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ABSTRACT

This paper deals with multipoint iterations without mem-

ory for the solution of the nonlinear scalar equation-
f(m)(x) =0, m=0, Let pn(m) be the maximal order of itera-
tions which use n evaluations of the function or its deriva-
tives per step, We prove the Kung and Traub conjecture

-1
pn(O) = 2" for Hermitian information. We show pn(m+1)2pn(m)

n-1
and conjecture pn(m) =2 . The problem of the maximal order
is connected with Birkhoff interpolation. Under a certain as-
sumption we prove that the Pélya conditions are necessary for

maximal order,

1. INTRODUGCTION

We consider the problem of solving the nonlinear scalar
equation f(m)(x) = 0 where m is a nonnegative integer. We
solve this problem by multipoint iterations without memory
which use n evaluations of the function or its derivatives
per step. For fixed n we seek an iteration of maximal order
of convergence. This problem is connected with Birkhoff in-
terpolation and can be expressed in terms of the incidence

k N
matrix E = (e,.) where e,, = 1 {if f(J)(z.) is computed and
n ij ij i
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e.. = 0 otherwise} z, ., and = n,
i wise; z. % zJ n iE} jEO eij n (Note

that the problem of Birkhoff interpolation has been open for
70 years, see Sharma [72].)

Let pn(m) be the maximal order of multipoint iterations.
For m = 0, Kung and Traub shoved that pn(O) = 2n—1_ We show
that pn(m+1) = pn(m) and conjecture pn(m) = 2n—1. For m = 0
we prove the Kung and Traub conjecture for Hermitian informa-
tion, i.e., if f(j)(zi) is computed, then
f(o)(z%,...,f(j-1)(zi) are also computed. Under a certain
assumption we prove that the Pélya conditions are necessary
for the maximal order, i.e., the total number of f,f‘,...,f(j)
evaluations has to be at least j+1, j = 0,1,...,n-1. We show
also that pn(O) < n(n+1)n_1. Some special incidence matrices
E" are considered and maximal orders of iterations based on

En are discussed.

2, THE n-EVALUATION PROBLEM

We consider the problem of solving the nonlinear scalar

equation
2.1 £ =0

where f: DF CZG: *-(L, ([ denotes the one dimensional complex
space and m is a nonnegative integer. We assume that there
exists a simple zero o of f(T)f(m)(a) =0 # f(m+1)(00, and
that f is analytic in a neighborhood of «. Let % denote a
class of such functions.

We solve (2.1) by stationary iteration and assume that
X, is a sufficiently close approximation to «. To get the

next approximation x, to & W€ need some information on f. We

assume that this information N = m(x1;f) is given by some



values of the function and its derivatives at the points z,

defined as follows. Let
1 k

j i
Z] f( ])(z]):-.-,f( LJ‘])CZ])’
o P
o f( T)(zk),...,.f( uk)(zk)

denote points and numbers of derivatives which are computed

. . i . :
where nonnegative integers {Ju} satisfy the relations

ii

ju' < jLL+.l fOI’ i=] ’2,.--’k and u=]!23"'3ui-]-}

;_L1+u2+...+u.k=n.

Furthermore,

1 1 1 .1

(2.2) h| J
, f< ])(Z , f( IJJ])(Z

N
|
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1 .
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f( ])(z,),...,f( L1‘1)(2.)) for i
i i

]
S
“w
]
-
b
=
-

z, # zj for X, # o and i # Js 1,3 =1,2,...,k,

= .
2 7 Ak
This means that every I is the function of the previous
information computed at z.l,...,zi and the next approximation
Xy = 2444 depends on n evaluations. Sometimes we shall use
the notation z, = zi(x1) or z, = zi(x1,f) to stress the de-

pendence on x., and f.

[

To simplify further notations we define an incidence

k
matrix En = (eij) of the information R, i = 1,2,...,k and

j=0,1,..., as follows. Let



(1 if we compute f(J)(z.)
(2.3) e, = b ()
] 0 if we do not compute f . (zi),
where =
(2.4) T oe,, >0 for i = 2,3,...,k,
L ij
j=0
k ko=
(2.5) |E| = £ < e.,=mn, (thus k £ ntl).
noy=1 j=0 M

The condition (2.4) means that at every point Z,s i =2, we
compute at least one derivative. (We consider f to be the
zeroth derivative f( ).) However we do not, at this point,
insist on any information being computed at zy = X, We show

(m) !

in Lemma 3.2 that § must be evaluated at x The condi-

1.
tion (2.5) means that we use exactly n evaluations. Let

k . i .
(2.6) e = f(i,3): eij =1, 1 =1,2,...,k; j = 0,1,...}

Hence the information M can then be defined in terms of the

incidence matrix Ei as follows:
j k
2.7 B=nx: = EV @) @ eell

The concept of an incidence matrix is used in Birkhoff inter-
polation, see Sharma (72]. We shall show some connections
between the n evaluation problem and Birkhoff interpolation.

Having the information Tt we define the next approxima-

tion Ky Xy = as ¥, = @(x]; m(x1;f)) where ¢ is a given

Zr+1? 2
function.

We call @ an_iteration function if for every f € §, with

f(m)(v) = 0 there exists & »» 0 such that for any X1

}x]—g‘ < &, the sequence



]

(2.8a) Xa41 = m(xd; m(xd;f)), d 1,2,...

is well-defined and

(2.8b) 1lim X3 =
d-—oo

(2.8¢) a = oley, Ma3£)).

Such iterations are called k-point iteration without mem-
ory since they use exactly n new evaluations at k distinct

points. If k > 1 they are called multipoint iterations (see

Traub {61], [64], and Kung and Traub [74]). Let & be a class
of iterations ¢ with k = 1,

Since these iterations are stationary and without memory
it is sufficient to define how X, is generated from X and to
measure the goodness of ¢ by examining some properties of
X, - @ as 3 tends to q.

We want to find an iteration for which X, approximates «
as closely as possible, i.,e., we seek an iteration with the
maximal order. In a previous paper (Wozniakowski [75]) we
proved that if a set of iterations $ is not empty then the
maximal order of iteration is equal to the order of informa-
tion. This gives us a powerful technique for proving maximal
order. Let us briefly recall what we mean by orders of itera-
tion and information.

We shall say {%(-; x])} is equal to f with respect to M
(briefly denoted by ¥ 5 f) iff

(i) f, f(°; X])E ‘C_NS’

(ii) f(m)(&; x]) = 0 and f(m)(@) = 0 where g = &(x]) and
lim &(x]) = o,
X170



g(j)(a) where g(o) = 0 and

I

(1ii) 1lim (9 (g %)
XL
1
g E -.C\(’ j = 0"'""

(iv) m(x]; ) = m(XT; £f), i.e., E(j) f(j)

.. k
for (i,j) € e .

(zisxl) =

(z,)

The first three conditions mean that E(x; x1) is sufficiently
regular with respect to x and tends to a function g, g SN
as X, tends to . The condition (iv) means that % and f have
the same information M at the point x,. Therefore any itera-
tion ¢ will produce the same approximation %, for £ and f,
@(x1; m(x1; f)) = m(x]; m(x1; f)). Since we cannot recognize
f from f using information (2.7), we should approximate not
only the zero o of f, but at the same time, the zero o of £.
This leads us to the following definitions of orders of iter-
ation and information.

Let A be a set defined by
A={q = 1; ¥f € g,f(m) ()=0, VE 5 £, lim sup|X2 &

5 e = 0, ve-0}
X]""Ct lx-l "O!I

A number p = p(y) is called an order of the iteration ¢ iff

0 if A is empty,
(2.9) plw) =

sup A otherwise.

Using this convention p(p) always exists; however the only
interesting cases are for A % ﬁ. Furthermore, let

(™) (4)=0,vf 5 £,1im sup leedl o

B = {q=21; VI € X,f 5 e
|X]'a|

X,
1

k
A number p = p(MN) (sometimes denoted p = p(En)) is called an

order of the information T if




0 if B is empty,
sup B otherwise.

We know that if & # ¢ then

(2.711) sup p(yp) = p(M)
ped

and p(M) = p(Im) where Im is a generalized interpolatory
method. (See Wozniakowski [75].)

We are now in a position to define the n-evaluation
problem (see Kung and Traub [73] and [74]). For fixed n and
m we wish to find a number k = k(n,m), points z,k6 = z,(x1) for
i=2,3,...,k, an incidence matrix Ei, |EEI = n, and an iter-
ation ¢ which uses EE (see (2.8)) such that p{ep) is maximal,
Due to (2.11) this is equivalent to maximizing the order of

information N, i.e., to find E*i such that

(2.12) p, @ = sup p(Ei),

k
E
n

(2.13) p@EX) = p_(m).

We recall the Kung and Traub conjecture for m = 0 (Kung and
Traub [74]):

(2.14) p_(0) = 2™

They showed two different matrices EE, n =z 2, for which the

order of iteration is equal to 2n-1 (see Section 3), so we
know that

n-1
(2.15) pn(O) =z 2 .

We now show a relationship among the pn(m) for different m,



Lemma 2,1

Let o = @(N) be an iteration of order p for the problem
f(m)(x) = 0 which uses n evaluations per step. Then there
exists an iteration Q* = ¢f(m*) for the problem f(mf1)(x) = 0

which also uses n evaluations and has the same order p.

Proof
Let EE = ) be the incidence matrix of M and
E“k = (e ) be deflned by
- A if ei 1 = 1
e, = 23"
] {0 otherwise.

wla
e rAY

\ . . . . k
Let ¢ be information with the incidence matrix En based on

the points z, = % (x

§m+T) _ lm+2)( o),

2,005k, from R For any £, from

3’ define

f(x) = f;(x).

Thus, £ € % £ (@) = 0 # £y and £ () = (JH) ).

Hence

e
riy

1 (x]; f1)

M(x.;

‘IJ f)'

s
[AY

Let us define ¢ by

la
"~

o (x5 T (x5 £1))

(D(X-! 3 m(x-l 5 f)) .

Since f1 is arbitrary it easily follows that p(cp\) = p(p). W

From Lemma 2.1 and (2.15) we immediately get

Corollary 2.2

pn(m) p: pn(m-1) = 2n—1 for any m = 1. s

Although Corollary 2.2 states that pn(m) is at least pn(m-1)

we propose



Conjecture 2,3

pn(m)=2n-] Yym=0, nz1, [

3. EXISTENCE OF ITERATIONS

Recall that § is a class of iterations defined by (2.8),.
In this section we show what we have to assume on the infore
mation ® to be sure that & is not empty. We shall prove that

& = ¢ if any of the following three conditions hold:

(1) 1If zi(xl) does not converge to g.

(m)

(2) 1If we do not compute f (x1), i.e., e, =0,

Tm
(3) 1If n = 1 under the assumption on sufficiently reg-

ularity of ¢ as a function of Xy
We prove this in the following Lemmas,

Lemma 3,1
Let ¢ be an iteration which uses the information I.
Then for any f € g, f(m)(a) =0,
lim zi(x1; f) = o for i = 1,2,...,k+1.
X,y
1
Proof
Suppose on the contrary that there exist f ¢ X, f(a) =0,

an index i, 2 < i < k, a number ¢ > 0 and a sequence {xj}

such that
lim x_ = g and z . (x,)-a| = ¢ for §j = j..
Hn % LR j =i,
Let J = {x: Ix-af < €}. Define f : J - C such that

1

f1(x) = f(x) for x € J. Since f] € 3§ there exists 61 > 0

such that any X1 |x]—y, < 6] is a good initial approximation.



Setting *y = xj, for large j, where Ixj—a| = 61, we get
zi(xj) é J and m(x1; f]) is not well defined which contra-
dicts (2.8a). o

Lemma 3.2
k
Let M be any information with the incidence matrix E_.

If 8 # ﬂ thene. =1, (i.e. we have to compute f(m)(x])).

Tm

Compare Theorem 4.1 in Kung and Traub {[73] which proves

this result for m = 0,

Proof

Let © € & and suppose on the contrary that erm 0., Let
f be any function from J, f(m)(a) = 0, Let x1 be sufficient-
ly close approximations to o, X, % ®. FYrom (2.2) we get

8§ = min 1zi(x]) - x]| > 0,

2=i=k
Define f(m)(x )
Sf(X) - ——-Eﬁ—l—(x-x1)m for Ix-x1| < 8
£ (x) = :
\f(x) otherwise

m)

Note that f] €9, f§ (x]) = 0, and

fgj)(x1) = f(j)(XT) for § # m
f(j)

n

f§j)(zi) (z,) for any j and i = 2,...,k.

Since we do not compute f(m)(xx) then

But Xy is the zero of f] and due to (2.8c) it follows

X, = @(x1; m(x1;f)) = @(x]; m(x1;f1)) = x,.



Thus, Xg = X and lim X3 # o which contradicts (2.8b). [
d

An iteration function ¢ can be treated as a function of
X, o(x) = p(x; N(x; £)) for x close to o. We shall prove
that if ¢ is sufficiently regular then the number of evalu-

ations n has to be at least two.

Lemma 3.3

If an iteration ¢ is a sufficiently smooth function of x

then n = 2,

Proof
It is enough to prove Lemma 3.3 for the real case., As-

sume on the contrary that n = 1, From Lemma 3.2 it follows

that this unique piece of information is given by f(m)(x}).

Let

(m) (

wi(x; £ (x)) = x + g(x, f m)(x)).

From (2.8b) it follows

(m)

g(ey, 0) =0 ¥ o such that f () =0, f ey

From this and the regularity of ¢ we can express g(x, y)
k
g(x, y) = y h(x, y)

for an integer k = 1 where h(x, 0) # 0 and h(x) = h(x, f(x))
is a continuous function for x close to .

Let h(g) # 0 and for simplicity we assume that h(g) > 0.
(If h(e) < 0 then the proof is analogous.) Let f € § be a
@) ) =1, £(o) = 0. There
exists & = 6(f) > 0 such that for any Xy s |x1—a] £ & the
sequence Xge1 = m(xd, f(m)(xd)) = %y + [%(m)(xd)] h(xd) is

well defined for any d and converges to & (see (2.8)). For

polynomial of degree m+1 and f



ey = X4~ ve get

(3.2) e = [1 + ez‘] hix,)] ey-

d+1

If Xy is close but different from ¢ then &4 # 0 for any
d. Since lim ey = 0 then for any d] there exists d = d1 such

that |e % eyl iee.

d+1

(3.3) |1+ e

1
4 hix)| < 1.

We consider two cases.,
Case I. Let k be odd. Then for large d we have

ek h(xd) = ek

-1
4 d hi(g) > 0

which contradicts (3.3).

Case II. Let k be even. We prove that h does not change
sign for x € [x-5, «~+58]. If so, then by the continuity of h
there exists x* such that h(x*) = 0 and 0 < Ix*-a¥ < §. Set-~
* = x* which contradicts (3.3). Thus

ting Xy = xh we get X4

h(x) =hy > 0 for 'x-a| < 8. Define £ [@-8, o8] ~ R such
m

that f1(x) = f(x). Since f.I also belongs to 3, f1 () = 0,

there exists 61 > 0 such that X4y = w(xd; m(xd; f])) is

well defined whenever Ix}-ai s 61. Let x, > a. Keeping in

mind that m(xd; f1) = W(xd; £f), from (3.2) we get
k-1 k-1 d
ed+1 = (1 + ed hO)ed 2 (1 + e, ho) e .

Hence, there exists an index d such that €441 > §, and since

f1(xd+}) is not defined we get a contradiction with (2.8a). 1B



4, HERMITIAN INFORMATION

In this section we deal with a special case of the n-

evaluation problem when the information ® is hermitian.

Definition 4.1

M is called hermitian information if the incidence matrix

EE (which is now called hermitian) satisfies

_ - _ _ .. k
e..=1=2e.. =e¢e. -"'—ei,j-? [ v (i,3) Een n

(i) (0)

This means that if f

(zi) is computed then £
(3-1)

(zi)"..,
(Zi) are also computed,
Let 5; denote the number of evaluations at Z;s i.e.,

= 1 and e, = 0. Then
i,s

ei s,=1
) i 3 i

“.1) s + Sy toaee + 5, = n where s; 2 1 for i = 1,2,...,k,

For given n and k we want to find s and Z:, i=1,2,...,k,

to maximize the order of information. Let pn(m,H) be the
maximal order of hermitian information. Note that
2 .
p (m) P (m,H)
First we shall discuss a property of hermitian informa-

tions for the problem f(x) = 0, i.e., m= 0,

Theorem 4,1 (m = 0)

k .y , . .
The order p(E_ ) of the hermitian information 0 with the
incidence matrix En satisfies

K k
(4.2) p(En) < 55 !:%(si+]).

Proof

(%]
=2

It is easy to verify that if f 5 f then



5,
1

T

k
(4.3) f£(x; x1) = f(x) + G(x; xl) E:L(x-zi)

for an analytic function G. Since ' (a; x]) tends to g'(a)#0

then setting x = o in (4.3) we get

G(o; x1) k S;
4.4) (@-8) = ————— + o(1)) [1(az) .
g (o) =1 i
Define 4, by
-z, o2,
—i L0 and ——-+®, ve>0
q.-€ q.+e
1 1
e e

1 1

where e =X, - a. Since z; = zi(x1) tends to & (see Lemma
3.1) then q exists and q; = 0 for i = 1,2,...,k. Note that
4y = 1.

Let Py = 9 = 1 and

(4.5) .o sk

]
M e
Ka]
V2]
“w
| -
i
—h
-
™
-

-

P41

From (4.4) we get

S,
w5 G(a; x1) k \o-z, t
(4.6) = — (1 +o(1)) —2—1 -0, ve0,
Py 8 (@ i) 9478
e.l e1

where & = ¢/n. TFor G(a; x1) = const # 0 we get

a-g

(4.7)
Pesr @

- o, Wg > 0.

€1

Now we shall prove that there exists a function f such that



(4.8) q; < Py for i = 1,2,...,k,.

Let f be any function such that f € §, f(o) = 0 and
f(J)(a) #£ 0 for j=1,2,... . Since P; = 4y, the condition
(4.8) holds for i = 1. Assume by induction that this holds

for i = j. Suppose by the contrary that

3
1 7 Py1 5 E 4350
i=1
Define
]
r = .2 Si'
i=1
Case I. Let r = 1, This means that j = 1, 5, = 1 and
zy = zz(x], f(x])) approximates o with order greater than
P, = 1.
Define

Xy - f(x]) -z,

+ 1.

(4.9) h(x], f(x])) = g

2 7%
It is easy to verify that

h(x1, f(x1)) = f' (@)} (1 + o(1)).

Case II. Let r > 1 and f be the Hermite interpolatory poly-

nomial of degree less than r defined by

(D (D . .
f (Zi) = f (Zi)’ i=1,2,...,j; 1= 0,1,...,si-1.

Let @ be the nearest zero of f to z, = e Then



a - Y ! —_—
4.10) 3 s L (o) =

M (o-z,) 1
i=1

(r)
L@ + o).

Note that & is a function of % and information M (x1; f) =

1
= {f( )(zi): i=1,2,...,3; 1= 0’1"°°’Si-1}§ Recall that
i+
J 1). Define

z = zj+1(x1, m (x]; £)) and z. -g= o(e1

j+1 j+1

8 -z,

(4.11) h(x], m(x1; £)) =

Thus h is the lefthand side of (4.10) where « is replaced by

Since z, is a better approximation to ¢ than &, it

j+1° j+1
is straightforward to verify that

Z

(r)
(4.12) h(x, Rxg; £) = %2’1(1 + o).

This means that in both cases using r evaluations of the func-

tion and its derivatives given by  we can approximate the

rth normalized derivative, We prove that this is impossible.
Note that h (see (4.9) or (4.11)) is a continuous func-

tion of x4 at Xy = o and

(r)
“.13) hia, Mo £) = 2

r.
Let f1(x) = f(x) + (X-Q)r and let us apply h to the function
f1. Thus

(1)
h(Ol’ fﬁ(a, f)) = h(oz, ‘ﬁ(a; f.])) = £T:£g)-+ 1

which contradicts (4.13).



< . . . .
Hence qj+1 pj+1 which proves (4.8). Keeping in mind

k, _ .
p(En) = Py and using (4.5), (4.8) we get
I k k k-1 k-1
= = =
P(ED = D sy < Tpys; = TS, tps < (ts) Tps,
i=1 i=1 i=1 i=1
k
<
< s [j](si+1)
i=2
which proves Theorem 4.1, .

We want to show that a bound in (4.2) is sharp, i.e.,

there exist points ZoseessZy such that the order of informa-

k
tion is equal to 8, [_L(si+]).
i:

Let wu, w=1,2,...,k, be the Hermite interpolatory
polynomial of degree less thanr = s, + s, + + s de-

LL ] 2 * o0 LL
fined by

(4.14) W(J)(zi) - f(J)(zi)' i=1,2,...,u; j = 0’1’._.,51_1.

W
Let au be the nearest zero of w to z1 = X (If s1 =1
then N <) f(x1) for any nonzero constant 8.)
Define zu+1 as a point such that

B
(4.15) zLL+1 = au + 0(e1u), Bu z s, [iL(Si+T)-

From (4.14) it follows

(Bf'(oz)-U(a-z]) + 0(a-z]) ru = ]
(4.16) o -~a= .
"
(ru) . . .
e Pz ) b r o[ (aez) 1) if x 1.
r ' (o) _ i . i W
b i=1 i=1




From (4.15) we get

qp,-f"l

G7) 2 g @ = 0eMTh, g = sy Jfl (s, +1),

p,+1

which proves that the order of information M based on the

k
from (4.15) is equal to S5 ] (si+1).
i=2

points zu+]

An iteration which uses this information Tt and has the

maximal order can be defined as follows.

For p = 1,2,...,k

(i) construct wu from (4.14) using a divided-difference

algorithm,

(ii) apply Newton iteration to the equation WM(X) = 0

setting

-1 . .
=y, - wﬁ(yi) Wu(yi)’ i= 0,1,...,10-1,

where
(4.18) iO = flogz(su&1+1)1.

(If s, = 1 then z2, = X - Bf(xT).)

Then (4.15) holds and

Y1 k
4.19) 2z 0 - @= 0% ), = S I:l(si+1).
Furthermore if 8 > gq 41 in (4.15) then we can specify the
T
constant which appears in the '"0" notation in (4.19), Note

i i (| . h allest
that Bu > qu+1 if we redefine ig in (4.18) as the smalles

integer such that i, > logz(su+1+1).



Lemma 4.2

Let ¢ be the iteration defined as above, z

@(x1, m(x1; £y). 1If Bu > qu,+1 for y = 1,2,...,k then
z (x) - «
4.20) 1lim —SHL] = C
X,y qk.+‘l kt+1
1 (X}-a)
where
=1 s, (s, .+ ...(s +1)
= jHrg+2 =
Cu+1 M [j . for y = 1,2,...
woj=t 7]
and
i f(i)ga!
M, =
i
-BE' () + 1 ifi=1.
If
(4.21) Ki_1 ' for i = r ,r.,...,T
s= 1 VB (@) 177277777k
then
Q4! z (%) -o q q-1
4t.22) ¢« kK T < qqm [ XH ; < g KT
X0 (x1-g) k-+1
where
1 if r] > 1
s,(s,+1) ... (s, +1)
e ={|u| 27 k if r,=1and k 22
|M1| if r; =1 and k = 1
Note that the righthand side of (4.21) follows from the

analyticity of f.

k+1




Proof

= 12 i
Let Ci = %lga(zi-g)/(x1-a) . Note that C1 = 1, From

1 .
(4.15), (4.16) and since Bu > qLL+1 we get

- 4 v P °i Dt
2 417 au-a ZM+1-QM =M Er](zi-a) + O(e] ).
W 1=1
Thus
S-
.2 = IP'| t
(4.23) Cu+1 Mr L Ci .
u i=1
Since C] = 1 we get after some tedious calculations
=1 s, (s, .+ ...(s +1)
= i+1 " i+2 L
Cw+1 Mr [:i Mr,
3=l 7]
which proves the first part of Lemma 4.2, q.-1 q.-1
i i

Let T > 1, Assume by induction that K L < |Ci|s K .
This is true for i = 1 since C1 = 4y = 1. From (4.23) and
(4.21) we have

_ru-1 +tos,(q-D + ..t Su(qu-]) _ -qp,+1']

<= =
|cu+1| K K
and similarly we get a lower bound.
Let r, = 1., Assyme by induction that
qi-? 1 _qi-? 7
c,K = fCi| <K c; where c, = 1, ¢y = |M]| and
s,(s,+t1).uu (s, 1)
¢, = ]M1| 273 i-1 for 1 =2 3. This is true for
i=1and 2 since C1 =4q; =4, = 1 and 02 = Mr]' Then
q -1 s.+s_.s.+s,s5,.(s,+1)...8 8, (s 4+1)...(s _ +1)
|C ISK“‘-H |M|2 273 7472773 w23 -1 -
utl 1 -1
=941
=Kp“ C

U‘+1

and similarly we get a lower bound. Hence (4.22) holds which



completes the proof. ]
Lemma 4,2 in the case r, > 1 states that the asymptotic
constant Ck+1 depends exponentially on the order Ueyqe This
property makes an analysis of the complexity of iteration
easier (Traub and Wozniakowski will analyze it in a future

paper),

We are now in a position to answer the following ques-

tion. For given n and k, k < n, find nonnegative integers

S15 Sps e 51 to maximize the order of information
k
Py = max 8, r_l (s,+1). Using a standard technique
s]+...+sk=n i=2 t

it is easy to verify that

-1 k
(4.24) G+ (k-1)"%DG + [ﬂl‘:f‘j <p = Cl“;“) Ll

for k = n-2 and P = 2n-1 for k = n-1 or n, If k is a divi-

sor of n-1 then the optimal s; are given by

- n-1 - o=l . =
S.I = ] + k and Si - k for 1L = 2,...,1(-
For k = n the optimal 5, = 1. Furthermore from Theorem 7.1
in Kung and Traub [74] it follows that there are exactly two

cases which maximize the order of information,

k =n-1, s =2, s, =1 for i=2,...,n, p = 2

n-1
=n, s, = 1 fori=1,...,n, P, =

The first case means that we use f and f' at the first point
and f at the other points. The second case states that we
use n function evaluations. From Theorem 4.1 and (4.24) we

get



Corollary 4,3

The Kung and Traub conjecture holds for hermitian in-

n-l).

formation (pn(O,H) = 2 [}

The next part of this section deals with the general

(m)

problem £ m (x) =0, m=1, It seems to us that hermitian
information is not always relevant for that problem especial-
ly for large m. Note that we have to compute f(m)(x1) and if
the information is hermitian then we have to assume n = m+],
@) (21),...,f(m)(zn) (which is

. . . . n-1
nonhermitian) then the order of information is 2 . However

On the other hand if we use f

it is interesting to know the optimal order of information
for special hermitian cases, e.g., £, £' at z, followed by
n-1 function evaluation at the other points for the problem
f'(x) = 0, (see Lemma 4.5).

Recall that pn(m,H) denotes the maximal order of hermi-
tian information. In general we do not know pn(m,H). We

only show some bounds on it.

Lemma 4.4
n-1

pn(m,H) < 2 .
Proof
If f ﬁ f then

s,
625 F e - ™0 = el et @

i=1

1 .
for an analytic function G, Let G(x) = ET(x-a)m. Since
f(m+1)(a) tends to g(m+1)(a) £ 0 as x

x = g in (4.25) we have

1 tends to ¢ then setting

k s,
a-o = c(a,x1)r1(q-zi)
i=1

where c(a,x]) tends to a nonzero limit (see (4.4)).



The proof of Lemma 4.4 may now be obtained analogously

to the proof of Theorem 4.1.

Lemma 4.5

Ilet n 2mtl = 2, Then

pn(m,H) zc q(m)n-]

where 1

2 _ (iR
) = w1 (2 >

(]

C

and t = 1 + 4m,

Proof

Define s, = m+1 and s, =m for i = 2,...,k. Let

= X, + B flm)(x1) for 8 % 0 and let z , y = 3, be the

Hm)

of the polynomial wu

)

nearest zero to 2z where

=1

wij)(zi)=f(j)(zi), L=1,2,...,u-1;

i= 09]:--':m"1s
(m)

) = f (z])

and wu is of degree < (p-1)m, It is straightforward to veri-
fy that
qM
2" = 0((X]-a) )

where 93 = 4, = 1 and for y = 3,

2
9, = m(q1+.--+qu_2) Ty =gyt

It is easy to verify that

+1
14/t
Ay = € (2

where ¢ = ¢c(m) = 2/(1 + 2m + VQb.



For a given n let k = L(n-1)/mj = E;l + 35 where

-1 < 9§ =0, The total number of evaluation is equal to

km + 1 < n, Hence p_(m,H) = p (m,H) = ¢q =
n 148 km+1 k+1

z2q ., 2c¢ q(m)n-1(%%lg> z ¢ q(m)n-1 which proves Lemma

4.5. ' |
Lemma 4.4 and 4.5 state that pn(m,H) as a function of n

is exponentially bounded from below and above. However

lim q{m) = 1,

=<0

5. GENERAL INFORMATION, m = 0

We deal with the n-evaluation problem for m = 0, For
small n it is possible to verify the Kung and Traub conjec-
ture and to characterize the information sets for all itera-
tions which have maximal order.

For n = 1 the unique piece of information is given by
f(x1). Since E(x) = f(x) + (x-x1) has the same information
as f then p](O) = 1, This means that for any y = y(x1,f(x]))
the distance o-y can be at most of first order in =Xy How-
ever v is not, in general, an iteration function, see Lemma
3.3. Note also that for any m, p1(m) = 1.

For n = 2, Kung and Traub [73] proved that the maximal
order of iteration equals two under a certain assumption on
the iterations considered. Using our technique we find the
order of information for any Rt with n = 2, Note that if T
is hermitian information then p(M) < 2, by Corollary 4,3,
Thus it suffices to consider the non-hermitian case. Let us
first consider one-point iterations, i.e., k = 1 and
T = {f(x1), f(j)(x1)} for j = 2. Then E(x) = f(x) + (X-x])
and p(M) = 1. Let us pass to two-point iterations, i.e,,

k=2 and N = {f(x1), f(j)(zz)} where j = 1 and



z, = zz(x1,f(x1)). If j = 2 then %(x) = f(x) + (x—x]) and

p(M =1, Let j =1, Then E(x) = f(x) + (x—x1)(x~2z +x1).

2
From this we get

oo = (Q-XT)(a-y), y = 222-x].

Since y = y(x],f(x1)) then ¢-y can be at most of first order
in (Q-X1). Hence p(M) =<2 and p(M) = 2 if, for instance,
z, = X, + Bf(x1), for any constant B # 0,

It is easy to verify that, in addition, pz(m) = 2 for
any m,

4. There are a number of information

i

For n = 3, p3(0)
sets M for which p(M)

4. A proof and discussion may be
found in Meersman [75],

Unfortunately the proof technique used to establish the
cases n = 2, 3 cannot be used for general n since there are
too many sub-cases to investigate.

We now wish to discuss some general properties of the
n-evaluation problem.

Recall that EE = (eij) is the incidence matrix of the

information M and let

(5.1) M

]
| g W

(r)

denote the total number of evaluations f,f',...,f at

z]:---:zks r=20,1,... .

. . k . i
The incidence matrix En satisfies the Pélya conditions

if
(5.2) M.zl for r = 0,1,...,n-1,

k
(See Sharma [72].) 1If En satisfies the Pélya conditions then

eij = 0 for any i and j = n. This means we do not use



derivatives of order higher than n-1. Note that hermitian
Ei satisfies the Pélya conditions, Furthermore all known
information sets with maximal order of information have EE
which satisfy the Pélya conditions.

k
Let j' = j'(En) be a nonnegative integer such that

Mr > r+l for r = 0,1,...,3j' and Mj < j'+2.

'+

Since j'+1 = Mj' <M = (0 which means

< j'+
5141 j'+1 then ei,j'+1

that we do not use the (j'+1) derivative. We shall call such

k k i
it = j'(Ei) an index of En' En satisfies the Polya condi-~

tions if and only if its index is equal to n-1.
We introduce the concept of the polynomial order of in-

formation pol(Mt) defined by

0 if B is empty
(5.3) pol(™) =
sup B otherwise

where

B={g=1:vf€Qq f(n) =0, vi 5 f and f-f ¢ T

lim sup—JL"’L—= 0, vg > 0},

a7
Xy 70 |x_l a|
and Hn denotes a class of polynomials of degree < n. Compare
with the order of information where is not assumed that
£-f ¢ M, see (2.10). Thus p(R) < pol(M. Similarly let
pol(n) = sup p(M). This gives

i

(5.4) p (0) = pol(n).

We show some properties of pol(n). From Section 4 it

- -1
follows that pol(n) = o™ ! and pol(n) = o™ for hermitian



information., Furthermore it is possible to show that
pol(n) = 2n-1 for n = 1,2,3 and that pol(n) is an increasing

function of n.

Lemma 5,1
Let j' be the index of the incidence matrix EE of M,
Then
pol (M) < pol(j'+1).

Proof (Compare with the proof of the Schoenberg Lemma in
Schoenberg [66] and Sharma [72], Lemma 1.)

Let E?. denote the first (j'+1) columns of EE. Assume
f € Hj'+1' Then zi = zi(x]; M(x1; £)) = zi(x1; m](x1; £))
where m1 is the information based on Ej' Let h ¢ Hj'+1 and
(3

(5.5 nV(z) =0 for (i,)) el and j < j'.

The total number of homogeneous equations in (5.5) is equal
to Mj' = j'+1 and since we have j'+2 unknowns then there
exists & nonzero h satisfying (5.5). Furthermore h(J)(x) =

0
for j 2 j'4+2 which means rhat h(J)(zi) = 0 for all (i,j) € ei
Define %(x) = f(x) + h(x) we get

oo 1
(5.6) @-aq = 2 (&) (1 + o(1))h(a).

But h(w) depends only on E?, and it can be at most of order
pol(j'+1). This proves that pol(M) < pol(j'+1). [}
Since pol(n) is an increasing function of n we immedi-

ately have

Corollary 5.2

A necessary condition for M to have the maximal polynom-

. . . L . k .
ial order pol(n) is that its incidence matrix En satisfies



the chlya conditions. [ ]
. -1
We believe that pol(n) = 2n . However to find even a
crude upper bound on pol(n) seems to be hard. We give an

upper bound on pol(n) under the following conjecture.

Conjecture 5.3

Let P5>PgsenesP be any n-point iterations. Then there

exists a function £ € § such that

('Pi(x]; m(x-l; f)) -
. - aw .
(5.7) 1lim ol(m)Te +®, Vg > 0, Vi <n, [ |
X.l_’Q' E-I

I

Assume for simplicity that Ci Ci(f,wi) = iifahpi(x1;
m(x1; f£)) - a}/e]P01(n)l exist for i = 1,2,.!.,n. The con-
jecture 5.3 states that they are all different from zero for

one function. Note that it holds for n =1,

Lemma 5.4

If (5.7) holds then pol(n) < n. for n = 3,

Proof
Let Ei be the incidence matrix of M, Let 0 % h € ﬂn and

h(j)(zi) = 0 for (i,j) € ei. Then

h(X;X1) = a(X1)(X-h1)(X-hz)...(x-hj)

where 1 < j < n and a(x1) is chosen in order to ensure that
h(x;xI) tends to an analytic function as x, tends to «.

Note that h1 = x4 and hi = hi(z1,zz,.
most (n-1) evaluations. If %iﬂa hi = g then hi can be treat-

..,zk) depends on at

ed as an iteration. From (5.7) we get

e1|pol(n-1)+1-e, c> 0,

hoof = c]



for any ¢ > 0. Since it holds for any T we have
pol(n) < (n-1) pol(n-1) + 1 < n pol(n-1) < n! [ ]

The next part of this section deals with a restrictive
class of n-point iterations. We use n evaluations per step
and we assume that an iteration is exact for a function
t €1l .

n-1
whenever f ¢ 1] and X, is close to . Note that all itera-

n-1}
tions considered in Section 4 belong to @n.

We shall say that ¢ ¢ @n if @(x]; m(x]; f)) = o

Next we shall say that the problem is locally well-

poised for f if for every h ¢ Hn-] such that

9 ) =0 for (1,1 € oK
1 Il

it follows h = 0 for all X, close to x, .

Note that Birkhoff interpolation for E is well-poised
if v(x],xz,.. > Xy ) h(J)(z ) 0 for (i,j) € ek and
h €l ,=h

) = 0 (see Sharma [72]). Thus, 1f Birc<hoff inter-

I

polation is well-poised thanp the problem is locally well-

poised but not in general vice versa,

Lemma 5.5

If an iteration o is exact for £ ¢ 11 n-1? @ €9 0’ then

(1) EE satisfies the Polya conditions,
(ii) the problem is locally well-poised for f € H

1’
(iii) p(M) < n(ut)™ ',

Proof

Suppose that the problem is not locally well-poised for

f e Hn_1. Then there exists a nonzero h ¢ Hn 1 such that



h(J)(zi) = 0 for (i,j) € ei. Define E(x) = f(x) + h(x).
Since f € Hn-l and f (o) % 0 then

o = o0 ,R(x,6) = o(x,,R(x, D) # &

This contradicts that o € @n. Hence (ii) holds. Let j' be
k
the index of E_. If j' < n-1 then there exists a nonzero
j .. k
h ¢ Hj'+1 such that h(J)(zi) = 0 for all (i,j) € e s see the
proof of Lemma (5.7). This contradicts that the problem is
locally well-poised. Thus, (i) holds.

To prove (iii) it suffices to note that if

k ~k k ~k
E~ £ E. th E < ~
. < By en p( n) p(En)
for n < i where by E = (e..) <E. = (€,,) we mean
n ij i ij

S i~ . .
eij eij for (i,3i) € e .

Define Eﬁ as a hermitian matrix where fi = kn,

~

gij = 1 for i = 1,2,...,k and j = 0,1,c0.,0=-1.

0Of course Ei < E; and from Theorem 4.1 we get

p(ﬁg) < n(n+1)n_.I

which proves (iii). u

6. TFINAL REMARKS

The problem of the maximal order of n-point iterations
is connected with Birkhoff interpolation which has been open
almost 70 years. The main difficulty is to estimate the dif-
ference between the zeros, &-o, of any two functions with the

same information, ¥ &/ f. Note that f can belong to Hn-1 for



all f if the problem is well-poised. However up to now we
do not know when Birkhoff interpolation is well-poised.

There are many reasons to believe that hermitian information
(interpolation without gaps) is optimal., However there also
existsnonhermitian information with order 2n-1.

For nonhermitian information %M it is hard to find the
order p(M). We know the order of such information only in a
few cases, The first one is a Brent iteration based on
= {8z, G, 1P @), £ ), 6@ (23),...,£Aa))
for suitable chosen z, where 0 < r < j+1 (see Brent [(75]).
This information uses n = j*k evaluations and has the order
p(M) = j + 2k - 1, see Meersman [75]. Note that this problem
is well-poised. The second example is Abel-Goncarov informa-

tion given by
= {f(z]),f'(22),...,f(n_])(zn)},

see Sharma [72]. Recall that if z, =z, for i = 2,,.,.,n

then we get one-point information which has the order n (even
in the multivariate and abstract cases)., For Abel-Goncarov

information it is possible to prove
n <p(M =< 2n

but we do not know whether this upper bound is sharp, Final-

ly let us mention lacunary information given by
T = [f(z1),f”(21),f(zz),f"(zz),...,f(zk),f"(zk)}
and n = 2k, see Sharma [72]. It is possible to verify that

2n/2 n

IA

[ 3
> p(M) = =2

but the exact value of p(M) is unknown.



ACKNOWLEDGMENT

I am greatly appreciative to J. F. Traub, A, Sharma,

B. Kacewicz and R, Meersman for their helpful comments and

assistance during the preparation of this paper.

REFERENCES

Brent [75]

Kung and Traub [73]

Kung and Traub [74]

Meersman [75]

Traub [61]

Brent, R, P.,"A Class of Optimal
Order Zero Finding Methods Us-
ing Derivative Evaluation,' De-
partment of Computer Science Re-
port, Carnegie-Mellon University,
1975. To appedr in Analytic Com-
putational Complexity, edited by
J. F. Traub, Academic Press,
1975.

Kung, H. T. and J. F. Traub,
"Optimal Order for Iterations
Using Two Evaluations,” Depart-
ment of Computer Science Report,
Carnegie-Mellon University, 1973,
To appear in SIAM J. Numer. Anal.

Kung, H. T. and J. F. Traub,
"optimal Order of One-Point and
Multipoint Iterations," J. Assoc.
Comput. Mach., Vol, 21, No. 4,
1974, 643-651.

Meersman, R., "'Optimal Use of
Information in Certain Iterative
Processes,' Department of Com-
puter Science Report, Carnegie-
Mellon University, 1975. To ap-
pear in Analytic Computational
Complexity, edited by J. F.
Traub, Academic Press, 1975.

Traub, J. F., '"On Functional
Iteration and the Calculation of
Roots," Proc. 16th Nat. ACM
Conf., 5A-1 (1961), 1-4.




Traub [64]

Schoenberg (66 ]

Sharma [72]

Wozniakowski [75]

Traub, J. F., Iterative Methods
for the Solution of Equations,
Prentice-Hall, Englewood Cliffs,
N, J., 1964,

Schoenberg, I, J., '"On Hermite-
Birkhoff Interpolation," J. Math.
Anal, Appl., 16 (1966), 538-543.

Sharma, A., "Some Poised and
Nonpoised Problems of Interpola-
tion," SIAM Review, Vol. 14,

No. 1, 1972, 129-151.

Wozniakowski, H., "Generalized
Information and Maximal Order
of Iteration for Operator Equa-
tions," SIAM J. Numer. Anal,,
Vol. 12, No. 1, 1975, 121-135,




UNCLASSIFIED

SECURITY CLASSIFICATION OF THIS PAGE (When Data Entered)

READ INSTRUCTIONS
REPORT DOCUMENTATION PAGE BEFORE COMPLETING FORM
I. REPORT NUMBER 2 GOVT ACCESSION NO. 3 RECIPIENT’S CATALOG NUMBER
|
1 R
4. TITLE {and Subtitie) 5 TYPE OF REFPOR™ & PERIOD COQVERED
MAXIMAL ORDER OF MULTIPCINT ITERATIONS Interim
USING n EVALUATIONS 5 PERFORMING ORG REPORT NUMBEP
¥, AUTHOR(=) B CANTRACT OR GRANT NUMHERrS)
H. Wozniakowskil NOO14-67-0314-0010,
NR 044-422; CMU 1-51039
3 FERFORMING ORGANIZATION NAME AND ADDRESS 6. PROGRAM ELEMENT. PROJECT 7 A3K
; . ) AREA & WORK UNIT NUMBERS
Carnegie-Mellon University
Computer Science Dept.
Pittsburgh, PA 15213
11 CONTROLLING JFFICE NAME AND ADDRESS 12. REPORT DATE
Office of Naval Research ! July 1975
Arlington, VA 22217 13 NUMBER OF PAGES
34
T4 MONITORING AGENCY NAME & ADDRESS(H different from Controlling Oifirey : 15. SECURITY CL ASS rof this repori)
UNCLASSIFIED
%2 DCCLASSIFICATION DOWNGRADING ]
SCHEDULE

16, DISTRIBUTION STATEMENT fof thia Report)

Approved for public release; distribution unlimited,

S
17 DISTRIBUTION 5T ATEMENT rof tha abstract entered In Block 20, 1f different from Repor?)

18. SUPE|L EMENTARY NOTES

19, KEY WORDS5 fContinye on reverse side If necessary and identify by block number)

e e —4

20 ABS* A2 ~ r{ontinue on ravarse alds f necessary and identify by block numbnr} . )

This paper deals with multipoinEm§terations without memory for the solution of
the nonlinear scalar equation f (x) =0, m>0, Letp (m) be the maximal or-
der of iterations which use n evaluations of the functio%1or its derivatives per
stop. We prove the Kung and Traub conjecture pn(O) 28=' for Hermitian infor-

-1
mation. We show p (mt+1)>p (m) and conjecture pn(m) n

"

2 . The problem of the

. n . . . .
maximal order is conmected with Birkhoff interpolation. Under a certain assump-
tion we prove that the Polya conditions are necessary for maximal order.

DD | r—;(::mﬂ 1473 EDITION OF | NOV 65 1S OBSOLETE

UNCIASSIFIED

SECURITY CLASSIFICATION OF THIS PAARE Whan Nata Entryed)




