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Based on a Model Checking Algorithm of
e-free Regular Temporal Logic
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1. Introduction

According to the progress of VLSI technologies, it becomes important to establish new logic design
methodologies which make us possible to verify correctness of logic design. Logic simulations do
not meet this requirement because it cannot guarantee correctness of design in general. As one of
the formal approaches to this goal, temporal logic[10] is now widely studied in many research field
such as concurrent process and hardware design verification because it can be used for reasoning
about event sequences.

Some practical design verification systems have been developed using temporal logic. Uehara et
al. developed a DDL verifier(11] and Fujita et al. implemented a verification system in Prolog[6]
by using traditional temporal logic. Clarke and Emerson proposed a new temporal logic called
computation tree logic (CTL){4], which combines both linear time and branching time temporal
logic, and developed a CTL model checker[5] which runs linear in both size of specification and
Kripke model.

We cannot characterize, however, a finite state machine completely by using these temporal logic
because of their lack of expressive power; they cannot express regular set which is equivalent to
finite state machine. In order to extend expressive power of temporal logic, Wolper et al. introduced
temporal operators associated with right linear grammar and [or Biichi automata [13,14]. In order
to describe specifications in their logic, however, it is necessary to design automata which satisfies
specification in a sense. Thus it is easy to make same error both in specifications and its design.
Furthermore, their approach to design verification is based on inclusion problems of two automata
by extracting automata from specifications{12], and it is not easy to find out cause of design error
from the verification result. Moszkowski proposed more powerful temporal logic named interval
temporal logic (ITL)[9], but satisfiability problem of ITL is undecidable. Therefore, it is difficult to
use ITL as a basis of logic design verification.

Considering above stated problems, regular temporal logic (RTL) which is expressively equivalent
to regular set has been proposed by Hiraishi et al. [7). The logic used here as a basis of design
verification of sequential machines is a sub-class of RT'L and is named €-free reqular temporal logic

*On leave from Department of Information Science, Kyoto University, Kyoto 606, J apan.
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(e-free RTL). It is a linear time temporal logic and its expressive power is shown to be equivalent
to e-free regular set. Unlike the traditional temporal logic, however, its semantics is defined along
finite sequences of states. If we assume that specifications are given in terms of relations between
input and output signals of a machine to be designed, specifications for any finite state machine
can be written in ¢-free RTL because possible input-output sequences of a finite machine can be
characterized as a regular set.

As for a method of design verification, model checking approach, which has been also used in
[5], is adopted in this paper. Although the model checking problem of ¢-free RTL is shown to be
non-elementary, an efficient model checking algorithm of ¢-free RTL which is still linear in the size of
structure model is proposed. The e-free RTL model checking algorithm treats e-free RTL formulas of
specifications directly without converting them into automata. It successively generates e-free RTL
formulas which should be hold at next time on a given state machine something like a tabular
method[10,13] used for satisfiability problem of temporal logic. If it detects some design error,
it is more easy to reason about the cause of errors from ¢-free RTL formula which fails to hold.
Furthermore, an e-free RTL model checker based on the proposed algorithm has been implemented
and several sequential machines with medium size of states have been verified by the e-free RTL
model checker in reasonable time.

This paper is organized as follows: Section 2. introduces syntax and semantics of e-free RTL
and shows its expressive power. Section 3. discusses verification methods and introduces structure
models and defines truth value of e-free RTL on structure models. In Section 4. derivative of
e-free RTL formula is defined and its characteristics are shown. The derivation is the basic operation
in model checking algorithm and it generates e-free RTL formula which should hold at next time
on a structure model. Section 5. describes a model checking algorithm and its order is shown
to be linear in the size of structure model. Section 6. discusses the complexity of e-free RTL
model checking problem and its complexity is proved to be non-elementary. Section 7. explains
the characteristics of the e-free RTL model checker. Examples of design verification are also given
and they show that the ¢-free RTL model checker is useful from practical point of view. Section 8.
concludes this paper with summarizing the results and giving future problems.

2. ¢-free Regular Temporal Logic

2.1. Syntax and Semantics

¢-free regular temporal logic (e-free RTL) is a linear time temporal logic. It contains 3 temporal
operators: ‘(Q’, ‘:’, and T7]’. These operators intuitively represent ‘next time’, ‘concatenation’,
and ‘repeat’ respectively.

Let AP be a set of atomic propositions. e-free RTL formulas are defined inductively as follows:

e If p€ AP, then p is an ¢-free RTL formula.
e If n is an e-free RTL formula, then so are (-7),(On), and ([:]n).
o If 5 and £ are e-free RTL formulas, then so are (7 V £) and (7 : &).

Semantics of e-free RTL is defined based on a linear time model. However, it manipulates only
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p is true at this state. n is true along this sequence.
(DeokEp (4) e = (On)
n is false along this sequence. £ is true along this sequence.
1 is true along this sequence.
(2) o = (-m)
(5) o = (n:6)

o @ | (1) @ o _:@___}.@

Either 5 or £ is true along this sequence.
B oE(nve) 7] is true along these sequences.

(8) o = ()
Figure 1: Intuitive Meaning of Logical Connectives

finite sequence of states while traditional linear time temporal logic manipulates infinite sequence
of states. We define the semantics of e-free RTL with respect to a linear model M = (£,I), where

e X is a finite set of states.

o I:% — 24P is an interpretation function that labels each state with a set of atomic propo-
sitions true in that state.

Let o = sgsy...8, € T! be a finite sequence of states. o(i) will denote the ith state in the
sequence o (i.e. o(i) = s;}. |o| will denote the length of the sequence o (i.e. jo] = n +1). In the
case that |o| > 4, ¢* will denote the suffix sub-sequence of o starting at s; (ie. ' = 5;...3, and

0
o’ = o).

M, 0 |= n denotes that a formula n holds along sequence o in linear model M. In the following
we sometimes omit M and just write as o = 7 if there is no confusion. Let p be an atomic
proposition and 1 and £ be formulas. The relation |= is defined inductively as follows:

ocl=p iff pe€ I(a(0)).

ckE(-n i olEn

ck(nVE) iff olnoroit.

c=(0On) if Inl>2and ol =1

o= (n:£) iff there exist ¢1,0, € &f such that ¢ = a109, o1 = 1, and o2 = £.

o= (E]m) iff there exists o; € 1 such that o = 0105...0,, and oik=1n
(1<i<m<q)).

T U s WM =



An e-free RTL formula 7 is said to be satisfiable iff (if and only if) there exist some linear model
M = (Z,I) and some sequence o € = such that M,o |= 7.

Intuitive meaning of each logical connective for a sequence of states ¢ = sgsy...8, are shown
in Figure 1. ‘=’ and ‘V’ represent Boolean negation and disjunction respectively. (On means that
n holds along the sequence starting from the next state. 7:£ means that n holds along the first
half of the sequence and £ holds along the latter half of the sequence. [7]n means that 5 holds
repeatedly.

We will also use the following abbreviations in writing ¢-free RTL formulas.

def Qef
e Al = (~((-m)v (=€) e 7= = (((m)Vve)
e =6 T (=2 OAE=n) e 18 F ((n=¢)
d
e Vr ¥ v e V& ¥ (-wp)
‘A, ‘=, ‘=’, and ‘@’ represent Boolean conjunction, implication, equivalence, and erclusive-or

respectively. ‘V7’ and ‘V7’ represent tautology and invalid formula respectively. Unary operators
‘=", ‘Q’, and Z]’ have higher precedence than binary operators ‘v’, ‘A’, ‘=", ‘=" ‘@’ and *:". When
there is no ambignity, we usually omit parenthesis ‘(’ and ‘)’.

2.2. Expressive Power

e-free RTL can express various properties of sequences. For example, a set of sequences whose
length are exactly 1 can be expressed by

LEN1 def ~QVr=-(Vr:Vp).

<©n which denotes that 1 holds at some point in a sequence and On which denotes that n holds at
every point in a sequence can be defined as follow:
« Op def Vv {(Vr:n) e Op def QO =nA(Vr:-n).
The property that p is true at the first state and it is also true thereafter at every other state in
a sequence, which cannot be expressed by traditional linear temporal logic [13], can be expressed
as follows:

(pPALEN)V[J(pAQLENL) V(J(pAQLEN1):LEN1).

Furthermore, although we use 3 temporal operators in the definition of ¢-free RTL, the temporal
operator ‘)’ is redundant. On can be expressed as

On=LENl:p=~(Vr:Vr):in.

Next, we discuss relationship between an ¢-free regular set and a set of sequences of states which
can be expressed by a e-free RTL formula, where an e-free regular set is a regular set which does
not contain null string €. Let Ly 7(n) be a set of sequences over ¥ along which % holds with respect
to the linear model (X, I). More precisely, Lz 1(7) = {¢|oc € £t,0 = n}. If there is no confusion,
we abbreviate Lz ;(n) as L(n). Lz 1(n) can be obtained as follows:



def
| . 7 = pz=(p:=0p:)
z ~— T-FF z de

spec = -p, AQ(pVvLEN])

Lo

x: 0010111001
Sample I/O Sequence Z: 0001101000

Figure 2: Specification of T Flipflop

e ILgi(p) = {slseZ,pel(s)}e o ILgi(-~n) = Z'-Lg;(n)
o Lei(nvEé) = Lyi(n)+ Lg(€) e Ly (On) = ZLgi(n)
o Lgi(n:€) = Lgi(n)ls1(€) e Ly/[m = Lz

On the other hand, for any e-free regular set R over T, the corresponding e-free RTL formula
F(R) such that Lx j(F(R)) = R can be constructed inductively by introducing corresponding
atomic proposition p, for each state s € = (I(s) = {p,}) as follows:

) F(¢) = Vg . F(s) = p,ALEN1

] F(R1+R2) F(Rl)VF(Rg) . F(R]RQ) F(.Rl):F(Rz)
. F(RYH = []F(R)

I
il

Note that any e-free regular set over T can be generated by applications of union(‘+’), concate-
nation, and dagger(‘’) operators over the alphabet ¥ and an empty set ¢. Therefore, we obtain
the following theorem.

Theorem 1 The ezpressive power of ¢-free RTL is equivalent to ¢-free regular set.

3. Design Verification of Sequential Machines

In this section we discuss how to verify design of sequential machines. Let us consider verification of
a deterministic sequential machine with » binary input signals X = {z,,2,,..., Tn} and m binary
output signals Z = {z1,z3,...,2;,}.

We assume its specification is given in terms of possible input-output sequences of a machine
to be designed. More precisely, a possible input-output sequence is a finite sequence p over 2XYZ
such that z; € p(k) iff z; = 1 at the kth input and z; € p(k) iff z; = 1 at the kth output
(1<€i<nl<j<mandb<kc< |of). Because the machine to be designed should have
only finite number of states, the set of possible input-output sequences can be characterized as an
e-free regular set.

Let ps; and p.; be atomic propositions associated with input signal z; and output signal z;
respectively such that p,, is true iff z; = 1 and Pz, is true iff z; = 1. Then it is guaranteed by
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Moore Type T Flipflop Mealy Type T Flipflop

Figure 3: Two Designs of T Flipflop

Theorem 1 that there always exist an e-free RTL formula spec which express the specification (i.e.
the set of possible input-output sequences).

Figure 2 shows a specification spec of T flipflop written in e-free RTL. We assume that the
output z is 0 at initial. The output z changes its value iff the previous input z is 1. Since this
property of T flipflop is meaningless for a time sequence whose length is 1, LEN1 is used in spec
so that spec ignores non-existing next state at the last time of a time period under consideration.

We also assume that the result of design is given in the form of either a Moore machine or a
Mealy machine (see Figure 3). Then the verification problem becomes to check if spec holds for all
possible input-output sequences of the designed machine.

In order to treat possible input-output sequences more easily, we define a structure model of
e-free RTL. K = (X, 1, R, Xp) is called a structure model of e-free RTL, where

e (X,I) is a linear model of e-free RTL.
e R C X x X is a binary relation on X and denotes the possible transitions between states.

o Yy C X is aset of initial states.

A structure model is a kind of Kripke model[8] with a set of initial states where R is not
necessarily a total relation. For a structure model K = (X, 7, R, ¥o), a finite sequence of states
T = 8081 ... 8y is called a finite path from sg iff (s;, 3;4+1) € R for any i such that 0 < i < n. Similarly,
an infinite sequence of states ¥ = $08192... is called an infinite path from s¢ iff (s, 8i4+1) € R for
any i > 0.

Truth value of e-free RTL formula with respect to a structure model K is defined as follows. An
¢-free RTT, formula 7 is said to be (K, s)-true if there exists a finite path r from s in the structure
model K such that 5 holds along 7 (7 |= 7n); it is said to be (K, s)-false otherwise. Furthermore,
an ¢-free RTL formula 7 is said to be K-true if there exists some initial state sg € Xg such that
is (K, 8g)-true; it is said to be K-false otherwise.

Let M = (X, Z,5,6,),30) be a deterministic sequential machine with an initial state, where
X.Z, and § are finite, nonempty sets of binary input signals, binary output signals, and states,
respectively;



® sg is the initial state;
o §:2X x § — § is the state transition function;
e A is the output function such that

— A: 8 - 22 for Moore machine (We assume that X is a total function.);
~ XA : 2% x § — 27 for Mealy machine (We assume that the A is defined so long as § is
defined.).

A structure model X corresponding to a machine M is defined to be a structure model such
that there exists one to one correspondence between the possible input-output sequences of M and
the paths from one of an initial state in £y of K. Then design verification problem becomes to
check if spec holds along any finite path from one of the initial states of the corresponding structure
model K. In other words, —spec is K-false iff the design is correct.

For a Moore machine M, = (X, Z, 5,4, A, sp), its corresponding structure model K, = (X,{,R,Xp)
is constructed as follows:

o L= {sl;|s; € 5,7 € 2%, and 6(j, 5;) is defined. }

o I(s];) = {pzlz € j} U {p:}z € A(s:)}

* B ={(sij,50,5)|8i;,80,7 € B,8(j, 8) = s}

® To={sp; €L}

The order of the number of states and transitions in X becomes as follows:
o(zl) = 0(Is[2%), O(|R|) = O(|E|2%), and O(IZ| + |R|) = O((|S| + |E])2%) = O(|S|28X1).

For a Mealy machine M; = (X, Z, 5,6, 2, sp), its corresponding structure X = (Z,I,R, %) is
constructed as follows:
— [ . : X Z 22y =
o X ={s};,l8€8,7€2% ke 2?7 \ji) =k}
o I(si;x)=1{p:lz € U {p.lz € k}
[ ] R = {(3i,j,k735'.j’,k’)|8‘f,j,k,3i’,j’,k’ (S 2, 6(]‘,35) = 31-;}
* To = {sp;s € I}

The order of the number of states and transitions in X becomes as follows:
O(IZ]) = O(|E|), O(|R|) = O(IE|2¥), and O(JZ{ + |R]) = O(|E|(1 + 2%)) = O(]522X)).

If at least one next state is defined for each state in M, and M;, R of their corresponding
structure model becomes a total relation,

Figure 4 shows the structure models corresponding to two designs (M, and M;; see Figure 3) of
the T flipflop whose specification is given in Figure 2. K, corresponds to M, while K corresponds
to M,. Initial states are shown as double circles. Labels associated with nodes of structure models
represent truth value of atomic propositions at the states in the order of Pr and p,. K; has equivalent
states and can be reduced to K,.



Structure Model Corresponding to M, Structure Model Corresponding to M;

Figure 4: Structure Models of T Flipflop

4. Derivative of ¢-free RTL Formulas

Derivative of an ¢-free RTL formula n by a state s € X, denoted by 5/s, is defined inductively as
follows:

def Vr ifpe I(.s)
L. p/s - {VF otherwise
(-mfs & =(n/s)

(v e))s & (n/s)v(£/s)

. (Omls ¥ g
ey et ] EV((n/9):§) fskn
5. (0 { (n/s): € otherwise
at [ (n/89)v(n/fa):TdmVIn ifsk=n
8- @y { (n/s) v ((n/9):(E]m) otherwise

By extending the above definition, a derivative by a sequence of states is defined as follows. Let-
n and o = $¢81...8, € = be an e-free RTL formula and a sequence of states respectively. Then

nje & ((---({nfs0)/s1) -+ +)/8x). We also define that n/e %l 1, where € is a null sequence.

As for derivatives, following equations hold, where © denotes any Boolean operator with two
arguments (i.e. A,=>,=,®, and so on):

e (nO&/s = (n/s)0({/9) o Vr/s = Vg
. Ve/s = Vg e LEN1/s = Vg
o (On)fs = (n/s)vOn ¢« (On)fs = (a/s)n0On

Lemma 1 Let ¢ = sp31...3, be a finite sequence of states whose length is greater than 1. Then,
M,o=n iff M,o! |= n/so.

(Proof) This lemma can be proved inductively as follows:

o M,o|=piff s € I(30). From the definition of derivative, p/sq is Vp if s € I(so); Vr otherwise.
Therefore, M,o = p iff M,o! |= p/so.




o M,o|=mVmiff M,oc =m or M,o |= nz. By the induction hypothesis, this is equivalent to
M,o! |= (m/s0) V (m2/s0). This is equivalent to M,o! = (m V 12)/30.

¢ M,o |= -niff M,o |£ 7. By the induction hypothesis, this is equivalent to M,o* £ n/sq.
This is equivalent to M, o |= (-n)/s0. -

e M,o|=Oniff M,o! |= 7. This is equivalent to M, a! = (On)/s0.

® M,o |= 1y i iff there exist 01,07 € It such that o = ¢y09, M, 0, l=m,and M,o; |= . If
lo1| = 1, this is equivalent to M, sq =7 and M, ! |= 7. If |oy| > 1 on the other hand, it is
equivalent to M,o} = m/so and M, g, |= 1;. Then these conditions can be stated as follows:
If M,s0 = m, it is equivalent to M,o! |= ny v ((11/30) :72); otherwise, it is equivalent to
M,o" |= (m/s0): nz. Therefore, it is equivalent to M,o' |= (my : m)/s0.

¢ M,o = [t]n is equivalent to M,o |= nv (n:[X]n). Then, if M,so |= n, it is equivalent
to M,o! |= (n/s0) V[n V ((n/s0):[[]n); otherwise it is equivalent to M,q! = (n/s0) Vv
((n/s0):[Z]n). Therefore, it is equivalent to M, ¢! |= (Em/ so. (q.e.d.)

Lemma 2 Let M = (Z,I) be a linear model of e-free RTL and let T = 805182... be either finite
or infinite sequence on L. The necessary and sufficient condition that e-free RTL formula 1 holds
along some finite prefix sequence of T is that M,s |= 1 or n/s0 holds along some finite prefic
sequence of T} = 3,85....

(Proof) Necessity: Let us assume that M, o = 7, where ¢ is a finite prefix sequence of r. If le| =1,
M, 3¢ = 1. Otherwise, M,o! |= (n/s0) and o! is a finite prefix sequence of rl,

Sufficiency: If M, so |= 1, 3o is clearly a finite prefix sequence of 7. If 7/s0 holds along some finite
prefix sequence o' of !, M,s¢0! |= 7 from Lemma 1, and sgo? is clearly a finite prefix sequence
of 7. (q.e.d.)

Theorem 2 Let K = (%,1, R, %) and n be a structure model and an e-free RTL formula respec-
tively. The necessary and sufficient condition that n is (K,s)-true at a state s € £ is s |= n or
there exists a state s’ such that (s,s') € R and n/s is (K, §)-true.

(Proof) From the definition of a structure model, 7 is (K, s)-true if and only if there exists a finite
path 7 on K starting from s such that 7 |= 5. This is equivalent to the condition such that # holds
along a finite prefix sequence 7 of some infinite path 7 on K starting from s. Then from Lemma, 2,
it is equivalent to the condition that s |= # or there exist a state s’ such that (s,8") € Rand /s is
(X, 8")-true. (q.e.d.)

Lemma 3 Let s be a state in a linear model M = (I, I). Whether M, s = n or not can be decided
in time O(|n]), where |5 is the number of operators and atomic propositions in 1.

(Proof) It can be decided inductively as follows by executing each induction step at most 5] times:

o M,sE=piff pe I(s). * MsEmvmif M,sl=m or M,s & n,.
o Mslk-niff M,sltn. o M,s = On holds always.
o M,s £ m :n holds always. o M sE[Iniff M,s =1 (q.ed.)
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Theorem 3 7/s can be obtained in time O(|n|).

(Proof) Derivative 17/s can be obtained inductively based on its definition. In thecase of n = m : 1
or 7 = [:]m, we need to check whether s |= n; holds or not. This can be also done inductively
as shown in the proof of Lemma 3 and each of this induction steps can be combined with that
of induction steps in the calculation of derivative. Although 7, /s appears twice in the derivative
of []m, we only need to calculate it once. Therefore, each induction step can be calculated in 2
constant time and the number of induction step which will be executed is |p|. Thus, 1/s can be
calculated in time O(|n{). (q.ed.)

Let D*(n) be a set of all derivatives of 1. More precisely, D*(n) def {&€l€ = nfa,0 € Z*}. In the
definition of D*(7) we regard two formulas are identical if they can be transformed to one another
by using commutative, associative, and idempotence law of ‘V’.

Theorem 4 For any e-free RTL formula n, D*(n) is a finite set.

(Proof) D™(n) can be shown to be a finite set inductively as follows:

e D*(p) = {p,V1,Vr}.

D*(~n) = {~€|€ € D*(n)}-

D*(m vm) C{&a v &|& € D*(m), & € D*(m)}-
D*(On) = {On} v D*(n).

Let Ey = {V[0]|® € 2P°(™)} and E; = {& :m|é € D*(m)}.
Then, D*(m :m) € {11 V v2|in € Eq, 1 € Ep}

Let Fi = {V[0]|® € 22" (M} and F, = {&1: Al € D*(n)}.
Then, D*([X]n) € {v1 V 12|11 € F1,v2 € F3},

where \/[©] denotes Boolean disjunction of all formulas in ©. From the induction hypothesis, right
hand sides of the above equations are finite sets. (q.e.d.)

5. Model Checking Algorithm

From Theorem 2 we obtain a model checking algorithm which decide whether an ¢-free RTL
formula 7 is K-true for a structure model K = {(Z,I, R,X) as shown in Figure 5. It checks the
condition stated in Theorem 2 by depth first search.

The procedure Addlabel(s,n, z) registers a label z- which shows that the value of n is z at state
s. ¢ = “T” means that 5 is (K, s)-true. z = ‘F’ means that 7 is (X, s)-false. z = ‘C’ means that the
truth value of 1 at state s is now under investigation. The procedure Label(s,n) returns the label
of n at s if already registered; otherwise it returns null. The procedure Initlabel( K, AP) registers
labels for each atomic proposition, Vi, and Vg at each state. The procedure Check( K, s, n) is called
only if no label is registered for n at s and checks whether 5 is (K, s)-true. First, it calculate the
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procedure Verify(X,n, AP)
Initlabel( K, AP);
for all states s in Ig do {
if Label(s,n) = ‘T then return ‘T,
if Label(s,n) # ‘F’ then
if Check(K, s,9) = “T" then return ‘T
}

return ‘F’;
end of procedure

procedure Initlabel( K, AP)
for all states s in ¥ do {
for all atomic propositions p in AP do {

procedure Check(X, s, )
{z,€) = Derivation(s, n);
if £ = ‘T then {
Addlabel(s, n,‘T");
return ‘T7;
} else {
Addlabel(s, ,°C’);
for all s’ such that (s,s') € R do {
z = Label(s’, £);
if 2 = ‘T’ then return(“T");
if £ = ‘null then
if Check(K, s',€) = “T” then {
Addlabel(s, n,“T");

if p € I(s) then Addlabel(s, p,"T"); return ‘T

else Addlabel(s, p,‘F); }

}
Addlabel(s, n,'F);
return ‘F’;

}
Addlabel(s, Vi,“T");
Addlabel(s, Vg, F’);
} }

end of procedure end of procedure

Figure 5: Model Checking Algorithm

truth value of # along s and the derivative of # by s by the procedure Derivation(s,n). If s }& #,
then it checks 7/s at each successor s’ of s successively. If 7/ s has been already labeled as ‘T’ at &',
it returns “T". If n/s has been already labeled as ‘F’ or ‘C’, it proceeds to check other successors.
The label ‘C’ means that there arises a loop in checking the truth value of n/s at s’ and is treated
like the label ‘F” because 5/s never holds along such a loop (see the proof of Theorem 5). If 5/s
has no label at ¢, it calculate the truth value of 5/s at s by calling Check( K, s’,n/s) recursively.

Theorem 5 The procedure Verify(K,n, AP) correctly calculate K-truth value of n.

(Proof) Its correctness is almost clear from the definition of K-truth value and Theorem 2 except
its termination and loop handling. Note that Check(K, s, 1) never generates derivatives of a same
formula at a same state twice. Theorem 4 guarantees that only finite number of derivatives are
generated by successive derivations. Therefore, it always terminates.

When Check(K, s, ) detects a loop (i.e. Label(s’,£) = ‘C’, € = n/s), it just treats it as ‘F’
without checking its successors anymore because £ never holds along any finite prefix subsequence
on the loop (i.e. 0o, £ £ where ¢ is a sequence of states which constructs the loop and o, is any
prefix subsequence of ). This can be proved as follows:

Because Label(s’,&) = ‘C’, £/0 = £ and oy [£ € for any prefix sequence g, of 0. Let us assume
that there exists some prefix sequence of ¢, denoted by oy, such that oto, |= £. Since £ o = ¢,
this implies that o, |= £, which is a contradiction. Therefore, 00y, & £ for any prefix sequence Op
of o. (q.ed.)

Figure 6 shows how the e-free RTL model checking algorithm works on the structure model K,
(see Figure 4) and its specification spec of T flipflop. The frame boxes represent that the procedure
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def
n = Pr = (p: = QO-p:)
START m = aspec = -(=p, AD(nVv LENL))
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Figure 6: Verification of T Flipflop by the Model Checking Algorithm

Check(K,s,7n) is called with arguments written in the boxes. The dashed boxes means that the
associated formulas at the specified states have been already labeled with either ‘C’, ‘F’, or ‘T".
The number associated with edges represent that algorithm traverses on the structure mode] in
this order. The edges labeled 2,5,7, and 8 causes backtracking with return value ‘¥’ because the
formulas in the dashed box pointed by these edges have been labeled ‘C’ at the specified states.
Similarly the edges labeled 9 and 10 also causes backtracking with return value ‘F’ because the
formulas in the dashed box pointed by these edges have been already labeled ‘F’ at the specified
states. Then the model checking algorithm terminates with return value ‘F’, which means that the
design of T flipflop satisfies its specification.

Next, we evaluate the execution time of the model checking algorithm. Let Len(D*(n)) be a
maximum number of operators which will be generated in derivation of £ € D*(5).

Theorem 8 The model checking algorithm runs in time O((|Z|Len(D*(n)})log(Len(D*(n))) +
|R| tog(|D*(m))|.D*(n)|), which is linear order of || + |R)|.

(Proof) For each £ € D*(n), Check(K,s,£) is called at most |E| times because Check(K,s,£) is
never called twice with same arguments. In Check(K,s,£), s = £ is checked and £/s is gen-
erated. These steps can be done basically in time O(Len(D*(n))) as shown in Lemma 3 and
Theorem 3. In order to guarantee termination of the algorithm, however, we need to simplify
derivatives by using idempotence, commutative, and associative lows of ‘v’. This simplification
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can be done in time O(Len(D*(n))log(Len(D*(n)))). If s [ £, label of £/s at each succes-
sor of s is checked and Check(K,s',£/s) is called if necessary. This step can be done in time
O(log(]D*(m)|)) and is executed at most |R| times in total during Check(K, s, 7) is called for each
s € X. Since these steps are possibly executed for each £ € D*(), the entire algorithm requires
time O((|X|Len(D*(n))log(Len(D*(n)))+ |R|log(|D*(n)]))| D*(n)]). Because D*(n) is independent
on a structure model K/, it is proportional to the size of the structure model (i.e. |Z|+|R|). (qg.e.d.)

8. Complexity of Model Checking Problem

In this section the DTM (deterministic Turing machine) space complexity of the model checking
problem of ¢-free RTL is shown to be non-elementary with respect to the length of a given e-free RTL
formula. In order to show this, we show that the emptiness decision problem of an extended regular
expression, whose DTM space complexity is non-elementary[1], can be transformed into the model
checking problem of e-free RTL in elementary time.

¢-free Extended Regular Expression over an alphabet ¥ is defined recursively as follows:

® ¢ is an ¢-free extended regular expression which denotes an empty set.
¢ 3 is an e-free extended regular expression which denotes a set {s}, where s € T.

e Let Ry and R; be e-free extended regular expressions which denotes language L; and L; over
Y respectively. Then, B; + Ry, R, - RQ,RI,RI N Rz, and ~ R; are e-free extended regular
expressions which denotes Ly U Ly, Li L,, LL LynLy and Bt — L, respectively.

For any extended regular expression, we can obtain its equivalent expression in the form either
€+ R or R in elementary time where R is an ¢-free extended regular expression. Furthermore, we can
decide if a langnage denoted by an extended regular expression contains null string e in linear time
of the length of the given extended regular expression. Therefore, the DTM space complexity of
emptiness decision problem of ¢-free extended regular expression is also non-elementary. A language
denoted by an e-free extended regular expression is apparently an e-free regular set.

Lemma 4 The DTM space complezity of satisfiability problem of e-free RTL is non-elementary.

(Proof) Let AP be a set of corresponding atomic propositions such that AP = {ps|s € Z}. Let R,
Ry, and R; be ¢-free extended regular expressions. Let F (R} be an e-free RTL formula correspond-
ing to R. F(R) is constructed inductively as follows:

) F(¢) = Vg . F(s) = p,ALEN1

o F(Ri+R;) = F(R)V F(Ry) o F(Ri-Ry) = F(Ry):F(R,)
. F(RY = [|F(R) o F(RiNRy)) = F(Ri)AF(Ry)
e F(~R) = -F(R)

We also define e-free RTL formulas ¢y, ¢4, and % as follows:

def
o1 = AN =)
Pa.Ps€EAPpaFE Dy
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def
wr = V Ds
psEAP

v L O(p1 A g2) A F(R)

@1 represents that any two different atomic propositions cannot become both true at a time and
@2 represents that at least one atomic proposition is true. Then, ¢-free extended regular expression
is empty if and only if 9 is not satisfiable. ¢ can be constructed in elementary time O({Z[? + | R}),
where [R| denotes the number of operators in R. (q.e.d.)

Theorem 7 The DTM space complezity of the model checking problem of ¢-free RTL is non-
elementary with respect to the length of a given ¢-free RTL formula.

(Proof) We prove that the satisfiability problem of any e-free RTL formula 7 can be transformed to
the model checking problem of 7 in elementary time. Consider a structure model K. = (5,1, R, )
such that |Z| = 2147'], 1 : & — 214P j5 bijection, R = £ x %, and £ = I, where AP’ is a set
of atomic propositions appeared in 5. Then, apparently 75 is satisfiable if and only if 5 is K-true.
The structure model K. can be constructed in elementary time O(2217), (q.ed.)

7. Implementation and Verification Examples

The model checking algorithm stated in Section 5. has been implemented as an e-free RTL model
checker on VAX-11/780 under 4.3 BSD UNIX operating system and it has been used for design
verification of some sequential machines with practical number of states.

7.1. Implementation of ¢-free RTL Model Checker

In the e-free RTL model checker, e-free RTL formulas are stored as labeled directed acyclic binary
graph in usual way. Labels are associated with nodes and represent either operators or atomic
propositions and immediate successors of a node represent operands of its associated operator.

e-free RTL formulas and their sub-formulas are also managed as sorted tree and same sub-
formulas are shared where required in order to save spaces. Furthermore, each node has two
pointers: derivative pointer and complement pointer. If a derivative of some sub-formula is gener-
ated during derivation of some formula at some state, the derivative pointer of the corresponding
node is set to point its derivative. When a derivative of the same sub-formula is required again,
the derivative pointer is used without re-calculating derivation. The complement pointer points
its complemented formula if exists. This pointer does good job in simplifying formulas such as
~anp =1, V7= Vr, and so on.

7.2. Verification of a Traffic Controller

In order to check the efficiency of the e-free RTL model checker, it has been used for design verifica-
tion of a traffic controller in [2]. The traffic controller is stationed at the intersection of a two-way
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len2 £ O(LEN1)
def

len3 = (O(len2)
lengt3 =F ~(LEN1vlen2V len3)
nocoli = DO(~(E.GO A (NGO vV 5.60)))
ien L (O A-NGO)): -N)
ics ¥ <((O(5 A-5.G0O)) : =5)
ice. ¥ S(O(EA-EGO)):-E)
ic & O(icn Ades A ice)
asnd ¥ NA-EA lengit3
assd = SA-EA lengt3
ased = EA (N V E) A lengt3
ngobyd = N_.GOVQ(N.GOVO(N_GOVON.GO))
sgobyd £ 5.G0 v O(5.GO v O(5-60 v OS_GO))
egobys = E.GOVO(E.COVO(EGOVOE.GOY)
delayd & ic> (D(asn4 => ngobyd) A D(ass4 = sgoby4) A D(ased = egobyd)})
spec ' nocoli A delay4

Figure 7: Specification of Traffic Controller

highway going north and south and a one-way road going east. It has 3 input signals (N, 5, and
E}, 3 output signals(N .GO,5 GO, and E_GO), and 5 internal signals. N(north), S(south), and
E(east) represent that there is at least one car which intends to cross the intersection straight to
north, south, and east respectively. ¥N_GO,S$_GO, and E.GO represents the state of traffic lights
at the intersection for the corresponding direction. It is designed as Moore machines. One design,
‘bad design’, which has some design error, has 43 states and its corresponding structure model has
344 states while the other (‘good design’) has 31 states and its corresponding structure model has
248 states.

The full specification spec for the traffic controllers is written in e-free RTL as shown in Figure 7.
len2,len3, and lengt3 means that the length of a period is 2, 3, and greater than 3 respectively.
nocoli states that traffic lights for east direction and north-south direction never become both green
at a same time. ic represents input constraints such that once N »9,and E are asserted, they never
turn off until ¥ .GO,$.GO, and E_GO turn on respectively. asn4,ass4, and ase4 represent the
situation, whose time period is greater than 3, that there is now at least one car intending to cross
the intersection to the corresponding direction while there are no cars to its orthogonal directions.
nogobyd, sgoby4, and egoby4 declares that the traffic lights will be green for the corresponding
direction within 4 unit times including now. Therefore, spec specifies that the traffic lights for the
orthogonal directions to each other never becomes both green at a same time and if a car arrives at
the intersection and there are no cars from its orthogonal directions the traffic light for its direction
becomes green within 4 unit times including now so long as input constraints are satisfied.
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len2 = (QLEN1

lengt2 ¥ ~(LEN1Vlen2)
asl ¥ (UM emReq = O-ActivateComparator) A (O~ MemReq = O-MemGrant)
as2 = O((CpuReq A ~DmaReq) = O((MemFinished A lengt2) = O O ~CpuReq))
as3 ¥ O((~TransferReq A OTransferReq) = O(O(DeviceReady = (LEN1 v (QDmaReq))))
asd ¥ O(DmaReq = O(ActivateComparator => O(ComparatorSet =
(LEN1v Q(DmaEnd v DmaCont)))))
ass5 & —O( ActivateComparator A MemGrant)
as6 %= O(=(Transfer Reg A QT rans ferReq A (DmaType ® ODmaType)) vV LEN1)
as7 = D((DmaDone A ComparatorSet) = (DmaEnd v ODmaDone v (8DmaDone : DmaEnd)))
ass O((—~DmaDone A ComparatorSet) = (DmaCont v O(—~DmaDone) v
(O-~DmaDone : DmaCont)))
as9 ¥ O(—~({- ActivateComparator A O ActivateComparator A ComparatorSet))
asall %= aslAas2Aas3AasdAassAaséAasTAas8Aasd

Figure 8: Assertions for DMA Controller

spec contains 89 operators and the e-free RTT model checker found that —spec becomes true
for the bad design in 4.7 seconds by using additional 90 expression nodes {i.e. it contains some
design error) and —spec becomes false for the good design in 19 seconds by using additional 159
expression nodes (i.e. the good design satisfies the specification). These required time and space
seems to be reasonable from practical point of view.

7.3. Verification of a DMA Controller

As an example of verification of sequential machines with more states, design verification of a DMA
controller in [3] has been also done. The DMA controller is designed as Moore machines with 5
input signals and 15 output signals. One design (bad design), which has some design error, has
392 states and its corresponding structure model has 12544 states. The other (good design} is a
corrected version and has 272 states. Its corresponding structure model has 8704 states.

Figure 8 shows the assertions for the DMA controller. lengt2 represents a period greater than
2 unit times. The assertion as! denotes that if MemHReq is always high then ActivateComparator
is always low and if MemReq is always low then MemGrant is also always low. as2 asserts that
it is always true that if CpuReq is high and DmaReq is low then it will eventually happen that
CpuReq becomes low in two clock after MemFinished is asserted. as3 represents that if TransferReq
becomes high then it will eventually happen that DmaReq will be high at next time of DeviceReady
being high. as{ states that if DmaReq is high and ActivateComparator and Comparator will be
high sometime then either DmaFEnd or DmaCont will be high at the next time. as5 states that
ActivateComparator and MemGrant never becomes high at a same time. as6 means that DmaType
never changes its value during TransferReq is high. as7 and as8 describes that if ComparatorSet
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DMA Controllers (5 input signals, 15 output signals)
Bad Design (392 states) Good Design (272 states)
Structure Model 12544 states || Structure Model 8704 states
Assertion { #Op. || Result | Time #Node Result | Time #Node
(sec.) used (sec.) used
asl 10 O.K. 10.7 1 O.K. 6.4 1 |
as2 13| O.K. | 2259 9 O.K. 141.3 9
asd 10 O.K. 74.1 6 O.K. 41.5 6
asd 9 0O.K. 117.5 7 O.K. 63.8 7
asb 3 O.K. 46.8 0 O.K. 28.4 0
asb 8 O.K. 108.6 9 O.K. 63.9 9
as7 8 Fail 12.8 3 O.K. 57.1 3
as8 11 Fail 5.6 3 O.K. 56.7 3
as9 8 Fail 35 2 O.K. 37.8 2
asall 86 Fail 114.3 132 O.K. | 1825.8 225

Table 1: Verification of DMA Controller

is high then the value of DmaDone never changes until DmaEnd or DmaCont becomes high. as$
states that ComparatorSet is never high just before ActivateComparator becomes high. asall is a
logical conjunction from as! to as9.

Table 1 shows the result of verifications. The column ‘#0p.’ shows the number of operators
contained in assertions. The column ‘#Nodes’ shows the number of expression nodes used in the
verification process except required nodes to store given assertions themselves. asl ~ @s9 are
checked successively while asall is checked separately. The e-free RTL model checker finds out
that assertions as7,as8,as9, and asall are not satisfied by the bad design. Assertions asl ~ as9
contain 3 ~ 13 operators. Required time to verify them varies from 3.5 ~ 225.9 seconds, which
is still acceptable from practical point of view. Especially, design errors are detected much faster
and it requires only 3.5 ~ 12.8 seconds. In order to check asl ~ @39, 40 expression nodes are used
additionally in total.

asall is a conjunction of asl ~ as9 and contains 86 operators. [t takes about 30 minutes by
using 225 additional expression nodes to verify that the good design satisfies asall, while asl ~ as9
can be verified in about 8.3 minutes by using additional 40 expression nodes in total. As shown
in Theorem 6 and Theorem 7, the complexity of the model checking problem of e-free RTL is non-
elementary with respect to the length of a given formula but is still linear order of the size of a
structure model. This means that the number of derivatives and Jor their length which will be
generated during model checking is non-elementary with respect to the length of a given assertion.
So, if an assertion can be represented as a conjunction of some sub-formulas, it is more efficient to

check sub-formulas individually than to check it as one formula from both time and space’s point
of view.
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8. Conclusion

In this paper a method for design verification of sequential machines based on model checking
of e-free RTL has been described. Although the model checking problem of ¢-free RTL has been
proved to be non-elementary, the proposed model checking algorithm has been shown to be linear
in the size of the structure model. The ¢-free RTL model checker has been also implemented. It
is able to determine whether given specifications written in e-free RTL are satisfied by a design
in reasonable time for medium size of sequential machines. For more complicated specifications it
may require much more time to show that there is no design errors. However, it is still useful from
practical point of view because it usually detects design errors much faster if design contains some
errors. If the model checker detects some design error, it is easy to obtain e-free RTL formula and
a computation path along which it fails to hold. Reasoning the cause of design error from these
information is an interesting future problem.

Although e-free RTL can treat only finite sequence of states, full specifications of any finite
state synchronous machine can be described in ¢-free RTL because it is expressively equivalent to
e-free regular set. In some cases such as description of input comstraints, however, it sometimes
becomes easier to describe specifications by using some properties over infinite sequences. Thus
the extension of e-free RTL so that it can handle infinite sequences is one of the important future
problems.
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