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ABSTRACT

The rounding-error analysis of Gaussian elimination shows that the
method is stable only when the elements of the matrix do not grow exces-
sively in the course of the reduction, Usually such growth is prevented
by interchanging rows and columns of the matrix so that the pivot element
is acceptably large. In this paper the alternative of simply altering
the pivot element is examined, The alteration, which amounts to a rank
one modification of the matrix, is undone at a later stage by means of
the well-known formula for the inverse of a modified matrix, The tech-
nique should prove useful in applications in which the pivoting strategy

has been fixed, say to preserve sparseness in the reduction.



1. INTRODUCTION

Let A be a real matrix of order n. The method of Gaussian elimination
may be regarded as a8 technique for computing the LU decomposition of A into
the product of a unit lower triangular matrix L and an upper triangular

matrix U. Specifically, at the k-th step of the reduction, we have

1 o) fu® y®
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A=
(k) (k)
L21 1 ) A22

where Lgﬁ) and U§$) are of order k. The (k+1)-th row of U is then given by

(k) (j=k+1,k+2,...,n),

uk+l,j = ak+],j

the (k+1)-th column of L by,
= oK) (k) o

zi,k+l ai,k+l/ak+l,k+] (i=k+1,k+2,,..,n),

and the matrix A§§+1) by
(k+1) _ (k) o
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The element ak+?,k+1 is called a pivot element for the algorithm,

it is zero the algorithm fails, and if it is too smhll the algorithm be-

comes unstable in the presence of rounding errors. Usually this problem is
avoided by interchanging two rows and perhaps two columns of Aég) to bring
an acceptably large element into the pivot position. However, in applica-

tions involving large sparse matrices an unhappy pivot selection may destroy
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the sparsity of the subsequent matrices. Indeed in some applications
the choice of pivots is determined entireiy from the sparsity structure
of A, leaving no freedom to pivot for stability (e.g. see {1]).

In this paper we shall examine the technique of modifying the pivot
element so that it is acceptably large and then undoing the modification
later after the LU decomposition of the modified matrix has been computed.
~ Since the emergence of a small pivot element in Gaussian elimination be-
tokens a numerical ill-determination of the LU decomposition, we shall
not try to obtain the LU decomposition of A itself; rather we shall show
how the LU decomposition of the modified matrix may be used to solve linear
systems involving A,

The next section will be devoted to describing the mechanics of the

technique. The effects of rounding error will be discussed in Section 3,
2. MODIFYING PIVOT ELEMENTS IN THE SOLUTION OF LINEAR EQUATIONS
In this section we shall show how the solution of the equation
(2.1y Ax =D
can be obtained from the solution of

(2.2) By = b,

where A and B differ only in their (1,1)-elements. We shall then indicate
the applications of this technique in Gaussian elimination.
Since A and B differ only in their (1,1)-elements, B can be written

in the form ‘
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T
B=A+ geje;,

where ey is the first column of the identity matrix., Then it follows

from the well known modification formula (see [2, p. 123]) that

2.3 Al =381 C sl eTB-],

where

=_———-l—-—-—--—.
i i

T - -
eIB e]-c

Since x = A-]b, we have from (2.2) and (2.3)

-1 T
X=y -~ 1B e,e0y
=y - Ty]c]’

where ¥y is the first component of y and 4 is the first column of B-].

Thus the solution of (2.1) can be obtained from the solution of (2.2) by
subtracting a suitable correction vector.

The economics of this technique are favorable. The system (2,2) costs
no more to solve than (2.7), The vector ¢, can be obtained at the same

1

time and at very little additional cost by solving the system

Be, = e

1 1°

The computation of 7 (n, b,, e?B-]e] is the first component of c]) and x
entails a negligible amount of additional caleulation. Note that once <y
has been calculated it can be saved and used to solve other systems of the
form (2,1) with differing right hand sides.

Concerning Gaussian elimination, suppose that at the k-th step an

unacceptably small pivot element emerges. Then a solution of (2.1) may



be obtained in the form xT = (x%k)T,xék)T) as follows.

1) - Solve the system

(k) (k)
Liym 0™ ™
(k) (k)
L2] I b2 b2
2) Set Bég) = Aéz) + cke1e$, where okis chosen to make the pivot

element acceptably large,
3) Solve the systems

S () | 0 L) )

22 Y2 2 "2 5 1
4) Correct yék) to yield a solution of the system

k) (k) _ . (k)
Byo %5 b,

5) Solve the system

(k) (k) _ . (k) (k) (k)
R L I P
This process can be repeated should an unacceptably small pivot be
encountered in step 3 of the above algorithm; however, here the economics
are not as favorable. The time considerations are roughly the same; each
application of the technique requires the solution of an additional set of

equations involving the matrix Bég), a negligible increase over the Gaussian

(k)
22

they are columns of inverse matrices, they need not be sparse, even when

reduction of B itself, However, each cgk) must be stored, and, since



the original matrices are. Thus in applications involving large sparse
matrices, the technique cannot be used too many times.

There remains the problem of choosing It is clear that g, must

k
(k) T .
not be too large; for as %) increases, A22 + 9,814 becomes a slight

perturbation of the singular matrix cke]e$. A natural choice is to take

Uk-

o, to be just large enough to dominate the elements in the first column of

(k)
oY)

Since the value of the next pivot element can easily be computed, it may

s Which corresponds to partial pivoting in the elimination process,

be desirable fo alter O slightly, say multiply it by a factor of two,
wheﬁever cancellation would occur in the calculation of tﬁe next pivot
element.

VIt 1; hardly necessary to add thaﬁ our results hoid also for the Crout
and Ddoliﬁtiervariants of Gaussian elimination;-for which the discussion

*
above remains valid with some slight and obvious modifications.

3. ERROR ANALYSIS

The algorithm described in the last section must be implemented in
finite precision arithmetic, and it is important to assess the effects of
the resulting rounding errors on the solution. For simplicity we shall
first assume that a modification is made at the first stage of the elimina-
tion and drop the superscripts (k). We shall determine‘conditions under

which the computed solution x has a residual

r=5b - Ax

*
This baroque variation on the famous theme of Laplace (il est ais€ é voir)
is due to Ostrowski [Arch. Rational Mech. Anal. 1 (1958), p.241].




that is small. WNote that, whatever the value of r, x 1is the solution.

of the system

(A+E)x = b,

where E = rxT/|h|F satisfies

el el
Wl Tl Tl

in the Ffobenius norm defined by |h|F = trace ATA. Thus a small residual
implie§ that x, however inaccurate, is the solution of a slightly perturbed
problem,

The following notation will be used in the error analysis, The symbol
(k>, called a relative counter, will stand generically for a quotient of

the férm
Q4P (14P,) ... (1+P )
3.1 Ky = TP TPy o0 (R

where the numbers [pil are uniformly bounded by some small quantity, We

shall also use the notation #k# for the deviation of <k from unity:
#k#=]‘<k>-

The symbol #«# will be called an absolute counter. We shall assume that

the bounds on the Py in (3.1) and on the integer k are so restricted that

(3.2) |#k#| s ke s .7

for some number ¢ of approximately the same size as the bound on the |pi|.



T
If x is a vector, then x(k” will denote the vector (x1<y?;x2<y7,...,xﬁ(k>) s
where each appearance of the counter k may stand for a different value. .

The relative and absolute counters have the following easily verified

properties:
{4 = i+,
/<> = &k,

and

(3.3) ey - )= Fict 24

The usual backward error bounds for t-digit, base £, floating-point

arithmetic (see, e.g.,, [3]) can be expressed in the form

fe(ao b) = (a0 b)I? (o=x,%)

and

£4¢a + b) = aQd) + b<{1),

where € in (3.2) is of the order But.
We turn now to the analysis of the effect of modifying the 1-1 element
of A. All quantities will denote the computed values, with the exception

of B= A+ ce]ef. The first step is to solve the systems By = b and Bc, = e

1 [

We assume this is done stably so that the computed solutions satisfy

By = (B+E)y = b

and
Byey = (BtEy)ey = e,
where

Edl =« 1Bl ca=1,2)

for some small € Note that the single rounding error made in forming B

from A may be absorbed in the error matrices Ei'



The next step is to compute T, There is no rounding error in the

computation of €1 = e$851e1. Hence

-1.-1
T = fﬂ[(c1]-0 ) 1]
= 1
c11 (1 >'U-]<2>
or
(304) T+ 0<3> - Tocl ]<3> = 0'
Finally one computes
x = £o(y-1y,cq) = y<12 - Ty, e

From this it follows that
TY-lc] = Y(4> - x@);

whence from (3.2)

3.5 Il Iy, b lleyll s v dkll + Il

Now
r=b - Ax
T
= b - (B-cre1e.l)x
= b - (Bz-ce.le‘f)x + sz
. ‘ _ T
(3.6 =b - (Bz—ce]e])(yQ? - Ty]c1<37) - Byx

=b ~ Bzy(1> - Ex + ¥, (ol -'l‘crc:”<3>)e1

+ y,7B,¢, £+
the last equality following from the fact that

Bzc1(3>= Bycq + Bycy #3# = e, + Bycy #3#.
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On subtracting zero in the guise of (3.4) from the tem in parentheses in

the last member of (3.6), we obtain from (3.3)

r= ? - Bzy<J> - EZ# + y1§§ fat -.ch]] #ﬁf)e] f 7B,y #34.

Hence
r=b - By + (E-E)y + B,y ¥ - E,x
+ f](o #t - Toc #6#)e] + y,TBye, #34.
Since b - B]y = 0, if we let
}HBiII lol
p = maxi——— * —
eIl
and

Ity ||
A=,
e

then from (3.2)

lbe || -

- = (e,+te, )N + epd + e, + dep
172 2

lall [hell

+ 6.6eu(1+)) + 3.3epn(14+30)

< €,

2 + 106p,+1{e] + ¢

o + 15eu)

This result is quite satisfactory. For reasonable modifications of
the pivot element, the number ;;, will be of order unity. Thus ), the ratio
of the sizes of the computed solutions of the equatidns Ax = b and By = b,
is the conéfolling factor, ‘If A is large, that is if severe numeric§1
cancellation occurs in the passage from y to x, the result cannot be
guaranteed to have a small residual. Note that this cannot happen if B is

well conditioned, whatever the condition of A. 1In any event, the condition
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is one that can be easily check.

There remains one point to clear up, The modification step is only
one part of the algorithm described in the last section, and we must show
that this algorithm as a whole is stable. The usual rounding error analysis

(k) (k)

for triangular systems shows that the computed vectors b1 and b2 satisfy

(k)

(k) ' s
L7 ¥ By 0} by b,
(3.7) : - N =
: (k) (k) ’
LZ} + FZ] I b2 b2
(k) (k)

where F1] and F21 are small compared to L]l

section imply that, if all has gone well, the computed vector xék) will

and L21 . The results of this

- satisfy

(k) ) _ )

(Ayy" + Gyp)xy b,

where G22 is small compared with Aég). Since the solution for x#k)

amounts
to no more than the completion of the solution of a triangular system, the

computed vector x satisfies

(k) (k) (k)\ (k)
P TIPS PR 5y A,
(3.8) -
(k) (k) (k)
0 Aap" T Gyp %2 b2

where G1] and G22 are small compared with Ugﬁ) and Uig). Equations (3.7)

and (3.8) can be combined in the usual way to show that the computed solu-
tion satisfies

(A+H)x = b
where H is small compared with A (see, for example, [3, p. 108], in which
the final bound must be supplemented by a factor of |h” since no assumptions

about pivoting strategy have been made).
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