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ABSTRACT

It is knomn in the tel ecoomuni cations network facility design area that

a transm ssion systemcost function may be deconposed into a fixed charge
part and a linear cost part. The fixed charge part represents the fnitia
investrment cost of installing a traqsnission systemon a link and the
linear cost part represents the cost of installing circuits of the system
Wsing the cost function of this type, a mxed integer |inear programming
nodel is developed to mnimze the present value of transm ssion systehs
installation costs subject to satisfying circuit requirements for the

t el ecommuni cations network in each period of a fixed planning horizon.

To nmake the problemconputationally tractable, sinplifications are nade
by using a fixed network hierarchy, i.e., high usage links vs. final
links, for routing the required circuits. W present nurerical exanples
soIVed-by usi ng (i) a branch-and- bound procedure, and (2) a heuristic

nmet hodol ogy.

University Libraries
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1. | NTRCDUCTI ON

| This paper deals with the facilities design problemin a tel ecommuni cations
network over a fixed pl anni ng hori zon. A tel ecommunications network is a
coll ection of points (sources and/or destinations) some or all of which

are joined by direct communication links. A link of a tel econmunications
network is a collection of facilities known as "transm ssion equi prent

and various equi pnents are enployed for various transm ssion systens. These
equi pnents wiil be referred to as "circuits.™ In a typical telephone
network a call originating at point A and destined for point B can be
transmtted to point B through a sequence of other links. Furthernore, if
the nunber of point Ato point B calls exceed the capacity of the direct A
to point B link, soné of the calls can be transmtted through an alternate

route.

The problemthat we. approach here is one of determning a m ni num cost
(present value) facility installation schene for the tel ecommunications
network while satisfying point-to-point circuit requirenments for each
period of a fixed planning horizon. W shall assunme that alternate trans-
m ssi on systens are available at the beginning of the planning horizon, and
addi ti onal new systens nay be nade avail able during certain periods of the

pl anni ng hori zon.




The quantity to be determned is the nunber of circuits of a specific
transmssion systemto be installed on each link of the network during each
peri od-of the planning horizon. It is widely know in the tel ecommunications
networks facility design area that cost functions associated with installing
transm ssion systens on the links of the network are concave, reflecting
"economes of scale" and that these functions nmay be deconposed — approxi -
mat el y —into a fixed charge part and a linear variable part. The fixed
charge part represents the initial investment cost of installing a specific _

transm ssion systemon the link for the first tinme, and the variable part

represents the cost of installing each circuit of that systemon that [ink.

A static (one period) version of the above problemnay be stated as a
fixed-charge multi-commodity flow synthesis problem (see, for instance, [10]).
The dynamic (nulti-period) version that we consider here is nore conplicated
because the econom es of scale involved nust be utilized over the planning

hori zon,

Yaged [14] has devel oped a net hodol ogy for sol ving the dynam c probl em

Hs nmethod is one of "heuristic" and consists of three iteratively related
tasks. Task | solves the mnimumecost static routing problemto satisfy
point-to-point circuit requirenents for each time instant, given |inearized

costs. The output of Task | is annual denmand on each link. Task Il, then,

deternines the m ni num cost-approxi mate-facility installation scheme for




each link. This is attained by a dynam c programm ng procedure in which the
only state variable is time. Finally, Task Ill nodifies the cost coefficients
(t hat vere used in the static routing problemof Task |) to take into account

the econonm es of scal e.

In contrast with the other Yaged nodel, Snith [13] assumes that any econony
of scales effects are donmnated by savings resulting from expenditure
deferral and presents a heuristic algorithmfor the deferral of expenditures
associated with capacity expansion fdr a dynam c conmmuni cati on network.

He enphasi zes savings due to facility deferral as opposed to econom es of
scale. Hs nodel deals with minimzing the present worth of expenditures
for expanding the capacity of a communications network in the face of

i ncreasi ng demand for service, while assuning that any econony of scal es

effects are domnated by savings resulting fromexpenditure deferral.

Kochman and McCallum [ 8], pn the other hand, present optinum seeking nodel s

for planning for the econonic growth of a communications network given a
projection of future circuit requirenents for two alternate transm ssion
systens. Their objective is to find an optimal placement of cables (type,
location and tine) and the routing of individual circuits between denand

points such that the total discounted cost over a T-period horizon is mnimzed,
They present two mat hematical nodels differing in their provision for

network reliability.




Finally, Pexrry [12] presents a mathematical programming algorithm for
constructing or updating a minimum cost communication facility layout given
point-fo-point demand reqﬁirements subject to capacity constraints, for a
two-level communication network. Such a network deals with a "network of
mastergroup sections," the underlying capacity for the construction of a

"network of supergroup sections'" and a "network of channel group sections."




2. A NETWRK H ERARCHY FCR RQUTING PO NT-TO- PO NT O RQU T REQU REMENTS

. Gdven circuit requirenents on the links of the tel ecommunications network

for ea(;h period of the planning horizon, we sinplify the multi-period
facility design probl emdescribed above in the manner Kortanek, Lee and
Polak [9] sinplified the problem of determning point-to-point circuit
requirenents in the network. A network hierarchy is established by classify-

ing the links into two: (i) final links, and (ii) high-usage |inks.

The network hierarchy can be described in graph theoretic term;1 as follows:
Aven a graph G®° (P,L) with point set Pand link set L, find a spanning
tree2 (i.e., a connected subgraph containing all the points of G but not
containing any cycles) of G Let T » (P,F,). be the spanning tree. . The |inks
inTare referred to as the final [inks of the graph. O the other hand, the
chords of T, i.e., those links of Gwhich are not in T, are referred to as

the high-usage links. The rationale behind this is the following: A link

designated as a high-usage link carries only the traffic originating at
one of its endpoints and destined to the other one. |f custoner denand
over such a link mexceeds its circuit capacity, then it is possible to

switch sone of these calls to the link adjacent to mlying on a path joining

leaders not famliar with graph theoretic terns can refer to [7].

“Deternmination of such a spanning tree is discussed in [2].




the end points of m Thus, calls are transnmtted through an alternate
route. The spanning tree contains exactly one such path for each chord.
The final links, on the other hand, can not switch their traffic to any
~other route. They carry as nuch as they can, otherwise calls are |ost.
The designation of the links of the network in such a nmanner that the final

links induce a spanning subgraph is what is terned as the network hierarchy,

and it leads to a sinplification of the nore general, but alnost inpossible
to solve (in terms of conputational conplexity), problemof the facilities
design with no restriction on-to which calls can be switched or not. In our
case the final links induce a spanning tree, and hence a unique alternate
route is prescribed to carry the (excessive) traffic of each hi gh-usage
link. dearly, with no such restriction, an exponential nunber of alternate

routes nust be considered in a general case.

An exanple of a network hierarchy is depicted in Figure 1  The dashed |ines
represent high-usage links and the solid lines represent final |inks. The
arrows specify the links to which the excess high-usage |ink custoner denmand

can be swi tched.

The Kortanek, Lee and Pol ak nodel for deternining point-to-point circuit
requi rements considers a unique alternate route for each high-usage |ink
as prescribed by the network hierarchy and assumes that cusonter dermand

on any high-usage link can be switched to the unique alternate route joining




FI GURE 1.

A Netvork Herarchy with H gh-Usage (—)

and Final ( ) Links Were Overfl ow Froc
a Hgh-Usage Link hto a Final Link is
I ndi cated by an Arrow

(Baybars, Kortanek and M zuno)




the endpoi nts of that link. Furthernore, a high-usage link carries only
its own traffic. On the other side, no switching is possible on final
Iinks.- In their nodel, customer demand is stochastic and they consi der
various times-of-day. They reduce the optimzation problemto a |inear

programm ng probl emand present nurerical results as well as conparisons

with earlier studies.

The output of the Kortanek, Lee and Pol ak nodel is the nunber of trunks
required on each link. W shall refer to those trunks as circuits and they
will be input to our nodel. W, thus, assune that point-to-point circuit

I e

requi renents on each link of the network are known with certainty.
shall consider a finite planning horizon and a finite nunber of alternate

transm ssi on systens.

3Sarre assunption is al so nade by Yaged [ 14].




3. A M XED- | NTEGER PROGRAMWM NG MODEL

Let P and L denote the point and link sets, respectively, of the tele-
 communi"cations network. Let p and q denote the cardinalities of the sets
Pand L, respectively. W shall denote by F the set of the final Iinks,
and by H the set of the high-usage links. By definitions given earlier,
it is clear that (i) FHH* 0, (ii) FUH=L, and (iii) |F «p - 1.
The elements of Fand Hw Il be denoted by f and h, respectively. For

each final link f we define the follow ng:

H * {h|f lies on the unique path connecting the endpoints of h}

Note that, by the definition of the network hierarchy, each high-usage h
bel ongs to sone subset Fhi and that Ft * 0 is possible for some fina

link if g < (p?p)/2.

W& consider a planning horizon of t' periods. Let T* {I,2,...,t,... t'}.

Furthernore, we assume that there exists s alternate transmssion systens.

Let S* {1,2,...,s,...,s'}. W shall assume, for the monent that, only

one systems unit can be installed in a specific period on a specific link.

W thus designate the follow ng binary variable:

f1if systems is installed on link min period t

X =
stm

"0 otherw se
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W al so assunme at this point that, the supply of transm ssion systens is

unlimted.

Once the systemsS is installed on link min period t, i.e., given that

xgrﬁ* 1, circuits of that systemcan be installed on that link in periods

t >t.” Hence, let yem denote the nunber of systems circuits installed
on link min period t. W assune that the circuit capacity of each trans-

m ssion systemis finite, and we denote this nunber by a .
s

Let cfs be the fixed charge of installing systems on any link in the network
and let cg be the linear cost of installing a circuit in systems. A so

t
let weg e (1 +r)~ be a discounting factor for year t with an annual

interest rate r.

Then, the total discounted cost throughout the planning horizon to be
mnimzed is the objective function bel ow
s' t' t'

I I (' I wx +c;Zwy

(1)
mel s=] ° gm] °C StO t=1 °

stm

Let dt—nPe the circuit demand on link min period t. The nunber of circuits
ona final link f in period ? nust be at least that of the sumof dg; and
those routed fromthe high-usage links in H. This, once again, is prescribed

by the network hierarchy. Grcuit requirements of a final link can only be
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met by circuits installed on that link only. W shall assume that

(el ) h 2Appx VieTandvhen - That Ty, circuit requirements of high-usage

links are nondecreasing in time. This assunption will be relaxed |ater

on. Circuit requirements of the final links can be represented as follows:
st 1

Z Z

il
E ¥ -.), WieT and Vfef (2a)
s=| t S

Sf
y 21 d:¢ + Z (d-. - Z
st -1

| r cr hCHf tn S t

Since the circuits installed on a high-usage link can only be used for the

traffic of that link we need the followng constraint:
Z 1y, <d, VEET and VhEH (2b)

Ve note that (2b) would not be valid if we had not assunmed earlier that

circuit requirenenfs of high-usage links do not decrease by time. Relation (2b)
guarantees that the summation termin the right-hand-side of (2a) is always
non-negative. Thus, circuits installed on a high-usage link can not be

used to meet —partially or wholly —the circuit requirements of any

other |ink, whether high-usage or final

We, next, need constraints on the nunber of circuits that can be installed
on link m This number is subject to the type(s) of transm ssion systens
that have been installed, or are being installed in the current period on

that link. Hence
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A=

T
y <a E x, , VseS VteT, and VnelL (3)

£=L ot — s "L stm

And finally, we have,

x -0,1, WS M Tand VmL (4)
stm

Yst m? 0> VseS: VteT and ¥mEL (5)

& note here that yst;s are not required to assune integer values for they
are, inreal-life, sufficiently large and rounding themoff does not affect

the nodel significantly.

W shal |l refer to (1)-(5) as ProgramP. ProgramP has [(s'+)t'q] structural
constraints and (2s't'q) variables, exactly one-half of which are 0-1
variables. In Section 4, we shall discuss nethodol ogi es for solving

Program P and present nunerical exanples.

It should also be pointed out that the nodel presented here assune that

there exists no circuits on any |link of the network prior to the first period
of the planning horizon. Inreality, of course, this is not the case.
However Program P can easily acconmodate this by replacing d_ with

(d K

tm

tm " nunber of existing circuits on link m).

VW shall now relax sone of the restrictive assunptions that we made in

constructing ProgramP. First of all, suppose that circuit requirenents of
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high-usage links may decrease by time. We can update the circuit require-

ments of final links -- that is, replace (2a) -~ with the following:

L}

s' t s' t
T Iy >d-. 4+ L (max {0,d-. - T T y__.}) ¥tcT and ¥fcF (6)
s=1 t=1 StE— tf pen th ool ¢=1 StP

f

Note that the second term of the right-hand-side of (6) is always nonnegative

for

deys Yoop 2 05 ¥teT, VheH and ¥seS

Thus, the circuit requirements of a final link can only be met by circuits
installed on that link. The extra circuits on a final link f, then, are
there to cover the circuit requirements of high-usage links whose alternate
routes contain f. Furthermore, since we have

s
max {0, dEh - E } (6.1)

in the right-hand-side of (6), the excess circuits on a high-usage link
can not be used to cover the circuit requirements of any other link,
whether high-usage or final. Thus, the circuits on any high-usage link
are used exclusively for the traffic of that link. That is, if in period

ta high~usage link h has a= circuits but the circuit requirement of h

th

in period (t+l) is less than ac, . i.e.,
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ih - d(TH)h xB>

- those . circuits will be idleinperiod (+1). They can, of course, be

used in period t" > T if d > S p~+xph? A" fyndamental assunption (al so

t”h \t"'l
made by Yaged [14]) here is that circuits, once installed, can not be
removed and installed on sone other Iink. Oherw se, we should replace

(6.1) with the follow ng:

mx {0, | d-- - 1 1 y .} (6.2)
heH " s«l tw»l SN .

The above relation would not require a revision of the objective function (1)
because it is reasonable to assume that cost of removing circuits on a
specific link and installing themon sone other |ink does not exceed that of

installing new circuits.
Al'so note that replacing (2a) with (6) would make (2b) redundant.

Secondly, instead of restricting xstn's to assume only 0-1 val ues, we can

al | ow

x A >0 and integer, VseS, VteT and VielL (7)
stm —

Thus, nore than one systems (for instance, cable) can be installed in

period t on link m Furthernore, we can assune that there exists limted
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supplies of transm ssion systems (for instance, satellites), say a units,

t hroughout the planning horizon. W would then need the follow ng constraint :

tl
Z Z X <a, VscS (8)
meL t-1 Stme S

Finally, we can add "parity constraints" (see, for instance, [8]) such as

tt st
Zy - >k zZ Zy _ VseS and VmelL, where 0 < k < 1.
t=]l - g=l t=I
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4.  SQLUTI ON METHODOLOE ES AND NUMERI CAL  EXAMPLES

V¢ devel oped and coded (by the third author) a branch-and-bound procedure

for sol vi ng ProgramJP given in Section 3*. A each vertex of the search

tree, i.e., after setting sone variable X< tm equal to 1, a subproblemis

sol ved for each period of the planning horizon. Each one of these subprobl ens
is a "single coomodity flow problemt and is solved using the "flow augmenting
nmet hod" (see [4], for instance). W thus obtain network theoretic upper

and | over bounds at each stage. The conputations are terninated when either

(i) the optinmal solution is found or (ii) tine allocated is consuned.

V& now present a numerical exanple. The tel ecommunications network considered
is depicted in Figure 1, and is taken fromthe field. The planning horizon
is 10 years and separated into 3 periods. t*= 1 is the base year; t = 2

is the fifth year and t * t? » 3 is the tenth year. The circuit requirenents
for the first period are taken from[9]. The requirenents for the remaining
two periods are obtained by using appropriate levels of average annual growh
rates. These circuit requirenents are given in Table 1. Three alternative
transm ssion systens are considered. Table 2 contains the installation cost

of each system the per unit cost of each systems circuit, and the naxi mum

circuit capacity of each system The discount factor is 10%




TABLE 1

Grcuits Demand for Each Link

Li nk Li nk Nunber t»l t*2 t=3
(P, P,) 1 35 60 70
(P, Ps) 2 21 42 63
(P, P3) 3 92 184 184
(P, P,) 4 58 99 174
( Ps, Pg) 5 47 80 188
(Ps, P7) 6 47 80 177
( Ps. Pg) 7 59 100 177
( P, Ps) 8 2 5 8
(P, Pg) 9 17 A 68
(P, P) 10 17 39 51
(P, Ps) 11 7 14 21
(P4, Ps) 12 18 31 72
( Ps, Pg) 13 18 31 72
(Ps, P7) 14 18 36 54
(Ps ; Ps) 15 18 41 72

17
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TABLE 2

Costs and Upper Bounds of Systens

. Fi xed (c?) Li near (c") Upper Bound_ (as)
System Char ge Cost (max. capacity;
1 530000 3100 30
2 870000 1070 90
3 1400000 277 270

The solution, obtained by inplenenting the branch-and-bound procedure
descri bed above, is presented in Table 2- T&° sane sol ution was obtai ned
when the discount factor was changed, first, to 5% and, then to 15%

A so note that, no systens are installed in the last period.

G ven the nagnitude of conputation time for the above exanpl e and ot her
runs of the same problemfor different constants, we have started devi sing
a "heuristic methodol ogy" for solving Program£. This procedure is not
formally conpleted yet. However, our initial efforts show that such a

nmet hodol ogy could prove very useful.

The heuristic solution for the above numerical exanple is shown in Table 4
Note that total cost is smaller than that of the branch-and-bound procedure.,
VW are not ready to claimthe superiority of either one of the methods as

of now These will be reported in the near future. A so to be reported in

the near future is a generalization of the nodel given here.




TABLE 3

Approxi mate Optinum Sol ution

( Branch- and- Bound)

Link
Number t=1 t=2 t=3
1 3 1 0
2 3 0 0
3 3 1 0
4 3 0 0
5 3 0 0
6 3 0 0
7 3 0 0
8 0 0 0
9 0 2 0
10 0 2 0
11 0 1 0
12 0 0 0
13 0 2 0
14 0 2 0
15 0 2 0

N.B. (1) Nunbers in the table are indices of

systens installed

(2) z* * 13,872,230; an approxi mate optima

sol ution.

(3) 2* - the value of the optimm«

2*

19



TABLE 4
Approxi mate Qptinmum Sol ution
(Heuristic)
Link

Number t-1 t=2 t=3
1 3 0 0

2 3 0 0

3 3 2 0

4 3 0 0

5 3 0 0

6 3 0 0

7 3 0 0

8 0 0 0

9 0 0 0
10 0 1 0
11 0 0 0
12 0 0 2
13 0 0 2
14 0 0 0
15 0 0 2

(1) Numbers in the table are indices of

systens installed.

(2) 2* - 12,203, 954

20
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