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1. Introduction 
A var i e ty of i m p o r t a n t p rob l ems in t h e des ign of d a t a s t r u c t u r e s ar ise f rom t h e need t o 
s to re a n d m a n i p u l a t e o rde red se ts of r ecords . T h e s e p rob l ems c a n b e fo rmula t ed as a 
col lect ion of o p e r a t i o n t y p e s , each w i t h a n a n t i c i p a t e d f requency of occu r r ence . A d a t a 
s t r u c t u r e is des i red which pe r fo rms efficiently on t h e o p e r a t i o n s wh ich occu r w i t h high 
frequency. 

T h e m o s t versa t i le d a t a s t r u c t u r e for solving t he se p r o b l e m s is t h e b i n a r y search t r ee 
[13], In some c i r c u m s t a n c e s t h e c o m m o n l y used o p e r a t i o n s do n o t requ i re t h e full genera l i ty 
of b i n a r y s ea rch t r ee s , a n d fas ter m e t h o d s a re poss ible . In th i s p a p e r , we consider one of 
these special p r o b l e m s . 

T h e order maintenance problem is t h a t of m a i n t a i n i n g a n o n - e m p t y list L of records 
u n d e r a sequence of t h e following t h r e e t ypes of o p e r a t i o n s : 

Insert(x,y): Inser t r ecord y after r ecord x in t h e list. T h e record y m u s t no t a l ready 
b e in t h e list. 

Delete(x): De le te r ecord x f rom t h e list. 

Order(x,y): R e t u r n t r u e if x is before y in t h e list , o the rwi se r e t u r n false. 

In a d d i t i o n t o be ing a ve ry n a t u r a l p r o b l e m t o cons ider , t h e o rde r m a i n t e n a n c e p r o b l e m 
h a s severa l app l i ca t i ons , t h e m o s t compel l ing of which is t h e ancestor query problem. In 
th i s p r o b l e m a r o o t e d t r e e is m a i n t a i n e d u n d e r t h e o p e r a t i o n s of inser t ion a n d dele t ion of 
n o d e s , whi le ances to r quer ies a r e be ing pe r fo rmed . T h e s e quer ies a re of t h e form "is x an 
ances to r of y " , w h e r e x a n d y a re n o d e s in t h e t r ee . Die tz [2] showed how a d a t a s t r u c t u r e 
t o solve t h e o rde r m a i n t e n a n c e p r o b l e m can b e used t o solve t h e ances to r que ry p r o b l e m , 
a n d how a n ances to r que ry d a t a s t r u c t u r e can b e used t o i m p l e m e n t c o n t e x t t rees [15]. 
A n o t h e r app l i ca t i on of a n efficient ances to r que ry d a t a s t r u c t u r e is in t h e cons t ruc t i on of 
fully pe r s i s t en t d a t a s t r u c t u r e s [5]. 

Search t r ees c a n b e used t o solve t h e o rde r m a i n t e n a n c e p r o b l e m as follows. T h e 
records of t h e list a re s t o r ed in t h e i n t e rna l nodes of t h e sea rch t r ee in s y m m e t r i c o rder . 
Inse r t ion a n d de le t ion a re d o n e in t h e o r d i n a r y fashion. A n Order(x, y) que ry is pe r fo rmed 
b y finding t h e least c o m m o n ances to r of x a n d y (by wa lk ing u p t h e t r e e from x a n d y ) , 
a n d d e t e r m i n i n g wh ich of x or y is in t h e left or r ight s u b t r e e of th i s c o m m o n ances to r . By 
us ing b a l a n c e d , or se l f -adjust ing sea rch t rees [10], t he se o p e r a t i o n s on a list of n records 
c a n all b e p e r f o r m e d in O ( l o g n ) t i m e . 

Sea rch t r ee s allow o t h e r o p e r a t i o n s - such as c o n c a t e n a t i n g a n d sp l i t t i ng - t o b e per ­
formed in O(logra) t i m e . If c o n c a t e n a t i n g a n d sp l i t t i ng a re needed , b u t rare ly c o m p a r e d 
t o o r d e r quer ies , t h e n P u g h ' s skip lists [8] a re a v iable a l t e r n a t i v e . T h i s d a t a s t r u c t u r e 
al lows t h e use r t o choose a t rade-off p o i n t b e t w e e n t h e cos t of do ing t h e o rde r quer ies a n d 
t h e o t h e r o p e r a t i o n s . 

How c a n we t a k e a d v a n t a g e of t h e specific r e q u i r e m e n t s of t h e o r d e r m a i n t e n a n c e 
p r o b l e m t o o b t a i n a m o r e efficient d a t a s t r u c t u r e ? O n e a p p r o a c h is t o m a i n t a i n a l inked 
list of r eco rds , a n d t o keep in each record a n assoc ia ted n u m b e r cal led t h e label. T h e labels 
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a re in mono ton i ca l l y increas ing o rde r from t h e beg inn ing of t h e list t o t h e end . A n Order 
que ry c a n t h e n b e pe r fo rmed by c o m p a r i n g t h e labels of t h e two records in ques t ion . W h e n 
a record is inse r ted in to t h e list it is given a label b e t w e e n those of its two ne ighbors . T h i s 
m e t h o d is ex t r eme ly efficient if t h e inser t ions are very uniformly d i s t r i b u t e d t h r o u g h o u t 
t h e list. If m a n y inser t ions occur in t h e s a m e region of t h e list, t h e n m a n y b i t s will b e 
requ i red to r ep re sen t t h e labels so as t o ensu re t h a t all labels a re different. In t h e wors t 
case , t h e p e n a l t y for hav ing t o m a n i p u l a t e a n d s to re such large n u m b e r s is severe , giving 
an a l g o r i t h m which t akes 0(n) t i m e p e r o p e r a t i o n . 

A so lu t ion t o th i s p r o b l e m is t o r e n u m b e r t h e records in t h e v ic in i ty of t h e inser ted 
record . Dietz [2] gave an a l g o r i t h m for pe r fo rming inser t ions in which each inser t ion causes 
O(logra) r e n u m b e r i n g s t o t a k e place in t h e a m o r t i z e d s e n s e 4 . (Here n is t h e n u m b e r of 
records in t h e list.) In o rde r t o d e t e r m i n e which records t o r e n u m b e r , Die tz ' s m e t h o d 
m a d e use of a d a t a s t r u c t u r e (in add i t i on t o t h e l inked list of records) cal led t h e overlying 
tree. 

T a r j a n [11] obse rved t h a t th i s a l g o r i t h m for m a i n t a i n i n g o rde r in a list can b e used as a 
c o m p o n e n t of a n o t h e r a l g o r i t h m for t h e s a m e p r o b l e m t h a t r u n s in c o n s t a n t amor t i zed t ime 
pe r o p e r a t i o n . T h i s resul t is o b t a i n e d by b reak ing t h e list in to subl i s t s of size 0 ( l o g n ) , a n d 
us ing Die tz ' s a l g o r i t h m t o m a i n t a i n t h e list of sub l i s t s . (This de ta i l s of th is m e t h o d are 
given a t t h e e n d of Sect ion 2.) A s imi lar resul t was i n d e p e n d e n t l y o b t a i n e d by Tsakal id is 
[14]. 

Leiserson [7] also devised (bu t d id n o t publ i sh) a m e t h o d t o solve t h e o rde r m a i n t e n a n c e 
p r o b l e m . His a l g o r i t h m did away w i t h t h e explici t s t o r a g e of a n over lying t r ee . In s t ead , 
t h e b i t s of t h e n u m b e r s were c o n s t r a ined t o co r r e spond t o p a t h s in a h y p o t h e t i c a l 2-
4 t r ee w h i c h wou ld r ep resen t t h e c u r r e n t list. He t ook a d v a n t a g e of t h e p roper t i e s of 
2 's c o m p l e m e n t a r i t h m e t i c t o efficiently pe r fo rm t h e r e n u m b e r i n g . Leiserson 's a l go r i t hm 
r e n u m b e r s a subl is t of records following t h e po in t of inser t ion , a n d uses w r a p p i n g m o d u l o 
M t o m a k e t h e r e n u m b e r i n g p r o c e d u r e i n d e p e n d e n t of whe re t h e inser t ion t akes place. 

T h i s p a p e r p r e sen t s t w o new a lgo r i t hms for t h e o rde r m a i n t e n a n c e p rob l em. T h e first 
is d i s t ingu i shed b y i ts s implici ty . I t a t t a i n s t h e s a m e t i m e b o u n d s previous ly o b t a i n e d by 
Die tz , Tsaka l id i s , a n d Lieserson for r e n u m b e r i n g a list (O(logra) a m o r t i z e d r enumber ings 
pe r i n se r t i on ) , b u t is m u c h s impler . O u r a l g o r i t h m resembles Leiserson 's a l g o r i t h m in t h a t 
it does no t m a k e use of a n y d a t a s t r u c t u r e s besides t h e list a n d t h e labels , a n d it uses t h e 
t e c h n i q u e of w r a p p i n g m o d u l o M. W h e n a n inser t ion occu r s in a conges ted region of t h e 
list , a c o n t i g u o u s subl is t of records ( s t a r t i ng from t h e po in t of inser t ion) is r e n u m b e r e d as 
uni formly as poss ib le . T h e c r i t e r ion for d e t e r m i n i n g which subl is t t o r e n u m b e r is a s imple 
t e s t . Like t h e o t h e r m e t h o d s , o u r a l g o r i t h m c a n also b e used in t h e list-of-lists scheme 
m e n t i o n e d a b o v e t o al low all o p e r a t i o n s t o b e pe r fo rmed in c o n s t a n t amor t i z ed t ime . 

O u r second a l g o r i t h m achieves c o n s t a n t worst-case t i m e for all o p e r a t i o n s . Th i s an­
swers a n o p e n ques t ion in [5] a n d p e r m i t s u p d a t e s t o be pe r fo rmed on fully pe r s i s t en t 
s ea rch t r ees in O(logra) wor s t case t i m e a n d O ( l ) wor s t case space . 

We desc r ibe b o t h of o u r a l g o r i t h m s a s suming t h a t t h e r e is a fixed u p p e r l imit N on how 

4 T h e t echn iques of a m o r t i z e d analys is a re desc r ibed in [9] a n d [12]. 
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big t h e list will ever grow. We also a s s u m e a m o d e l of c o m p u t a t i o n in which n u m b e r s of 
O( log iV) b i t s c a n be m a n i p u l a t e d in c o n s t a n t t i m e . T h e s e real is t ic a s s u m p t i o n s simplify 
t h e desc r ip t ion a n d analys is of t h e a lgo r i t hms . 

2. A Simple O(logn) Amortized Time Algorithm 
T h e d a t a s t r u c t u r e consis ts of a c i rcular ly l inked list of r ecords . E a c h record r is labeled 
w i t h an in teger v(r). T h e successor of a record is d e n o t e d s(r). T h e set of in tegers avai lable 
for label ing t h e records is { 0 , 1 , 2 , . . . , M — 1 } . T h i s set will b e cal led t h e arena. 

Let n d e n o t e t h e size of t h e list a t any t i m e . O u r a l g o r i t h m works u n d e r t h e a s s u m p t i o n 
t h a t t h e a r e n a size, M, has been chosen so t h a t 

M > n2 (1) 

a lways ho lds . There fo re , t h e list is r e s t r i c t ed t o c o n t a i n a t m o s t 

N = \M1'2] - 1 

r ecords . 
T h e list ini t ial ly con t a in s one record (which is never de le ted) called t h e base a n d de­

n o t e d 6. T h e base r ep re sen t s t h e e n d a n d t h e beg inn ing of t h e list. T h e ini t ial label of t h e 
base is a r b i t r a r y . For convenience we will use t h e following defini t ions: 

Vb{r) = (v( r ) — v(b)) m o d M 

v | M if»(r)=6 
\ vb{s{r)) o the rwise 

T h e following invar ian t will a lways b e m a i n t a i n e d : 

vb(r) < vl(r) for all r ecords r . (2) 

T h e a lgo r i t hms for Order a n d Delete a re t r iv ia l : Order (x^y) is done by c o m p a r i n g 
vt,(x) a n d V & ( T / ) , if v&(x) < v&(y) r e t u r n t r u e , o the rwise r e t u r n false. Delete(x) is done 
s imply by r emov ing x f rom t h e list. 

Before we descr ibe t h e inser t ion a l g o r i t h m , we define some n o t a t i o n . Let Insert (x^y) 
be t h e inser t ion o p e r a t i o n be ing pe r fo rmed . Let i; 0 b e t h e label of record x, let vx b e t h e 
label of record s ( x ) , let v2 b e t h e label of s 2 ( x ) = s ( s ( x ) ) , e t c . Let w t = (v, - t; 0) m o d M 
for 0 < i < n (n d e n o t e s t h e n u m b e r of records in t h e list before t h e in se r t ion ) . N o t e t h a t 
w0 = 0 , a n d Wi = 1, a n d define wn = M. T h e inser t ion a l g o r i t h m first walks d o w n t h e list 
un t i l Wj > j 2 : 

l; 
w h i l e Wj < j 2 d o 

3 <" 3 + 1 
e n d 
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Relabe l t h e j — 1 records s1(x)J... sj 1(x) w i t h t h e labels 

+ v0 ] m o d M . (3) 

T h e i gaps c r e a t e d be tween ad jacen t labels will differ in size by a t m o s t 1. It is now t h e 
case t h a t Vb{x) + 2 < v 6*(x), a n d we can inser t y be tween x a n d s(x), s e t t i ng v(y) t o be 

My) = 
+ M*ix)) 

T h i s comple t e s t h e inser t ion . 
T h i s a l g o r i t h m c a n be i m p l e m e n t e d easily a n d efficiently. If M is chosen so t h a t log M 

is t h e word size of t h e m a c h i n e 5 (or a smal l mul t ip le thereof) t h e n t h e s u m of two n u m b e r s 
m o d u l o M is c o m p u t e d a u t o m a t i c a l l y as a resul t of a d d i n g t h e n u m b e r s . 

T h e following l e m m a s show t h a t t h e inser t ion a l g o r i t h m t e r m i n a t e s , a n d relabels 
records in a way t h a t satisfies t h e invar ian t 2. 

L e m m a 1 When inserting a record y after a record x} (a) the search part of the insertion 
algorithm terminates, (b) upon termination Wj > 2j, and (c) if j > 1 upon termination 
then Wj_i < n2. 

Proof: (a) N o t e t h a t wn — M > n 2 , so t h e loop m u s t t e r m i n a t e . 
(b) If t h e loop t e r m i n a t e s w i t h j = 1 t h e n j ' > 2 = 2 j . If j > 1 t h e n j > j 2 > 2j. 
(c) Since t h e loop did n o t t e r m i n a t e in t h e p rev ious i t e r a t ion , wy_i < {j — l ) 2 < j 2 < n 2 . 

I 

We will ana lyze th i s a l g o r i t h m by t h e t e c h n i q u e desc r ibed in [9] a n d [12]. T h e p o t e n t i a l 
funct ion we shal l use is: 

n~1 2n 
$ = ]P m a x ( 0 , c l o g — ) (4) 

*=o 9k 
Here g^ d e n o t e s t h e size of t h e g a p b e t w e e n successive labels , t h a t is, gr* = Wk+i — Wfc, 
0 < k < j — 1. T h e pos i t ive c o n s t a n t c will b e chosen la te r . 

L e m m a 2 For fixed Wj > j 2 , the value of 

j~l 2n 
= m a x ( 0 , c log — ) (5) 

is minimized when gk = 2k + 1, 0 < k < j — 1. 

5 All l o g a r i t h m s in th i s p a p e r a re b inary . 
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Proof: For t h e m o m e n t , we will a s s u m e t h e w t ' s ( and therefore t h e g^s) c a n t a k e on 
real va lues , r a t h e r t h a n j u s t in teger va lues . We will show $ ' achieves i ts m i n i m u m value 
w h e n Wi = i 2 , 0 < i < j . 

N o t e t h a t t h e funct ion 
2 n 

<j>(gi) = m a x ( 0 , c log — ) 
9% 

is concave . T h i s implies t h a t if > gr»+i, s e t t i ng u> t+i = \{wi + ttft+2) ( and therefore 
9i = ffi+i) c a n n o t increase There fore , for any a r r a n g e m e n t of gaps t h a t can be found 
by t h e a l g o r i t h m ( t h a t is, for which w t < i 2 for i = 0 , . . . , j — 1 a n d Wj > j 2 + 1) t h e r e is 
a n o t h e r such a r r a n g e m e n t w i t h equa l j a n d Wj in which g, < g,+i for which $ ' is no larger . 

Similar r eason ing p e r m i t s one t o fur ther cons t r a in t h e a r r a n g e m e n t so t h a t < 
iff Wi+i = (i + l) 2 , s ince if w ; t + 1 < (i + l) 2 one could increase u ; t >i , s t o p p i n g only w h e n t h e 
gaps were equa l or Wi+i achieved i ts m a x i m u m va lue . 

So, s u p p o s e t h e satisfy these c o n s t r a i n t s a n d achieve t h e m i n i m u m possible value 
of We first show t h a t Wj_i = (j — l) 2 . A s s u m e n o t . T h e n , <7y_2 = ffj-i > 2 j . A 
s imple a r g u m e n t by i n d u c t i o n shows t h a t t h i s implies t h a t all t h e gaps m u s t be equa l , 
so Wj-k < (j — l ) 2 — 2j(k — 1), a n d therefore w0 < 0 , a c o n t r a d i c t i o n . Similar a r g u m e n t 
d e m o n s t r a t e t h a t W{ = t 2 , t = 1 , . . . , j — 2. T h i s proves t h e l e m m a . | 

T h e o r e m 3 The amortized time to do Insert on a list containing n records is O ( l o g n ) , 
and the amortized (and worst-case) time to do Delete or Order is O(l). 

Proof: We a s s u m e t h a t n is ini t ial ly one a n d is a lways a t least one , a n d t h a t M > 2. 
T h i s implies t h a t $ is ini t ia l ly zero . T h u s , t o prove t h e first p a r t of t h e t h e o r e m it suffices 
t o show t h a t c c a n be chosen so t h a t for an inser t ion : 

( a m o r t i z e d work) = (work done) + (change in po t en t i a l ) < c l o g n + O(l). 

We define t h e work d o n e d u r i n g an inser t ion t o b e t h e n u m b e r of records whose labels 
c h a n g e . T h e a c t u a l r u n n i n g t i m e of t h e a l g o r i t h m is p r o p o r t i o n a l t o th i s n u m b e r . 

S u p p o s e t h a t t h e inser t ion does n o t cause a n y of t h e old records t o b e re labe led . T h e 
work d o n e is one ( t h e new record is l abe led ) . T o eva lua t e t h e c h a n g e in t h e p o t e n t i a l , we 
s e p a r a t e it i n to t w o c o m p o n e n t s . F i r s t , an exis t ing g a p is spl i t in t w o a n d a new t e r m 
i n t r o d u c e d i n to e q u a t i o n 4 . T h e increase in $ is m a x i m i z e d w h e n t h e g a p be ing is spl i t is 
of size 2 , in wh ich case $ increases by c(l + l o g n ) . In a d d i t i o n , n is increased by one . T h i s 
causes every t e r m in e q u a t i o n (4) t o increase by a t m o s t c n " 1 l o g e , so $ increases by an 
a d d i t i o n a l c(l + n~l) l o g e . T h e t o t a l increase in $ f rom t h e a c t u a l inser t ion is therefore 
a t m o s t 

c l o g n + ( loge + l)c + (log e)cn~l = c l o g n + O(l). 

In a n inser t ion in wh ich some re labe l ing is d o n e , t h e final s t e p is j u s t like t h a t descr ibed 
above . There fo re t o c o m p l e t e t h e proof it suffices t o show t h a t t h e a m o r t i z e d work of 
re labe l ing is c o n s t a n t . Cons ide r a n inser t ion in wh ich j — 1 of t h e records a l r eady in t h e 
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list a re r e l abe led , j > 1. We shal l choose c such t h a t t h e p o t e n t i a l decreases by a t least 
J-o(i). 

Let i, j , a n d w be defined as in t h e inser t ion a l g o r i t h m . Let $ 0 d e n o t e t h e po t en t i a l 
before t h e inse r t ion . We divide t h e re label l ing process in to t h r e e phases . 

1. T h e first p h a s e re labels x x , . . . , x ; _ i so t h a t t h e first j — 1 gaps a re j , a n d t h e final 
g a p is Wj — j(j — 1). T h e p o t e n t i a l a t th i s po in t will be d e n o t e d $ i . 

2. T h e second p h a s e ad jus t s all t h e gaps so t h e y a re equa l . T h e p o t e n t i a l a t th i s 
po in t will be d e n o t e d $ 2 -

3 . T h e final p h a s e ad jus t s t h e gaps gk (for 0 < k < j) so t h a t t h e y a re all in tegers a n d 
t h e larges t a n d t h e smal les t differ by a t m o s t 1. T h e mul t i se t of gaps resu l t ing is 
exac t ly t h a t p r o d u c e d by t h e inser t ion a lgo r i t hm, a n d t h u s t h e resu l t ing p o t e n t i a l , 
$ 3 , is t h e s a m e as t h a t after t h e a l g o r i t h m finishes re labe l ing . 

T h e decrease in t h e p o t e n t i a l caused by p h a s e 1 is min imized w h e n t h e c o n t r i b u t i o n 
to $ 0 f rom ffcb • • • > <7;-i l s m in imized . By l e m m a 2 th i s occurs w h e n g t = 2i + 1, t' = 
0 , . . . , j — 2. No te t h a t in th i s case t h e t e r m co r re spond ing t o t h e last g a p increases by a t 
m o s t c log < c ( t h e g a p goes f rom 2j t o j + 1). So, 

* 1 - $ 0 < C + C log r-^. 
* = 0 ^ 

W r i t i n g t h e s u m of l oga r i t hms as t h e l o g a r i t h m of a p r o d u c t gives 

« . - « . < ' + « f a « a < - ( g ' ; 1

1 f f - , -
We now use St i r l ing ' s a p p r o x i m a t i o n to t h e factor ia l funct ion 

n! = V / 2 ™ ( ^ ) ( l + 0 ( n - 1 ) ) 

a n d simplify t o get 

$ i - $ o < - c j l o g | + 0 ( l ) . 

Because of t h e concav i ty of 0, p h a s e 2 c a n n o t increase i.e., 

$ 2 - $x < 0. 

We now m u s t b o u n d t h e effect of p h a s e 3 on t h e p o t e n t i a l . Let D = Wj b e t h e t o t a l 
space used by t h e j modif ied g a p s . In t h e un i fo rm a r r a n g e m e n t of gaps p r o d u c e d by phase 
2, t h e r e a re j gaps of size D/j. In t h e d iscre te a r r a n g e m e n t p r o d u c e d by p h a s e 3 , t he re 
a re j • / g a p s of size \D/j], a n d j • (1 - / ) gaps of size [D/j\, whe re / = D/j - [D/j\ is 
t h e f rac t ional p a r t of t h e r a t i ona l n u m b e r D/j. 

, _ . r \ • i 2n . 2n . f 2n . x 
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Defining x = j/D, a n d s u b s t i t u t i n g i n t o (6) , w e o b t a i n 

i ( * s - * a ) = - ( 1 - / ) l o g ( l -x-f) - f- l o g ( l + x • (1 - / ) ) . (7) 
JC 

T h e p a r t i a l de r iva t ive of t h e r i g h t h a n d s ide of e q u a t i o n 7 w i t h respec t t o x is 

xf • (1 - / ) ( 1 - x • f)~l{l + x . (1 - / ) ) " » • l o g c 

wh ich is n o n n e g a t i v e for 0 < / < 1 a n d 0 < x < 1. There fore , since 0 < x < j " 1 , 

^ . ( » , _ # a ) < _ ( l _ / ) I o g ( l _ / . J - i ) _ / . l o g ( l + ( l - / ) . j - 1 ) . (8) 

Using t h e inequa l i ty 
log ( l + « ) > _ i _ l o g e 

l + o 

(for 6 > — 1) , we get 

< r v - u - z H w - i - M - M i + u - / ) - ; - 1 ) - 1 

< / - ( l - Z J i " ^ - - / ) - 1 

= 0 ( j - 2 ) . (9) 

There fo re , 
* 3 - * 2 = o(y- 1). (io) 

P u t t i n g t h e t h r e e b o u n d s t o g e t h e r yields 

$ s - $ o < - j ' c l o g | + O ( l ) . 

By choosing c > ( l o g t e ^ ) ) " 1 = 2.25889 we ge t * 3 - $ 0 < —j + 0 ( 1 ) , which is t h e 
des i red resu l t . 

T h e b o u n d on t h e a m o r t i z e d t i m e of Delete follows by obse rv ing t h a t a de le t ion only 
causes t h e p o t e n t i a l t o decrease . T h u s t h e a m o r t i z e d t i m e of a de le t ion is a t m o s t t h e 
wors t - case t i m e of a de le t ion , w h i c h is a c o n s t a n t . A n o rde r que ry t akes c o n s t a n t wors t -
case t i m e a n d does n o t c h a n g e t h e p o t e n t i a l , therefore i ts a m o r t i z e d t i m e is also c o n s t a n t . 

I 

N o t e t h a t t h e a r e n a size m a y a t a n y t i m e b e increased w i t h o u t v io la t ing (1) , a n d t h a t 
inc reas ing M d u r i n g t h e execu t ion of t h e a l g o r i t h m c a n n o t cause t h e p o t e n t i a l funct ion in 
T h e o r e m 3 t o increase . 

T h e a l g o r i t h m cou ld be improved s l ight ly by chang ing t h e re labe l ing s cheme so t h a t 
t h e first g a p is twice t h e size of t h e o t h e r g a p s , or , equiva lent ly , inser t ing t h e new record 
in to t h e first g a p before re labe l ing is pe r fo rmed . 

T h e a l g o r i t h m c a n b e modif ied t o avoid m o d u l a r a r i t h m e t i c . Inc rease M so t h a t 
M > 2n2. W h e n r e n u m b e r i n g , first d e t e r m i n e if v(x) < M/2. If so , use t h e a l g o r i t h m as 
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desc r ibed . O t h e r w i s e , r ep lace x w i t h y a n d r e n u m b e r in t h e oppos i t e d i rec t ion , s t a r t i n g 
a t y. Inser t x before y w h e n th i s r e n u m b e r i n g is comple t e . 

For comple t enes s , we briefly ou t l ine how th is a l g o r i t h m can b e used t o o b t a i n an 
a l g o r i t h m which uses only O ( l ) a m o r t i z e d t ime pe r o p e r a t i o n . T h e list is r ep re sen t ed as 
a list of sub l i s t s . Ins ide each subl is t records a re ass igned mono ton ica l ly increas ing labels . 
W h e n a record is inse r ted in to a subl is t its label is t h e average of t h e labels of its ne ighbors , 
or t h e label of i ts p redecessor p lus n if t h e record in inse r ted a t t h e e n d of t h e subl is t . 

T h e a l g o r i t h m tr ies t o m a k e t h e l eng th of each subl is t a b o u t log (A: + 1), where k is t h e 
n u m b e r of i t ems in t h e list. W h e n t h e a l g o r i t h m inser ts in to (or dele tes from) a subl is t , 
if t h e l eng th a of t h e subl is t is a t least 2log(fc + 1), t h e list is spl i t i n to [a/ log(k + 1)J 
subl i s t s of size a t least log(/c + 1), a n d each subl i s t is inse r t ed in to t h e list of sub l i s t s . By 
us ing a p o t e n t i a l funct ion of t h e form 

s 

* = c \length{Li) - log (A: + 1) | 
i=i 

(where Li,... ,LS a r e t h e subl is ts ) one can show t h a t inser t ions a n d de le t ions t a k e 0 ( 1 ) 
a m o r t i z e d t i m e . Order(x, y) is i m p l e m e n t e d by d e t e r m i n i n g t h e o rde r of t h e subl is ts con­
t a i n i n g x a n d y (if t h e y a re in different sub l i s t s ) , or by c o m p a r i n g t h e labels of x a n d y (if 
t h e y a re in t h e s a m e sub l i s t ) ; th i s t akes c o n s t a n t t i m e . 

3. A Real-Time Algorithm 
O u r r ea l - t ime a l g o r i t h m m a k e s use of a t e chn ique of Wi l l a rd [16,17] for pe r fo rming inser­
t ions a n d de le t ions in a n o rde red dense sequen t i a l file in t i m e 0 ( l o g 2 n) pe r o p e r a t i o n . To 
app ly Wi l l a rd ' s a l g o r i t h m t o t h e o rder m a i n t e n a n c e p r o b l e m we i m p l e m e n t Order(x,y) by 
c o m p a r i n g t h e addresses of x a n d y in t h e file. 

For s impl ic i ty , we will mos t ly ignore de le t ions a n d res t r ic t t h e list t o con ta in a t mos t 
TV r eco rds . O u r basic idea is t o e x t e n d t h e two level s cheme of Ta r j an a n d Tsakal id is 
t o four levels, so t h a t Wi l l a rd ' s a l g o r i t h m m a n i p u l a t e s a file w i t h 0(Nj l og 3 N) e l ement s , 
each a subl i s t of 0 ( l o g 3 N) e l e m e n t s . We need two of these levels because an inser t ion in 
Wi l l a rd ' s a l g o r i t h m requi res 0 ( l o g 2 N) t i m e . We need t h e t h i r d level because of T h e o r e m 
5. 

T h e d a t a s t r u c t u r e is a t r e e of he igh t 4. T h e leaves a re all a t d e p t h 4 (he ight 0 ) , while 
t h e r o o t h a s is a t d e p t h 0 (he ight 4 ) . T h e leaves of th i s t r ee a re t h e records in t h e list. 
T h e roo t ha s 0(N/ l o g 3 N) ch i ld ren . Nodes a t he igh t h = 1 , 2 , 3 , cal led internal nodes, a re 
t h e r o o t s of s u b t r e e s w i t h < log' 1 N leaves. 

T h e a l g o r i t h m assigns real n u m b e r s t o t h e ch i ld ren of each n o d e . For each node , t h e 
n u m b e r s of its ch i ld ren increase mono ton ica l ly from left t o r igh t . T h e n u m b e r s ass igned t o 
ch i ld ren of t h e roo t a re t h e pos i t ions in t h e file ass igned by Wi l l a rd ' s a l g o r i t h m . Chi ld ren 
of i n t e rna l n o d e s a r e n u m b e r e d us ing t h e following s imple a lgo r i t hm: 

W h e n a new chi ld is inse r t ed b e t w e e n t w o o t h e r ch i ld ren , i ts n u m b e r is t h e 
ave rage of the i r n u m b e r s . W h e n inser t ing a t t h e beg inn ing (a t t h e end) of a 
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list of ch i ld ren , t h e new chi ld ' s n u m b e r is one less t h a n (one g r e a t e r t h a n ) t h e 
n u m b e r of i t s successor (p redecessor ) . 

T h i s a l g o r i t h m requi res n o r e n u m b e r i n g . We will show ( L e m m a 4) t h a t t h e in te rna l 
nodes have O( log iV) ch i ld ren , so th is a l g o r i t h m uses n u m b e r s w i t h O(logTV) significant 
b i t s . 

T o answer a que ry Order(x, y ) , t h e a l g o r i t h m finds t h e lowest c o m m o n ances to r of 
leaves x a n d y. I t d e t e r m i n e s t h e o rde r of x a n d y by c o m p a r i n g t h e n u m b e r s of t h e two 
re levant ch i ld ren of th i s least c o m m o n ances to r . U n d e r t h e a s s u m p t i o n t h a t n u m b e r s w i th 
0 ( l o g N) b i t s c an be c o m p a r e d in c o n s t a n t t i m e , Order c an b e c o m p u t e d in c o n s t a n t t i m e . 

W h e n e v e r a n o d e x of he igh t h is t h e roo t of a s u b t r e e w i t h m o r e t h a n log* N leaves, 
t h e a l g o r i t h m spl i t s x in to two new nodes , cal led overflow nodes, wh ich a re inse r ted before 
a n d after x, as ch i ld ren of x ' s p a r e n t . (This process is ana logous t o t h e process of inser t ing 
in to a b - t r ee , excep t t h a t a n o d e spl i ts w h e n t h e n u m b e r of leaves in t h e s u b t r e e r o o t e d 
t h e r e ge ts t o o large.) 

Because we c a n no t afford to i m m e d i a t e l y s p e n d t h e 0 ( l o g N) t i m e t h a t m a y be requ i red 
t o spl i t t h e n o d e , t h e ch i ld ren of x a re g radua l ly moved in to t h e overflow n o d e s . Ove r each 
of t h e n e x t O(log TV) inser t ions t h a t inser t i n to t h e s u b t r e e s r o o t e d a t x or i ts overflow 
n o d e s , we move 0 ( 1 ) ch i ld ren of x t o t h e overflow nodes . Ch i ld ren a re moved t o t h e 
overflow n o d e wh ich is t h e root of t h e s u b t r e e w i t h fewest leaves. I n c r e m e n t a l m o v e m e n t 
c a n b e d o n e fast e n o u g h t h a t t h e overflow nodes c a n n o t t hemse lves spl i t before all of x ' s 
ch i ld ren a re m o v e d . W h e n x has n o m o r e ch i ld ren it c a n be de le ted . N o t e t h a t o rde r 
quer ies a re n o t h i n d e r e d by nodes t h a t a re in t h e process of sp l i t t i ng . 

At any t i m e , we c a n p a r t i t i o n t h e in te rna l nodes of t h e t r ee in to t h r e e classes: overflow 
nodes, w h i c h a re be ing copied in to , splitting nodes, wh ich a re be ing e m p t i e d , a n d quiescent 
nodes, wh ich a re all o t h e r i n t e rna l n o d e s . T h e sp l i t t i ng s t r a t e g y causes t h e following l e m m a 
t o hold: 

L e m m a 4 Every internal node has O( log iV) children. 

Proof: No in t e rna l n o d e is t h e roo t of a s u b t r e e w i t h m o r e t h a n loghN leaves, h t h e 
he igh t of t h e n o d e . A t m o s t one in t e rna l n o d e a t each he igh t in t h e t r ee was no t c r ea t ed 
by sp l i t t i ng . W h e n a n o d e is c r e a t e d b y sp l i t t i ng it is t h e roo t of a s u b t r e e w i t h a t least 
( log^iV — l o g / l " 1 i V ) / 2 leaves (because a n o d e begins sp l i t t i ng w h e n it is t h e roo t of a 
s u b t r e e w i t h log* N n o d e s , a n d ch i ldren a re copied t o t h e overflow n o d e wh ich is t h e roo t 
of t h e s u b t r e e w i t h t h e fewest leaves) . If k is large e n o u g h t h e n t h e r e c a n n o t b e enough 
t i m e for a n overflow n o d e t o beg in sp l i t t ing before t h e n o d e f rom which its ch i ld ren a re 
be ing m o v e d is e m p t i e d a n d de le ted (a t wh ich p o i n t t h e overflow n o d e s b e c o m e qu iescen t ) . 
The re fo re , a n y i n t e r n a l n o d e x of he igh t h = 1 ,2 ,3 w i t h c ch i ld ren has a t least (c - l ) / 3 
ch i ld ren t h a t a r e t h e r o o t s of s u b t r e e s w i t h © ( l o g * - 1 N) leaves, so x h a s O( log iV) ch i ldren . 

I 

W h e n sp l i t t i ng a d e p t h 1 n o d e , we m u s t inser t t h e overflow n o d e s in to Wi l l a rd ' s d a t a 
s t r u c t u r e . Aga in , we c a n n o t s p e n d t h e 0 ( l o g 2 i V ) t i m e r equ i r ed t o do th i s immedia te ly . 
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T h i s case is c o m p l i c a t e d because quer ies c a n n o t b e done in a pa r t i a l ly modified Wi l la rd 
s t r u c t u r e . There fo re we m u s t a r r a n g e t h e d a t a s t r u c t u r e so t h a t w h e n t h e spl i t beg ins t h e 
two overflow nodes have a l r eady b e e n inser ted in to t h e Wi l l a rd s t r u c t u r e . D e p t h 1 overflow 
nodes a r e c r e a t e d a n d inse r t ed by a process t h a t r u n s in t h e b a c k g r o u n d i n d e p e n d e n t of 
t h e inser t ions t h a t a r e t a k i n g p lace . A t each inser t ion , a c o n s t a n t n u m b e r of s t eps are 
t a k e n in th i s p rocess , wh ich is ou t l ined below: 

1. F i n d t h e chi ld of t h e roo t x t h a t (a) ha s no t yet h a d overflow nodes a l loca ted , (b) is 
t h e roo t of a s u b t r e e w i t h m o r e t h a n (2 /3 ) l og 3 N leaves, a n d (c) h a s t h e m a x i m u m 
n u m b e r of leaves of any such child. If t h e r e are no such ch i ldren , wai t unt i l one 
a p p e a r s . 

2. C r e a t e t w o overflow nodes for x. 

3 . Begin execu t ing Wi l l a rd ' s inser t ion a l g o r i t h m to inser t t h e two overflow nodes 
before a n d after x . T h i s a l g o r i t h m execu tes over t h e nex t 0 ( l o g 2 i V ) inser t ions . 
W h e n done , go back t o 1. 

T o keep th i s p rocess f rom interfer ing w i t h t h e o rde r quer ies we m u s t keep b o t h old a n d 
new vers ions of every field in t h e Wi l l a rd s t r u c t u r e t h a t changes d u r i n g an inser t ion . A 
t i m e s t a m p is used so t h a t a que ry c a n use t h e a p p r o p r i a t e vers ion of a n o d e . W h e n an 
inser t ion is finished, t h e t i m e is i n c r e m e n t e d so t h a t t h e new vers ion of t h e s t r u c t u r e is 
a c t i v a t e d . Since only two vers ions are needed a t any t i m e , th i s t e chn ique mul t ip l ies space 
by a c o n s t a n t factor . 

We also need t o m a i n t a i n a p r ior i ty queue t o be able t o d e t e r m i n e w h e r e to p u t t h e 
overflow n o d e s . It is easy t o m a k e such a d a t a s t r u c t u r e t h a t works in c o n s t a n t t ime per 
o p e r a t i o n , b e c a u s e d e p t h 1 nodes a re inse r ted w h e n t h e y have exac t ly [ (2 /3 ) l og 3 TV J + 1 
leaves (so t h e y a re inse r t ed a t t h e b o t t o m of t h e p r io r i ty queue) a n d t h e n u m b e r of leaves 
be low a n o d e increases by exac t ly one for each inser t ion b e n e a t h t h a t n o d e . T h e n u m b e r 
of leaves b e n e a t h a n o d e does n o t decrease un t i l t h a t n o d e begins t o spl i t , a t wh ich t ime 
it h a s b e e n r emoved f rom t h e p r io r i ty queue . 

We can show t h a t , if we execu te Wi l l a rd ' s inser t ion a l g o r i t h m sufficiently quickly, no 
d e p t h 1 n o d e will beg in sp l i t t i ng before i ts overflow nodes a re ready . T h i s is a consequence 
of t h e following t h e o r e m : 

T h e o r e m 5 Let X i , . . . , xn be n real valued variables, all initially zero. Repeatedly perform 
the following procedure: 

1. Find an i, 1 < i < n, such that x t = m a x ; { X J } . Set x, to zero. 

2. Pick n nonnegative reals a x , . . . , an such that £ J* = 1 a,* = 1. 

3. For t = 1 , . . . , n, set x, to x» + a t . 

No Xi will ever exceed i f n _ i + 1, where if* = £ ? = i i~l, the kth harmonic number. 
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Proof: Observe h a t t h e s u m of le e l emen t s of x is a lways less t h ? : it is ini t ial ly zero, 

a n d one i t e ra t i of t h e p roced ; e c a n increase it f rom S t o a t m< ,t 1 + n ^ S , which is 

also less t h a n n . 
Le t x ^ , . . . , x ( m ) b e a sequence of vec tors p r o d u c e d by r e p e a t e d app l i ca t ion of t h e 

p r o c e d u r e , whe re x ^ is t h e ini t ia l zero vec to r . We will a s s u m e m is a t least n ; if n o t , p a d 
t h e beg inn ing of t h e sequence w i t h add i t i ona l zero vec to r s a n d t h e following a r g u m e n t will 
stil l apply . We will show t h a t t h e largest e l emen t in x ^ is less t h a n f / n - i + 1- Since m 
w a s chosen a rb i t ra r i ly , t h i s will p rove t h e t h e o r e m . 

For each k — 1 , . . . , n , let 7rfc b e a p e r m u t a t i o n on 1 , . . . , n such t h a t for i = 1 , . . . , n — 1, 
(m-fc+ l ) > ( m - H l ) 

For k = 1 , . . . , n , define 

t h a t is, t h e s u m of t h e k largest e l emen t s of x We c a n show 

S k < ^ j S k + l + l (fc = l , . . . , n - l ) . 

T h i s is because af ter t h e la rges t e l emen t of x^m~k^ h a s b e e n set t o zero in s t e p 1, t h e s u m 
of i ts k la rges t e l emen t s is a t m o s t ^-ySfc+x, a n d Sk is m a x i m i z e d by c o n c e n t r a t i n g all t h e 
nonze ro ay's chosen in s t e p 2 on these e l e m e n t s . 

By induc t ion , 

S i < # * - i + y (* = 2 , . . . , n ) . 

Since Sn is less t h a n n , S i , t h e larges t va lue in x^m\ is less t h a n i f n - i + 1-

I 

N o t e t h a t t h i s b o u n d is t i gh t , s ince one c a n m a k e t h e x t ' s exceed a n y va lue less t h a n 1 
in a finite n u m b e r of s t e p s , t h e n a d d # n - i t o one of t h e m in n — 1 m o r e s t eps by add ing 
l / ( n — 1) t o n — 1 n o n z e r o e l e m e n t s , t h e n l / ( n — 2) t o n — 2 nonze ro e l e m e n t s , e tc . 

T h e o r e m 5 impl ies t h a t a t m o s t 0 ( l o g 3 i V ) leaves will b e inse r ted b e n e a t h any d e p t h 
one n o d e before i ts overflow nodes a r e r eady . T o see w h y th i s is so , define t h e fullness of 
a d e p t h one n o d e t o b e zero if i ts overflow nodes a re r e a d y a n d 

m a x ( 0 , n u m b e r of leaves — [ ( 2 / 3 ) l o g 3 JVJ) 

o the rwise . D u r i n g one inse r t ion by Wi l l a rd ' s a l g o r i t h m , t h e fullness of d e p t h one nodes 
increases by a t o t a l of a t m o s t 0 ( l o g 2 N). Since t h e overflow n o d e c rea t ion p rocess a lways 
picks t h e n o d e w i t h t h e h ighes t fullness, b y T h e o r e m 5 t h e fullness of any d e p t h one node 
is a t m o s t 0(HN-i l o g 2 iV), or 0 ( l o g 3 i V ) . T h e c o n s t a n t c a n b e m a d e a rb i t r a r i l y smal l 
(specifically, less t h a n | ) b y e x e c u t i n g Wi l l a rd ' s a l g o r i t h m w i t h sufficient speed . 

We briefly ou t l ine h o w t o modify t h e a l g o r i t h m so t h a t N c a n b e va r iab le . Ini t ial ly, N 
is s o m e power of 2. W h e n t h e n u m b e r of e l emen t s in t h e d a t a s t r u c t u r e reaches (1 — e)N 
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for some c o n s t a n t € > 0, beg in copying t h e d a t a s t r u c t u r e t o a larger copy in which N 
is doub led . C o p y i n g is done by per fo rming Insert o p e r a t i o n s us ing t h e p rev ious , fixed 
N a l g o r i t h m . A c o n s t a n t a m o u n t of work in th i s copying process is done on each of 
t h e nex t O(N) i nse r t ions , w i t h a c o n s t a n t chosen t o be large enough so t h a t copying is 
c o m p l e t e before t h e old d a t a s t r u c t u r e overflows. T h e s a m e t e c h n i q u e c a n b e used t o 
h a n d l e de le t ions : w h e n a n i t em is de le ted , m a r k it. Concur ren t ly , m a k e a fresh copy of 
t h e d a t a s t r u c t u r e , d i sca rd ing m a r k e d leaves. T h i s is r emin i scen t of i nc remen ta l ga rbage 
col lect ion [ l ] . 

T h e a l g o r i t h m is p re sen ted in de ta i l in t h e a p p e n d i x . 

4. Remarks 
O u r first a l g o r i t h m is r e m a r k a b l y s imple c o m p a r e d to prev ious a lgo r i t hms for solving th is 
p r o b l e m . It is also p r o b a b l y t h e bes t a l g o r i t h m t o use in p rac t i ce . O n e of us [3] has 
a d a p t e d t h e idea b e h i n d t h e a l g o r i t h m t o solve t h e p r o b l e m of m a i n t a i n i n g a spa r se so r t ed 
t a b l e in 0 ( l o g 2 n ) a m o r t i z e d t i m e p e r inser t ion , w h e r e t h e t a b l e occupies space l inear in 
t h e n u m b e r of d a t a i t ems . T h i s simplifies t h e a l g o r i t h m of I t a i , K o n h e i m a n d R o d e h [6], 
wh ich achieves t h e s a m e a m o r t i z e d t ime b o u n d . 

T h e t e c h n i q u e we used t o develop t h e second a l g o r i t h m is a first s t ep t o w a r d s a m o r e 
genera l m e a n s for conver t ing a lgo r i t hms efficient in t h e a m o r t i z e d sense to a lgo r i thms 
efficient in t h e wors t case . We have appl ied T h e o r e m 5 a n d t h e ideas of Sect ion 3 t o 
c o n s t r u c t a new d a t a s t r u c t u r e for s ea rch t rees in wh ich a c o n s t a n t n u m b e r of changes 
a re m a d e t o t h e d a t a s t r u c t u r e pe r u p d a t e . A search t ree w i t h th i s p r o p e r t y is requi red 
to m a k e sea rch t rees fully pe r s i s t en t . Such a sea rch t r ee w a s c o n s t r u c t e d by an ent i re ly 
different m e a n s in [5]. 

O u r second a l g o r i t h m is p e r h a p s m o r e complex t h a n necessary. T h e first s t e p t oward 
c r ea t i ng a s impler a l g o r i t h m is t o devise a m e t h o d of doing inser t ions in to t h e list t h a t 
does O ( l o g n ) r e n u m b e r i n g s . T h i s would o b v i a t e t h e use of of Wi l l a rd ' s t echn ique (which 
is in itself r a t h e r c o m p l e x ) , a n d wou ld r educe t h e n u m b e r of levels requ i red from four t o 
t h r e e . 
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Appendix: Details of the Real Time Algorithm 
T h e real t i m e a l g o r i t h m m a n i p u l a t e s a t r ee w i t h t h r e e k inds of nodes . T h e leaves represen t 
t h e e l e m e n t s be ing inse r ted in to t h e list; we a s sume t h a t p o i n t e r s t o t h e leaves are passed 
t o t h e a l g o r i t h m . T h e roo t of t h e t r ee includes a copy of Wi l l a rd ' s d a t a s t r u c t u r e , t h e 
de ta i l s of which a re u n i m p o r t a n t . All o t h e r n o d e s axe i n t e rna l n o d e s of he ight 1, 2 or 3. 

Nodes a re i m p l e m e n t e d as d a t a s t r u c t u r e s w i t h t h e following fields: 

nleaves(x): T h e n u m b e r of leaves in t h e s u b t r e e r o o t e d a t t h e n o d e x. 

children(x): A doub ly l inked list of ch i ld ren of x, in o rder from left t o r ight . For 
leaves th i s field is nul l . 

index(x): A real n u m b e r . For any n o d e y, t h e index fields of nodes in t h e 
list children(y) increase monoton ica l ly . For ch i ldren of t h e roo t , t h e 
index field con ta ins t h e n u m b e r ass igned to t h e ch i ldren of t h e roo t 
by Wi l l a rd ' s a l g o r i t h m , a n d is i m p l e m e n t e d us ing a t i m e - s t a m p ( this 
de ta i l is o m i t t e d be low) . 

splitting?(x): A boo l ean va lue . T h i s field is t r u e if x is an in t e rna l n o d e o t h e r t h a n 
t h e roo t t h a t is be ing spli t in to two new nodes . 

depth(x),parent(x): h a v e t h e obvious m e a n i n g s . T h e d e p t h of t h e root is zero. 

T h e r e is a p r io r i ty queue of d e p t h one n o d e s , RPQueue. A n o d e is inser ted in to th is 
queue w h e n it ha s [ (2 /3 ) l o g 3 iVj + 1 ch i ld ren , a n d is r emoved w h e n its overflow nodes have 
been inse r ted . 

- R e t u r n t r u e if x occu r s before y in t h e list 
p r o c Order(x,y) 

<— x\ yo <— y; 
f o r t V 1 t o 4 d o 

x, <— parent(xi_i); y t <— parent(yi_i)', 
if x t = yi t h e n r e t u r n indexfa-i) < tnrfex(y t _!) 
e n d 

e n d 
e n d Order 

F i g u r e 1: R e a l - T i m e A lgo r i t hm: O r d e r 
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- Inser t y after x in t h e list 
p r o c Insert(x,y) 

x0 <— x; 
for i «— 1 t o 3 d o 

Xi <— parent(xi-i)] 
nleaves(xi) <— n /ea t ; e s (£ t ) + 1; 
i f n / eave6 (x i ) > ( log 2 N)% A splitting! (xi) 

t h e n SetUpSplit(xi) e n d ; 
e n d ; 
if n /ea i>es(£ 3 ) = [ (2 /3 ) logj iVj + 1 A ^splitting? (x3) t h e n 

Inser t £ 3 i n to R P Q u e u e 
e l s e i f x 3 is a l r eady in R P Q u e u e t h e n 

Move £ 3 u p one pos i t ion in R P Q u e u e 
e n d ; 
nleaves(y) +— 1; 
PlaceAfter(x, y ) ; 
f o r l t o 3 d o 

Incremental S plit(xi)] 
if £ T ^ / i r s £ ( c / u 7 d r e r i ( p a r e n i (£ , ) ) ) 

t h e n IncrementalSplit(pred(xi)) e n d ; 
if £ t 7^ last(children(parent(xi))) 

t h e n Incremental Split (next (x^) e n d 
e n d ; 
D o O ( l ) s t eps of ReservationProcess 

e n d Insert; 

F i g u r e 2: R e a l - T i m e A l g o r i t h m : Inser t 
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- M a k e y a chi ld of parent(x), p lac ing it j u s t after 
- x in t h e list of ch i ld ren . A s s u m e parent(x) is an 
- in t e rna l n o d e o t h e r t h a n t h e roo t , 
p r o c PlaceAfter(x,y) 

p *— parent(x); 
parent(y) <— p ; 
if x = f irst(children(p)) t h e n index(y) «— tndex(x) + 1; 

e l s e index(y) <— (index(x) + index(next(x)))/2 
e n d ; 
Inser t y after x in children(p) 

e n d PlaceAfter 

- M a k e y a chi ld of parent(x), p lac ing it j u s t before 
- x in t h e list of ch i ld ren . A s s u m e parent(x) is an 
- i n t e rna l n o d e o t h e r t h a n t h e roo t , 
p r o c PlaceBefore(x,y) 

p <— parent(x); 
parent(y) <— p; 
if x = last(children(p)) t h e n index(y) <— index(x) — 1; 

e l s e index(y) «— (index(x) + tndex(pred(x)))/2 
e n d ; 
Inse r t y before x in children(p) 

e n d PlaceBefore 

F i g u r e 3 : R e a l - T i m e A l g o r i t h m : P laceBefore a n d P laceAf te r 

- P r e p a r e a n in t e rna l n o d e of d e p t h 2 or 3 t o sp l i t . 
- C r e a t e two overflow nodes a n d inser t b e n e a t h parent(x). 
p r o c SetUpSplit(x) 

if parent(x) ^ root t h e n 
C r e a t e t w o n e w n o d e s , y a n d z\ 
nleaves(y) <— 0; 
nleaves(z) <— 0; 
depth(y) <— depth(x); 
depth(z) <— depth(x); 
PlaceBefore(x, y) ; 
PlaceAfter(x, z) 

e n d ; 
spltttingl(x) <— t r u e 

e n d SetUpSplit 

F i g u r e 4: R e a l - T i m e Algo r i t hm: P r e p a r e t o Spli t a N o d e 
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- C o p y k ch i ld ren f rom b e n e a t h a sp l i t t i ng n o d e . 
- k is a sufficiently large c o n s t a n t , 
p r o c IncrementalSplit(x) 

if ->sp l i t t ing! (x) t h e n r e t u r n e n d ; 
for t' <— l t o k d o 

if x h a s n o ch i ld ren t h e n 
Dele te x f rom children(parent(x))] 
r e t u r n 

e n d ; 
if nleaves(f irst(children(x))) < nleaves(last(children(x))) t h e n 

y «— / i r s i ( c / n 7 d r e n ( x ) ) ; 
R e m o v e y f rom children(x); 
nleaves(x) <— n / eaves (x ) — n/eave,s(y); 
n/eave,s(pre(i(x)) «— n/eave5(pr6rf(x)) + nleaves(y); 
PlaceA fter(last(children(pred(x))),y) 

e l s e 
y <— /as£(c / i i7dren(x) ) ; 
R e m o v e y f rom children(x)\ 
nleaves(x) <— nleaves(x) — nleaves(y); 
nleaves(next(x)) <— nleaves(next(x)) + nleaves(y); 
PlaceBefore(first(children(next(x))), y) 

e n d 
e n d 

e n d Incremental Split 

F i g u r e 5: R e a l - T i m e A l g o r i t h m : P r o g r a m for Sp l i t t i ng 
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- T h e process t h a t g u a r a n t e e s t h a t d e p t h 1 overflow nodes 
- a re avai lable w h e n neeed . 
p r o c e s s ReservationProcess 

w h i l e t r u e d o 
W a i t un t i l R P Q u e u e is no t e m p t y ; 
R e m o v e t h e n o d e f rom t h e pr ior i ty queue t h a t h a s 

t h e larges t n u m b e r of leaves, b r eak ing t ies a rb i t r a r i ly ; 
C r e a t e t w o new n o d e s , y a n d z; 
nleaves(y) «— 0; 
nleaves(z) «— 0; 
depth(y) «— 1; 
depth(z) <r— l ; 
PlaceBefore(x, y) ; 
PlaceA fter(x, z); 
Use Wi l l a rd ' s a l g o r i t h m t o insert y a n d z before a n d after x; 
A c t i v a t e new t i m e - s t a m p e d indices p r o d u c e d in t h e prev ious s t ep ; 
splittingt(x) <— t r u e 

e n d 
e n d ReservationProcess 

F i g u r e 6: R e a l - T i m e A lgo r i t hm: D e p t h 1 Inse r t ion Process 
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