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1 INTRODUCTION 1

1 Introduction

The intersection type discipline [CDV81) is a simple, yet powerful language for describing
the behavior of programs. Beyond its intrinsic theoretical interest (BCD83,CDV80), it
appears to be an attractive foundation for the type systems of practical programming
languages [Rey88,Rey89).

Although the usual formulations do not allow quantification over types—there is no
V type constructor—intersection types do provide a form of polymorphism. For example,
the identity function

Az. z
has among others the intersection type
(int—int) & (real—real) & (bool—bool).

In a theoretical sense, this kind of polymorphism is extremely powerful. For example,
it can be shown that every strongly normalizing A-term has an intersection type of a
particular form. However, from a practical standpoint this “fnitary” polymorphism is
somewhat cumbersome. Type inference for intersection types is undecidable [RdARV84], so
to obtain a typechecking algorithm programs must be annotated with some explicit type
information. In Forsythe [Rey88|, for example, function definitions must be annotated
with an exhaustive list of the types of the arguments to which the function will be applied:

Az : int, real, bool. =

It is natural to ask whether a type system based on the intersection type discipline can
be extended to include infinitary (parametric) polymorphism as well:

VYa. Az i a—a. z

In fact, since intersection types are given a subtype ordering, it makes sense to consider
bounded quantification [CW85), where the type parameter to a polymorphic function is
constrained to lie between specified upper and lower bounds:

Viint < a < complex). A\f:a. £ + 5

(In Cardelli and Wegner’s formulation, bounded quantifiers are given only an upper bound;
we give both upper and lower bounds.)

As a step toward this extension, we consider the somewhat simpler problem of adding
bounded variables to a system of types based on the intersection types discipline. That is,
we do not allow type quantification, but types may contain free variables, which are given
upper and lower bounds by an auxiliary constraint list:

Alia.i4+5 [int<ac< complex]

(Adding variables but not explicit quantifiers is reminiscent of the form of polymorphism
found in ML [Mil78), where all type variables in a type expression are implicitly universally
quantified at the outside.)

In designing a typechecking algorithm for a programming language with types of this
form, one major difficulty lies in deciding whether a type ¢ is a subtype of r—intuitively,
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2 TYPES AND SUBTYPES 2

whether an instance of ¢ may be safely used wherever an instance of r is expected. The
standard formulation of intersection types provides a perfectly unambiguous definition of
the subtype relation, and it is not hard to see how the definition should be extended to types
with bounded variables. But the most convenient definition of this relation, as the set of
all judgements of the form ¢ < r that can be proved from a certain set of inference rules, is
hopelessly non-effective. Although a straightforward algorithm exists for the case without
bounded variables (see Section 5.1.3), it does not appear to generalize. The presence of
both intersections and variables complicates the situation significantly.

This paper presents an algorithm for deciding the subtype relation on intersection types
with bounded variables. Section 2 describes the type system and the subtype relation in
more detail. Section 3 introduces some notational conventions and presents the formal
definitions of <q (the subtype relation as a set of inference rules) and leq (the algorithm).
Section 4 gives a detailed proof of the equivalence of <4 and le,. Section 5 discusses the
algorithm and proof, sketches some alternative approaches, and points out directions in
which our work should be extended.

2 Types and Subtypes

This section describes the intersection type discipline and its extension with bounded
variables in more detail. (See [Rey88] for a more thorough presentation.)

2.1 The Intersection Type Discipline

Intersection types are built from primitive types like int, real, and bool; the — (arrow)
type constructor, the & (“intersection,” or “conjunction”) constructor; and the special
type ns (“nonsense,” “top,” or w).

The exact set of primitive types chosen does not affect any properties of the type
discipline. All that matters is that there be some relation <, defined on the primitive types
and that this relation be a preorder (i.e., that it be transitive and reflexive). For example,
we might choose the set {int, real, complex, bool}, with int <, real <,, complex and
bool unrelated to the other three.

The type g1-+07 describes functions from ¢; to oz. The rule for subtyping of arrow
types is the usual contravarient one:

o0y < nn—rs if r <oy and o3 < 13,
2 1

For example, real—»int < real—real and complex—real < real—real, while
int—int and real—real are not related by <.

The type odsr describes values that have both type o and type r. The term “intersection
types” is generally preferred over “conjunctive types,” though the latter is also used. In
the < preordering, o&:r is axiomatized as a greatest lower bound of ¢ and r. This leads
to three rules:

oker < o
okr < r
o<l if o<7n and ¢ < 1.
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(The left side of the third rule implies the right side by the first two rules and the transitivity
of <. The other direction must be stipulated separately.)

The interaction between the subtyping relations for arrow types and those for intersec-
tion types is captured by the rule:

(Tl'—irg)&(fl-*‘rs) S_Q 1’1—'(1'2&'&).

(Note that the converse of this rule follows from the rules already given.)
Finally, ns is a type of any expression whatsoever, including “untypeable” ones. It is
a maximal element in the subtype ordering. For every type r,

7 < ns,

Also, we do not distinguish between untypeable values and functions whose result is unty-
peable:

ns < r-»ns.

2.2 Bounded Variables

Adding bounded variables to the system just described is actually quite easy. We simply
assume the existence of a countable set of type variables {a, 8, ...}. Whenever we write
down a type involving variables, we do so in the context of a list of upper and lower bounds
(constraints) for the variables:

a—(int&f) [int < o < complex, (Int—int) < 8 < (Int—ns)).

Such a type represents a set of types (generally infinite) in which the variables are instan-
tiated with all types satisfying the given constraints. To ensure that this makes sense, we
stipulate that the bounds on a variable & must not mention a (directly or indirectly).

We extend the subtype relation to a family of relations indexed by constraint lists,
writing “o is a subtype of r under constraints Q" aso<qr.

The subtyping rules for type variables are the expected ones: under a given set of
constraints in which a variable o is bound, « is a supertype of its lower bound and a
subtype of its upper bound. (Of course, like any type, o is also a subtype of itself.)

Extending a constraint list with bindings for fresh variables should not alter the subtype
relation for types involving only existing variables. In particular, if ¢ < r does not hold
under constraints Q, it should never be the cage that ¢ < r under constraints Q' 2 Q.
To prevent this, we restrict our attention to “well-formed” constraint lists, in which each
variable’s lower bound is a subtype of its upper bound (under the portion of the constraint
list in question giving bindings for the variables mentioned in the upper and lower bounds).

A less important restriction is that constraint lists are only allowed to list a given
variable once. To constrain a variable a to be less than both ¢; and o2, we use the
constraint a < ¢18:0;. Similarly, although there is no explicit “least upper bound” type
constructor, it can be shown that any two types have a least upper bound, which can be
used in place of two separate lower bounds for a variable,
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3 Definitions

3.1 Notational Conventions

Finite lists are written inside square brackets and are normally denoted by variables with
bars, e.g., ¢ = [int,real, real—real]. Since we do not use nested lists, we identify an
element ¢ with the singleton list [¢] and extend the square bracket notation to list ex-
tension and concatenation, e.g., [d:,E'], (¢, ¢'], [#, 3], etc. Also, since list concatenation is
associative, we normally drop nested brackets, writing both [[¢, ¢'], "] and [, [¢', ¢"]] as
[¢’ ¢f’ ¢M]_

We will occasionally treat a list as if it were a finite set, writing, for example,
int € [bool,int].

The length of a list ¢ is written length($).

We write A = B to mean that A and B are textually identical. Often, the expression
B will contain one or more metavariables that are “unbound” in the current context.
In this case, A = B is read as “A has the form B,” and in the following text the new
metavariables are understood to be bound to the corresponding subphrases of A. For
example, “7 = ns—o and ¢ <, real” is a true statement when r is ns—int.

Psa(S) is the set of finite subsets of a set S.

3.2 Types and Constraint Lists

We begin by defining type expressions (hereafter called simply “types”) and the lists of
constraints that specify bounds for type variables, as well as some auxiliary notions (like
the size of a type) that are used in the proofs.

Definition 1: P is the set of primitive types. The metavariable p ranges over elements
of P. (When we need to talk about more then one primitive type at once, we use p with
primes and/or subscripts.)

Definition 2: V is a countable set of type variables, ranged over by the metavariable
a.

Definition 3: T is the set of types, defined by the following grammar:
T u=ns|t&r|T—7|p|a

The metavariables 7, o, 8, ¢, and ¢ range over elements of T.

The set of type variables occuring in a type r is denoted by fu(r). If V' is a set of type
variables, then T[V] = {r e T | fo(r) C V}.

If 7 is the list [ry,7q,...,7,], then F—r abbreviates r—(rz—(... (rn—1))).

Definition 4: A constraint ¢ consists of a type variable a, a lower bound ¢, and an
upper bound o, written ¢ < a < ¢

Definition 5: A constraint list Q is a list of constraints {¢1,...,¢n) in which:
1. the constrained variables «, ..., o, are pairwise distinct;
2. every type variable occurring in ¢; or ¢ is the constrained variable of ¢ for some
k<1,
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Each q; is said to be defined in Q; its rank, written rankg(ay), is ¢; its lower and upper
bounds, written /b, (a;) and ubg (), are ¢; and ;.
The domain of Q, written dom(Q), is the set of variables defined in Q.

Definition 6: Let Q = (91,...,qn] be a constraint list and « & dom(Q). Then Q|, is
the prefix [q1,...,9,-1] of Q, where 1 = rankg(a).

Definition 7: Let Q be a constraint list. The gize of a type r € T[dom(Q)], written
sizeq(r), is defined inductively as follows:

sizey(ns) =0
sizeg(r&ry) = sizeq(ry) + sizeg(r) +1
sizeg(r1—12) = sizeg(n) + sizeg(ra) + 1
gizeg(p) = 0
sizeg(a) = w - rankg(c)
The size of a list of types, sizeg(|[r1,...,r,]), is Yicicn sizeg(rn).

3.3 The Subtype Relation
We now define the conditions under which one type is a subtype of another.

Definition 8: We assume that a reflexive, transitive relation <pe 18 defined on the
elements of P.

Definition 9: Let Q be a constraint list. The subtype relation <, is the least relation
closed under the rules in Figure 1.

Formally, <, is the least fixed point of a monotone function—the function f that, given
a relation <%, adds the immediate consequences of rules A~UB to produce <,**1. In fact,

o= [ (5.
0<i< o0

This means we can think of rules A-UB as a proof system, with rules A, B, D, E, G, H,
REFL, LB, and UB as axioms, and C, F, and TRANS as rules of inference. If o <qT,
there is a finite proof tree whose conclusion is @ Sq7. In arguments involving <q, we often
reason by induction on the structure of such proof trees.

Definition 10: The empty constraint list [] is well formed, If Q is well formed,
a € dom(Q), and ¢ <q,, ¥, then (@, ¢ < a < ¢ is well formed.
The predicate wf(Q) is true iff Q is well formed.

3.4 The Decision Procedure

Next, we define an algorithm, leq, for testing whether a type o is a subtype of r. Intuitively,
we intend “leg(o, T, 7)” to be equivalent to “o Lq T—r" when Q is well formed.
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(A) n&r; <o 1
(B) n&re <gT
(C) g<qm o=<q
o <gq ndry
(D) T SQ ns
P<pp
E
® 3

n<go1r 02%gm

(F)

(G) (n—r2)&(ri—r3) <g ry~+(r2ders)

o1— 0y Sg1—1g

(H) ns <, r—ns

(REFL) r<gr
g<gt 0<qr

(TRANS)
og<grT
(p<a<y)e@
(LB) T
(p<a<y)eq
(UB) T

Figure 1: Rules for <q
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Definition 11: Let Q be a constraint list. The predicate
leq € (T[dom(Q|a)] x List(T[dom(Q[,)]) x T[dom(Q|.)]) — Bool

is defined inductively by the rules in Figure 2.

It 1s important that ley perform a complete analysis of r—descending into both sides
of &’s, into the right sides of —'s, and into the lower bounds of variables, until it reaches
a primitive—before looking at ¢ at all. This is the reason for le;’s middle argument: the
left sides of —’s are pushed onto a queue as they are encountered and popped off again
later, outermost to innermost, as —’s are encountered in o.

The treatment of variables in rules 9-13b is probably the least transparent aspect of
the algorithm. Intuitively, o <q @ can hold either because ¢ is a subtype of the lower
bound of a, or because ¢ is identically equal to . So when leg encounters a variable « as
its third argument, it both descends into the lower bound of & and begins to analyze the
first argument, leaving the variable itself as the third argument.

To see that le, is well defined, note that when the value of leg(e’, 7, r') depends
recursively on leg(o, T, r), it is always the case that sizeq(0) + sizeq(7) + sizey(r) is
strictly less than sizeq(o') + sizeq (') + sizeg(r'). Because the set of sizes is well-ordered,
no infinite sequence of recursive calls is possible.

Also, since le, is deterministic, enlarging Q does not affect its results:

Lemma 12: Let @ be a constraint list, a € dom(Q), o,r € T{dom(Q)|, and T €
List(T[dom(Q)]). Then

ltea(o-: T‘, T) = ICQ(O', ?, f).

4 Correctness of the Decision Procedure

We show the implications
0Zqr = leg(s, (], 1)
and
leg{o, [, 1) = o<qyr

separately. First, we must go to some trouble to show that leq considered as a relation (that
is, the restriction of leg to empty middle arguments) is both reflexive (Corollary 18) and
transitive (Corollary 23). With these out of the way, it is easy to show the first implication
(Theorem 24). The other implication is much more straightforward (Theorem 28).

4.1 Reflexivity

The proof that the relation computed by leq is reflexive, though much shorter than the
proof that it is transitive, is not entirely trivial. The difficulty comes from the fact that
leg is asymmetric: it does a complete analysis of its third argument before ever looking at
its first argument. Thus, a straightforward argument using leg(r, |, r) as the induction
hypothesis breaks down immediately. We need to strengthen the induction hypothesis by
introducing the notion of a set, ug(c), of “reflexive supertypes” of o.
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(1) leg{o, T, ns)
(2) leg(o, T, n&r3)

true
leg(o, 7, 11)

A leg(o, T, 12)
leg(o, [’_', fl]: 1F2)
false
qu(alg F$ P)

Vv leg(or, T, p)
leg(7a, (], 1)

A leq(aﬂﬁ T, p)

o

(3) leg(o, T, 1—r2)
(4) leg(ns, 7, p)
(5) leg(o1&02, 7, p)

(Ba) leg(or—oz, [16,T3), £)

(6b) leg(er1—o2, (], p) = false
(7&) qu(p, [Ta, Fb]: P') = false
(7b)  leq(p, (1, #) = PSpf

(8)  legle, 7, p)
(9) leg(ns, T, a)
(10) leq(dl&.‘.dg, T, Q)

leg(ubg(a), 7, p)
leg(ns, 7, Ibo{a)
leg(or, 7, @)

Vv legloy, T, )

vV leg(o1&oy, T, lbg(a))
(leq(ra, [], 01) A ICQ(UE) T, a))

vV leg(oy—02, [ra, T, lbg(a))
leg(a1—a2, (], bg(a))
?a(p, T), ho(a))

v leg(ubg{a), [], &)

v leg(a, [], thg(a”)
leg(ubg(a), (14, 7], a')

v leq(a| [Ta;Fb]: le(a'))

i

(112} leg{or—02, [1a,Ts), @)

I

(11b) leg(a1—02, [], @)
(12) ICQ(P; T, a)
(13a) leg(e, [], &)

(13b) IBQ(Q, [Ta,fb], a’)

Figure 2: Rules for leg

3
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Definition 13: Let Q be a constraint list. Define
uq € T[dom(Q)] — Pan(T[dom(Q)))

as follows:
ug(ns) = {ns}
ug(n&r) = ug(rn)u ug(r2) U {ri&n}
uq(n—*fz) = {Tl——boz f 92 e UQ(Tg)}
ug(p) = {p}
ug(a) = ug(ubg(a)) U {a}.

We need to establish a few technical lemmas about properties of ug.

Lemma 14: o€ ug{o).

Proof: By induction on the structure of o. If ¢ = ns, o1d03, p, or a, the result is
immediate from Definition 13. If ¢ = o1—a2, then by the induction hypothesis, o, €
tg(02), hence 01—03 € {g1—0; | 0 € ug(az)}. (End of Proof)
Lemma 15: o€ ug(8) = ug(o) C uy(d).

Proof: By induction on the structure of o. (End of Proof)
Lemma 16: 7—r; € ug(T—(rdr;)) fori = 1,2.

Proof: By induction on length(7).

Baae step: 7=}
Immediate from Definition 13 and Lemma 14.

Induction step: = [r,,7y] Tyorie g (To—(r1dery))

By Lemma 15,
ra_*(?b‘**(fl&fz)) [ ﬂQ(f—b(TI&.Tz))
te(ra—~(My—(r1&12))) C ug(r—(r1&rz))
V8; € vo(Fys—(nidemz))). 1a—8; € uo(F—(r &)
Ta—{Ts—7) € ug(T—(r1&r2)).

ey

(End of Proof)
Now we are ready for the main proof, from which it follows immediately (Corollary 18)
that le, is reflexive.
Proposition 17: 7F—reuy(o) = leg(o, 7, 7).
Proof: By complete induction on
sizeq(0) + sizeq(F) + sizeg(r).
Let

o1 € ug(o)

A
B leg(o, 7, 7).

Case i: 1 =ns
By rule 1 of Definition 11, B always holds, and so the implication is immediate.
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Case 1t: 7= n&r

A = Toreug(o) AT—r € ug(o) (Lemma 186)
= leg(o, 7, 1) Aleg(e, T, rp) (IH)
= B. (rule 2)
Case 151: 7 =114y
A = [F,n]—m e ug(o)
= leg(o, [T,11], 12) (IH)
= B. (rule 3)

Caseiv: r=p o=ns
By Definition 13, T—p ¢ ug(ns), so A cannot hold and the implication is trivially true.

Casev: r=p o=o01&09

A = Topeug(or) VTopeug(or) (Definition 13)
= leg(o1, T, p) Vieg(os, 7, p) (IH)
= B. (rule 5)

Casevi: T=p o0=01—02 T=[r,,T

A = (01=r1) ATs—p € ug(02) (Definition 13)
2> o€ ug(ry) A Ty—p € ugoa) (Lemma 14)
= leg(7s, [], 1) A leg(oa, T, p) (IH})
= B. (rule 6a)

Casevii: T=p o=o01—402 T=][]
By Definition 13, A cannot hold and the implication is trivially true.

Caseviti: 1=p o=p T=|]

A => p=/y (Definition 13)
=> p<p s (reflexivity of <,,)
= B. (rule 7b)

Caseiz: r=p o=p TFT#]|]
By Definition 13, A cannot hold.

Casez: r=p o=«

A = Topeug(ubg(a)) (Definition 13)
= leg(ubg(a)), 7, p) (1H)
= B. (rule 8)

Cosezi: T=a oc=ns
By Definition 13, A cannot hoid.
Case zts: r=a o=o0&0;
A 2> Toaeug(o)Vi—ac ug(or) (Definition 13)
= leg(oy, T, a) V leg(o2, 7, a) (IH)
= B. (rule 10)
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Cage zt848: 7= o= og1—0g r= [Ta:rb]

A = (01 = 1) ATs—a € ug(as) (Definition 13)
= 016 ug(r) A To—a e ug(oy) (Lemnma 14)
= leg(ra, [], 01) Aleg(oz, 73, @) (IH)
= B. (rule 11a)

Case ziv: T=a o=o01—>0y 7= []
By Definition 13, A cannot hold.

Case zv: 1= a c=p
By Definition 13, A cannot hold.

Cesezvi: r=ad o=a 7=]

A = (a=d) v eug(ubg(a)) (Definition 13)

= leg(a, [], a') (rule 13a)
Vv leg(ubg(a), ], o) (TH)
= leg(a, [}, @) Vieg(e, [}, &) (rule 13a)
= B.
Case zvii: 1=d o=a 7]

A = r—ad e ug(ubg(a)) (Definition 13)
= ICQ(‘HbQ(Q), J-'., Q’) (IH)
= B. (rule 13b}

(End of Proof)

From Lemma 14 and Proposition 17 it immediately follows that le,, considered as a
relation, is reflexive.

Corollary 18: ley(o, [], o).

4.2 Transitivity

In proofs of correctness of decision procedures for transitive relations, the proof of tran-
sitivity is the hardest single piece. Here, the main induction hypothesis is quite tricky.
Moreover, the fact that the statement of Proposition 22 involves three types, the analysis
in the proof must consider a very large number of cases.

First, it is convenient to introduce a way of abbreviating an indeterminate number of
similar invocations of le,.

Definition 19: Let

Yollri,...,ml, [e1,...,00]) = leg(r, [, ) A... A leg(rn, [], on).

Next, for the proof of transitivity to go through, we need to be able to talk about well-
formedness (which was defined in terms of < q) in terms of leq. If leg is correct, then the

two alternatives are equivalent. Our proof of correctness therefore proceeds by induction
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on @, proving the transitivity of leq (and hence its correctness) from the assumption that
legr is correct when Q' is a prefix of Q.

Definition 20: Let ) be a constraint list. We say that “property S holds for @” if for
all 0,7 € T{dom(Q)],

o<qr © leg(o,[], 7).
One lemma takes care of a common case analysis:
Lemma 21: leg(o, T, lbg(a)) = leg(e, T, a).
Proof: Immediate from rules 9-13. (End of Proof)
Now we are ready for the main theorem, from which the transitivity of leq follows directly
(Corollary 23).

Proposition 22: Let @ be a well-formed constraint list. Assume that for each
a € T[dom(Q)|, property S holds of Q|o. Then

leg(r, 7, T) A WQ(F", 7) Aleg(r, 7', )
implies
leg(r, [F",7"], 7).
Proof: By complete induction on
sizeg(r) + sizeg(7') + sizeg (r') + sizeg (7") + sizeg(r").
Let
leg(r, 7, 7))
Po(™, )
leg(r', 7, ")
IBQ(T: [?m!?"]: T”)'

-T-Ml'

m e m

OQwe

Since 7 and always have the same length, we assume throughout the proof that
whenever ¥ =[], 7" =[], and whenever ¥ = [r),7}], 7" = [r), 7]

Case i: ™ =ns

By rule 1 of Definition 11, D is always true, so the implication AA BAC = D is
immediate.

Case 1i: " = rf'&er)

AABAC = (AABAleg(s', ™, 71'))
A (AABAleg(r, 7, 13)) (rule 2)
= leg(r, [P, 7], 1]
A leg(r, ™, 7", r7) (IH (twice))

= D. (rule 2)
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CGSC m r" = Tl"—’fg"
ANBAC =  AABAleq(r, [l rf)  (rule3)
= leg(r, 7", 7, 1{), rf (IH)
- D. (rule 3)
Case iv: " = p" + = na

By rule 4, C cannot hold, so the implication is trivially true.

R TR [
Casev: "=p =&y

AANBAC = leg(r, 7, r{) Aleg(r, 7, 13) (rule 2)
A B
A fleg(r], ™, p") v leg(ry, ™, p")) (rule 5)
= (leq(r, 7, 1) A BA leg(r], 7, )
Vo (leg(r, 7, 13) A B Aleg(r), 7, "))
= Dv D. (IH)
Case vi: t"=p" r'=rlor] =[5
AANBAC = leg(r, [7,7{], r3) (rule 3)
A B
A e, (1 ) A leg(rs, Ty, ") (rule 6a)

= [GQ(T’ [?‘17{]’ Té)
A B[, 73), (7, ri]) Aleg(rs, 71, o")

= leg(r, [F", 2, 7)), ") (IH)
= D.
Case vit: " =p" = Ti—Ty T = (]

By rule 6b, C is always false, so the implication holds trivially.
Case viti: r"=p" +'=p r=ng
By rule 4, A never holds, so the implication is trivially true.

Caseiz: t"=p" r'=p r=nrkn
AABAC = (leg(r1, 7, ') A BA Q)
V. (leg(r, 7, /YABAC) (rule 5)
= leg(r1, [F", 7], p")
v leg(r, [P, 7], o) (IH)
= D, (rule 5)
Casez: "=p" +1'=p r=nor ¥F= (72, 7%

AABAC = leg(ra, 1], 1) Aleg(rs, 75, #')
leg(a’, (), 1) A Wo(Fi, 71)
C (rule 6a)

= !CQ(T;, “a 1’1) A [eQ(T;": ]’ T;)

A leg(m, T, #) A o, T) A C

> >

= leg(rd', [], n)
A leg{r, [Ty, 7], p") (IH)

= D. (rule 6a)

13
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Casezi: "=p" +'=p r=n-n =]
By rule 6b, A never holds, so the implication is trivially true.

Casezii: T"=p" 1'=p r=p 7=[] =]
AABAC =  (p<pd)A(P <o d™) {rule 7a)
=  p< P (transitivity of <_,)
= D (rule Ta)

Caseziti: ™"=p" r'=p r=p FE[|VIZ[]
By rule 7b, either A or C is false, so the implication holds trivially.

Caseziv: "=p" 1'=p! r=a
AABAC = leg(ubg(a), 7, PYABAC (rule 8)
o leg(ubgla), [P, A (1)
= D. (rule 8)
Casezv: "=p" r'=a' r=ns
AANBAC = leg(ns, 7, Ibg(a')) (rule 9}
A B
A leg(ubg(a!), 7, "), (rule 8)

From the well-formedness of @, we have

lbg(a') <ql ubg(a').

Property S gives us

IEQI,,: (lbo(a'): [, “bo(al))-
Lemma 12 then gives

leg(lbg(e'), [}, ubo(a')).

Now, since sizeq(ns) + size(a’) > sizeq(lbg(a’)) + sizeq(uby(a’)), the IH applies, giving
leg(ns, 7, lbg()) A B Aleg(lbg(a), 7", o).

Since sizeg(a') > sizey(lbg(a’)), the IH applies again, giving D.

This pattern of reasoning arises in most of the proof cases involving variables, and since
the applicability of the induction hypothesis does not depend on the form of 7, we need
not repeat the argument when we come to it again. Let

E = leg(r, 7, lbg(a)) A B Aleg(ubg(al), 7, o).
To indicate that £ = D by the well-formedness of Q and two applications of the induction
hypothesis, we write simply

E = D. (wf(Q)+1H x 2)

It will also be convenient to define temporary abbreviations for expressions that appear
several times. Our convention is that these temporary abbreviations are assigned letters in
the middle of the alphabet, while abbreviations whose scope is the entire proof are assigned
letters from the beginning of the alphabet.
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Case zvi: "=p" 1'=a r1=n&n
AABAC = MVMVE, (rules 10 and 8)

where

M,
M,

leg(n, 7, Y ABAC
leg(rs, ™, a'YABAC.

Now,

MivM, = leq(rl, [?m,?'“], p")
Voleg(rs, [P, 7, 0" (IH)
= D. (rule 5)
E = D. (wf(Q)+IH x 2)

Case zvis: "= p r=a =n—or, =]

= E (rules 11b and 8)

= D (wf(Q)+1H x 2)

Case zviii: r"=p" r'=o r=n~n =7

AABAC = MVE, (rules 11a and 8)

M = leg(r, [], mi) Aleg(rs, 75, o)
A leg(rd', [], 1) AR g(RY, 7))
AC

M = leg(r)', [], n)
A leg(rs, [T, 7], p") (TH)
= D. (rule 6)
E > D (wf(Q) + IH x 2)
Caseziz: "=p" +'=a 1=,
AABAC = E (rules 12 and 8)
= D.  (wf(Q +IHx2)

Case zz: =p" ¢
p

AABAC = LYMVE, (rules 13a and 8)

=a' r=a =]

where
(@ =a') A BAleg(ubg(e), 7", p")
leg(uby(a), 7, ') ABAC.

W

L
M
Now,
D. (rule 8)
leg(ubg(a), [, 7], p") (IH)
D. (rule 8)
D. (wf(Q) + IH x 2)

L
M

iy

E
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Casezzi: r"=p" r'=d r=a 7Z]]
AABAC = MVE, {rules 13b and 8)
= D {as in case xx)
Case zzii: r"=a" r'=ns
AABAC = AABAleg(ns, ™, lho(a")) (rule 9)
= D. (IH and rule 9)
Case zziti: ™ =a" r'=rilr;
AABAC = LVMVN, (rule 10)
where
L = AABAleg(r], 7, 4d")
M = AABAleg(n, 7, a")
N = AABAleg(rikr}, ™, lby(a")).
Now,
L = leg(r, 7, ) ABAleg(r], 7™, o) (rule 2)
= D (IH)
M = D (similarly)
N = leg(r, [, 7", bg(a™)) (IH)
= D. {Lemma, 21)

Again, the pattern of reasoning by which N = D appears several times in the remainder
of the proof. So we let

F = AABAleg(r, 7, lhg(a"))
and write simply
F = D. (IH + Lemma 21)
o’

Th = f — ! it — [0 it
Cage zziv: "= ' =r1]{on o [,—c,f“

AABAC = LVF, (rules 11a and 3)
where

L = leg(r, [T, ], i) ABAleg(rl, [, i) Aleg(ry, T}, a").
Now, |

L = leg(r, [F™,7], a") (IH)

F > g (IH + Lemma 21)
Case zzv: t"=a" =11} 7 =]

AABAC = (rule 11b)

F
= D (IH + Lemma 21)
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Case zzvi: "=« T=p
AABAC = F (rule 12)
= D (IH + Lemma 21)
Case zzvii: "=a" +1'=a' r=ns 7= (]
AANBAC = LVEVP, {rules 13a and 9)
where
L = AABA(d'=a").
Now,
L = leg(ns, 7, a"} A BAleg(a”, [], a) (Corollary 18)
= leg(ns, ¥ a") (IH)
= D.
E => D (wf(Q)+1IH x 2)
F = D (IH + Lemma 21)

Case zzvits: "=a" r'=a' r=ns 7% (]

AABAC = EVF (rules 13b and 9)
=> D.
Case zziz: t"=a" r1'=a r=rn&rn = {]
AABAC = LvMyvM;VvEVF, (rules 13a and 10)

where L is the same as in case zzwis, and

M = ICq(Tl, ?‘, cx') ABAC

My = leg(n, T, 'Y ABAC
Now,

L = D. (as in case zzvii)

M; = leg(r1, [, 7], a") (IH)

= D (rule 10)

M, = D (similarly)

E = D. (wf(Q) + IH x 2)

F = D. (IH + Lemma 21)
Casezzz: ™=a" 1'=a r= n&ry; T £(]

AANBAC = MivM;VEVF (rules 13b and 10}

= D. (as in case zziz)

where M; and M; are the same as in case zziT.

17
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Case zzzi: " =a" =o' r=n-n =[] 7=[r,7)
AANBAC = LVMVEVFE, (rules 13a and 11a})
where L is the same as in case zzvi, and
M = leg(rl, [], nYnleg(re, T}, &Y)ABAC
Now,
L = D. (as in case zzvii)
M = leg(r, [I, 1)
A leg(r, [Fy, 7], &™) (IH)
= D. (rule 11)
E = D (wf(Q) + IH x 2)
F = D. (IH + Lemma 21)
Case zzzii: "=a" r'=a r=n-r, TE[] T =T
AANBAC = MVEVF (rules 13b and 11a)
= D, (as in case zzzi)
where M is the same as in case zzzt.
Case zzziti: r"=a" r'=a r=n-on =[] T=(|
AABAC = LVvEVF (rules 13a and 11b)
= D, {as in case zzzi)
where L is the same as in case zzzi.
Case zzziv: ™ =a" = r=n—-rn ™Z[] =]
AANBAC = EvF (rules 13b and 11b)
= D.
Case zzzv: "=a" t'=d r=p 7 =[]
AABAC = LVEVF (rules 13a and 12)
= D (as in case zzvii)

where L is the same as in case zzvis.

Case zzzvi: t"=a" 1'=da r=p T #]]

AABAC = EvVF (rules 13b and 12)
= D.
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Case zzzvii: r"=a" +1'=a' r=a 71'= (] =]

AABAC = LVMVNVEVF, (rule 13b)

where L is the same as in case zxvii, and

M = (a=a)ABAleg(ubg(a’), 7, o)
N = leg(ubgla), 7, a'YABAC.
Now,
L = D (as in case zzvii)
M = leg(ubg(a), 7, a”) (IH)
= D (rule 13)
N = leg(ubg(a), [F", 7], a") (IH)
= D (rule 13)
E = D (wf(Q)+IH x 2)
F = D. (IH + Lemma 21)
Case zzzwiti: "=ao" /=0 r=aq 7 Z(] #={]
AABAC = MVNVEVF, (rules 13b and 13a)
= D, (as in case zzzvii)

where M and N are the same as in case TITVIL.

Case 2zziz: " =a" r'=a' r=a 7= [ 7]
AANBAC = LVvNVvEVF, (rules 13a and 13b)
= D, (as in case zzzvis)

where L and N are the sam.e as in case XYV,

Casezl: "=a" r'=a r=z=a TE O TE]]
AABAC = NVEVF, (rule 13a)
= D, (as in case rzzei)
where N is the same as in case zzzuii, {End of Proof)

From Proposition 22, it now follows directly that the relation computed by leg is transitive:

Corollary 23: leg(r, [, ') A leg(r, [], ") = leg(r, [], ).

4.3 Main Proof of Correctness

With transitivity and reflexivity now in hand, it is a simple matter to complete the proof
that the relation computed by leg is contained in the relation <g whenever Q is well
formed.

Theorem 24: Let @ be a well-formed constraint list. Assume that for each a €
T[dom(Q)], property S holds of @la. Then ‘

oc<qr = leg(o,[], r).
Proof: By the comments in Section 3.3, it suffices to show that if there exists a proof of

0 <o 7 from rules A-UB, then le(o, [], r) = true. We may therefore argue by induction
on the structure of this proof. We proceed by cases on the last rule used.



4 CORRECTNESS OF THE DECISION PROCEDURE

Case A: n&rn<gn

11 € ug(r) (Lemma 14)
= 711 € ug(n&mn) (Definition 13)
= leg(niders, [], n1). (Proposition 17)
Case B: n&r, <gm
Similar.
Case C: 7Sqmt 9Sq T2
v SQ 71&1‘2
leg(o, [], 1) Aleg(e, [], 72) (IH)
= leg(o, [], ridera). (rule 2)

Case D: r<gms
By rule 1, leq(r, [], ns) holds for all 7.

r

PSP
p<qr
By rule 7b, p <., 0" = leglp, [], #').

Case E:

NN<go1 03<qT2

Case F:
o102 Sg 11— T2
leg(rs, (], o1) Aleg(an, [}, 2)  (IH)
= leg(or—oy, [, n—72). (rules 6a and 3)

Case G: (n—r2)&(n—rs) <qri—(r2&rs)
Let T = (ry,—r2)8(r1—r3). Then

7173 € tg(r1—72) A 11 —73 € Ug(r1—73) (Lemma 14)
= 11—73 € ug(T) Ari—73 € ug(T) (Definition 13)
= leg(T, [n1], r2) Aleg(T, [r1], 78) (Proposition 17)
= leq(T, 1], r2&ems) (rule 2)
= leg(T, [}, n—(rz&ms)). (rule 3)

Case H: ns <, r—ns
By rule 1, ley(ns, [r], ns). By rule 3, leg(ns, [r], r—ns).

Case REFL: r<q7
By Corollary 18, leg(r, [], 7).
o SQ 4 8 SQ T
og<gr

leg(a, [], 8) A leg(8, (], 7) (IH)
= leg(o, [], 7)- (Corollary 23)

Case TRANS:

20
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Case LB: (¢<as ¥)eQ

¢ Soa
leg(ibg(a), [], tbg{a)) (Corollary 18)
=> leg(lbg(a), ], a). (Lernma 21)
Case UB: (¢Sa_<'¢)EQ
aZlgy
ubg(a) € ug(udg(a)) (Lemma 14)
= uby(a) € ug(a) (Definition 13)
= leg(a, [], ubg(a)). (Proposition 17)

(End of Proof)
Our last task is to prove that the relation computed by le; contains <,. It is convenient
to begin by establishing some simple properties of <.
Lemma 25: ns<,7—ns.
Proof: By induction on length(T).

Base step: 7= ]
By rule REFL, ns <q Ds.

Induction step: 7= [r,,7,] ns <g Ty—ns

Ta—ns <g 7,—(7—ns) (IH and rule F)
ns <5 7,—ns (rule H)
ns <, ro—(Fy—ns) (rule TRANS)

(End of Proof)
Lemma 26: (r—r)&(r—r) <q T—=(n&n).
Proof: By induction on length(F).

Base step: T=]
By rule REFL, r &, Lq ni&r,.

Induction step: 7= [Tay Tb) (ﬂ—-vrl)&:(ﬁ—-*rg) <q To—(r1der)

ra—{((Ts—=n1)&(Fs—r2))

Lq Ta—*(F—(r1&er2)). (rules REFL and F)
(ra=(Fs—11))&(ra— (1))

<q Ta—((To—r1)&(Ty—12)). (rule G)
(ra—-»(i'b—vrl))&(r,,-—»(n—»rg))

g Ta—(Fo—(n1&ny)). (rule TRANS)

(End of Proof)
Lemma 27: 7 By(a) <, r—a.

Proof: By induction on length(7).
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Base step: T=|]
By rule LB, lbg(a) €q e.
Induction step: T=[r,, 78] To—lbg(a) <q To—a
Ta<qTa (rule REFL)
= Ta_"‘(?b_’ IbQ(Q)) SQ Ta—)(i‘"b—ya) (rule F)

T— Ibq(a) SQ T—a.
(End of Proof)

Theorem 28: Let @ be a constraint list, o, € T[dom(Q)], and T € List(T[dom(Q)])-
Then

leglo, 7, 1) = o <GT-or.

Proof: By induction on the recursion depth of the computation of leg (o, 7, 7). We argue
by cases on the outermost invocation of leq.

Case 1:
leg(o, T, ns)
= n8 <y7T—ns (Lemma 25)
= g <yT—ns. (Rules D and TRANS)
Case 2:
leg(o, T, 1i&r2)
= leg(c, 7, 1) A leg(o, T, m2)
= o<gT—n A 0<gT—n (IH)
= 0 < (Fon)&(r—m) {rule C)
= 0 <gT—(nkn). (Lemma 26 and rule TRANS)
Case 3:
leg(o, 7, 1—12)
= leg(o, [T,71], 72)
= o <ql[F,n|—m (TH)
= o <o T (r1—r2).
Case 4:
IGQ(ns’ T, P)
false
ns <5 T—p. {trivially)
Case 5:
leg(o1&as, T, p)
= ICQ(UI’ T, P) v 150(02, T, P)
= 01 <qT—p V 02 <gT—p (IH)
= 01802 <o T—p V o1&03 <g T—p. (rules A, B, and TRANS)
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Case 6a:
leg(or—a2, 75,71, )
= leq(ra, [], 0'1) A leq(az, Tos p)
= TaZg 01 A 03<gFy—p (IH)
= 0103 <q Ta—(Ty—p). (rule F)
Case 6b:
leg(a1—03, [ p)
= false
= g1—02<g . (trivially)
Case Ta:
IEQ(p, [Tﬂr?b]) .0')
= false
=  p<qlraTs)—p. (trivially)
Case 7b:
leg(p, {1, #')
= o</
=>  p<gr. (rule E)
Case §:
ICQ(Q’ F) p)
= leg(udgy(a), T, p)
= ubg(a) Lo r—p (IH)
= a <y T (rules UB and TRANS)
Case 9;
leg(ns, 7, a)
= ICQ(nS, 1_’, lbq(a))
=  ns o7 lbg(a) (TH)
ns <, T—a. (Lemma 27 and rule TRANS)
Case 10:
leg(oy&as, T, a)
= leg{oy, T, a)
\"4 ICQ(O'z, ?', a)
vV leg(o1&oy, 7, lby(a))
vV oy Lg T a
v 61&:62 SQ r— Ibq (Q) (IH)
= g1&or <o F—a (rule A)
V o1& <g Toa (rule B)

V. o01&oy <o Tra (Lemma 27 and rule TRANS)
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Case 11a:
leg{o1—02, [Ta, T3], @)
= (leQ(rth []! 01) A leQ(azx Th, a))
v leg(o1—03, [1a, T, lbg(a))
=> (ra <go1 A o2 <gTh—a)
Vo oo1—op <g [Tﬂ,?b]_’ lbq(a) (IH)
= o1—02 <q |76, Th|—a (rule F)
vV o1—03 <g [Ta, Th)—a {Lemma 27 and rule TRANS)

leq(o1—02, [], @)
= leg(o1—03, [}, Bhg(a))
= 01—0p g lbg(a) (1H)
=> o0—o0<ga {Lemma 27 and rule TRANS)

leg(p, 7, a)
= !eQ(pa L I”’Q(c""))
=  p<qT—ibg(a) (IH)
= p<gTF—a. {Lemma 27 and rule TRANS)

leqlar [], o)
(a=a')
v leg(ubg(a), [], ')
v el [, Bo(e))
= a<ga (rule REFL)
v ubgla) <q e’ (1H)
VvV oa<glbg(a) (IH)
= a<ga
V a<ga (rules UB and TRANS)
V a<ga (Lemma 27 and rule TRANS)

Case 13b:
leg(a, (73,73, @')
= ICQ(ubQ(a)r [TMF?’]: a,)
v leg(a, [ra, T, hg(a'))
= ubg () <g [ra, Foj—c’
vV a<g [TeTo]— lhg(a’) (IH)
= @ <q [rs,Ts|—a’ (rules UB and TRANS)
vV a<g|re,Ts|—a {Lemma 27 and rule TRANS)
(End of Proof)
Together, Theorems 24 and 28 assure us that the algorithm leg does indeed compute
the same relation as <g:

Corollary 29: Let Q be a well-formed constraint list and o,7 € T{dom(Q)].
Then

glqr & leg(o,[], 7).
Proof: By induction on the length of Q. (End of Proof)



5 DISCUSSION 25

5 Discussion

5.1 Alternative Decision Procedures

The algorithm in Definition 11 is the only one that we have been able to rigorously prove
correct. But there are several others that seem Intuitively plausible, and whose proofs of
correctness, if they exist, might turn out to be considerably more tractable than the one
in Section 4.

The most obvious difficulty with the formulation of leg is that the cases for variables
and for primitives on the right are extremely similar—each variable case is simply the
corresponding primitive case with an extra disjunct where the variable is replaced by its
lower bound. Both algorithms presented in this section attempt a “tighter” factoring of
the problem.

Another unfortunate property of our existing formulation of leg is its (lack of) efficiency.
Not only must the left argument be completely analyzed for each primitive encountered
on the right, potentially duplicating significant work (especially when 7 is nonempty),
but worse yet, many nearly identical subcomputations will be generated when a variable
appears on the right, because it will be replaced by its lower bound at every step of the
analysis of the left argument. Again, both algorithms in this section attempt to reduce
duplication of work. (The second one introduces some additional inefficiency of its own,
however.)

All three algorithms (the one in Definition 11 and the two about to be discussed) are
variants of an algorithm le, consisting just of rules 1-7b from Figure 2. It is not hard to
show that /e is a decision procedure for the relation <—the least relation closed under
rules A-TRANS of Figure 1.

5.1.1 Frozen Variables

In the rules in Figure 1, there are three ways that a variable a can be a supertype of a
type o:

1. By rule TRANS or LB;

2. By rule A, B, or REFL;

3. By rule UB.

Let us assume that the first case will take care of itself. (We know that /e is transitive.
If we extend it to handle variables in such a way that the second and third cases work
properly, then there should be nothing about the presence of variables that makes the first
case any more problematic than it was to begin with. Of course, this reasoning is not
strictly valid, since, for example, the middle term ¢ in rule TRANS can be a variable; this
situation can actually be quite delicate.)

In the second case, a behaves exactly like a primitive type: the fact that oleg o has
nothing to do with the bounds of a.

In the third case, o behaves exactly like its lower bound.

These observations lead to the following idea: when a variable is encountered as the
third argument, we try both replacing it with its lower bound, and replacing it with
freeze(a), which is a supertype of a and nothing else. Figure 3 defines an algorithm lel;
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(1) lef{o, 7, ns)
(2) leff(o, T, &)

true
lefj(o,7, 1)

A ICQ(O’, T, Tz)
leli (o, [T, 7], T2)

(3) leg(cr, 7, r1—>rg)

(4) lel{o, T, ) = lef (o, T, lbhg(a))
v lef(o, T, freeze(a))

(5) lef(ns, T, 6)
(6) le'g(al&a'z, 7, 6)

false
leg(crl, T, 5)
\% !C?(O’g, 7, 5)
lel (ra, [], 01)
A lel(as, Ty, )
false
lef (ubg(a), 7, 8)
Vel (freeze(a), 7, §)
false
(b=pAE=p A p<pe /)
V (8 = freeze(a) A §' = freeze(a))

1

]

(7a) leL(o1—02, [Ta,Th), 6)

(Tb) lef (o1—02, (], 6)
(8) lef(a,T, 6}

(98.) ICIQ'(E, [1'4,7'5],6')
(9b) lef (5, (], 8")

Figure 3: Rules for le]

based on this idea. {The metavariable § ranges over both primitive types and frozen
variables.)

This algorithm is intuitively very plausible, but we have not been able to show that
it is equivalent to <. For every induction hypothesis that we have been able to come
up with, the proof of transitivity breaks down at the case r <g r{&7} <q p". Indeed, for
the most straightforward definition of “transitivity,” where frozen variables are taken to
belong to the set P of primitive types, Ieg is not transitive. Here is the counterexample.
Let

Q = [int € @ < real].
Then

Ie’Q'(int, []; C!)
and

le; (a, [], freeze(a)),
but

—lef (int, [], freeze(c)).

5.1.2 Marked Variables

Another idea is to completely discard variables appearing as the third argument to leg,
replacing them by their lower bounds and continuing until a primitive is reached on the
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(1) leg(o, 7, V, ns, V) = true
(2) IC"Q‘(O', T, ‘7, Tl&‘fz, V) = ll’eggo, 7, g, 71, 5;
AN lel(o, T T2
____ QY Ty ¥y 02,
(3) lez(o, T, Y_, n—rz, V) = le (o, [?’,2], V., V], rz, V)
(4)  leZ(a, T, V,a,V) = leg(o, 7, V, bg(a), VU {a})
(5) leg(ns, 7, V, p, V) = false
(8) lel{o1&a2, 7, V, p, V) = led(oy, T, Z, V)
_ v 163(623 T, V’ 2, V)
(73) [58(0'1—*02, [Ta:Tb]: [Vanvb]: 2, V) = Ileggra: []l [lf.al’ {}) )
A Cg ozsfb)vb: P:V-Va
(Tb) leg(alﬂai, (), [}, 2, V) = false _
(8) leZ(a, 7, V,p, V) = geg(ubq(a), 7, V,‘_/p, V) -
V (aeV A VWUeV.ac
(98) leg(p, [ra, 7], [Va, V3], o, V) = false
(9b) leZ(p, [], [], #', V) = (p=pAd=p A p<,.p)

Figure 4: Rules for led

right without ever looking at the first argument. Later, when a variable is enountered on
the left, we simply notice whether that variable was passed through during the analysis
of the third argument, succeeding immediately if so. The extra parameters of le] in
Figure 4 keep track of the variables that are marked as “already seen on the right.” (The
metavariable V' ranges over finite sets of variables.)

Again, the intuition behind the algorithm is quite simple (though not as simple as the
others}, and its proof of correctness (if there is one!) ought to be shorter and more elegant
than the one in Section 4. We have tried lel on several examples and even sketched a
proof of reflexivity, but, as always, the proof of transitivity raises serious difficulties. The
problematic case is the same as for lel;. The solution almost certainly involves finding a
clever induction hypothesis.

5.1.3 Canonical sets of types

One other promising direction lies in trying to directly extend a proof technique that gives
a very simple proof of the equivalence of < and le. We define a notion of (sets of) canonical
types, and show that the rule of subtyping for these is equivalent to both < and le.

Let the function (—)* be defined as follows:

ns* = {}

(o1&02)* = o1*Uagy”
(61—02)" = {o1~y|me a2*}
P = {s}.

Now define the relation <* simultaneously on canonical types and sets of canonical
types as follows (v ranges over canonical types; 7 ranges over sets of canonical types):
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o<*g' if o*<* o'

F<rF if vy e# Jyer y<ry
oyp S*H—vp I <TROA m <t
p<d iff p<,.p

p L T{—,

n—y2 £7 0

The central difficulty in extending this approach to types with variables is that whereas
here the set of canonical types on the left of <* represents a disjunction and the set of the
right represents a conjunction, the need to replace variables on the right with either their
lower bounds or with something like frozen versions of themselves leads to disjunctions on
the right as well.

5.2 Extensions

This section briefly mentions some of the ways in which the work presented in this paper
should be extended.

5.2.1 Bounded Quantifiers

The present formulation of types and subtyping was always intended to be a step toward

working with types containing bounded quantifiers. This “easy first step” turned out to

present sufficient challenge that we have not yet thought seriously about the general case.
Two directions of study seem worth pursuing:

Prenex bounded quantification stands in the same relation to the pure system of in-
tersection types as ML’s prenex quantifiers to the system of simple types. We know
of no current research into extending this system of types with bounds on the quan-
tifiers or into combining it with intersection types, but believe that both may be
profitable.

Full bounded quantification has recently become an object of considerable interest in
the theoretical research community. Our ultimate goal is to show how this system
may be combined with intersection types.

5.2.2 Record Types

Conjunctive types allow records and record inheritance to be treated in a very elegant
way. For each field label :, we add a unary type constructor “: :” taking, for example,
the type int to the type of records with a single field labeled ¢, of type int. The types of
records with multiple fields are just conjunctions of single-field record types. If we assume
that ¢ : is monotone, then the usual subtyping rule for records [Car84,CW85]| falls out
automatically.

Adding record types to the definitions, algorithms, and proofs presented in this paper
should be a straightforward process.
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5.2.3 A void Type

Having to specify both upper and lower bounds for every variable makes it impossible
to use bounded quantification in one of the ways that is most often proposed. In the
literature, a bounded quantifier is normally used with the intended interpretation, “For
any type « that is a subtype of 7...” —for example, “For every record type with at least
the fields a and b....” But there are an infinite number of these, of which none is the
“smallest.” (Records are not crucial to this problem. It is also possible to construct infinite
descending chains of types in the system without records.)

The solution here is to add a “bottom” element to the preorder of types, perhaps called
void because it has no instances. We have not examined this possibility in depth, but we
know of no immediate difficulties that would arise.

5.2.4 Disjunctive Types

Another infelicity of the present formulation of bounded variables is that it is only possible
to declare a single upper bound and a single lower bound for each variable. This is not
so bad in the case of upper bounds, since two upper bounds can simply be combined into
one using &. But two lower bounds must be combined by explicitly calculating their least
upper bound {which always exists, fortunately).

The most obvious solution is to introduce “disjunctive” types. Some of the difficulties
arising from attempts to do this are discussed in [Rey88].
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