NOTICE WARNING CONCERNING COPYRIGHT RESTRICTIONS:

The copyright law of the United States (title 17, U.S. Code) governs the making

of photocopies or other reproductions of copyrighted material. Any copying of this
document without permission of its author may be prohibited by law.



OPTI MAL STRATEQ ES FOR GENERAL
PRI CE- ADVERTI SI NG MODELS

by
J.-T. Teng and G L. Thonpson
DRC- 70 28- 84
Decenber, 1984




OPTI MAL STRATEGQ ES FOR CGENERAL
PRI CE- ADVERTI SI NG MODELS

Jinn-Tsair Teng - Cerald L. Thohpson
Uni versity of Bridgeport Graduate School of Industrial Admnistration
Bri dgeport, Connecti cut Carnegi e-Mel l on University
U S A Pi tt sburgh, Pennsyl vani a
US A

A general dynam c price-advertising nodel is developed

in which price and advertising vari abl es are contro

vari abl es whose optinmal values are to be determ ned

over a finite planning period of length "T. Theoreticall
results are obtained for the general nodel. Additional
theoretical results which are true in special cases of

the nodel are also derived. It is hoped tha& this

analysis will help to understand past nodels and to aid the

devel opnent and under st andi ng of new ones.

| NTRODUCTI ON

Over the past 30 years a nunber of narketing nodel s have been devised in
whi ch price and/or advertising are control variables whose optiml val ues nust be
determ ned over a given planning period of length T. Such nodels are especially
rel evant during the introductory phase of a new product when p}ice or advertising
changes can affect nore or less strongly the "new adopters” and "inmtators" anong
the pool of potential buyers. It is also during this period that the nost dranatic
effects of the "learning curve" on production costs appear, which also nust be
taken into account when determ ning optimal price-advertising strategies.

Ref erences to papers containing such nodels are: Bass [1l], Bass and Bultez
[2], Doland and Jeuland [3], Dorfrman and Steiner [4], Erickson [5], Gensch and
Whel am [ 6, 7], Horsky and Sinon [ 8], Kalish [9], Kalish and Lilien [10], Kotow tz
and Mathewson [11], Robinson and Lakhani [13], Sethi [15], and Teng and Thonpson
[16,18]. A survey of such nodels through 1977 appears in Sethi [14].

Each of these papers contains a theoretical treatment of its particul ar nodel,
and, as mght be expected, there is considerable duplication and overlap in these
treatments. A lengthy survey paper would be needed to go into detailed conpari -
sons of these nodels. However, we do not propose to do that here.

The purpose of this paper is to provide a general franmework for and theoret-
ical treatnment of price-advertising nodels which contain as special cases all of

the nodel s nentioned in the previous paragraph as well as others yet to be devised.
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In Section 2 we present the general nodel, derive the necessary conditions for its
optimal solution, and obtain some theoretical results. In Section 3 we discuss
sone special cases for which we are able to obtain even stronger theoretical re-
sults. Finally in Section 4 we consider the inportant case in which advertising
costs are concave. An Appendix contains the technical details of sone of the

pr oof s.

2. MODEL FORMULATI ON

In this section we fornmulate the general price-advertising nodel, and specify
assunptions which are appropriate for such a nodel. Then we characterize the op-
timal price and advertising strategies for the nodel.

For many marketing situations, advertising is the nost inportant strategic
el ement in determning the narket share achieved by a firm Price is another im
portant elenent in a nmarketing strategy which influences both the demand for and
the profit obtained froma product. |In addition, the demand of a product is also
i nfl uenced by the cumul ati ve nunber of adopters. (ne such* influence is the word-
of-mouth effect. Past buyers spread infornation about the product, thus reduce
the uncertainty associated with, and increase the demand for the product. There-
fore, we shall consider the growth of the demand for a product as a dynam c func-
tion of price, advertising, and cunulative sal es vol une.

The | earning curve phenomenon, which states the labor costs decrease with
cumul ative output, has been used for many years to project |abor costs, especially
for new products. Mre recently, the Boston Consulting Goup has observed that in
many industries this |earning curve phenonenon can be generalized to include tota
unit cost [17]. They have noted that the total unit cost (in constant dollars)
declines by a factor of 10%to 50% each time the accunul ated production vol une
doubl es. So, we assune that the margi nal cost of production is a non-increasing
function of cumul ative production volune, which contains as special cases the
general |earning curve phenonenon. For sinplicity, we also assune that the product
is a éuccessful one, and thus sales are assuned to be equal to production.

To define a class of nonopoly price-advertising nodels, we first state the

foll owing notation:

T= termnal time
p = discount rate

X(t) * cunmulative sales at time t (state variable)

p(t) « prices at tine t (control variable)

u(t) - advertising rate at tine t (control variable)

C(x) < learning curve production cost; we assune (% = dCdx ™ 0.
X(t) - dx/dt - f(p,u,x) (state equation)

e sales rate at time t 1is a dynamc function of p, u, and x; we assune




fp = 3f/3p < 0 and fu = 3f/3u >0

g(u) = ku = linear advertising cost

A(t) = current-value adjoint variable at time t which can be interpreted as
the increase in future profit resulting from an increase in x at time
t. (For a given t it behaves in much the same way as a dual variable
in linear programming.) :

The discounted profits of the firm at time t are
n(t) = e PS{[p(t) - e(x)1k(t) = g(w)}. @)

We assume that the firm wants to maximize its total discounted profits during the
planning horizon which has length T. Hence, the objective function for the firm
is:

T .
max V = j w(t)dt, )
u,p 0 '
subject to the constraint .
x = f(P,“,x)s x(0) = xoc (3)

The model is a general extension of the models given in Bass [1], Dolan and
Jeuland [3], Ralish [9], and Robinson and Lakhani [13], in which the sales rate f
is a function of price and cumulative sales only, and also in Horsky and Simon (8],
Teng and Thompson [16] who considered the sales rate to be a function of adver-
tising and cumulative sales only. The model is also applicable to the models of
Erickson [5], Kalish and Lilien [10] and Thompson and Teng [18].

2.1 Optimal Solutions

We now apply the maximum principle to the model to characterize the optimal

policy. To apply to Pontryagin's Maximum Principle [12], we formulate the current-
value Hamiltonian using the adjoint variable as follows:

H = [p(t) - C(x) + A(t)]f(p,u,x) - g(u) (%)

where the current-value adjoint variable A(t) satisfies. the following differential

equation:

X = px - 3H/3x
= p) - (p--C+>‘)fx +Cf, and A(T) = 0. (5)

By differentiating H with respect to p, and setting the result to zero,

we derive the optimal price rule:
Hp = 3H/3p = (p-c+1)fp +£f=0
*
Sp -C-A-f/fp 6)

or p* = n(C-1)/(n-1), (€))




where n is the elasticity of demand with respect to price, i.e.
n--f Sp/f. :

Simlarly, we derive the optimal advertising rate as follows:
Hu = 3|'V3U = (p'C+X)fu = gu = 0. (8)

The sol ution of Equation (8) for u gives the optimal advertising rate u*

2»2 Theoretical Results

The general fornulation and characteristics of the model help in gaining sone
insight into the inportant factors influencing the optimal policies. However,
with some specific assunptions about the sales rate (or demand rate), we can obtain
stronger results. To prove the theoretical results, we assume fromnow on that
the discount rate, p, is zero. The analysis is conducted in constant dollars
so that while the zero discount rate assunption is not accurate, it is not an un-
reasonabl e approxi mation, except for very high risk investnents

Equations (5) to (8) inply the follow ng theoretical results

Theorem (a) The marginal revenue product of advertising over the margina
advertising cost is always equal to the price elasticity, I.e.

(p\)/gu - n (9)

(b) If the price elasticity n is constant, then
p* - dp*/dt.» -n(n-irff,/f,- . (10).

That is, price increases if n-1 and fx have the sane sign, and price decreases
if n-1 and f, have.opposite signs.
(c) If the demand rate is a function of price and advertising only, then the

optimal price is constant and the price elasticity is greater than 1. In fact,
P<(t) =n(n-D)""'x(T)) and n > 1. (11)

(d) If the price elasticity is constant and the demand function is separable,
i.e., f(p,u,x) » P(p)U(u)X(x), then

I

o ® * -nP X

p = dp /dt “ TP - (12)

a* « du*/dt - 0 (13)

$ - d’pr/dt? - _PE—— t<x')? - XX (14)
(nj‘lz"l; KL -

where x' - dX/dx, P - dPidp, and X* - d?X/ dx’.
Proof. FromEquations (6) and (8), we can easily get
p* CG+X =g It - -f/f (15)
v Su u p
or

P*fu/gu non o

which is (9). Using Equation (5) and (7), we have




* -1,2 3 -1
p = n(n-1) "[C-A] = -n(n-1) ffxlfp,

if n is constant, which is (10). |If the denmand rate is a function of price and
advertising only, then fy, - 0, i - C‘, and X(T) - 0. This inplies that

X(t) - C(x(t)) - ¢x(T)) and p*(t) - nCn-DM"CfrCT)) - C(x(T)) - f/fp for all
t e [0,T]; therefore

n»1- fCx(T))/f, > 1.

I't is clear that P(p) - mp~"(t) if f(p,u,x) - P(p)Uu)X(x) and the price
elasticity n is constant, where m is a constant. ' The proof of Equation (12)
is inmedi ately obtained by substituting f e« PUX fx - PUE’i and fp » P‘UX
into Equation (10). The detailed proofs of Equations (13) and (14) are very com
plicated, and are presented in the Appendi x.

Remark 1» Equation (9) is a general extension of the results in Dorfnan and
Steiner [4], and Erickson [5]; in these references % ° 1.

Remark 2. The result in (c¢) which says that if demand is a function of price
and advertising only, then the optimal price is the constant given in (11), is
very surprising* |t provides sone justffication for the constant price assunption
made by Gensch and Wel amin their market segnent nodel [6, 7].

Remark 3. The result in equation (13) is also very surprising and deserves

addition discussion. If U(u) - ku» i.e., linear, then the optimal advertising
policy is bang-bang (see Teng-Thonpson [16]); equation (13) still holds except for
the junp points. If U(u) is nonlinear, then (13) inplies u* = const ant .

Remark 4. In general, X* 20 (e.g. X(x) - x* 0 <a”™1 for nondurable

goods, or X(x) - Yi(hﬁx) + Yo (Mx)x for durable goods, where M is the maxi mum
potential sales (for details see Exanples 3.2 and 3.3) and n > 1. Then we know
*

that P ~ 0 by (14), so the optinmal price is a concave function of t.

3. SPECI AL TYPES OF MODELS

In this section, we apply the above theoretical results to the investigation
of several inportant nodels, and obtain stronger theoretical results. First, we
consider the case where the demand function is separable but not a function of
cumul ative sales. This situation is characterized by the fact that the rate of
price (or advertising) increase is zero if the price elasticity is constant.
Second, we study the case in which price is the only control variable and cumul a-
tive sales have sone effects (word-of-mouth and saturation) on current demand. W
shall give theoretical justification for the conputational result due to Robi nson
and Lakhani [13] that the optimal price increases at introduction tinme for a new
product, then decreases if the planning horizon T is long enough. Third, we
survey the situation in which the demand rate is a function of advertising and
cumul ative sales only. Finally, we investigate several nodels that do not fal

into the previous classifications.




3.1 Demand Deternmined by Price and Advertising Only.

Here, we investigate the situation where both word-of-nouth and market satura--
tion effects are negligible. Therefore, the demand of a product is a function of
price and advertising only.

Exanple 3.1 Consider the follow ng problem

max [ ([p(e) - O(X)]X(t) - u(t)}dt ' (16)
u,p
subj ect to:
() = mp~"(t)us(t), =(0) = x, (17)
and
y(t) - u(t), y(0) - 0, and y(T) *Y (18)

where y stands for cunul ative advertising expenditure, Y is the maxi.num adver-
tising budget available, m n, and 6 are constants, n >1 and 0 < 8 < 1. The
model is slightly different than Sethi's nodel [15], in which advertising is the

only control variable, :

Fromthe parts (c) and (d) of the Theoremin Section 2.2, it immediately fol-
lows that both optimal price p* and optimal advertising rate u* are constants.
Applying the maxinumprinciple, and after integrating and making sonme al gebraic
mani pul ations, we get the follow ng closed form solutions:

" = n(n-D"'C(x(T)) (19)
1/ (1-8)
my(n-1) ™1 .
- ifu,~T>Y
u =
Y/T ot herwi se (20)
n/(8-1) (8-n)/(8-1) p
n (n-1) 1=2)/C -1)
ul / (B-D g8/(8-1) [O(.x(T))rl
if ug' T>Y
% = (21)
n B
i m——(Ll)-— (XT) ot her wi se.
V(X(T)) 7
Since
flT - L] L]
X(T) - x(0) =J xdt - xT, and x is constant (22)
0

we can calculate x(T) by using Equations (21) and (22). Then solve the problem
3.2 Demand Determined by Price and Qunulatjve Sales Qly
Next we study the case in which price is the only control variable and cunu-
lative sales have two effects on current demand (referred to as "word-of-nouth




effect” and "market-saturation effect”). Some authors (e.g. Dolan and Jeuland [3],
Kalish [9], Bass [1], and Robinson and Lakhani [12]) have proposed several inpor-
tant nodels in the area. - However, there is still lack of theoretical results con-
cerning such nodels. Here, we shall propose two exanples, one for nondurable
goods and the other for durable goods«

Exanple 3.2, Consider the follow ng nondurable goods nodel :

max/‘] [p(t) - Qx)]x(t)dt (23)
P 0
subj ect to
i(t) - oK(t)«"8M  x(0) - xq - (24)
where m and ¢ are positive constants. Then we obtain:
T *
X(t) « C(x(t)) - C(x(T)) +/ Ee‘sp dt, for all t (25)
i _
T *
pr(t) - AX(T)) +j - J ’!g'e'gP dt, for all t (26)
t -
p*(T) - Ax(T)) + g ' (27)
and
*
pr(t) - | e"8 (U *x 0 for all. t. . (28)

The nodel shows that the optimal price increases for all t. From(25) to
(28), we know that a higher value of x(T) causes the optinal priée p*(t) to be
higher and X(t) to be lower for all t e [0, T]. This inplies that there exists
a unique solution of x(T) which satisfies (25) to (28). Therefore, we can use
binary search to obtain the value of x(T), then calculate the optimal prices
backward by using (27) and (28).

Example 3.3. Consider the follow ng durable goods nodel :

=
mx J Ip(t) - C(x)]x(t) dt (29)
p O

subject to
Ro= [Ya(Mx) + Yo(Mx)x]p"" (30)

innovators inmtators

where Y1 and y; - are positive constants of proportionality, M is the maximm
potential sales, and n > 0. The nodel is similar to Robinson and Lakhani's [13],
except that they assume that demand is an exponential function of the price. It
Is alnmost the sanme as Bass and Bultez's [2], which is a discrete tine nodel.

After differentiation and maki ng sone al gebrai c manipul ati ons, we obtain:




. y
positive 1f X<x°-]|- 2}-
- 4

£ = [72!{ v 2Vgx '\rl]p-n = zero if x=x (31)
negative if x> xo,
and
o : 0 0
positive if (x <x andn >1) or (x>x and 0 < n < 1)
N
P = (32)

negative if (x>x0andn > 1) or (X <x0and0<n <1).

This gives theoretical justification for the conputational result due to Robinson
and Lakhani [13] that we have penetration pricing at introduction tine, then use
skimmng pricing. (In their case, n > 1).

3. 3. Demand Det erm ned by Advertising and Cumul ative Sales Oly

Many nodel s have been introduced for the situation in which demand of a
product is a function of advertising and cumul ative sales only. For exanpl es,
Kotowi tz and Mat hewson [11], Horsky and Simon [8], Sethi [14, 15], and Teng and
Thonpson '[ 16] have investigated this franework with diffusion nodels.

W have proved that there are only three quantitatively different kinds of
optimal advertising policies in a linear advertising cost case as follows: (A
No :advert i sing at al| over the whol e tfrre hoirzon; (3) Advertising during an
initial time, then no advertising when the narket becones saturated; (O No
advertising, then advertising finally no advertising again. For nore details see
Teng and Thonpson [ 16].

3.4 Other Mbdels.

Finally, we shall consider the case where the demand function is separable,

and characterize the optinmal price and advertising trajectories.

Exanple 3.4. Consider the follow ng problem

T
max J° {le€r) - QX)IX(t) - u(t)}dt (33)
up ~0 0
subject to
R(t) - X(x) p""(t) uP(t), x(0) - xq . _ (34)

where 0 < 6 <1y n>0. Applying the maxi num principle again, we obtain the fol --

lowing results:

p* = n(n—l)"l(c-l), (35)
1/ (1-6)
* - _'e'iﬂ is positive constant, by theorem (d). (36)
n(p
0/ (1-6)
* R =l BX
P = P ) ——— . (37)
n- | n(p*)" 1




Not e that Equation (37) shows that: (a) the optinmal price is concave increas-
ing all the tine if X(x) - mx®(t). O <a<1 and n > 1, because fromEquations
(12) and (14), we have 'p* * 0 and p*. N 0; (b) the optimal price goes up first
then down if X(x) - n[Yi(Mx) + Yy (™X*1L and x| > 1 The reason is that |5* A0

N *
if x < 3“/'- -zl— and p* <0 elsewhere. This is a general case of Exanple 3.3.
- -2

4.  CONCAVE ADVERTI SI NG COSTS

In sections 2 and 3, we assune that the advertising cost g(u) is linear,
whi ch makes Yuu "0 and FluuA 0 so that we can guarantee u * in (8) is optimal
In the real world the advertising costs may be concave increasing with respect to
advertising rates, i.e., q“l < 0, which inplies have FLu A0 may not be true and
make the problemnore difficult to solve, because u in (8) is not guaranteed to
be an optimal solution if Huu is not |less than or_equal to zero. However,
Huu A0 still holds in some concave advertising cost cases. Here, we shall pre-
sent an exanple in which the advertising cost is concave ipcreasing and Fhu £0
still hol ds.

Exanple 4.1. Consider the follow ng concave advertising cost case

T
«r [ LIPCOY v oWl * Ay [«®(t> * **M + c]}dt (38)
u, p - ’

subject to
X(t) - mp' "(t)u(t), x(0) - X3 (39)

where m n> 6, a, b, and ¢ are constants, a<0, b>0, n>1, and 0 <6 < 1.
The nmodel is simlar to Exanple 3.1 which the advertising cost is linear.
*
From Theorens (a) and (c), and Equation (15), we knowp * n(n-|I )"ICXX(T))
is constant, and gu/fu - —f/fp whi ch inplies that

2au + b - —FD u” - 2

Bnp—nus-l _an-n-lus n
and

-y -

Bnp n 1uB 1 - 2anu * bn . (40)
This inplies u in (4) is constant, too. It imediately follows from (40) that

(8-1)gmp 1T . 2an - Pilgrdl-_ 2an(2-6)

u

and

"u " (B-Demp' AVA[n-Za - +8&! - 2a(2-6) . (41)

u




Cearly H‘m N0 provided

2(2-8)u"

b= a| 555 . | (42)

Therefore, the optinmal solutions for this problemare p* in (11) and u® in
(40) if (42) holds, and (42) is true if b is sufficiently larger than the abso-
lute value of a. ' _ _

Exanple 4.2.  Consider the same nodel as in Exanple 4.1; for which (42) is
not satisfied. A so assume the advertising constraints

0*L*u*U. (43)
Here L is the |ower bound, U is the upper bound on advertising. In this case,
(41) and the fact that (42) does not hold inply that the solution of (40) does not
give the optimal advertising strategy because the HamItonian is concave instead
of convex. By substituting into the Hamltonian we can determne whether u ¢ L
or u* U mximzes it. Therefore we conclude that the optimal advertising |eve
is constant and that either .

ue L or use U | (44)

I's optimal when the Hamltonian is concave

5. CONCLUSI ONS

During the past three decades many authors have published papers on dynanic
price-advertising models. The present paper contains a general nmodel which in-
cludes the previous nmodel s as special cases. Theoretical results were obtained
for the general nodel and various special cases. The analysis given here shoul d
hel p the understanding of past nodels and should aid the devel opnent and under-
standi ng of new nmodel s.




APPENDI X
(A) Derivation of the optimal advertising rate with a separable demand function
and a constant price elasticity.

Pfu/gy - n (9)
P, = M8,

d a

E-EIpful ol T [nsul

p[fuuﬂ + fuxi + fupm + fup -0

pLf 8+ - Fyif Jf gL #yf it /fy - 0

where - yXf Jf - and y «n(n-1)" 1

pfuuu - - pf uxx + pf h()(fxlfp + yx‘fufxlf

up P

or
pfpau u/ % » -,pLX[) +Kpr.YfX + yfufx .
Si nce f(p,u,x) - P(p)U(u)X(x), we have
pfpfuuu/x - -px'n' Xpup' + pxup’ YX~A' P~ YXO PX' UP

- X'UPXD(-pP' + pyP' + ¥P)

- XVPXU (d'_ll . 1) :

Because f is separable and the price elasticity n is constant we obtain

P(p) is proportional to p~",

' P2 . N o .
and n‘-1+n-1P 0.
Therefore, we have U* 0 if fuu"O. | f fuu *0 then u* i s bang-bang and
hence 0 =0 still holds except for the junp points.

(B) Calculation of the first and second derivatives of the optimal price with a
separabl e demand function and a constant price elasticity.
P » -Yffx/fp- -YPA' [ P!
or
RN R I

Yt oxop xp e
i>*(fu+ fx +fp)ffrte(f u+f x+fxpP)ffpl'
Y u Xe p'. xp XU XX

- f "3f ou+f ox+f p)ff

P pu pX pp"’ X
Since u=0, we can sinplify the equation as follows:




f2
-- -p= (f x5+ PIEE + X ff = X
p=( xrl' pP) xIp (fnx'l'fxpﬁ) P (fpxx'l'fppﬁl)ffx

- (XUPXUP + XUP'P)X'UPXUP'
+ (XUPXUP + X'DP'P)XUPXUP

- (X'UP'XUP + XUP P)XUPX'UP
= PXIP[(X'PXUP - VXX UPY)XV
+ (X'PXUP - YX'2UP)XP'

- (X'P'’XUP - YXP'AS¥-) X'P ]
2.3,.3 1 ' o ! | 12
XPUX'U - YX'UX'P'+ (X'UX - yX'2U)P
f
(x'F’“U : YP'XP ) X')

L2
- PPt v+ XV o+ BREL

Since P(p) p~n we obtain

£ 2

_;L. 1!21,,3 4 -n-1 211 x’ ) - nx'x - n“gzu(xr)z]

-nxzr““[(x) X1 .
Hence
i, =% Pty xy?
"o

- -(-',f_‘-_’-zﬁ p 2™ ex"y? - 1.
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