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ABSTRACT

We consider iterations for solving the nonlinear equation F(x) = 0 in
the N dimensional Banach space, 1 < N <+ =, which use "integral information
with a kernel", This information consists of the '"standard information"
F(j)(xd), j=10,1,...,8 and the integraloj'i g(t) F(xd + tyd)dt where s =2 1,
x4 is an approximation to the solution and Y4 depends on the standard in-

formation. We show there exists an iteration with order 2s + 1 + 6N 1 and
3

prove its optimality.



1. INTRODUCTION

We want to approximate the simple solution o of the nonlinear equation
(O.1) F&)=20
where

F: D+ B,, D is an open convex subset of B1, B1 and B, are N-dimensional

2? 2

Banach spaces, 1 = N £+ « and [I~"(c_-,,')]-1 is a bounded operator. This prob-
lem is often solved by construction of the sequence of successive approxi-

mations to ¢ using the standard information on F

(

ms = [F(xd),F'(xd),...,F S)(Xd)},

where X4 is & close approximation to .
In previous papers we investigated another kind of information, namely

the integral information
(s) !
Mo = TG F () aee ) F ¥ (2, g F(x, + tyy)dt],

where s =2 1 and Y4 depends only on the standard information (see Kacewicz [75a]
and [75b]),
We showed there exists an iteration of maximal order s + 3 - § (for

optimally chosen yd), where

0Oif N=1o0or s =2

1 otherwise



Since the maximal order of iterations using the standard information is

equal to s + 1, the use of the integral increases the maximal order by

~

2 - 5.
In this paper we consider more general kind of integral information,

namely integral information with a kernel.

1
L2 B = s B = (PO F Gy T Gy, [ 2P0y + eyparl,

where

s21, Yq = yd(xd,F(xd),F'(xd),...,F(s)

1
of a complex variable such that I [g(t)]dt <+ =,

(xd)), g = g(t) is & complex function

Note that if g(t) = 1 then m%] = m_ The question is how the

- 1,s8°

maximal order of iteration depends on g.

In Section 2 we define the iteration i s which uses m51 s for optimally
=t L ]

chosen ¥4 (see Section 4) and is of order min(s+i+m, 2$+'|+6N 1) (see Section 3
»
and Corollary 1 in Section 4), where m is an integer depending on g (defined

in Section 2) and 61 is the Kronmecker delta, 1In Section 4 we prove the

3

iteration Ig] s is maximal, Furthermore we show there exists a polynomial
=iy

g = g{t) independent on F such that m = s+§ Since for such g the order

N,1°

is equal to 2s+1+§ the value of the integral with a kernel, which is

N, 1’

represented by the vector of size N, increases the maximal order by s+6N’1.
In Section 5 we show that for N sufficiently large the iteration Iﬁl,]

has smaller complexity index than any interpolatory iteration IO,k’ which

uses the information mk, k = 1, under some assumptions on the cost of

computing the value of function, its derivatives, and the integral. 1In
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Section 6 we give examples of the function g and show some connections

between information mg1 s and certain two-point information without
=ts

-~

memory.

2. DEFINITION OF THE ITERATION Ig1 .
L ]

We shall use the notation
1 i
@.n 1;- [ e 53 ae, vj =1,
0
Let us define

(2.2) By = {g = g(t): I, = 0}

(2.3) B, = {g = g(t): I, £ 0, I, = 01,

k-1
Ik 2
g(t): I] # 0, 12 f 0, i~° (;—;) k= 2,3,...,m,
1 1

m
I I
_E".."_l.,é -—2-> for m = 2.
IT I]

Note that Bm # 0, vm, Indeed, the function

(2.4) B = {?

s5+24m
5+34m

g(t) = ¢t ~
belongs to Bm for m = 0,1. Form 2 2 we can find a function g for which

(2,5) I1,=1, j=1,2,..,,n,

1 = 2.

Tt

Suppose g is of the form
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(2.6) g(v) =) gt
i=0

n

Then the equalities (2.5) give us the system of linear equations on 8y
i=20,1,...,m

m

1 »
(2.7) Z A gi=1+6j,m+] i=1,2,...,m1,
i=0
.I i i 3 * I} ]
Since the matrix [}+j+i+4 ]i.= 0,1,00s,m = symetric and positive definite,
=1,-¢o,m+]

the coefficients 8 exist and hence Bm % 0, vm,

In the remaining part of this paper we often use the notation h = ¢(x; F)
which means that h is the approximation of o obtained by one step of the
iteration ¢ based on x and a certain information on F. Recall that if

0,s

" uses the standard information ms for s = 1, then

z = I0 s(x; F), where I means the maximal interpolatory iteration which
]

(s+1) .
R Z=ry F (d)
lim = for N = 1
+1 +1)! F'
" (Q’-X)s (s 1) F (ﬂ’)
and
-1 +1
le-oll _ WE' (@17 'F S |
< T for N =z 2.
s+1 (s+1) 1!
xoa [o-x|
We define now the iteration Ig1 s which uses the information mgl s for
L ] R ]
Y4 given by
arbitcrary ifm=0
) zy - %Xy ifm=1,
¥4 11
f;(zd-xd) ifm=z2,

. . . - . .
where Xq is an approximation to the solution a, z4 IO,s(xd’ ) and g € Bm
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The next approximation hd I~1,s(x ; F) in I-1,s

of the polynomial w = w(x) = w(x; x,,F),

is defined as a zero

(2.9) w(hd; xd,F) = 0

with a criterion of its selection, e.g., the nearest zero to xd), where w is

given as follows,
Cage I. N=1,

(2.10) w(x; xd,F) = F(xd) + F'(xd)(x-xd) + ... + %7 F<S)(xd)(x-~xd)S +

+ A(xd,F)(x X )3-H

where ~

0 ifm=20

:
@.1) AGxy,F) =<ys+} (£ 8(E)F(x gty )de -
d

s
1 ,

ZJ (x )yd r g(t)tldt) otherwise

i=0 0

Case II, 2 < N 5 +w=,

(2.12) wlxs % F) = F(xg) + F' (x) (x-x,) + ... + l—, F(S)(xd) (x-x)° +
1 =y (1) 1 .
+ ¢ ‘[ g(t) F(xd+tyd)dt - Z T F . (xd)y; tL‘ g(t)t de .
i=o *
where

0 ifm=20

ifm=1

: 12 s+1
AT ifm=2

2]

Il
A
el




Note that to find a good approximation of hd in numerical practice it is
possible to perform a few Newton steps on the equation (2.9).

We see that for m = 0 I is equal "to the well known interpolatory

E

-1,s

iteration I0 : which uses the standard information ms and is of order
]

s+1. Hence we assume thatm = 1.

One can verify that the polynomial w satisfies the following inter-

polatory conditions. For N =1,

w(j)(xd) = F(j)(xd) j=0,1,..0,s
1

1
£ g(t) w(xd+tyd)dt = g g(t) F(Xd+tyd)dt-

For 2 = N < 4,

w(x) = Flx) + 0(fx, [P

w(j)(xd) - F(j)(xd) §=1,2,...,s

1 1
‘{E g(t) wixtty,)de = g g(t) F(xgtty )de + O(H(y-xdl|s+]).

3. CONVERGENCE OF THE ITERATION 1%1 s
L

If the function F is sufficiently smooth in the neighborhood of the
zero o, then from (2,10), (2.11), (2.12) and due to the special form of

Yq &lven by (2.8) we have
(3.1) F(x) - wix; xd,F) = R(x),

where
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for N=1

és+2)(xd)(x_xd)s+2 + 9((x-xd)s+3) +

(s+2)'
+ 0((zd-xd)2(x-xd)s+1) ifm=1

m

(3.2) R(x) =<k\é,2 (ot ). F(s+k)( d)(x-xd) [(x-x ) - (2%, k-1 +
1 (s+14m) s+1 ’ et

+ m-j—: F (xd) (x-xd) (x- ‘—-( )n(z +

.t 0((x-xd)s+2+m) + 0((zd-xd) (x =Xy )SH ifm=z22,
for 2 =N £ 4+ w

4 1

z;:ﬁsT{F(s+1)(xd)(x“xd)s+1 _ F(S+T)(xd)(zd'xd s+ ]+

(S+—2)'_ (S+2)(X ) (x- )S+2 + o([lx_Xd||S+3) +

+ 0(]le -xd||s+3 ifm=1
(3,3) R(x) =<p.1

ZU fs+_1l%)_' [F(s+1+k) (xd) (X_xd)s+1+k ) F(s+'l+k) ("d) (zd_xd)s+1+k] .

1 ({s+14m) s+T+m (s+1+m) s+14m
+ ?;:TEEY? F (xd)(x-xd) - F (xd)(zd-xd) .
m]
Tnrfh s+24m s+24m
(r\5, ) |t O (Jhe-x,4 | ) + 0l g-x, 7™ if m =2
-

From the Brouwer fix point theorem for N < + ® or the Schauder fix peint
theorem for N = + » (see Ortega and Rheinboldt [70), p.164), from the defini-

tion (2.9) of 8 and (3.1}, (3.2) and (3.3) we get the following theorem

-1,s
about convergence of Ig] s’ In Section 4 we shall use the result below to
=1

24

establish the order of I 1.s"
=Fs



Theorem 1

Let the iteration Ig.I s
b

be defined by (2.9) and g € Bm'

If the function

F is sufficiently smooth in the neighborhoad of its simple zero w, then the

approximation h, = Ig
d -1,

o and

(i) For N = 1

h

d"Q‘

lim

in(s+
x (a_xd)mln(s T4m,25+2)

(ii) For 2 = N =+ »

lhd'aH

lim
xd"'a ”a-x

where Dk =

<
|Fin(s+1+m,25+1) < I \® I
d + ‘l - -—.'— . —&ﬁl

-

2
(s+1) - [Pl

.

LiF (o) 1717 (o).

S(xd; F) is well defined for x4 sufficiently close teo

Det1+m if m = 0,1
e *
eth
I I
= 1) w1,
=<+ (1 -(12) ——11 ) Dttt
- Ds+1 ’ DS+2 if m > s+l
\
('
|bs+1” ifme=20
65,1 ! zlbzlﬁ + |Ps+2|| ifm=1
“mys (S+1)”Ds+1”2 +
* P g
L L s+14m

Since X4 is an arbitrary point, the theorem above describes the behavior

of the function h = I%I s(x; F) in the neighborhood of the zero « of F.

)



4. ORDER OF INFORMATION mg1 . AND MAXTMALITY OF THE ITERATION Ig1 .
- =1

g

has order equal to
-1,s

In this section we show that the itergtion I
min(s+1+m, 2s+1+5N,1) whenever g € Bm. We prove that this order is maximal
and Y4 given by (2.8) is optimal,

For this purpose we defipne the order of iteration and the order of
information as in Wozniakowski [75b].

Let § be a class of functions F,

F: D_ - B2’ DF C B

. dim(B;) = dim(8,) = N

'I’

which have a simple zero o = o(F) and are analytic in its neighborhood. Let

[xd} be a sequence converging to &, lim X; = a. We shall say that {Fd} <y
d

is equal to F € § with respect to m&l s iff
=V

“4.1) Fd(aa) =0, 1§m ¥ = o,

“.2) 1nFP @ =c® @, k=0,,...,
d

where G € &, G(a) = 0,

“%.3) 2. ;P =95 ¢

~1,s -1,s

(k)

xd;Fd) vd, i.e,,

(k)

F (xd) = Fd (xd), k=0,1,...,s,

1 1
gg(t)F(xd + ty )de = gg(t)Fd(xd + ty dde .

The order of information p = 1:»(‘118.| s) is 4 real number such that
L

sup A if A # ¢
p(mf =

0 otherwise
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where

A={p21: V{xd}, lim Xy = o ¥WFEY Fla) = 0,
d

V{Fd} equal to F it is true that

fhr -]

im ———— =10, Ve¢>0}.
-8
d de-aHP

Let ¢ﬁ] s be an iteration which uses the information ®€. . The order of
=l

-1,s

iteration ¢§1 ¢ P < p(¢g] S) is a real number such that
1 L ]

sup B if B f ﬁ

P(w%] g
’ 0 otherwise ,

where
B={p21: vix,}, lim x; = o, VF € 3, F(o) = 0, V{F,] equal to F
d
it is true that
—_— “hd" d“
lim ——-——-*—p-_"e"
d “Xd-d”

(see WoZniakowski [75b1).

= = o° .
0, ve > 0 where hd @_l,s(xd,F)]

WoZniakowski [75a] proved that the order of information is equal to the

maximal order of convergence. We shall use this property to show Ig1 . is
=1

maximal,

We now prove the theorem about order of information m51 g
L}

Theorem 2

Let mg1 s be the integral information with a kernel

1

gga .= r_n%] S(xd;F) = {F(xd), F'(xd),...,F(S)(xd), lEg(t)F(:-:d + tyd)dt}

where

8215 Yg = Yalxgr P, ¥ ¥ )y, g = g0
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1
is a complex function of a complex variable such that glg(t)|dt < + @ and

g € By. Then
p(MB ) < min(s+l4m, 25+1+5. .) .
-1,s N,I

Furthermore, if

(‘

arbitrary ifm=20,
Yq =<2q - X4 ifm=1,

I

T;(zd - xd) ifm=z2,

where zg = IO,s(xd;F)
then

p(‘Jl%],s) = min(s+7+m, 2s+1+6N 'I)' ]

Proof
We shall prove the first part of Theorem 2, i.e., we shall show that there
exist F €Y, F(o) = 0, {x.}, limx, = ¢ and {F.} equal to F, F (a,) = 0 such
d d d d d*"d

that

_ [y
(4.4) 1lim

> 0.
d ”xd_alrnin(s-!-l-i-m,23+'l+6N 1’

We consider two cases,

Case I, N =1

let F €%, F(o) = 0 and e, = o~-x,, where lim e, = 0. We set
d | d d

(4.5) Fg(x) = F(x) + (o) " [ (xmx )™ Vo010, e,
where

N o= bd =0 form= 0 and

_ y I
0 ifliml]-f*--ig|=0
Y= d d 71

m-1 otherwise,
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I
b,y =y ¥ Y formoz 1.
d d I]

One can verify that {Fd} is equal to F. Moreover,
fe |57 ifm=0
d

jamay] = gl Fq@] = e

I
|ed]S+1-|32“Y‘Y:-y'—E¥%:x| otherwise,

\

where

Fd(ad) = 0 and lém cqg = ¢ > 0,
From above we have

— |Q"°'d|
(4,6} 1lim T——T;:T;E

€d

> 0, Vlnu

This proves (4.4) for m = 0 or 1, Hence assume m = 2. Let us now consider the

functions {Fd} given by (4.5) with v = m-1. This means that

L
Fa(x) = F(x) + (X-xd)s+1(x—xd-yd E%D.

Let 23 be defined by
I
2

2g = %g ¥ i Ja vd

and let the function F and the sequence [xd} be such that
S | zd-d|

lim ———= > 0.
d I Edl S+1

Then {Fd} is equal to F and
|-y |

4.7) lim ——
d led|28+2

> 0.

Hence, (4.6) and (4.7) prove (4.4) for N = 1,
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Case TI. 2 s N <+
Since the inequality p(‘JIgT S) € min(s+1+m,2s+2) holds for N = 1 it also
I |
holds for any 2 < N < +w, Hence, we want fo now show that for 2 < N < 4w

p(mg? S) S 2s+), i.e., that (4.4) holds for m > s. It suffices to consider
“is

! (s)

2
the case N < +w, Let 2y = x5+ TT Ygs ¥d, 24 = zd(xd,F(xd),...,F (xd)).

If there exist F € %, F(g) = 0 and {xd}, lim xd =  such that
' d

— e g-all
Tim % > 0,

d Xd"Of

then the family of functions

+1 T
s (%y-254)5 0,...,0]", vd

N-1

Fa(x) = F(x) + [(x;-x;)

is equal to F with respect to mgi s
“ls

In the formula above, X14* %24 denote the components of vectors x

and (4.4) holds for zeros ay of Fd'

4

d? “d

respectively such that

— x| — =24l
lim — > 0 and 1lim ~ > 0,
d 19%7%4 d %274

and

T
X = [x'l’.“’xN] L ]

Hence assume

4.8y Tio ”zd'a” -0 3
(4.8) I;m ﬂ;;:;ﬂ = 0 for any F and {xd .

Let the sequence‘{xd} satisfy the conditions

a, =X

. 1 71d
(1) limx =g, x,. # a,, % . # @,, lim ——&
a 49 14 1 2d 2 d % %q

where F(g) = 0,

=1, X4 = ay for { = 3,4,...,N,
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From the assumptions above, it follows that Ypq ca1 be equal zero only for a

finite number of d, hence without loss of generality we can agsume that Yo4 # 0 vd,

-

Let us define

ys+l T
~ s+1 1d s+1
4.9 Fd(X) = F({x) + (xT-x]d) - =T (xz-de) s 0p0eas0]
Y24 A

One can verify that {Fd} is equal to F. From (4.9) it follows that

“.10) ooyl = by (@ |l = Bylag(zyg-0)) = (zp4mep] -

s

+ as_](

s-1
) a Zag7¥q)  (FgTRg) toe.

. ] as(z -X
d*“24 “2d

s=1
cee Fay(zy %) 0 (2470 g) + (zm"‘!dﬂ’

where

i %7 *1d
lim =h>0, F(e;) =0, a, = ———— (lim a = 1),
PRl d'\%4 d 7 gy X,y 4 @

It can be verified that there exists a function F and {xd} satisfying the
(i) condition such that

- (z

)|

— lag(zy4-a) 14~ %

“%.11) 1lim rw
d “d"xd“S

> 0,

Indeed, otherwise (due to the similar argument which was used by Kacewicz [75b])
the iteration ¢ for the solution of the nonlinear scalar equation £(y) = 0

defined as follows

- CEY = (s) (s)
Baay = ©(Bg3 D) = 2q (xgaFlg)au e P07 ()) = 29 g (xgaF ) see s F 0 0590
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where Bd is close to the solution (but not equal),

Xyl

F(x) = [x], f(xz), x3,ﬁ cery Xy

and

T

xd = [Bd - IO,S(B ;f)asdsof;:;o]

N-2
has the order of convergence greater than s+1, i.e., greater than the order of
used information, which is a contradiction, |
Finally, from (4.11) and (4.10) follows the inequality (4.4) for m > s,
which means that p(mf]’s) < 2s+1, This proves Case II and also the first part
of Theorem 2,

We shall prove the second part of Theorem 2. We want to show that for

arbitrary F € §, F(a) = 0, {xd}, lim X4 = o {Fd} equal to F, Fd(ah) = 0 we
d
have ” ”
-of
T d <+ @
(4.12) 1lim : *
d led‘dlrlln(s+}m,25+1+61‘],1)

Since ”ohaa” is at least of order s+1, (4.12) holds for m = 0., Assume m = 1.

Since [Fd] is equal to F we have
@13 [y | = [basxg, P | + |IF;(e) - wlasxyFp |

where the polynomial w = w(x;xd,F) is given by (2,10) for N =1 and (2.12) for
2 2N £+ =,

From (3.2) for N =1 and (3.3) for 2 =N <+ = we get
4.14) lh‘ad” - O(HFd(Q‘) “) - o(”xd_alrliin(s-!-1+m,2s+'|+6N’-I)).

Hence (4.12) holds which completes the proof of the Theorem 2. n
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Since

I8, GxgsBr-ayll = [18) Gegsm-ail + flamol

-

we get from Theorem 1} and (4.14)

125 s O3 ®) -y
in(s+14m,2s+1+5§
”xd'n’”n N

lim
d

<+
])

’

for any F € §, F(o) = 0, {xd}, lim x, = «, and {Fd} equal to F, Fd(aﬂ) = 0,
d

d

Hence, from the definition of the order of iteration and Theorem 2 we have

Corollary 1

Let g € B.. Then
m
g = i
p(I-'l,s) m1n(s+1+m,25+'|+6N’1). a2
From Corollary 1 and Theorem 2 there follows immediately

Corellary 2

Let wg] s be the class of iterations which use information 7% s Then
-1, L |

p(Iﬁ1 g = sup p(w%1 S
? R ?
P1,5%-1,s
i.e., the iteration Ig.! s is maximal, [ |
R

Note that the order of information and at the same time order of iteration

is maximized and equal to 2s+1+% iff m 2 s+8 Thus, for the functior

N,1 N,1°
(see (2.6) and (2.7)) one additional value of the

-1,s

g chosen such that m = s+§
N,1

integral which is represented by N new data increases the order by s+6N 1t
2
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5. COMPLEXITY INDEX

We want to compare the complexity indices of the iterations I%I S and
H

-

I The complexity index z is defined by

0,k

z = z(g;F) = c(F)+e ()

log p

where ¢ is an iteration of order p which use the information M, ¢c(M;F) is the
information cost and c(y) is the combinatory cost (see Traub and WoZniakowski
[75]). For the integral information with a kernel the cost c(m§1,s;F) consists
of the costs of the standard information c(mé;F) and the computed integral c(I),

Let us assume that m = s+5N 7° Then p(Ig S) = 23+'I+5N 1 and one can verify
s I}

g s
hat I 3F) < .
that z( 1,5 ) Z(ID,k’) iff
log(25+l+aN p log(25+1+6N P g
G- e < g ST - e®GH + gy o1y ) - e D).

Let 2 = N < + o« and c(F(i)) denote the cost of computing F(i)(x)g c(F(i))

depends on the total number of arithmetical operations as well as on the cost
of data access (which is usually greater than the cost of single arithmetical
operation). Let c¢(F) = N, Then we assume that ¢(I) = 0(R) and since F(i)(x)

+
can be represented in general by O(Ni ]) scalar function evaluations, assume

(i))

i+
that c(F = O(N1 ]). Since the information costs c(mk;F) and c(mgl s;F)
L |

are of order Nk+1 and Ns+1 respectively and the combinatory costs c(I0 k) and
2

C(I§1 s) are increasing functions of k and s respectively, we have for large N
. :

(5.2) min z(I

= z(I ;F) and
k=1 0,1

0,k F)
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(5.3) min z(I%

;F) = z2(1_; 45F).
sz} ?

1,s

However, it should be stressed that if c(Fgl)) is essentially less than Ni+1

then (5.2) and (5.3) are not necessarily true. Under our assumptions
Qog 3-T)c (M ;F) + log 3 c(I ) - c(Ig ) = O(Nz)
1 0,1 -1,1

which means that (5.1) holds for large N. From here, (5.2) and (5.3), it follows

that Igl 1 has smaller complexity index than any iteration I k =2 1 and any
L ]

0,k?
B
=

I-I,s’ s 22,

6. EXAMPLES

1. Let g(t) =1, Thenm = 2 and order p(I%] S) = min(s+3,2s+l+5N 1) = g+3-§

H 3
where
0 if N=1o0or s =2
5 =

1 otherwise,
which agrees with Kacewicz's [75b] result.

2. Let N=1 and g(t) = 5(t-1), where # is a generalized function such that

+0
[ s(e-1F(0)de = F(1)

for any function F with bounded support (see Gel'fand and Shilov [64]). Then

the information is of the form

m%l’s - {F(xd),...,F(S)(xd),F(xd+yd)}.

k-1

I 1
Note that Ij = 1, ¥j and hence EE = (fg) s, vk. Then formally we can set
1 1
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m = +» and the order of information p(mgT S) is equal to min(s+1+w,2s542) = 2542,
=l
which agrees with the optimal order of this special Hermitian information (see

Wozniakowski [75b]).

4
3, Let N=1 and g(t) = Gk(t-1), where j Gk(t-l)f(t)dt = F(k)(l) for any suf-
-

ficilently smooth F with bounded support.

Then the information is of the form

ne = {F(xd),F'(xd),...,F(S)(xd),F(k)

"1,3 (xdﬂd)}

and it was considered by Brent [74]. It is easy to see that if k > s+1 then
1
I.l = 0, hence m = 0 and the order is equal to s+). If k < s+1 then I, = Sfiill—
] (s+j-k}!
hence m = 2 and order is equal to s+3 which agrees with Brent's result.
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