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ABSTRACT

Root-finding iterations are used to compute reciprocals of power series.
We show that Sieveking's algorithm is just Newton iteration applied in the
field of power series. Let Ln denote the number of non-scalar multiplications

needed to compute the first nt] terms of the reciprocal. We show that

nt+l < Ln < An-logzn.

We conjecture that

Ln = 4n - lower order terms.



1. INTRODUCTION

We consider the problem of computing reciprocals of power series. This
problem is closely related to the problems of polynomial division, evaluation
and interpolation. (For example, see Borodin (1973).) Let Ln denote the
number of non-scalar multiplications needed to compute the first o+l terms of

the reciprocal of a power series. Recently Sieveking (1972) showed that
L < 5n-2,
n

In this paper, we show:

(1) Root-finding iterations can be used in the field of power series.
Sieveking's algorithm is just Newton iteration applied to the

function f(x) = x-]-a, a % 0, in the field of power series.

(ii) By modifying Sieveking's algorithm and analysis, Sieveking's

bound is improved to
Ln < 4n-log2n.

(iii) We propose a new algorithm for computing reciprocals of power
series, which is competitive with Sieveking's algorithm, and
which is based on a third order iteration. The bound in (idi)

can also be obtained by this new algorithm.
(iv) Ln zntl for all n = 0,

In Section 2 we define some bagic notation and also prove results (i)

and (ii). Results (iii) and (iv) are proven in Sections 3 and 4, respectively,



In Section 5 we give a general family of algorithms for computing reciprocals
of power series. Any algorithm in the family can compute the first n+l terms
of the reciprocal of a power series in 0(n) non-scalar multiplications (and
can also compute them in O(n log n) arithmetic operations if Fast Fourier
Transform is used for polynomial multiplication), We conjecture that Newton

jteration and the third order iteration are optimal among all algorithms in

the family.



2. NEWTON ITERATION

We will use notation of Sieveking (1972) and Strassen (1973). Let k be
an infinite field, a, bi’ i=0,1,..,,% indeterminates over k, A an exten-
sion field of k, and t an indeterminate over A. Suppose that E and F are
finite subsets of A and that we do computations in the field A. Let L(E mod F)
denote the number of multiplications or divisions by units which are necessary
to compute E starting from k U F not counting multiplications by scalars in k.

We shall prove the following theorem by using Newton iteration.

Theorem 2.1.

Suppose A = k(aO’a1"")’ a, is a unit in A and

n i3y ntH
(2.1) Tat - gb t- =1 ™y,
o * o i

Then

L(b{},...,bI1 mod ao,...,an) = lm-logzn for any n 2 1.,

We first use a technique of Strassen (1973) to prove the following

Lemma 2,1,

Suppose A = k(ao,bo,a],b],...) and

n i ™ i £-1 otm i
ra,t Tbht = [ cit + T ec t .,
0 o ! 0 g 1

L(cz,...,cn+m mod aO""’an’bﬂ""’bm’CO""’cz-]) = mtm - §+]

-1
for any n,m = 0 and £ such that n+m > £ =20. (T is assumed to be zero.)
0




Proof of Lemma 2.1.

Let lj’ 1<j<ntm - g+, be any mtm - #+1 distinct nonzero elements

in k., Observe that

ntm- 4 i ) n i m i 2-1 i
(2.2) s e, . Ar=A.(Za;, TbA, - T c.t7)
i=g FHL ] J j=p *Ji=0 *J o ¢

for § = 1,...,ntm - f+1, and det(k;) # 0. Hence c,, ., 0 <i < mm-4, can
be obtained by solving the linear system (2.2). Therefore,
L(cz,...,cn*m mod aO""’an’bO""’bm’CO""’cﬂ-1)

n . m .
i i,
< L(iE0 ail.izobikj, j=1,...,cbm - 4+1,mod aO,...,an,bg,...,bm)

= ntm - 1. | ]

Proof of Theorem 2,1.

<o . o] .
Denote T ait1 by a and T bitl by b. Suppose that (2.1) holds for all n.
0 0

Then b is the reciprocal of a with respect to the field A(L).
befine the function £: A(E) - [0 ~ A(t) by £(x) = x”'-a. Thus b

just the root of f. Applying Newton iteration to f, we obtain the iterat..:

function
' -1 2
(2.3) ox) = x - £f'(x) f(x) = 2x-ax .

(In this paper,derivatives of f are defined by purely algebraic methods with-
out employing any limit concept. For example, see van der Waerden (1953,

@65).) It follows from (2.3) that

(2.4) o) -b = a(x-b)2.
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For notational simplicity, let Ln denote L(bo,...,bn mod ao,...,an).

To prove the theorem it suffices to show that

(2.5) L

20t < Ln +4n+ 2  for n.2 0,

= -
(2.6) LG Ln + 4n ; for n =2 1.

Suppose that bO""’bn have already been computed. In (2.4) let x be taken
n

to be ¥ b.ti. Then
0 1
n i 2mr+2
W(Eb-t) -b=20 (t )’
D 1
or
n 2n+] n 2nt1
. 3 r} » 2
@1 2gbt - 3 oad(s bth = 3 biti (27t |
0 0 0 -0
Note that
jul . n .
T aitl T bit1 =1 ",
0 0
We define CTETETFLES by
2n+1 i n . 31 i
(2.8) T oath s bit1 =1+ 1 et-,
0 0 ml
Then by (2.7) and (2.8),
n n n
i i i nt+
g‘ Crr1+1t E b;e” = g Pt (E )
Therefore
(2.9) L2n+1 < I..n + L(en+1""’e2n+1 mod 80""’32n+1’b0""’bn)
+ Lb b mod e

a7t ooy n+1""’e2n+1’b0""’bn)'



By Lemma 2.1,

L = Ln + (2o41) + (2ntl) = Ln + 4ni2,

2n+]

We have shown (2.5). From (2.7) we also have
n . 2n , n 2n i 9 b1

(2.10) 2 % bitl -3 aitl(): biti)z =Tb.t (t Y.
0 0 0 0

(2.6) follows in the same as (2.5) by starting with (2.10) instead of (2.7).

One can easily check that the algorithm proposed by Sieveking (1972) is
just the Newton iteration stated above. However, because of (2.8), Lemma 2.1,

and careful estimation of Ln from (2.5) and (2,6) we are able to obtain

L = 4n-log2n for n =21

rather than

L < 5n-2 for n 21

which is obtained by Sieveking (1972). One should also note that the idea ot
using Newton iteration to compute reciprocals has been known for a long

For example, Newton iteration is used to compute matrix inverses by

Schulz (1933), to compute reciprocals of real numbers by Rabinowitz (19%c

and to compute integer reciprocals by 8. A. Cook (see Knuth (1969, ¢&4.331:.
in this section, we have shown that Newton iteration can be used successfully
in the field of power series, and hence can compute reciprocals of power
series, In fact, any root-finding iteration (Traub (1964}) can be used for
the problem of computing reciprocals (see Section 5). Newton iteration is a
second order iteration., In the next section we propose a new algorithm for
computing reciprocals of power series, which is based on a third order itera-

tion, and which. is competitive with Sieveking's algorithm.



3. ANOTHER ALGORITHM FOR RECIPROCALS

We use notation defined in the previous section. Applying the third

order iteration (Traub (1964)),

- - - 2
50 = x - £107 100 - 1E 1P e,

to the function f(x) = x—]-a, we get
(3.1)  o(x) = x(3-3ax + (ax)?).

It is easy to show that

(3.2) o(x) - b = a>(x-b)>,

We shall now use ¢ to prove Theorem 2.} for n =2 3. Let Ln denote

y <3 and L2 < 6,

not difficult to check that it suffices to prove that for n 2 1,

L(bO""’bn mod ao,...,an) as before. Note that L It is

(3.3) L = Ln + 8n + 5,

3Int2

(3.4) L3n+] L +8n+1,

(3.5) L3n = Ln + 8n - 3.

Suppose that bO""’bn have already been computed. 1In (3.2) let x be taken

n .
to be Zb.tl then
0" ooy 3n+3
o(Sbh t) -b=0 (£,
0 1
or
n . In+2 . n . 32 . n . 3nt2
(3.6) (% bitl){B -3 % at pbtl4+( v a¢l zb.eh)?y = T bl (03
) o * o 1 o * o 1 0 1

Note that
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i i n+1

i .o b
We define e 40 ,ean+2 y

3n+2 0 . 4k
% ait T b.t = 1 + b eit .
0 0o * nHl

Moreover, define dO""’dn by

n
i.2 _ i 1
0 0
Then
32 ; B i 3n+2 5 n {2
(3.7 3 -3 7 oa,t  £b.t 4+ ( ract Tb.t7)
0 o * o X o *
2] 2nt1 n
_ n+1 i n+]1 2ot2 i 33
= 3t by en+l+it +1+2¢t E en+1+it t E dit (t )
2n+]
def.
g i+ tn+1 s f‘tl (t3n+3).
0 i
Define go,...,g3n+1 by
n . 2ot . 3n+1
(3.8) Tbt  Tf vt v gt
* 0 i 0 i 0 i "
Then by (3.6), (3.7) and (3.8),
2nt] . 2n+1
i i 2nt2
Tgt = T Ppggyt e ).
0 0
Therefore
b_)

- b oyenn
Ly, = Ly + Ll yqaerestynyy 04 Bg2ees%304277077 2 n

+ L(do,...,dn mod en+1""’82n+1)

+ LBy, uaBy g ™0 Cnetr 2SI sdo""’dn’btl’""’bn)-



By Lema 2.},

=L 4+ 8n + 5,
n

We have shown (3.3). From (3.6) we also have

n . 3n+1 .n . In+1 n . 3n+1 .
(3.9 (Cb;tHI3 -3 ¢ arzbet+ (g at’ T bitl)zl = T bl (07,
0 0 0 0 0 0
n { 3n i n i 3n i n {2 In . It
(3.10) (2b,£9[3 -3 zaxl pbe +(Zat £be)’1= gp e i
o 1t 0 0 0 o 1t o *t

(3.4) and (3.5) follow in the same way as (3,3) by starting with (3.9) and

(3.10), respectively instead of (3.6),
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4. A LOWER BOUND
Under the hypotheses of Theorem 2.1, we show that

(4.}) L(bogcu-,bn mod ao,...,an) P n+1.

-1

i -1
Suppose that a, = 0, i=2,...,n. Then it is clear that bi = (a0 a])la s

i=0,...,n. (&4.1) follows from the following

Lemma 4.1,

Suppose A = k(ao,a1), a, is unit in A and

i1,
bi_ (ao a]) ao 3 1 = 0,.-.,“.

Then

L(bo,...,bn mod a a]) = nt+l.

0’

Proof.
Consider an arbitrary algorithm which requires m non-scalar multiplica-
tions or divisions. Let R]""’Rm denote the results of these multiplicationrs

a r Py - k
or divisions. Then there exist P 3 £ k, 9; € {k0a0+k1a1|kd 1 € k} U k,

H

i=20,4..50, j= 1,...,m such that

m
+ = i = P I
j}i]pi’jRj qi bi’ i o, sn

Suppose that m < ntl. Then there exist r, €k, i=20,...,n, such that T, # 0

for some i and

n
E r,{b;-q;) =0,
or
n n
i_n=-i _ n+1
E %% T (E r;9;,0a8, -

This clearly implies that r, = 0 for all i = 0,...,n which is a contradiction. @
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5. A FAMILY OF ALGORITHMS FOR RECIPROCALS AND A CONJECTURE

Suppose a = § ait1 and b = § biti and that (2,1) is satisfied for all n.
0 0
Let A = k(ao,ai,...). For any nonnegative integers d, LO,LT,...,Ed (not all

k
zero) we define an algorithm which generates the sequence of iterates {x( )]

in A(t) by

2 2, %1
LD x(k)(1_ax(k-1)) 1 (k-d)) d . (]_ax(k))j

i=0

ces(1-ax

l1~1

Z (]_ax(k'1))j
j=0

2
(5.1) IO R I I

+ v0s 4
o
L

d
x(k-d) T (1-ax

j=0

(k-d))j_

Then it can be shown that

ey 4 L 2
5.2) x5 wp L p1eax{) 0 ® D) T e ey e

L N} .

For all k define e to be the greatest integer such that

c

x(k) = b (t k).

Then from (5.2) it follows that
Lo to..th.c
k+1 . -

x( ) = b (t 07k d"k d)_

Hence
d

(5.3) ¢ g 2 130 Loey 40

Using (5.3) we can estimate the number of iteration steps necessary to

compute bO""’bn from ao,...,an for any given n. Note that in computing

c i .
x(k+]) by (5.1) we should use kfjaitl for a(= E aitl).
0

0
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Example 3.1.
(i) if d = 0 and zo = 2 we have

x(k+1) = x(k)[T + (1-ax(k))] = 2x(k) - ax(k)x(k).

This is the Newton iteration (see (2.5}).

(ii) If d = 0 and 20 = 3 we have

x(k+1) = x(k)[1 + (1-ax(k)) + (1-ax(k))2]

- 3ax

O ®) , (ax®)2,

This is the third order iteration ¢ in (3.1).

(iii) 1If d

]

1 and 20 = 11 = 1 we have

(D) (k1) )

-1
One can check that this is the secant iteration applied to f(x) = x -

In fact, (5.1) represents the algorithm which is obtained by a genera:

Hermite interpolatory iteration (Traub (1964)) applied to the function

fi(x) = x_] - a, A special case of (5.1) (i.e,, d = 0) was pointed out before
by Rabinowitz (1961) for computing reciprocals of numbers. By the same tech-
niques used in Sections 2 and 3 one could show that L(bO""’bn mod ao,...,an)
is bounded by a linear function of n by using any algorithm defined by (5.1).
However, we believe that Newton iteration and the third order iteration are
optimal among all algorithms defined by {(5.1). More precisely, we state the

following
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Conjecture,

L(bo,...,hn mod ao,...,an) = 4n - lower order terms,

for 1argeJ1.

If we use the Fast Fourier Transform for polynomial multiplication, then
it can be easily shown by techniques similar to those used in this paper that
any algorithm defined by (5.1) is able to compute the first mt+? terms of the

reciprocal of a power series in O(n log n) arithmetic operations,
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