NOTICE WARNING CONCERNING COPYRIGHT RESTRICTIONS:

The copyright law of the United States (title 17, U.S. Code) governs the making

of photocopies or other reproductions of copyrighted material. Any copying of this
document without permission of its author may be prohibited by law.



OPTIMAL ORDER AND EFFICIENCY FOR ITERATIONS
WITH TWO EVALUATIONS

H. T. Kung and J, F, Traub

Department of Computer Science
Carnegie-Mellon University
Pittsburgh, Pa.

November 1973

This research was supported in part by the Nationral Science
Foundation under Grant GJ32111 and the Office of Naval
Research under Contract N0014-67-A-0314-0010, NR 044-422,




ABSTRACT

The problem is to calculate a simple zero of a non-linear functiom f.
We consider rational iterations without memory which use two evaluations
of £ or its derivatives., It is shown that the optimal order is 2. This
settles a conjecture of Kung and Ttaub that an iteration using n evaluations
without memory is of order at most 2n-1, for the case n = 2,

Furthermore we show that any rational two-evaluation iteration of optimal
order must use either two evaluations of f or one evaluation of f and one of f£'.
From this result we completely settle the question of the optimal efficiency,
in our efficiency measure, for any two-evaluation iteration without memory.
Depending on the relative cost of evaluating f and £', the optimal efficiency

is achieved by either Newton iteration or the iteration y defined by

£ (x)

WX =x - E(x+f(x)) -f(x) °




1. INTRODUCTION

We deal with optimal iteration for calculating a simple zero of a scalar
function f of one variable, which is a prototypical problem of analytic compu-
fational complexity (Traub [72]). Early work on this problem appears in Traub
[61,64] while recent results are due to Brent, Winograd and Wolfe [73],
Hindmarsh [72], Kung and Traub [73a,73b], Rissanen [71] and Wozniakowski [73].
Surveys of recent advances are given by Traub [73a,73b]. In this paper we
consider only iterations without memory.

Kung and Traub [73b] observe that a reasonable efficiency measure of an

iteration ¢ with respect to f should be defined as

1082P(m)

(1-1) E((p,f) = v((ﬂjf)+a((0)

where p(q) is the order of convergence of w, Vip,f) 1e the evaluation cost

and a(;) is the combinatory cost, For a given f we are interested in find-
ing an upper bound on e(ep,f) and hopefully obtaining an iteration which
attains this upper bound, To bound e(yp,f) we must know the dependence of

P(®), v(p,f), and a(q) on n, the number of evaluations,

Let Pn denote the maximal order achievable by an iteration using n evaluations.

Kung and Traub [73a] conjecture that, for iterations without memory,

1.2 p_ < PRI 1,2,...

In this paper we study rational two-evaluation iterations without memory,
We settle the conjecture for n = 2. We could define and analyze rational one-
evaluation iterations without memory and prove the conjecture for n = 1, Since

the proof follows from straightforward modifications of our theorems, we shall



oy

only indicate these modifications in passing. (This is done after Theorem
4.2,) However, the techniques we use here are suitable for small values of n
only. It seems to us that the proof of the conjecture for general n will re-
quire the development of new technqiues.

Furthermore, we show (Theorem 4.1) that for any rational two-evaluation
iteration w(f)(xi one of the two evaluations must be of f at the point x. A
straightforward modification of this theorem proves that any '"locally' con-
vergent iteration requires the evaluation of f at x. In Theorem 4.3 we show
that the second evaluation of a rational two-evaluation iteration of order
> 2 must be of either f or f' at x + O(f(x)).

Let Ez(f) denote the optimal efficiency achievable by a rational two-

evaluation iteration without memory. We show that in our efficiency measure,

given by (1.1},

1 1
Ey(D) - “‘ax(c(fwc(f'nz ; 2c(f)+9 -

Depending on the relative cost of evaluating £ or f', this upper bound is

achieved by either Newton iteration
_ £(x)

(1.3) (H® =x - £ (%)

or the iteration +,

£ (x)
(1.8 ¥ (D =X - FEAF) -F(x) °

The iteration { is derived by Traub {64, Section 8-4]l. 1t may also be derived

as a special case of Steffensen jteration [331.
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Basic concepts are introduced in Section 2. In Section 3 we outline the
proof of optimal order for n - 2, with the details given in the following

section. Optimal efficiency is studied in the final section.



-3

2, BASIC CONCEPTS

Let D = {f\f is a real analytic function defined in an open interval
If:R (the set of real numbers) which contains a simple zero g of £ and
f' does not vanish on If.}.

Let ¢ be a function which maps every £ € D to w(f) with the following

properties:

1. ¢{(f) is a function mapping I¢’f CIIf into Im,f for some open

subinterval Iw,f containing Oge

2, () {ag) = oy

3. There exists an open subinterval I0 cI containing ¢, such
(D,f stf £

, . 0
that if X m(f)(xi) then }Lm X, = o whenever X, € Im,f'

1—)@

4., There exist functions UO’ U1, U2 and non-negative integers h, k

such that

(i) U.: R+ R is & rational function,

0
(i) U1: R2 -+ R is defined formally by
L i
(2.1) U, (x,y) =2 ai(K)Y
0

where ai: R »> R is a rational function and ai is not

identically equal to zero for some i > 0,

(iii) UZ: R3 -+ R is defined formally by

lai’j(x)yir1

(2.2) UZ(K:Ysz) =x +

oMgljlot i

°1,1® y'ed



where bi y? cy j: R - R are rational functions and either
3 ]
b1 3 or ci j is not identically equal to zero for scme
H >

(i,§) with j > o0,

(iv) for all f € D,

(2.3) oD @ = Uyex, £ (), £z,
where
(2.4) 2y = Up(x),

(2.5) z

;= 0, £z,

We say o is a rational two-evaluation iteration without memory, and let CE

denote the set of all such v's.
For ¢ € 02 it can be shown (Theorem 4,1) that Uo(x) =x and h = 0,

Hence by (2.3) and (2.4),

m . .
b, @560 (% (z))]
(2.6) o(£)(x) = x + g .
T, @i E® (2 )]
2 e, 1
By (2.1) and (2.5),
(k) (k) a2 akny, Y 2
Q.7 £ (z]) = £ (x) + f (x) (T aif (x)-x) + 7t x)(T aif (x)-x)
| 0 0
+ sse .

Substituting the righthand side of (2.7) for f(k)(z]) in (2.6) we can ex-
press o(f) (x) formally in terms of x, f£(x}, f(k)(x), f(k+])(x), cee o

Hence we can define functions Ai: R = R such that



>

(2.8) () () = T A () £ ()

- 00
. . k
where Ai(x) depend explicitly on x, f( )(x), f(k+])(x),..., but not on f(x).

It is often desirable to express (f) (x) by (2.8). We call the righthand

side of (2.8) the canonical form of «(f)(x).

By the Taylor series expansion of ¢(f)(x) at ap We can easily show that

there exists a non-negative integer p(wp) such that for any f € D,

. p(f) (x) - o
im = g (g, f)
X0 (X-af)p(m) ?

exists for a constant S(yp,f) and S(g,f) # 0 for at least one f € D. We

define p(¢) as the order of convergence (order) of .

We assume that one arithmetic operation takes one unit time., Let

c(f(i)) denote the time needed to evaluate f(i), i = h,k. Let a(y) denote

the time to compute ¢(f)(x) from X not counting the time to evaluate f(h)

and f(k). We define the efficiency of ¢ €0, with respect to £ € D as

Llog,p(%)

e(p, ) =

c(f(h))+c(f(k))+a(q0
(See Kung and Traub [73b].)

We could easily define iteration without memory in a more general setting
and some of our theorems would still hold. We have chosen here to limit our
scope because we wish to focus on optimal efficiency. This is settled by

Theorem 5.1 where the hypothesis of rational two-evaluation iteration is

crucial. Furthermore, we wish to avoid complicating the proofs. Specifically,

Theorem 4.1 holds for iterations gatisfying properties 2 and 3. Theorem 4.2
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can be proven for amalytic iteratioms., (See Traub [64, Section 5.1] and Kung
and Traub [73a, Theorem 6.1].) Furthermore, Theorem 4,4 can be proven for
analytic two-evaluation iterations if infinite series are used in (2.1) and

(2,2y.
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3, OUTLINE OF THE PROOF OF OPTIMAL ORDER

Since the proofs of the following section are rather detailed, we sum-
marize the ideas and results here.

In our definition of rational two-evaluation iteration without memory,
@(£) (x), we permit any two evaluations of f or its derivatives at any two
points, In Theorems 4.1 and 4.3 we cut down the "search space" of evaluations,
In Theorem 4.1 we show that ome of the evaluations must be of f itself at the
point x. In Theorem 4.3 we show that the second evaluation of a rational two-
evaluation iteration of order = 2 must be of either f or f' at the point

x + 0(£f(x)). Thus the only rational two-evaluation iterations of order = 2 are

those using either

(i) two evaluations of f, or

(ii) one evaluation of f and one of f'.

In Theorem 4.2 we study the functions xi(x) occurring in the canonical form
of the iteration g,

ow

HH@ = T A £,

E—p- -]
It is easy to check that the iterationsy and ¥, defined by (1.3) and .48
respectively, both have order 2 and canonical form

1 2
(3.1 X - ?TE;Y £(x) + 0(f (%)),

In Theorem 4.2 we show that any iteration with order = 2 has canonical
form of the type given in (3.1) and that any iteration of order = 3 has

canonical form of type given by
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(3.0 % - gy €00 - — B 209 + 0(£().
2(£'(x))
{(The formulas for xi(x) for iterations of arbitrary order were established
by Traub [64, Section 5.1] in a somewhat different setting. See also Kung and
Traub [73a, Theorem 6.1].)

The main result on optimal order is given in Theorem 4.4 which sfates
that a rational two-evaluation iteration without memory has order at most
two. The proof uses a "comparison series'" techique first exploited by Traub
[61], [64, especially Theorems 5.2, 5.3 and Chapter 9} and also by Kung and
Traub [73a, Theorem 6.1]. We compare the canonical form of a rational two-
evaluation iteration with the canonical form given by (3.,2) and
show these forms must be different, Hence the order is less than 3 and since

order is an integer in our setting, this implies the order is at most 2.
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4, OPTIMAL ORDER

Theorem 4,1

Ifo€Qy then U0 is an identity function and h = 0.

Remark., Although in Section 2 it was assumed that Uo'is rational, the proof

of this theorem requires only that U0 be continuous.

Proof
Let w €Q,, £ EDandeIO . Define
o, £
”zo(:c) = Uy(x),
h, . (h)
y.(x} = £ (z,(x)),
.1 0 N
z1(X) =T, (X,yo),
s = £ .

Then by (2.3),

(5 () = Uy (x, Yo, 30D,

Therefore
.2) o = o(E) (@) = Uylag yplag)s Fap).

Suppose that Uo(x) £ x. Then there exists vy € R such that Uo(wo) # Woe
By the continuity of Uo,there exists an open interval I0 containing LA such
that Uy(w) # w for all w € I;. Choose £ € D such that g = w,. We shall
show that
olf)(w) = w
for allw € I, N I0 wEw Define z,(w) yh(w) z,(w) and yk(w) by
0 o, £’ 0° (VI 1 R 1

setting x = w in (4,1). Then by (2.3),
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. h .
(4.4) (D) (W) = Uy, ypo), yiew).

Since zO(w) = Uo(w) # w and it is without loss of generality in assuming w # ZT(W)’

there exists a polynomial q such that

(q(w) =0,
q'(w) =1,
a2y @) = yiw,
kq(k'(z1(wé) = y}]((W).

Obviously, q € D and qq = w. By (4.2) with f replaced by q,

. h, k, |
(4.5) w = Uz(w, yo(w), y](w.).

0

Equations (4.4) and (4.5) imply that (f)(w) = w for all w & I, N Icp .
]

. » x L . 0 P ; . - : —
This is a contradiction since for any XO (4 I@»f such that xo e ;(f)(xO) E XO’
which does not coanverge to agpe
Next, we shall show that h = 0, Suppose that h = I. Consider any

f €D and any w € I0 Then if h = 1 we define a polynomial q such that

@, £

q(w) = 0,

a™ = £ M,

a* ) = £ @,

and if h > 1 we define q such that

q(w) = 0,

q'(w) =1,

RRICTIE LN
q(k)(zT(m) = g (z (W)},
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Clearly, in either case, g € D and aq = w. Therefore we can again show

that o(f) (w) = w for all w € Ig g This is a contradiction. | |
-

To simplify notation, in the rest of the paper we shall often write

(1) (1)
£ , li’ ai, bi,j’ ci,j for £ (x), ki(x), ai(x), bi,j(x)’ ci’j(x),

respectively.
Recall that for o € Qz we can express m(f)(x) by its canonical form,
i.e., |
. @ .
4.6) o) = TN 6.
-
Theorem 4.2
| 1. 1f p(yp) = 2 then li =0 for i <0,
' 1

10 = x and 1] = -

2, If p(p) =2 3 then Ki =0 for 1 < 0,
1 "
Ag = X Ay = =7, 8and X, = - —/7 .
0 1 £ 2 2f,3

Proof
We shall only prove the second part of the theorem, The first part
may be proven analogously.

Define an iteration ¥ such that for any f €D,

~ N n 2
@7 GO =x-5 - I,

2f!
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It is well known that p(¥) = 3. (For example, see Traub {64, Sectionm 5,1].)

Define

(4.8) T(£)(x) = E WH )

f3

Then by (4.6) and (4.7),

=1

4.9) T(EH(x = v A £ 4+ (A 0f 4 (x +]—.)f"2 + O +—f-L)f" + g £t3
e i 0 1 f 2 2f'3 3 1 :

Suppose that p(p) 2 3. Then, since p(¥) = 3, (4.8) implies that

lim T(f)(x) < o
X"ryf

for all f € D. Hence it follows from (4,9) that

. =0 for i < 0, 2

] fll
i T F M S cpoand = »

2 3

0
2f!

From Theorems 4.1 and 4.2 we can immediately prove the conjecture (1,2)
for n = 1 as follows: Let @(f)(x) be a rational one-evaluatjon iteration
without memory. Then by a straightforward modification of Theorem 4.1 the

evaluation must be of f at x. Hence
@(£) (x) = H(x, £(x))

for some rational function H: R2 -» R. It follows that the canonical of @

cannot be given by

1 2
- f' (X) f(x) + O(E (X)).

Therefore, by Theorem 4.2, p(y) < 2, Since p(¢p) is an integer, we have

p(p) = 1. This proves the conjecture (1.2} for n - 1,
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Theorem &4,3.

Let ¢ € 02 and p(yp) = 2. Then

1. k=0or 1,

2. a, is an identity function,

Proof
1. Suppose that k = 2, Then by (2.7) and (2.8) it is clear that
xl(x) does not depend on f'(x) explicitly. Hence by Theorem 4.2, p(p) < 2,

Thus we have shown the first part of the theorem.

2, Assume that ao(x) # x, Then the set {xlao(x)=x} has measure zero.

Note that

f(k) (k) (k+1)

(4.10) (z;) = £ (ag(x)) + £ (ag(@)) (@, (D EGx) + az(x)fz(x)+...)+... .

Suppose that p(p = 2.

Case 1: (k = 0).

Since m(f)(gf) = 0 and f(af) = 0, by (4,10) we have

m ' .
]
Ebo’j(af)<ao<af>>
o = of + o .
J
e, 3 (ap £(ag(ap)

Therefore
m

z b0

i .
2 by, 5 (ap) £(a ()" = 0

for all £ € D. This implies that
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G by 1) =0, 5= 0,..m,

Let r be the largest integer such that

b ,(x) =0, j=20,.,.,n,
£, y ] »

Then by (4.11) r 2 0. Clearly, r - m. Note that

m . .
Zh, OEWHE) = B,
0 I»
where B(f)(x) = v b, ,(x)fl(x)fJ(z]). By Theorem 4.2, it is clear
0<j<m i+r+1,j
O=ism-r-1
that

m(f)'(wf) = 0.

This implies that

r '
(r+1) £ (af)f (af)B(f)(uf)=

4.12) 1+ — 0.
j
E co’j(af)f(ao(af))
Hence r must be equal to 0., Note that
Bif)(ap) = T b (a)E(a (a))d,
f 0sj<n r+l,j f 0 °f

Therefore (4.12) is reduced to

4.13 . ' . .
(4.13) Os§$n{br+]’3(af)f () + cq jCap 1Caglap)? = 0

for all £ € D. Since for any real number s such that s # ao(s) and any

real numbers u, v there exists f € D such that
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f(s) = 0, i,e., op = 8,
£f'(s) = u,
f(ao(s)) = v,

by (4.13),

r [b

(s)u+c0 .(s)]vj =0
0<j<n s ]

r+1,3
holds for any s,u,v such that s % ao(s). Therefore

(x)

m

Prir, 0 = 0 00 = 0 12 Doeems

This contradicts the definition of r.

Case 2: (k=1

In this case, we substitute f'(ao(x))+_f"(a0(x)) (31(x)f(x) + az(x)f(x)2 R P I

for f'(z1). Then following the same procedure used in Case 1, we obtain

(4.14) T [b

(@E (@) + cn () 1" (a (@) = 0
0si<a £ £ 0,3 %f 0'\%

+1,]

rather than (4.13) for all £ € D, By the same reasoning as used before we

get a contradiction. [

The main result on optimal order is given by

Theorem 4.4

If @ is a rational two-evaluation iterationm without memory then p(qp) = 2.

Proof
Suppose that p(p) = 3. By Theorem 4.3, k =0 or 1 and 2, = X + a1f +

a2f2 4+ ... . Hence
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2
a
“4.15) £(z)) = (1+a, )¢ + (asz—-% £y £ 4

*eey

4.16) £'(z)) = £ + (a]f+a2f2+...)f" + (alf+azf2+.._)2 %——+

a
= f' 4 a]f"f + (azf"+§-lf"')f2 +

LI Y

Hence if we substitute the righthand sides of (4,15) and {(4.16) for f(z])

and f'(z]), respectively, then we can define v and My as follows:

m s .
- Tb, £z if k=0,
ot n i i
b, £ f'(z) if k=1,
o 1.3 1
and
- . .
® ] %oey 5f f(z])J if k = 0,
i 0 '
7=
Eul IR i j
Te, f7f'%z,) if k=1,
o IsJ 1
Then by (2.2),
(=4
= vifl
o(£)(x) = x + 2 .
1
Hence by Theorem 4,2,
® r
T vifl
T 2
@w.17) 2 = - %.f - L 5 £ +0(£%).
i 2f!

oM ¥
=
Ph
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Suppose that By # 0 and by = 0 for i < n. Then by (4.17)

{(4.18) vy = 0 for i < n+l.

' = -

3 2
' = o no_ '
(4.20) 2£'7v o, = p f7 - 280

Case 1: (k =0)

It is easy to check that

= C

c Yo~ “0,0°
= ' 1 2 [} LN
Mo 32,0 + c],1(1+a1f ) + c0’2(1+a]f Y& + c0’1(a2f + 5
= 1 1] 2 1 3
T c3’0 + c2,1(1+a1f )y + c1’2(1+a1f )+ c0’3(1+a1f )
(4.21& K:
' _]_ 1" e '
+ c1’1(a2f + 5 £ + 2c0’2(1+a1f )(azf +
3
%
' Wy gt
+ c0’1(a3f +a1a2f + g £'77),
..

fll) ,

Since # 0 and By = 0 for i < n, by (4.21) one can easily see that

(4.22) ¢; 4= 0 whenever 1 + j < n.
H]
Hence,
= 1]
By cn,0 + cn_1,](1+a1f Y 4+ eee + €
Mo+l © Snt1,0
o)
M cn-1,1

[l n-1 1
+ ... + nc, n('I+a1f ) (azf +

1 t
+ cn’1(1+a]f Yk oLl cO,n+1(1+a1f )

' " * ] LN
(azf +§— £ + 2cn_2’2(1+a1f )(azf + 3

A I
n(l+a]f Yo,

n+1

fll)
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Similarly, by (4,18), we also have

v = b

+
T Tnkio PP, e

£ + ... + ;L Il
£ Po, 1 T ED T,

. = - -1
Yn+2 2,0 + bn+],'|u+alI ).t bU,n+2(]+a

]f,)n+2

2 2
a] a]
+ bn’]gazf'+ 5—f"= 1+ 21 (l+a]f')(a2f'+ =f")

2
+ e+ (FDB ' N Mg
sen (n 0,n+](1+n]f ) (a,f'+ 2 i

})
n-1,2

-]

From (4.19",

{(4.23) bn+1,0f‘+bn,lU+al ')f'+...+b2’n_](1+a}f')n—]f'+b1’n(l+a]f'}nf'+b0’n+iﬂ+a]f)mqf'
= Ly greniy g A ED) F o Co,n‘1+arf')n]'
3y (4.23) it is clear that
(4.24) a, £ 0,
Also comparing the coefficients of f'n+2, f'n+1, £'" in {4.23), we get
(4.25) bD,n+] = b],n = {0,
(4.,26) b2,n-1 = -a]co,n.
Comparing the coefficients of f" in (4.20), we get
(4.27) -[bn’]aif'3+2bn_]’2(T+a]f')a%f'3 T (n-1)b2’n_](1+a]f')“‘zaff'3}
¢ ot Cn-TJa+a1P) +...+c0,n(1+a]f')n + cn_}’]aff'2 + 2cn_2,2(?+a]f')a$f'2

n-1a2f,2

+ ... + nc0 n(1+a]f ) 1

?

+
Comparing the coefficients of £ ! in (4.27) we get
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4.28) (n-1)b2,n_.l = -nco’na1.

(4.24), (4.26) and (4.28) imply that

(4.23) and (4.27) are reduced to

(4.29) by of' + b (e ENE + Lol 4 b3’n_2(]+a1f')n-2f'
= -[cn’o + SR (Ha,£') + ..o + c],n_](l+a1f')n—]],
and
(4.30) -[bn’1aff'3 + ...+ (n-2)b3,n_2(1+a]f')n-3a%f'3]
- cn,0+...+c0,n_1(1+a1f')n-] + cn_1,1a§f'2+...+(n-1)c]’n_](1+a1f')“'2a§f'2.

3

Comparing the coefficients of £ and £'" in (4.29) and (4.30), respec-

tively, we get

3D By h2 T #1801

(4.32) (n-2)b3,n_2 = -(n-])c]’n_]a1.

(4,24), (4.31) and (4.32) imply that
b3,n-2 =

By induction we can show that
cj,n-j =0 for = 0,1,...,0.

Therefore, u_ = 0. This is a contradiction.
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Case 2, (k -~ 1)

In this case it is easy to check that

1 Mg = €q 0 T g f tC £ L.

:|2 . . )] [RFa1) 12 1"
1’0 ]’] ]’2 +---+L0’.Id.lt +2C0’za]f f +3C0’3a]f f +...

p
= (¢, otey f'+c, Jf'T+,..) + a ey t2c, ,E'+3c f'2+.--J,

(4.33) 1,0 71,1 1,2 1 ,1°%0,2 0,3
< = (c +c, f'+c f'2+ ) + a_ f"(c +2¢ f'43c f'2+ )]
K 2,00°2,1 2,2 e 1 1,17°%1,2 1,3 s
. 2
11} [N AN | t 1
+ (azf + E_f )(CO,]+200,2f +3c0’3f to..0,
L -

Since By % 0 and by = 0 for i L n, by (4.33) one can easily see that

c, ; =0fori-mn, j=20,1,... .
3
Hence
= £' + f'2 +
u,n—' Cn’o‘f'cn,] Cn’z “ney
2 ,
= + l+ . " r 1
bt T Cor 0%, B ) 8 e e U F ten,st )
Similarly, by (4.18), we also have
= b + b f' +b f'2+
Vit 1,0 © Pntl,l ntl,2 sees
2
= (b +b £'4...0) + a_ " ' '
Vnez = Prya 0P S A 1Py o T 3

Comparing the coefficients of f'l, i=0,l,... in (4.19), we get

C
(4.34) n,0

Cn,j - bn+1,j-1’ 1=1,2,...

=0’

Next, comparing the coefficients of f" in (4.20), we get
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|3 ' l2
(4.35) 28,£77(b 3 420, HETHB L ST

[} l2 l2 1
1f +cn,2f Feoe) - 231f (cn 1t 2ec £' ...

= -(c_ ¢
n,0 . n,2

»

Hence, comparing coefficients of f'l, i=0,1,... in (4.35), we get

(4.36)

- 2ja, = 2(j-1)a1b 1 j=1,2,...

-cn,j+1 cn,J mtl, j-

From (4.34) and (4,36) it is trivial to see that
cn,j =0 for j=0,1,2,.00 &

Therefore, y = 0. This is a contradiction. W
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5. OPTIMAL EFFICIENCY

Lemma 5.1

If ¢ € 02 and ¢ uses evaluations of f and f' then a(gp) = 2.

Proof
It suffices to show that o(f) (x) depends explicitly on x, f(x) and

f'(z]). Suppose that o(f)(x) does not depend explicitly on x. Then
w(f) (x) = 6(£(x%), f'(Z]))
2 .
for some ratiomal function G: R™ — R. GSince m(f)(af) = o

(5.1) G(0, f'(af)) = ap

for all f € D, Clearly for any real numbers s, t (t # 0), there exists

f € D such that

(Yf = 5,
t =
f (cxf) t.
By (5.1) we have
G{0,t) = s

for all (t,s) with t ;‘ 0, This is a contradiction. B

Lemma 5,2

If v € Qz, p(w) =2 2 and o uses evaluations of f only then a(o) 2 5,

Proof

We assume notation used in Case 1 of the proof of ‘heorem 4.4.
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Suppose W #0 andui = 0 for i < n. From (4.23) we can easily see that

n> 0. Note that, by (4.24), a, # 0,

case 1: (n= 1)

By (4.23)

1
y.0 7t cg 1 (1Haf") £ 0,

1,0 “%0,1°

by 1= bg,2= 0

br0 "

Hence

a1f2(x) +...

w(f)(x) = x - f(zl)-f(X)+..'

Since the higher order terms in f(x) cannot cancel the terms shown, the

theorem is proven for this case.

Case 2: {(n = 2)

By (4.23)

c. 4 c, (+a ') + ¢, ,(1+a £1)? #0
2,0 1,1 i 0,2 1

¢ 0t 1,1t %2 %

by o * by, 1 = °1,1%172%,2%

by gt co0% = %

bg,3 = Py,2 = 0-

Hence

by o = 21%,0°
by1 T "1%,2°

by1 " P30T #1610
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Therefore,

£, 70 £(z))+. ...

b3,0
fz(x)+
0 %

2,1
2
]f(x)f(z1)+c0’2f (Z])+...

(5.2) o) (x) =x+

CZ,

H

r 1 2
Since ¢ ¢ ](l+a1f Y + c0’2(1+a]f )T # 0, b3,0 and b cannot both be

1, 2,1

zero. Then one can easily check from (5.2) that a{(mn) = 5.

2,07%

Case 3: (n 2 3)

One of b j=20,...,n~1 must be non-zero, But to compute

ot 'j’j,

nt1-j j N . . ]

b . LB () f(z.)” from f(x) and f{(z,) requires at least two arithmetic
ml-j,] 1 1

operations, The argument of f(z]) requires at least one arithmetic opera-

tion. The division takes one arithmetic operation. A4lso, to combine with

% requires another arithmetic operation, Therefore a(g) =5, @

For any £ € D, define

Ez(f) = sup elwm,f),

mGﬂQ

Then Ez(f) is the optimal efficiency achievable by a rational two-evaluation

iteration without memory with respect to i. By Theorem 4.4 and Lemmas

5.1 and 5.2, we have

1 1
e(DFc(£')+2 * 2c(£)+5

(5.3) Ez(f) < max( ).

Consider Newton iteration v and the iteration § defined by (1.2) and (1.3),

respectively, We have

]
c{fi+c(£f)+2 ?

(5.4) ely,f) =

and
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1
2c(£)+5 °

(5.5) e(4,f) =

From (5.3), (5.4) and (5.5) we have the main result on optimal efficiency.

Theorem 5,1
1. 1f c(f') < c(f) + 3 then

1
c(f)+c(£f')+2 °

Ez(f) =

i.e,, Newton iteration is optimal,

2. If ¢(f') = c(£)+3 then

1

E,(£) = 7 05+

‘i,e,, the iteration § defined by (1,3) is optimal,
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