulates an 
unres t r ic ted query of M, it 6? P , by nondeterminis t ica l ly b ranching to a posi t ive query 
it €? P and to a posi t ive query it G? P . 
• 

2 . 4 . M o n o t o n i c p o s i t i v e r e l a t i o n a l m a c h i n e s 

We have th ree types of res t r ic t ion on 2M's : s torage res t r ic ted by monotonic i ty , queries 
res t r ic ted to be posi t ive, and control res t r ic ted to de te rmin i s t i c . T h e conjunct ion of all 
t h ree e l imina tes t h e c o m p u t a t i o n a l advan tage of re la t ional pointers , except possibly for a 
q u a d r a t i c reduc t ion in c o m p u t i n g t ime: 

T H E O R E M V I I Every deterministic MP2M can be simulated by a deterministic 1M. 
Therefore, these two computation models define the same global functions. 

P r o o f . Define a first order configuration of M as consis t ing of t h e s t a t e and t h e value of 
t h e first order po in te rs , d is regarding t h e values of t he re la t ional poin ters . No te t h a t in a 
de te rmin i s t i c M P 2 M , if a first order configuration repea t s , t h e n the re is divergence. 

Suppose M is a de te rmin i s t i c M P 2 M , say wi th one re la t ional po in te r P , which is unary. 
Let M ' be a de te rmin i s t i c 1M t h a t s imula tes M , d is regarding Store t rans i t ions , unt i l a 
query 7r €? P is encounte red . M1 t hen suspends t h e s imula t ion , saves t h e value v of 7r and 
t h e first order configurat ion cfg of M , and res ta r t s t h e s imula t ion of M from t h e initial 
configurat ion, th is t i m e checking values s tored in P agains t v, unt i l t h e r e t u r n of cfg. If v 
has been encoun te red a long t h e second s imula t ion , Mf proceeds as M would wi th a posi t ive 
response to t h e query. O the rwise M' abor t s . 

Th i s p rocedu re is i t e ra t ed , except t h a t t o s imula t e t h e n ' t h que ry of M , for n > 1, 
Mf r e runs as above t h e c o m p u t a t i o n of M, as if all queries u p to t h e r e t u r n of cfg are 
answered posi t ively ( M ' has a l ready verified in previous i te ra t ions t h a t these queries have 
had a posi t ive response) . N o t e t h a t t h e second phase of t h a t p rocedure br ings M' to t h e first 
occur rence of cfg, even if s imula t ion was suspended a t a r epea ted occur rence (wi th possibly 
a different con ten t s for P ) ; this will p roduce divergence, b u t t h e n M diverges too , as pointed 
out above. 
• 

2 . 5 . A b s t r a c t e q u i v a l e n t s o f P T i m e 

F r o m T h e o r e m III we know t h a t D M 2 M is equivalent t o P T i m e over e n u m e r a t e d s t ruc
tu res . We show t h a t so is (nonde te rmin i s t i c ) M P 2 M . O n e c o n t a i n m e n t holds for arbitrary 
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s t ruc tu res : 

T H E O R E M V I I I If a global relation (over finite or infinite structure) is definable by an 
MP2M, then it is definable by a DM2M. 

P r o o f . T h e key idea is t h a t in M P 2 M ' s t h e order of re la t ional - type t rans i t ions is immater ia l , 
because Delet ion is absent and all queries a re posit ive. Let M be an M P 2 M with r object 
pointers . Cons t ruc t a D M 2 M M' t ha t s imula tes M , as follows. M' has the re la t ional pointers 
of M , plus, for each s t a t e q of M , an r -a ry relat ional pointer in tended to a c c u m u l a t e value 
vectors x such t h a t t h e first order configuration (<?, x) is accessible in M from the initial 
configuration. M' i te ra tes a process C , where each run of C cycles de terminis t ica l ly th rough 
all t rans i t ions of M , and for each such t rans i t ion , wi th ta rge t s t a t e q say, stores in q t he target 
values of t he object pointers of M. Also, if such t rans i t ion is a Store, t hen Mr s imulates t ha t 
Store , and if t h e t rans i t ion is a Query, t hen Mf tes ts (fully, not mere ly posit ively) for the 
query, and u p d a t e s t he app rop r i a t e q only on posit ive response. M' accepts when a value is 
s tored in where q^c is t he accept ing s t a t e of M . 
• 

L e m m a 1 If a global relation over enumerated structures is definable by a DM2M, then it 
is definable by an MP2M. 

P r o o f . Let M b e a D M 2 M , say wi th one rela t ional poin ter P. T h e monoton ic i ty implies 
t h a t t he r e is a po lynomia l / t h a t bounds t h e length of repe t i t ion free c o m p u t a t i o n sequences. 
Let f b e an r - a ry vector of fresh object pointers t h a t can serve, on e n u m e r a t e d s t ruc tures 
of size < n , as a coun te r u p to / ( n ) . 

Define an M P 2 M M1 t h a t s imula tes M , as follows. Mf keeps in f count of t h e n u m b e r of 
queries encoun te red so far by M . Mf also has fresh r - a ry re la t ional pointers L and i?, with 
i £ L i n t ended t o ind ica te t h a t t h e t ' t h que ry was answered positively, and i G R t h a t it 
was answered negatively. 

O n a que ry it 6? P of M, wi th ta rge t s ta tes q+ and M' b ranches nondeterminis t ica l ly 
to processes Y a n d JV, after inc rement ing f. Process Y queries it G? P , abo r t ing on negat ive 
response, or s tor ing , on posi t ive response, t he cur ren t value i of f in L, and proceeding to 
s imu la t e M from <j + . Process iV saves t he cur ren t values v of it a n d i of f, and res ta r t s a 
s imula t ion of M from its ini t ia l configuration, using nonde te rmin i s t i c guessing for member 
ship in L or R t o dec ide on p roper b ranch ing a t queries , a n d coun t ing queries unt i l reaching 
t h e f ' th (i.e. t h e suspended) query. If, du r ing t h a t re run , v is one of t h e values s tored in P , 
t h e n N abo r t s . O the rwi se N proceeds wi th s imula t ing M from 9 " , after s tor ing i in R. 
• 

Combin ing T h e o r e m s IV a n d VII I , and L e m m a 2 . .1 , we have 

T H E O R E M I X The global relations over enumerated structures defined by MP2M's are 
precisely the ones Turing computable in PTime. 
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2 .6 . T h e s p e c t r u m o f r e l a t i o n a l m a c h i n e s 

We s u m m a r i z e t h e classification ob ta ined above for poin ter machines , as general izat ions of 
five n a t u r a l Tur ing complex i ty classes. Wri t ing Cx D C2 if every global function (over finite 
s t ruc tu res ) definable in c o m p u t a t i o n model C2 is definable in c o m p u t a t i o n model C i , and 
Ci = C2 if b o t h Ci D C2 and C2 D Cu we have 

T H E O R E M X 

Turing class Generalizations 

PSpace 
P 2 M 

2M D D D P 2 M 
~ D2M ~ 

NPTime M2M 
PTime D M 2 M D M P 2 M 
NLogSpace 1M 
DLogSpace D M P 2 M = D I M 

3. Monotonic space and alternation 

T h e following t h e o r e m is a general iza t ion to a rb i t r a ry s t ruc tu res of t h e Chandra -Kozen-
S tockmeyer T h e o r e m on t h e equivalence of a l t e rna t ing space / and de te rmin i s t i c t ime 2* 
[CKS81, T h e o r e m 3.4]. N o t e t h a t t h e proof is not an a d a p t a t i o n of t h e proof in [CKS81], 
which uses t h e exhaus t ive enumerab i l i t y of configurat ions. T h e formula t ion of t h e t h e o r e m 
relates general iza t ions of ALogSpace a n d D P T i m e , b u t t h e general form of t h e C K S T h e o r e m 
falls ou t by consider ing, in p lace of t h e given s t ruc tu re , t h e s t r u c t u r e a l r eady expanded wi th 
a workspace (by jo in ing an auxi l iary s t r u c t u r e as in §1). 

T H E O R E M X I A global relation over finite structures is definable by an alternating 1M 
iff it is definable by a (nondeterministic) MP2M. 

P r o o f . F o r w a r d d i r e c t i o n . Let M be an a l t e rna t i ng 1M wi th s t a t e s q\...qk, where 
qk is t h e accep t ing s t a t e . Let M' b e a M P 2 M wi th r - a r y re la t ional poin ters <? i , . . . , g*. 
T h e in ten t ion is t o s to re in qi t h e r - a r y tuples of values x for which (qi, x) is a n accep t ing 
configurat ion of M . M1 i t e ra tes t h e following process 5 , un t i l t h e in i t ia l value vector is s tored 
in po in te r q^. S s imula tes nonde te rmin is t i ca l ly some execut ion sequence of M. At any t ime , 
5 m a y nonde te rmin i s t i ca l ly choose t o cease s imula t ion a n d t o check for accep tance of t h e 
cur ren t configurat ion (<7j,u): if qj is accept ing , t h e check is successful; if qj is exis tent ia l , 
M' chooses s o m e appl icab le t rans i t ion , wi th t a rge t configurat ion (<jrt-, x) say, and considers 
t h e check successful if e i ther i = k or t h e query x G? qi succeeds; if qj is universal , M' 
considers t h e check successful if, for every t a rge t configurat ion (<fr,x), e i ther i = k or x 6? qx 
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is answered positively. If t h e check of the cur ren t configuration is successful, 5 stores u in 
<jj, and r e tu rns control to M' (otherwise 5 abor t s ) . M' accepts t he inpu t iff M accepts . 

B a c k w a r d d i r e c t i o n . Let M be a de te rmin is t ic M2M. Suppose, wi thout loss of generality, 
t h a t t he re la t ional pointers of M consist of a single, r-ary, pointer P . We define an a l te rna t ing 
1M A/ ' t h a t s imula tes M . T h e basic process S of M' takes as input first order configurations 
cfg0 and cfgi of M and a value v, and de te rmines whe the r cfgi is accessible in M from cfg0, 
by a c o m p u t a t i o n sequence t h a t stores v in P. S s imula tes M from c/^o, compar ing v to 
each value s tored in P. W h e n a (posit ive) query 7r G? P is encountered , on a first order 
configuration cfg2 say, S branches universally to S for input (cfg0, cfg2, value(w))f and to 
S for inpu t (cfg2, cfgi, v). So is a variant of S wi th no search for a value v ( though such 
searches m a y be ac t iva ted by t h e spawned processes). 

W i t h o u t loss of generali ty, M has a un ique accept ing first order configuration. To de
t e r m i n e whe the r M accepts its inpu t it remains for M' t o run So wi th , as inpu t , t he initial 
configuration and t h e accept ing first order configuration of M. 
• 

B o u n d e d c o m p u t a t i o n a l formulas a re defined in [Lei87]. A corollary of T h e o r e m XI is: 

T H E O R E M X I I A global relation is definable by an M2M iff it is definable by a bounded 
computational formula. 

Al te rna t i ng t rans i t ive closures a re defined in [Imm87], A n o t h e r corollary of T h e o r e m XI 
is: 

T H E O R E M X I I I A global relation is definable by an M2M iff it is definable by the alter
nating transitive closure of an existential first order formula. 

4. Relational machines and P T i m e 

4 . 1 . E q u i v a l e n t s o f m o n o t o n i c r e l a t i o n a l m a c h i n e s 

M P 2 M ' s a re a s imple c o m p u t a t i o n a l mode l t h a t cap tu res exac t ly D P T i m e over enumer
a ted s t ruc tu re s . In this sect ion we list o the r m e t h o d s of defining global functions t h a t are 
equivalent , over all finite s t ruc tu re s , t o M P 2 M ' s . 

P a p a d i m i t r i o u observed [Pap85] t h a t p u r e un in t e rp re t ed logic p rog rams , w i thou t negat ion 
on defined re la t ions , define exac t ly t h e D P T i m e global relat ions over e n u m e r a t e d s t ruc tu res . 
Th i s c o m p u t a t i o n mode l , which arose first as a d a t a b a s e que ry language [HN84], is basically 
t he s a m e as our M P 2 M ' s ( t h e l a t t e r refers also to functions, b u t these can be s imula ted by 
the i r g raphs ) . Hence t h e result of [Pap85] is t h e s a m e as T h e o r e m IX above. No te t h a t 
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compu tab i l i t y by logic p rograms wi thout negat ions is t r ivial ly equivalent to definability by 
posi t ive fixpoints over S i formulas, which therefore define again t h e s a m e global relations 
as M P 2 M ' s . ( C o m p a r e [Fi t81 , BG85]) . 

Dually, one can consider s t ruc tu res wi th functions only. T h e evaluat ion rules for func
t ional c o m p u t i n g can be s imula ted by monotonic and posi t ive re la t ional p rograms . T h e o r e m 
IX is therefore ano the r guise of the theo rem of Sazonov and Gurev ich [Saz80, Gur83] , t ha t 
global functions over e n u m e r a t e d s t ruc tu res a r e in P T i m e iff t hey a re definable by recursion 
equa t ions . 

T w o aspec ts of our models m a k e t h e m a par t icu la r ly a t t r a c t i v e general izat ion of P T i m e . 
Fi rs t , t h e use of machine- l ike te rminology allows a clear s t a t e m e n t , in a single framework, 
of control mechan i sms (de te rmin is t i c , nonde te rmin i s t i c , a l t e rna t ing ) . In addi t ion , we have 
explicit forms of in te rac t ion be tween relat ions and objects , allowing a single framework for 
descr ibing use and recla im of memory . 

A result re la ted to T h e o r e m XI is Harel and Kozen ' s [HK84], where it is shown (by argu
men t s different from ours) t h a t a l t e rna t ing p rograms wi th r a n d o m ass ignments a re equivalent 
to first order induc t ive definitions. M P 2 M ' s and l M ' s seem, however, to be more s t ra ight 
forward general izat ions of P T i m e and ALogSpace. 

4 . 2 . S e l e c t i o n t r a n s i t i o n s 

T h e e lements of a s t r u c t u r e need not be denotab le : in a g raph no e lement is deno tab le , and 
in a non - s t anda rd mode l of a r i t h m e t i c t h e deno tab le e lements a re t h e s t a n d a r d number s . 
Such e lements become c o m p u t a t i o n a l l y accessible by S e l e c t i o n t r ans i t ions , t h a t nondeter 
minis t ica l ly assign r a n d o m values to value poin ters . T h e mos t n a t u r a l semant ics of Selection 
t rans i t ions is ex is ten t ia l nonde te rmin i s t i c , b u t t hey m a y equal ly well be given a universal 
nonde te rmin i s t i c s eman t i c seman t i c s . W i t h t h e former, Select ion can b e used to s imula ted 
control n o n d e t e r m i n i s m (over s t ruc tu res wi th a t least two e lements ) . Vice versa, Selection 
can be s imu la t ed in accessible s t ruc tu res by control nonde t e rmin i sm. 

T h e use of Select ion is essential in charac te r iz ing compu ta t i ona l l y global relat ions defined 
by formulas wi th quantif iers . We have: 

T H E O R E M X T V The following models define the same global relations (over arbitrary 
structures): 

1. MP2M with (existential) Selection transitions. 

2. Alternating 1M with Selection transitions. 

3. Positive first order inductive definitions [Mos69, Acz77j. 
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P r o o f . The equivalence of (1) and (2) is similar to Theorem XI. The equivalent of (1) and (3) 
is straightforward; alternatively, the equivalence of (2) and (3) is proved in [HK84], since (2) 
is equivalent to [HK84]'s language IND of alternating programs (Selection nondeterminism 
enables control nondeterminism). 
• 

The equivalence of first order inductive definability and P T i m e Turing computability for 
defining global relations over enumerated structures is due to Immerman and Vardi [Imm82, 
Var82].' 
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