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ABSTRACT

This paper addresses the problem of long range, multiproduct scheduling on
continuous paralle production lines. This plant configuration is typically used in the
manufacturing of specialty chemicals. The problem is modeled as a lar ge-scale mixed integer
nonlinear program (MINLP) and areformulation techniqueis applied to linearize it in the space
of the integer variables. The Kuhn-Tucker optimality conditions are exploited in the resulting
model in order to effectively apply Generalized Benders Decomposition. This avoids the
explicit solution of extremely large nonlinear subproblems. At the same time, a computational
scheme is proposed to srengthen the bounds of the master problem and therefore achieve fast
convergence. The proposed technique was applied to a real world problem for a polymer
production plant. The corresponding MINLP contained 780 binary variables, 23,000
continuous variables and 3,200 congraints.
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programming model that can accommodate resource constraints but where they assume that
transitions are sequence independent. Their model was again applied to areal world problem
with 5 lines and 10 products for the American Olean Company. Along amost the same lines,
Boctor (1988) developed a model for the single line static demand problem; this is another
mixed integer linear programming model which still has limited computational feasibility.

There are two mgjor limitations of previous works addressing the short term scheduling
problem. First, by discretizing time and demand, only very short term scheduling can be
performed. For a longer scheduling horizon, the number of time slots and production lots
needed in order to describe accurately the problem becomes very large, and it is impossible to
solve the resulting models due to their size. Secondly, the assumption of sequence
independent transitions may be satisfactory when one only needs to clean up a machine, but it
is a severe limitation.in the case of a continuously operating reactor whose operating conditions
change whenever there is a changeover in production.

Clearly, the two types of problems that have been addressed in the literature are
important. A solution approach to the first type of problem (long range horizon) would allow
the examination of considerably longer time horizons, and would therefore be especially useful
when one wishes to make strategic decisions, e.g. selection of cycle times, evaluation of
proposed changes in equipment structure, selection of new products for production, and so
forth. On the other hand, a solution approach to the second type of problem (short range
horizon) would be more useful when on-line scheduling is required and orders come in with
different due dates.

Both versions of the problem are difficult, however, mainly because they involve a
combinatorial part (sequencing) and a continuous part (production times) at the same time. As
aresult of this difficulty, all previous works either decompose the two parts or solve simplified
versions of the problem (e.g. sequence independence of set-ups), or else they are
computationally very limited. The scope of this work is to develop a rigorous opti mization
model where transitions will be treated as being sequence dependent, processing times will not
be discretized and nonlinear costs and inventory considerations will be accounted for. The next
paragraph describes the problem.

3. PROBLEM STATEMENT

There are severa products to be scheduled on a number of continuous production lines
(plants, processors, reactors) during a long range horizon. Constant demand rates are
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specified for a subset of products, while the production for the remaining ones is to be
determined. '

The lines operate in parallel in the sense that the only interrelationship between them is
that they have tojointly satisfy the product demands. For each product the production rate and
cost, and the set-up (changeover, transition) costs and times are different for different lines.
Restrictions may be placed on the inventory levels to accommodate demand fluctuations and
equipment failure.

The problem is to find when, on which line, and for what length of time each product
must be processed so as to minimize the total cost (or maximize the total benefit) during a cyclic
schedule. Trade-offs arise from the fact that - due to changeovers - production cost has to be |
increased if inventory holding cost is to be reduced and vice versa.

4. NATURE OF THE PROBLEM

Consider the following example. Two products, A and B, are to be produced in one
continuous line. Two feasible cyclic schedules are shown in Fig. 1. In the first case (a), we
start by producing A Then production is changed to B, in which case a transition time is
incurred. Later, production will be again changed to product A and another trangition time will
be incurred. This >. heme (A-transition-B-transition) will be repeated in time (cyclical
operation). In case (b), the amounts of products produced are the same as in case (a). The
only difference is that here transitions between A and B occur more frequently.

In answering the question which schedule is better, one might be tempted to say that,
since in case (b) we have to pay a penalty for the frequent transitions, case (a) should be the
recommended schedule. However, transition cost is only one facet of the problem. The other
consideration is the inventory cost.

Since the inventory changes with time, the inventory cost will be proportional to the
integra of the inventory function along time:

H
Inventory Cost = h F [(t) ot
Jo

where h = unit inventory holding cost
H = processing time

| = inventory.
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Two different situations illustrating the inventory cost calculation are shown in Fig. 2,
and they correspond to cases (a) and (b) of Fig. 1 above. In the first case, production of A
begins at time O and proceeds until time t. During this time the inventory of A increases. At
time t, production of A stops and (since the amount of A in stock is being used to satisfy
demand) the inventory starts decreasing until it reaches 0 at time H. The integral of the
inventory function along time is in this case equal to the area of the triangle. In case (b), the
same amount of A is produced, only now in two identical cycles. The integral of the inventory
is now equal to the sum of the areas of the two lower triangles, and there are savings in the
inventory cost with respect to case (a). These savings are proportional to the shaded area.

We can clearly see from this example that, when production of A is repeated more
frequently, the inventory cost is reduced. On the other hand, this implies more frequent
transitions between products, and therefore increased transition cost. The conclusion is that
there exists an optimum cycle ame which is largely determined by the inventory and transition
costs.

Another important issue stems from the fact that existing chemical plants are usually
overdesigned. This means that using the existing capacity one may be able to find a schedule
that not only produces the required products, but also creates some idle time for the processing
lines. This time can then be used either to produce some additional new products, or to absorb
demand fluctuations (and in this way increase the flexibility of the production system). In
order to create this idle time, one should try to minimize transitions. This, on the other hand,
would imply a larger cycle time and therefore increased inventory costs. So there is a trade-off
between increasing the idle time of the machines and decreasing the inventory cost.

Finally, the selection of new products to be manufactured and the assignment of
products to lines is another major decision that involves trade-offs. Different products may
have different production rates and costs in different lines. We then need to decide (in an
optimal fashion):

) which (if any) new additional products to produce;
(ii) which products to produce in each line;
(iii)  what is the sequence of production in each line, since this will affect transition times

which are sequence dependent.

In the case of 25 products and only one line, the sequencing of products can be done in
more than 1030 different ways. This is a large combinatorial problem and requires an efficient

technique for its solution.




5. Model Development
51 Representation and Model

The following are the mgjor assumptions in the model:
1. Demand rates are constant with time. They must be satisfied for the set of existing
products and should not be exceeded for the set of selected new products.
2. Cyclical operation is desired, Le. aproduction schedule that will be repeated in time.
3. The lines operate in parallel and they do not share any common resources. Therefore,
inventory cost calculations may be performed independently for each line.

The second assumption meets the wishes of production managers who prefer easily
implementable schedules: a repetitive schedule clearly simplifies the alocation of labor and
material requi'rements. The last assumption simplifies the inventory holding cost calculations
and is especialy applicable to the case where the lines are distinctly located plants or to the case
where aproduct may not be assigned to more than one line.

The genera idea of the model is shown in Fig. 3. For each line we postulate a potential
number of time dots for each cycle. However, the length of each time dot is a continuous
variable that is to be determined. The sum of the lengths of these time dots for each line is
equal to the line's cycle time, which therefore becomes a variable as well. The assignment of
products to lines, the production sequence for each line, the production times and the
production levels are then to be determined.

In the following, the indices i and) will be used to denote products, / will be used for
lines and k for time dots.

Product assignment to lines is modeled through binary variables defined as follows:

vy _ f 1ifproduct/isassigned to line/ during time slot k
“ilk ~ 1 0Qthetvise

A transition from product i to product) occurs if and only if product) is currently being
produced and product / was previously being produced. In terms of the assignment variables
this condition can be expressed as. " a transition from / toy" occurs in line / and in the
beginning of time period k if and only if: X;/,E~/ « Xjik=1 ", where " - 1" denotes the
previods time period in the cycle. We can therefore use binary products of the assignment
variables to model the transitions.

One possible formulation of the problem is a mixed integer nonlinear program
(MINLP) with many nonlinear terms in both the objective and the constraints:
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wher e the following are the parameters:
*cHt isthe production cost of product i in line / per unit of time
3y Is the transition cost when production in line/ischanged from product i toj
myy is the unit inventory holding cost for product J produced in line /

by is the profit for each unit of a potentially new product / in line /




oY, is the production rate of product i in line /
Tijl is the transition time in line / when production is changed from product i toy
d; is the demand rate of product /
NP is the number of products 0’ = 1, NP)
NL is the number of lines (/ = 1, NL)
NT is the number of time slots postulated for each line (k= 1, NT)
and the following are the variables:
xn is the binary variable to denote assignment of product i in line / and dot k
TA  isthe length of time ot kin line /
HA is the length of the cycle of line/ .
W,yE is the amount of product / produced in line / during time slot k.

The next two éubsections describe the model in detail.
5.2 Constraints

According to constraint (2), exactly one product must be assigned to each time slot.
The total number of time slots will usually be larger than the number of products. Then the
same product will be assigned to successive time slots, in which case there will be no transition
times and costs for al but the first of these time slots.

Equation (3) states the fact that the length of the cycle time (H/) of aline is equal to the
summation of the lengths of al the time slots (T/*) in that line. In equation (4) we calculate the
amounts of production (W?”) which are proportional to the production time. The
proportionality constant is the production rate '/ (which is product and line dependent) and the
production time is equal to the length of the time slot (T") minus any transition times XJU

(which are sequence and line dependent). In the right hand side we multiply by the assignment
variable, since a product may be produced in atime sot only in the case that it is assigned to
that time slot.

The constraint (5) states that demand must be satisfied for the subset (1i) of products

for which such a commitment has been made (existing products in the plant). On the other
hand, constraint (6) applies to a set (12) of potentially new products. For these products, we

include a profit term in the objective function, while their production rate should not exceed the
demand rate.
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5.3 Objective Function

The objective function to be minimized is the total cost per unit time which consists of
four components.

a) Production cost. This is represented by the first term of (1), and is proportional to the
production time. The term is nonzero only when a product is assigned to a time slot. The
reason for dividing by the cycle length H; is because different lines may have different cycle

lengths in which case we need to scale the terms down to the same time unit.

b) Transition cost. This is represented by a fixed charge term whenever a transition
occurs. The fixed charge is adequate even when the transitions are sequence dependent and the
transition cost depends on the duration of the transition. This is true since the transition times
are known a priori and they can therefore be used to calculate the transition cost coefficients

Sl:j['

¢) Inventory holding cost
(c1) The case of one line

Consider first the case of one line where we are interested in deriving a common cycle
solution. This means that, NL = 1 and that each product should be produced exactly once in
the line. The cost coefficient m;; should include the combined effect of three different types of

inventory holding cost:

(i) In the simplest case, one only needs to calculate the working inventory holding cost.
The working inventory is an amount exactly enough to satisfy the constant demand rate. This
is the inventory as discussed in the previous section and, by assuming linear holding cost
(proportionality constant h;), the corresponding term in the objective can be calculated by

evaluating the triangle area. This is shown in Fig. 4.

(ii) Even though we have made the assumption of constant demand, there are usually
uncertainties in the demand rate which may be changing with time. In this case, a safety
inventory is carried. The cost of carrying safety inventory whose level depends on the length
of the cycle can be included in the objective function. This is shown in Fig. 4 for the case
where the safety inventory is equal to the demand for a period of time equal to the cycle's
length. This, in effect, is a way of partially relaxing the assumption of constant demand rate.

(iii)) When carrying inventory (working or safety) there is a possibility that a fraction of it will
deteriorate or not be desirable at the end of a long range horizon. This part of the inventory
will be called dead inventory. The amount of the dead inventory is usually a percentage (q)
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of the safety inventdry that has to be discarded per unit time and, when the safety inventory is
equal to one cycle's production, the contribution of the dead inventory cost to the objective will
be aterm of the form

e, XY oy Wy

it
where c# isthe cost associated with each lost unit of product / produced in line /.

It follows from the above discussion and Fig. 4 that the inventory cost coefficient in (1)
should be

*

working safety dead 1, : ~ Jox
m, = my “+my +m, = jhy + hy + qcy ©)

For this common cycle approach, even if we do not enforce the constraint that a product
should not be produced more than once (in nonconsecutive time slots), the model has no
incentive to do so. In fact, due to the way the inventory cost is being calculated, repeating
more than once the production of a product in a line would result in the same inventory cost,
but the same if not higher transition cost. The transition cost is higher in the case in which
direct transitions between products are cheaper than indirect. By using a network flow
algorithm, one can find the cheapest (direct or indirect) transitions between products (see
Appendix A). These can then be used in the transition matrix and it can therefore be assumed
without loss of generality that a triangle inequality property holds for the transition cost
elements. Then for the above inventory cost model, the constraints enforcing the common
cycle on al products need not be included and an upper bound for the number of the postul ated
time dots is the number of products.

Now, let us consider a more general case: one line where a product may be produced
more than once during acycle. For this "generalized common cycle" approach, the changes of
the inventory level with time are as shown in Fig. 5 and it is obvious that the inventory holding
cost calculations involve the evaluation of areas of trapezoids instead of triangles. The
resulting cost formula for the working inventory is the following:

—_—— Lur.1* Ak
Inventory Cost = ~ 2 AL Nl "~ ->u Ulk : 9)
il k |

where
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Lik = iuk=\ * Yilk * 9 HIk Vi, VI, VE (10)

and Itfo = 1//A"V7 (NT = last time dot in the cycle) is anew degree of freedom for the problem
(the inventory at the beginning of each cycle). '

(c2) Multiple lines in parallel

The general case of multiple lines presents difficulties in the development of an
inventory cost model that does not involve too many nonlinearities. This happens because in
the model we do not use a common time measurement for all lines, but different time-variables
for the intervals of each line. Fortunately, there are two reasonable alternate assumptions that
amplify the calculations: .

(Assumption-1): Each product may be produced in exactly one line. Lines with different
technological characteristics may produce the same product but with dight quality differences.
Customers, on the other hand, prefer to purchase uniform quality products (eg. paper). In
order to enforce this restriction, one needs to define the variables:

1 if product / is assigned to line /

Yi - § 0 othewise

and include the following constraints in the modd:

VI, VI, V* (11)

% .
\ Vi (12)

(13)

(Assumption-2): Since the lines operate in parallel, we may assume that the inventory cost
calculations are to be made independently for each line with the withdrawal rate for each
product taken as equal to its production rate in the line. This is areasonable assumption if the
different lines are different plants which are distinctly located.

Both assumptions result in a situation where the inventory holding cost calculations
may be performed independently for each line. Therefore, one can make use of the cost
modds® for a single line. For the sake of simplicity of presentation only, we shall use the
formulas developed for the common cycle case. The generalized common cycle case can be
treated similarly.
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d) Profit boost for excess of capacity. In addition to the cost terms, we must include
in (1) a profit term for the production of products belonging to the set 12 of potentially new
products. For each unit of such aproduct i which isproduced in line /, we incur a profit of b”.
Even if there are no potentialy new products, credit is to be given for creating idle time that
will absorb demand fluctuations. This can be accounted for by including an additional dummy
product.

6. EXACT LINEARIZATION TECHNIQUE

The model in the previous section is the most straightforward approach to the problem
and includes many nonlinear terms in both the objective and the constraints. In order to avoid
some of these nonlinearities, we will reformulate the model by including some additional
variables and constraints.

First, we disaggregate the variables denoting the lengths of the time dlots. The product
(T/E times X;/™) that appears in the first nonlinear term of the objective function (1) and the first
nonlinear term of (4), will be replaced by a new variable t/£. This variable can be interpreted
as thetimein time dot k of line / which is devoted to the production of product /. Now, since
aproduct cannot be produced unless it is assigned to the corresponding time dot:

Ulk * “ %Ik Vi\ V/, V* (14)

where U is alarge positive quantity (the selection of tight upper bounds is discussed in section
10). '

Note that according to (2) exactly one product is assigned to each time dot and
therefore, (3) can now be replaced by

Hy=2 >ty v/ (15)
I k

Let us now turn our attention to some nonlinearities in the above model where we used
binary products of the assignment variables as away to model the transitions. This has led to
nonlinearities in the transition cost in the objective function and in the evaluation of the
transition times in equation (4). We can avoid both of these nonlinearities by defining the
following transition variables:

7. f 1 if product / is followed by product) in line / a the beginning of time dot k
Jlk ™ 1 0 otherwise
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These variables have to be linked to the binary variables in such a way that Z;jjjk = 1 if
and only if X/ k--1 - Xjlk = 1. One way to enforce this condition is by including in the model

the following constraint:
Zijik 2 Xl k--1+Xjlk - 1 Vi, Vj, VI, Vk (16)

As aresult of this constraint, Zjjlk will become 1 if both X} k--7 and Xk are one. On
the other hand, if at least one of them is zero, the constraint becomes redundant and, since
transitions represent cost terms in the objective function, the optimization program will
naturally set Zjjjk to zero. This obviously also happens when the transition variables are

relaxed in the interval [0, 1].

The above reformulation can be derived under the guidelines of general reformulation
strategies which transform a polynomial integer program into a linear integer program (Fortet,
1959; Watters, 1967; Glover andAWoolsey, 1974). Another (this time problem specific) way
of enforcing the same condition is to use the following set of constraints:

Zziﬂk = Xk Vj, VI, Vk (17a)
]

2 Zijik = Xifh-1 Vi, VI, Vk (17b)
J

According to (17a), exactly one transition fo product j occurs in the beginning of any
time period if and only if j is being produced during that time period. According to (17b),
exactly one transition from product i occurs in the beginning of any time period if and only if ¢
was being produced during the previous time period. The transition variables once again need
not be declared as binaries, but they may be relaxed in the interval [0, 1] as shown below.

Theorem:  Constraints (17), in conjunction with (2) and the integrality of the assignment
variables X, have the following unique solution:

Zijik = Xil k--1 - Xjlk Vi, VI, Vk (18)

when the transition variables Z;;j; are treated as nonnegative continuous

variables.

Proof:
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First of all, the problem decomposes into NL x NT independent subproblems.
Therefore we may consider any / and any k. From (2), exactly one product must be assigned
to line / and time dot k and exactly one product to line / and time dot k-1. Assume X ,/£-1 =
1 and X,iJc = 1. Then (2) gives

Xjtk = 0 V./*n (199

XVv*~i =0 V/*m (19b)
Now (a) and (b) of (17) and (19) give respectively:

Zijlk = 0 Vi, Vy* m (20a)

Zijlk = 0 \}i'* n, V;j (20b)

From the last two rel ations, it follows that Zijlk can be 1 only for /=m and;'=n. Furthermore, if
(17) is to be sdtisfied, at least one Zyik must become one. Therefore

Zijlk = X;/,E~7 « Xjik = 0 V({/,))* (m, n)
Zmnlk = Xml,k»l * *nlk = 1
and the claim is true. .

The reformulation (17) should be used instead of the refonr.ulation (16) for two
reasons. First, any feasible point of (17) is adso feasible to (16) but the inverse is not true since
(16) satisfies (18) only at the optimum solution. Therefore, (17) is a tighter formulation. At
the same time, it requires the same number of variables but fewer number of constraints.

7. THE REFORMULATED MODEL

Using the above reformulation techniques, the model becomes an MINLP with
nonlinear objective function and mostly linear constraints:

i1 3 tmd TU O, TR M, I
i |k H| I Ik H|

+ Z;% my Wi = ;2 b il - e (21)
; .
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S.t.
X*<7* = 1 VZ, V* 2)
H
Hijlk= %jlk V[ VI, Vk (17a)
i
XGjlk= il k-l Vi, VI, Vic (17b)
ty* AU X)) VI, VI, VK (14)
- 1Sitt v/ (15)
ik
Witk = 1 L HIk- 969il%ilkn VI, VI, VA 22
J#i
w_'ll_
Ty Vtell )
W
22 -—k Viely )
Tk
Xie = {0, 1}, Zijlk * 0, ttt=0, W7 >0 H >0 (23)

The size of this model is an important issue. For instance, for the problem of
scheduling 26 products in 3 lines and where 10 time dots are postulated for each cycle, the
model contains. 780 binary variables, 23,000 continuous variables, 3,200 constraints. The
large number of continuous variables and constraints is the effect of the reformulation.
However, if the assignment variables are temporarily fixed, the large-scale MINLP reduces to a
much smaller reduced nonlinear problem (rNLP). For example, the transition variables are
smply binary products of the (fixed) assignment variables: Zijlk = "ilyk--1 * Xjlk. In
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addition, constraint (14) implies that the processing time and the production amount are O
whenever the corresponding assignment variable is zero. All these variables (transition
variables, zero processing times and zero production amounts) as well as the associated
constraints ((17), (14) and (22)) need not be included in the NLP.

These observations suggest the use of the Generalized Benders Decomposition method
(Benders, 1962; Geoffrion, 1972) asillustrated in Fig. 6. We start by fixing the complicating
variables (the assignment variables). Then the problem reduces to a much smaller and easier
nonlinear programming problem (rNLP) whose solution gives an upper bound for the
minimization problem. In addition, the solution of the dual of this rNLP provides the
necessary information to formulate the Master Problem that will predict new values for the
complicating variables and a lower bound for the problem. We keep iterating between these
two subproblems until the two bounds become equal, in which case we have found the
optimum. Although we solve only the reduced (small) prima rNLP, we actually need the
solution to the dual of the original (large) NLP. This isthe NLP before the elimination of the
transition variables, the zero processing times, and the zero production amounts with dl the
associated constraints. However, the dual solution of this problem can be found analytically
by making use of the Kuhn-Tucker optimality conditions (Bazaraa and Shetty, 1979), once the
solution to the dual rNLP is known. It can be shown (Sahinidis and Grossmann, 1989) that
this analytical solution is easy to find for any MINLP where the primal NLP subproblem has
some specia structure that allows the solution of a smaller problem (rNLP). This principle is
applied in Section 9.

8. THE SOLUTION PROCEDURE

As we have aready explained in the previous section, the assignment variables (X//£)
are the ones that complicate the problem. Let u be the vector of non-complicating variables for
the problem, i.e.

u = [Fjlk. HIk> "i7* > "7

The detailed solution procedure is then as follows:
Step 1. Sdect XA that satisfies (2); set/'= +<*>J = °° R= 1.

Step 2. a) Fix the variables X™ and solve the MINLP problem as an NLP to determine
fR and Vfi. In particular use the procedure described in Section 9:

1) Solve the reduced NLP problem.
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ii) Having found the optimal primal and dual solution of the reduced
problem, find the optimal dual solution of the original NLP by
analytically solving its Kuhn-Tucker optimality conditions.

b) Update the upper bound by setting /U =min { fU , fR}.

. R+1
Step 3. To determine new values Xilz for the 0-1 variables and a lower bound to f,

solve the pseudo-integer master problem:

L .
f~ =min M (24)
s.t. M2 Lr(X,-,k) r=1,R (25)
> X =1 Vi, Vk )
i
1
T]EER s Xi1k=0’1 (26)
where the lagrangian
LX) = flur) + 220 2wl [ = U X ] @n
il ok

2, 3,
+ XXX Gl U Xy - Xigg1 1+ 22X Wi U X — Xjik ]

i 1k j 1k
and f (ul ) is our objective function with all continuous variables uf fixed and

1,r 2,r 3,r
Hilk » Hjg - and “jlk are the Lagrange multipliers of constraints (14), (17a)

and (17b), respectively, in the NLP solution of Step 2.
Step 4. Iff L_y U, stop. Otherwise set R =R + 1, and return to Step 2.
9. NLP SUBPROBLEMS

The solution to the original NLP in Step 2 of our solution procedure could be difficult
due to the large number of continuous variables that it contains. However, as we have already
mentioned, this NLP subproblem contains the constraint set (17) which has a unique solution
once the right hand side is fixed according to (2). In addition, it follows from (2) that exactly
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one product must be assigned to each time slot. Asaresult, exactly one of the corresponding
processing times and exactly one of the borr&sponding production amounts may be nonzero.
The rest will be forced to zero by (14) and (22). We are led to the conclusion that instead of
solving the original NLP we can solve a reduced one. The original NLP, where we have
eliminated the variables W//E from the formulation using (22), is asfollows:

Model NLP
1 t. 1 1.1 &
M. VvV Vvv - ik v vv v -. ilk
inl 11 ~- + ZZ2-Z%7-jF (28)
' ' (1 T I ¢ "
LTSS i ik L& gingie
11k J=EI
st.
Ti 1 Uk ~ Sl ilk J
11 A A de Viell (29)
Ik

g Lt~ 2 Uy Zjine )
JFEL

>y <d; Viep (30)

7 H,

Hy =2 2 tin v/ (15)
/ K

Hik ° S Tyl Zvit VI, VI, VA (31)

Hik * Y %ilk Vi, VI, VA (14)
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%AijIk  %jlk ; VI, VI, V* (173)

XFjlk=*iljc-| - Vi,” VI, V* (17b)
j

Zijiic = 0, H/ >0

where (31) is used in place of the nonnegativity constraint for the eliminated variables Wj/E and
where:

- Cit if/Gl1
{cfl—bﬂ'rﬂ if |s|2
s ifiel
iy =TI | (33)

"syt+ bl TV ifiels
Once the assignment variables are fixed:
| Zijlk = Xujc-1 « Xjlk
ink = 0 if X7k = 0
By eliminating these variables from the above program, we obtain the following reduced NLP:

Model rNL P:

Min - 2-2-S*7-iT- * 2~ AT (34)
I ! k {

+ ;; M) T fEA ~ X k]

st.
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(/%*.... - --ZH/* SEARTIIR VI, (29
vl Uliwge " Tpel Viel, (30)
H/: £</*/* V/ (15)

H/ >0
where we have used the notation:
for any time slot (I,k): i* =i suchthat X//E=1
(*P*F= (ij)lk such that X//~-/ « Xjik = 1
for any product (i):  I* = any / such that X//£= 1 for any k
k* = any k such that X//# =1 for any /
(,Lk)* = any (1,k) such that Xjffc = 1.

According to the suggestions of Sahinidis and Grossmann (1989), in order to find the
dual solution of problem (NLP) given the primal and dual solution of problem (rNLP) we need

to exploit the Kuhn-Tucker optimality conditions for problem (NLP). The Lagrangian for this
problem is:

e lk
L = ZZZCHH -t ZZZZ Sl [ U
T Tk | T
FXZE™U ratvin - X vy Zjine )
j#i -

Ik
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g Ltk = 2 T Zji )

1 J#EI
+ z xi[dl'_ ZZ H ]
el Ik I
, rg [t = _.E_Tjil Zjj ]
JEX
DD %> - - 41
iel, Ik L

+

3 4
DA LH = XDyl + XXX A U2ty Zig = i )
l i k il ok j#i

+

1 ’ 2
2§% Rig [ tig = U Xy 1+ Z%% i [ 2 Zijie = Xigje-1 )
i l J

+

3
ZZZ Wi U2 Ziie = Xz 1 = ZZZZW Zij
Jjol ok g i ijolk /

where A1 (20), A2 (20), A3, A4 (20), pl (20), p2, and p3 are the dual variables for
constraints (29), (30), (15), (31), (14), (17b) and (17a), respectively, and v (=0) are the dual
variables associated with the nonnegativity of the transition variables (Z). Therefore the Kuhn-

Tucker condition V L=0 gives:

oL _ Ci by 2 Ty 3.4
——-=—+m~lr-l—7t-—|. TR WL R Y
atllk Hl ol l H[ lEIl l H[ lEIz l ilk
1
tH =0 (35)
oL _ sij L 2 1 Ty 4
Z;; Hi - my Ty Tyt Ay H, ‘jeIl ~ Y TH, |je12+ Mk it
ij
2 3
+ Wit B~ Vi =0 (36)

where A IB means that the term A should be included only if condition B holds true.

We also have to satisfy the following complementarity condition:

Zijik Vijik = O (37)
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Once problem (rNLP) is solved, the values of A%, k* and X$ are known. The same is
true for the primal solution (t, H) of (NLP). Then we can solve (35) to (37) for the dual
variables |i, in two steps:

In the first step, we solve (35) for p.*:

vk ~*lik =< -mm + * JEIfdl - tf Ay + % ()

Both \\} and A4 must be nonnegative. Depending on whether the right hand side of (359) is
negative or positive, we will set p* or X" equal to zero, respectively. Satisfying
complementarity for constraint (14) is not an issue since thqgse constraints of (14) which were
not included in (rNLP) are always active (0 = 0). In this way the dual variables (I* for the
variable uppei* bounding constraints can be found from (35a) by simple substitutions.

The second step is to compute |i 2 and JJ3 from (36). Let

EUI 1 rﬂ' Ty! 2 rjl TUI 4
Yjlk = 1, T ™ Tt A “H, lier, = % “H, lier, * M T

This is aknown parameter after the solution of (rNLP) and the calculation . The problem of
computing (1% and 3 10w becomes that of solving the following system:

2 3
Vilk * *jlk ~ Mijlk + *ijlk = ° (33)
Zijlk Vijlk = o> Vijlk * e (38)

The system (38) is to be used to calculate the dual variables of constraints (17).
Constraints (17) have specia structure: the system decomposes to independent transportation
problems for each time dot (/, k). In fact, the system (38) can also be decomposed to
independent problems for each time slot. Each of these problems is the Kuhn-Tucker
conditions for the following transportation problem:

Min X X4k Zk (39)
i

St.
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2 Ziik ™ ik ‘ Vy - (40a)
]
2 Zig = Xifg--1 : vi (41b)
J

Since we know the primal solution to this problem, we only need to apply any of the efficient
methods that solve transportation problems in order to find the dua solution. The application
of the (uv) method (Bazaraa and Jarvis, 1977), gives the following procedure:

Dofor each time dot (/, k):

1. Say X ,"_.j = XwjE= 1. Then Zi=\ isthe only nonzero basic variable.

3 2
2. Sat \ipgxk = 0. Then vuu=0 requires " = -Qmik
3 2
2. Set \igg = 0. Then vyx=0 requires » = -Qmn/*.
3 2
4. Fordlj* n, we now need (for dl /) v ¢ >0 which implies |/ > - (M# " Qyffc )e

3 2
This can be satisfied by letting (j,—" =max[- ((i"+qg")]e
I

Enddo.

The problem has only one nonzero basic variable and, in Step 3, we make basic dl the
variables in the transportation tableau which correspond to the column with the nonzero entry.
This is achieved by setting their reduced cost equal to zero. Then, in Step 4, we have to
evaluate the remaining dual variables in such a way that al the reduced costs (v) are
nonnegative. Notice that the role of i andj in the above procedure may be interchanged, thus
giving rise to an alternative dual solution. In this way we were able to generate two Benders
cuts during each iteration of the solution procedure. '

The solution of the reduced NLP problem as described above never becomes a
problem. The number of constraints and variables in model (rNLP) isrespectively equal to the
number of products plus the number of lines (NP+NL). Therefore, it is easy to solve. Some
difficulties with infeasibilities were resolved by including dack variables in constraint (5) and
incorporating these variables in large penalty terms in the objective function. Finally, as shown
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in Appendix B, this NLP is convex for the case where the processing rates for al productsin a
line are the same and it is equivalent to a linear program for the case where there are no
inventory holding costs.

10. MILP MASTER PROBLEMS

Contrary to the NLP subproblem; the MILP in Step 3 is much harder to solve.
Although it has the desirable feature that the assignment variables (X;/£) belong to Special
Ordered Sets of type 1 (see Beale, 1979), applying specia procedures while searching the
branch and bound tree may still require along time to solve it to optimality. For this reason,
we have decided to use a variant of Benders decomposition proposed by Geoffrion and Graves
(1974) and not to solve this problem to optimality, but only ‘until we obtain afeasible solution
which is lower than the current best upper bound. This is achieved by including an upper
bound for r\ in the master problem and by requiring the optimization package to terminate the
search as soon as it finds a feasible integer solution. In this way, we take advantage of the fact
that commercial MELP codes usualy find the optimum in a short time, but they take an
extremely long time to verify its global optimality. In this case, the procedure in Section 8
should be terminated as soon as the master problem becomes infeasible.

Another problem with the agorithm is that, although it has the advantage of involving
an integer programming problem with only one continuous variable Tl in the master problem of
Step 3, it has the disadvantage that this problem is often too relaxed. As aresult, the algorithm
has the tendency to initially yield very low values for the lower bound/”, and predict binary
combinations which yield infeasible subproblems, and hence requires a large number of
iterations. However, we can increase the computational effectiveness of the algorithm by
directing the master problem to avoid binary combinations that will lead to infeasible NLP
subproblems, or binary combinations that will lead to "equivalent” solutions.

In order to avoid some infeasible NLP subproblems, we include the following
congtraint in the master problem:

22 X 2 1 Viel| @)
I K

which will ensure that al products are assigned to at least one time dot. If that were not true,
some of constraints (5) would be violated. In addition, we can include an outer-approximation
of (5) into the master problem as follows:
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1) TFy 2 dy _ Viely Vi (43)
Z TF;; < 1 Vi (44)
l
d.
TR < g 2 Xilk Vi Vi 45)
k
2 dig = 4 Vi (46)
!

where TA |/ is a variable to approximate the fraction of the production time of line / which is
devoted to production of product i, and d;; is a variable to approximate the amount of the
demand rate which is satisfied by production in line /. By including (45) we express the fact
that a product cannot be produced unless it is assigned. The upper bound in the right hand side
of (45) is derived by assuming that all the demand is satisfied by production in one line.
According to (44), the time assigned to all products cannot exceed the total available.
Constraint (43) is then a relaxation of (5) where the changeover times have been neglected; it
enforces the condition that demand must be satisfied. In equation (46) we are simply defining
the variables d;; in terms of the total demand rate d;.

There is some multiplicity in our model in the sense that some binary assignments give
rise to exactly the same alternative optimal NLP solutions. Consider for example the case of a
product being assigned in two successive time slots. If the processing times in this NLP
solution are t1 and t2, it is clear that by allocating the total time t1+t2 in any feasible way to the
two intervals, produces an alternative optimum. Therefore, we can avoid binary combinations
that assign the same product to successive time periods. This can be done by including the
following constraint in our master problem:

Xitk+1 S 1 - Xjp + X NT Vi, VI, Vk (47)

As a result a product cannot be assigned to two successive time slots unless it is assigned to the
last (NT) time slot in the cycle.

Finally, a small note about the variable upper bounding constraints (14). Theoretically,
it is sufficient to use any large value for U that does not limit tjjk to become as large as it might
be profitable. On the other hand, it should be obvious that the larger the U, the smaller the
values of Xjjk in the relaxation of the model where the assignment variables are relaxed in the
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interval [0, 1]. Therefore, in order to obtain a strong relaxation, the upper bounds should be
made as small as possible. A valid upper bound can be derived by assuming that, when a
product is assigned to a time dlot, al its demand is going to be satisfied by production in that
dot and by neglecting the trangition times:

U lilk = 95 1y
and therefore
d H
HIk * -*TiT (48)

where are upper bounds H” for the lengths of the cycle times. The right hand side of (48) can
be used for Uin (14).

Our computational experience has indicated that using these bounds leads to stronger
lower bounds in Step 3, while constraints (42) to (46) eliminate most of the infeasible
subproblems which otherwise were outnumbering by far the feasible ones. On the other hand,
constraints (47) create difficulties due to their large number; their use was abandoned after
some computational experiments indicated this difficulty. By solving the master problem
suboptimally, we were able to reduce the computational requirements for the solution of this
problem by several orders of magnitude with respect to the case where master problems are
optimally solved. At the same time the number of iterations required by decomposition
procedure to converge did not change. Finally, another order of magnitude reduction in the
solution of the master problem is achieved when special procedures are utilized for the branch
and bound search based on the existence of the Special Ordered Sets (congtraint (2)).

11. Computational Results

We have used the modeling system GAMS (Brooke et aL., 1988) in order to implement
the solution procedure. The solvers used were MPSX (IBM, 1979) for the MILP master
problems and MINOS (Murtagh and Saunders, 1986) for the NLP subproblems. The
procedure was executed on an IBM-3090 at the Cornell Supercomputing Center.

11.1 Example

‘The first example considered involves the production of 3 products (A, B and C) in one
line. The transition times are the ones used in the example problem of Appendix A. The
production rates for the three products are 12, 15 and 10 Klb / day. The production costs are
0.76, 0.75 and 0.77 $ per Ib. The transition costs are 10% of the production cost and that
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includes the production cost during the transition time. The inventory holding cost is 0.0306 $
per KIb per hour and there is no profit boost. Finaly, the product demands are 50%, 20% and
30% of the total demand of 10,000 Klb during a scheduling horizon of 8280 hrs It is desired
to determine a common cycle solution for the problem.

The resulting MINLP involved 9 binary variables, 46 continuous variables and 43
constraints. The solution to this MINLP was obtained in 2 iterations of the algorithm and
indicates an optimum cost of 935 $ / hr when the cycle time is 102 hr. The optimum
production sequence is A-(B)-C-B where the parenthesis indicates that B is not produced but
used only as an intermediate product in order to induce a cheap transition between A and C.

11.2 A Real World Problem

The solution technique was also applied for the scheduling of 26 polymer products (25
existing, 1 dummy new) in 3 parallel plants that belong to a Iargé chemical company. The
scheduling horizon was 1 year. The resulting MINLP involved 780 binary variables, 23,000
continuous variables and 3,200 constraints.

The solution obtained in 20 CPU minutes on an IBM-3090 and 20 iterations is shown
in Fig. 7. It indicates that the optimum cycle times are close to 2 months and the associated
cost 44 m$/yr. The company has been until now operating with cycle times of 1 month. By
constraining the cycle times in the model to be less than a month, the new solution indicated
that the best possible schedule in this case has an increased cost of 52 m$/yr. Table 1 gives a
summary of costs for the unconstrained and the constrained case. It is obvious that by
allowing the cycle time to be larger than one month, the transition costs can be reduced. The
inventory holding cost is increased but the fewer transitions provide extra capacity in order to
produce a larger amount of new products. In fact, the profit boost from the production of the
new products outbalances the increase in the inventory holding cost when the cycle time is
increased.

We have aso analyzed the possibility of making a capital investment of 3 m$ in order to
increase the production rates of one of the lines. The optimum cost after these technological
changes in the plant was found to be 38 m$/yr, indicating that the proposed investment plan
has a payout time of 8 months. This shows that the model can be used as a planning tool in
order to evaluate whether proposed equipment changes are worthy .
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12. Conclusions

The problem of multi-product scheduling on continuous parallel production lines has
been discussed in thispaper. It has been shown that thisis alarge combinatorial problem, with
nonlinearities involved and where the mgor trade-off is between inventory and transition costs.
A rigorous MINLP model has been developed for determining cyclic schedules for the case of
constant demand rates for all products. Sequence dependent transitions are rigorously taken
into account and production times are not discretized in this model. An exact linearization
technique was applied to linearize this MINLP in the space of the integer variables. The Kuhn-
Tucker optimality conditions were exploited in the resulting model in order to effectively apply
Generalized Benders Decomposition. This avoids the explicit solution of extremely large
nonlinear subproblems. At the same time, a computational scheme was proposed to strengthen
the bounds of the master problem and therefore achieve fast convergence. Finadly, the
effectiveness of our solution technique has been demonstrated through the solution of a large-
scale real world problem.

Acknowledgments
The authors would like to acknowledge partial financial support from the National

Science Foundation under Grant CBT-8908735. Access to the IBM-3090 computer at the

Cornell Theory Center is aso gratefully acknowledged.




-30 -

REFERENCES

Bazaraa, M.S., and J.J. Jarvis, "Linear Programming and Network Flows", John Wiley, New
York (1977).

Bazaraa, M.S., and C. M. Shetty, "Nonlinear Programming. Theory and Applications", John
Wiley, New York (1979).

Beale, E.M.L., "Branch and Bound Methods for Mathematical Programming Systems,"
Annals of Discrete Mathematics, 5§, 201-210 (1979).

Benders, J.F., "Partitioning Procedures for Solving Mixed-Variables Programming
Problems," Numerische Mathematik, 4, 238-252 (1962).

Boctor, F.F., "A more Efficient Formulation of the Single Machine, Static Demand, Lot
Scheduling Problem", Engineering Costs and Production Economics, 14, 3-10
(1988).

Bomberger, E., "A Dynamic Programming Approach to a Lot Size Scheduling Problem",
Management Science, 12(11), 778-784 (1966).

Brooke, A., D. Kendrick and A. Meeraus, "GAMS - A User’s Guide"”, The Scientific Press,
Redwood City (1988).

Delporte C.M., and L.J. Thomas, "Lot Sizing and Sequencing for N Products on One
Facility", Management Science, 23(10), 1070-1079 (1977).

Doll, C.L., and D.C. Whybark, "An Iterative Procedure for the Single-Machine Multi-Product
Lot Scheduling Problem", Management Science, 20(1), 50-55 (1973).

Duran, M.A., and L.LE. Grossmann, "An Outer-Approximation Algorithm for a Class of
Mixed-Integer Nonlinear Programs”, Mathematical Programming, 36, 307-339
(1986).

Elmaghraby, S.E., "The Economic Lot Scheduling Problem (ELSP): Review and Extensions",
Management Science, 24(6), 587-598 (1978).

Floyd, R.N., "Algorithm 97 = Shortest path", Commun. ACM, §, 345 (1962).

Fortet, R., "L'Algebre de Boole et se Application en Recherche Operationelle”, Cah. Cent.
Etud. Rech. Operationell, 4,215-280 (1959).

Geoffrion, A.M., "Generalized Benders Decomposition,” JOTA, 10, 4 (1972).




-31-

Geoffrion, A.M., and G.W. Graves, "Multicommodity Distribution System Design by
Benders Decomposition," Management Science, 20(9), 822-844 (1974).

Geoffrion, A.M., and G. W. Graves, "Scheduling Parallel Production Lines with Changeover
Costs: Practical Application of a Quadratic Assignment / LP approach”, Operations
Research, 24(4), 595-610 (1976).

Glover, F., and E. Woolsey, "Converting the 0-1 Polynomial Programming Problem to a 0-1
Linear Program”, Operations Research, 22(1), 180-182 (1974).

Goyal, SK., "Scheduling a Multi-Product Single-Machine System", Operational Research
Quarterly, 24(2), 261-266 (1973).

Hanssmann, f., " Operations Research in Production and Inventory”, John Wiley & Sons,
New York (1962).

IBM, Mathematical Programming System Extended / 370 (MPSX / 370), Basic Reference
Manual. Technical Report, IBM, White Plains, New York (1979).

Liberatore, M.J., and T. Miller, "A Hierarchical Production Planning System", Interfaces,
15(4), 1-11 (1985).

Madigan, J.C., "Scheduling a Multi-Product Single-Machine System for an Infinite Planning
Period”, Management Science, 14(11), 713-719 (1968).

Murtagh, B.A., and M.A. Saunders, "MINOS 5.0 User's Guide", Technical Report SOL 83-
20, Systems Optimization Laboratory, Dept. of Operations Research, Stanford
University, CA (1986).

~ Prabhakar, T., "Some Scheduling Applications in the Chemica Industry"”, in Elmaghraby
(ed.), " Symposium on the Theory of Scheduling and Its Applications, Springer-
Verlag, 1973.

~ Prabhakar, T., "A Production Scheduling Problem with Sequencing Considerations",
Management Science, 21, 34-42 (1974).

Sahinidis, N.V., and |.E. Grossmann, "Some Theoretical and Computational Issues in
* Generalized Benders Decomposition”, in preparation (1989).

Stankard, M.F., and SK. Gupta, "A Note on Bomberger's Approach to Lot Size Scheduling:
Heuristic Proposed”, Management Science, 15(7), 449-452 (1969).




-32-

Watters, L.J., " Reduction of Integer Polynomial Programming Problems to Zero-One Linear
Programming Problems’, Operations Research, 15, 1171-1174 (1967).




-33-

Appendix_A. Calculation of Shortest Transitions

Even in the common cycle case where a product is not allowed to be produced more
than once in the cycle, it may be beneficia to assign it to more than one time dot only in order
to induce cheaper - indirect - transitions. What becomes a major issue for the optimization
problem is then the number of time slots postulated for each cycle. On the one hand, this
number should be as small as possible in order to keep the number of integer variables small.
On the other hand, it should be large enough so that schedules with many repetitions of
products in the same cycle are not excluded if they are to provide alower cost.

However, the problem of finding the shortest indirect transitions between products can
be solved prior to the optimization step. This can be done by finding the shortest paths
between al pairs of nodes in a graph whose vertices correspond to the products that can be
produced in aline. The lengths of the arcs of this graph are the transition times for the direct
transitions. The solution will give the shortest transitions between all pairs of products.
Consider as an example the case where we have three products A, B and C. Let the transition
times be the following:

A B C
A 2 6
B | 2 3
Ci6 3

The transitions graph is shown in Fig. A-I. In order to find the shortest transitions
between al products we need to find the shortest paths between al pairs of nodes in this graph.
The problem of finding the shortest paths between dl pairs of nodes in a graph can be solved in
polynomial time. Floyd's algorithm (1962) requires O(N”) operations where N is the number
of vertices in the graph (= number of products). By letting T=(x,y) be the transition matrix, the

algorithm is the following:

" Formfrom 1toN, foral i andj from 1 toN, do: 1 = min (™, Tjm + Tws)- M

In this way, the table of shortest transition times for the three product example is found
tobe -
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A B
A 2 5
B |2 3
cls5 .3

where now the transition between A and C is only 5 hrs and it requires going through B.

By using this procedure the transition matrices can be replaced by the shortest transition
matrices where now the elements of these transition matrices satisfy the triangle inequality
property. However, one such transition may now imply shifting the production through some
intermediate products. Finally, we should mention that, in the case where the transition cost is
not proportional to the transition time, a more appropriate choice for the lengths of the arcs of
this graph would be the sum of the transition cost and the opportunity profit which is lost due
to the transition time (profit boost times transition time).
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Appendix_B: On the convexity of the Nonlinear Program

The convexity of the NLP that appears as a subproblem in our decomposition approach
IS an important issue since it determines whether or not a globally optimal solution can be
guaranteed for the problem at hand. We first show how to perform a variable transformation
that leads to a problem with only one nonlinear term in the objective and linear constraints.
Then we examine the convexity of the transformed problem.

The NLP subproblem that needs to be solved at each iteration is the following:

. T Uilk Ziilk
Min f=22§k‘.°ﬂ§§7 + ZZZ%S:}J{%

i/ g

Wit
IO TR v B T TR (21)
i |k iel, I k !
S.t.
ALRijikk="i1k v/, v/, . V* (17a)
|
2 Zijik = 11t VI, VI, Ve (17b)
ACAU Xt Vi, VI, V* (14)
"I = XStzlte VI (15
Ik

“ Wit ="111 Uik~ | V/? «*] viv vl va (22)
Jj# 1 !
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> —-ﬁk—A d- Vieli )
/[ k I
I:I k Ad VI, ©6)
Zijlk * 0, ¢ic=0 Wlk=0 H >0 (C-)

Constraints (17) have a unique solution ZM/£ ='X-Uk— ~jlk "' can therefore be
used to eliminate the Z-variables from the formulation. Let us then eliminate constraints (17)
and consider 'the Z's are given constants. Furthermore, let us define the following new

variables;

_ HIk 1 w7

Then the NLP subproblem becomes as follows:

Min Al 2 S it 222X (sir Zyudmny
i1 K

i1k
Dia — e
F XXX myp— L [5L i ik oo
i |k T ieliz2 [ K
st.
chSU X:“k Vi, V/, v* (C'3)

1=y XuL v/ (C-4)
i k
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o = Tyl X = 2 g Zgd ™) Vi VI Yk (c_s)
J=i

> cop = dh : Vielx (C-6)

7 it

ZZ »[RE<] ;o vl (C-7)

!/ k

X 20, co” =0, Ty >0 ' (C-8)

This model involves only linear congtraints and one nonlinear term in the objective
function (the term corresponding to the inventory cost). Consider now the following cases.

Casel. Thereisno inventory holding cost (i.e. m// = 0). In this case, the nonlinear term in
(C-2) vanishes and the NL P subproblem is exactly equivalent to a Linear Problem. Its global
solution can therefore be guaranteed in this case.

Casell. By making use of (C-5), the nonlinear term in (C-2) can be written as.

o D X — 2 (g Zig) M)
J#i

i / k Ti/ i | k LY,
= VVV , J,an'
2-2-2% <"y TilA— constant
il k i\i

1

I
~M

H (myry) xuk ~ ocodat
:

*

TI/

ol
= > L ox Xic ~ constat if mprh= & foralll
I T\ i k

4

>
/

congtant by (%’-4)
r\i I

But since &, = 0, the last term is convex and therefore the global optimal to our

problem can be guaranteed in the case the product of the inventory holding cost and the
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production rate is the same for all products in a line. This for example will happen if all
products have the same production rates and the same inventory holding costs.

We haven't been able to theoretically characterize the convexity properties of the model
in any other case. However, computational experiments have indicated that the objective
function probably satisfies the convexity requirements for a global optimum since using
different starting points has always yielded the same optimal solution.




Table 1. Cost distribuﬁon for example 2.

Item Ng cycle time restriction With cycle time restriJclog=
Production 54,341,000 51,153,000
Transition 289,800 471,900
Inventory 6,864,000 4,214,000
Profit Boost -16,990,000 -6,508,000

Tota $ 44,504,800 / yr $ 49,330,900 / yr
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for alternative schedules
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