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ABSTRACT

This paper fornulates the mninmum utility calculation for a heat
exchanger network synthesis, problem as a "transportation problen frénr
Ifnear programmng, thus allowing one to develop an effective interactive
conputing aid for .this probl em The -approach is to Iinearize
-cooling/heating curves and partition the problénlonly at potentiql pi nch
poi nts. Thus fornulatéd bot h thermodynam c and user i nposed constraints
are readily included, ‘the latter permtting sel ected streanistream matches
pb be disallowed in total or in part. |

By altering the fornmulation of the objective function, the- paper
also.shoms how to solve a nininun{utility cost problem where each utility
is available at a single tenperature level. A sinple one dinensiona
search procedure nﬁy be required to handle each utility which passes
through a tenperature change when bei ng used. |

Extending' the partitioning procedure permts the formulation to
accommodate match dependent approach tenperatures, an extension needed
when indirect heat transfer through a third fluid only is allowed for sone

mat ches.
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I nt roducti on

Two independently witten manuscripts (Cerda and Wsterberg (1979)
and Mason and Linnhoff (1980)) were nmerged and significantly extended to
pr"oduce this paper.- Bot h had discovered the "trahsportation m)dell " for the
ﬁi ni frur'n utility calculation fof t he héat exchanger network synthesis
pr obl em o

In the last 13 years nmany papers have appeared which deél with the
synthesis of cost effective heat exchanger networks to integrate chenical
processes thermally. In the récent process synthesis review paper of
N shida et al (1981) 20%of the 190 papers listed are on this topié al one.

As pointed out in that and other earlier papers, a nost si gnifi.cant
contribution of this entire work is the insight by Hohmann (1971) and
later by Linnhoff and Fl ower (i978) which permts one to establ i'sh the
thermodynamic limt for mninum required utilities to acconplish all the
specified heating and cooling for such a problem This thernodynamc limt
involves locating "pinch" points wthin s.uch networks where a nininmm
approach tenperature exists. This mninmum utility limt is alnost always
attained by the better network designs found for such problens and thus is
a very worthwhile target. Unfortunately, industry has tybi cally inple-
mented solutions wusing substantially nore than the nininum required
utilities —often 30% or nore in excess (Linhoff and Turner (1980)).

In this paper we show how to forrmulate the mnimum utility cal-
culation as a classical "transportat i on probl em¥ from |inear progranmm ng,
a problem for which very efficient solution algorithns exist. The approach
is to linearize heating and cooling curves to any desired degree of
accuracy. VW wll argue that only borner points and end points can be

potential tenperature "pinch® points. The tenperatures of these points




partition the streams into substreans for which one can readily wite the
requisite thermodynamc constraints. Extending insights by Gines (1980)
and Cerda (1981), we show that many:.—often half or nore —of the points
can be elimnated as -pinch boint candi dates, substantially reducing the
size of the transportation probienfmhich must be sol ved

The designer frequently wi shes to préclude mat ches being al | owed
be{meen certain streans, and it would be useful for him to discover if
these constraints seriously affect the minimumutility requirenents for a
process. The. transportation problem fornul'ation readily accomrodates such
constraints. The designer may have several utilities available at
different tenperature levels and costs. Snple adjustment of the costs
used in the objective function and some mnor added partitioning permt
one to find a solution having a mninmum total utility cost. W also show
that each utility which is_not avai lable at a constant tenperature |evel
may require an added one dimensional search

Lastly we show how to generalize the tenperature partitioning task
if one wishes to assign a different mnimum all owed approach tenperature
to each streanmistream match. Limting the transfer of heat between any two
streans to indirect transfer through a third fluid requires this type of
calculation. The nunber of partitions can grow enornously. |If the
partitioning is not done conpletely,' the calculation will yield an ubper
bound (and probably a good one) to the required mininumutilities.

The paper gives an effective algorithm to find a_first, and often
optimal, solution té the transportation problem one which can be im.
plenented by hand if desired. It also ‘describes the classical t ranspor -
tation algorithnyby Dantzig (1963), principally to showwhere in the sol u-
tion "tableau" one discovers the thermodynamc pinch point(s) for all the

probl ens descri bed above.




The first two authors extend the use of transportation like models
to aid in synthesizing minimum utility/minimum match networks in parts 2

and 3 of this paper.

Problem Definition

We are given a set of hot and cold péocgss streams among wﬁich we
wish to exchange heat to bring each from its inlet to its target
temperature. In general additional heating and cooling in the form of
utilities are needed to accomplish this task. Since the utilities used are
costly, we wish to calculate the least amount needed which can then serve
as a-target to the design of a heat exchangéf network to accompliﬁh our
task.

We assume sufficient information is given for each stream to allow
us to calculate a heating or cooling curve for it as it passes through the
exchanger network. We are given inlet and outlet temperatures; we must
guess the likely pressure trajectory. Then we calculate enthalpy along
this trajectory, plotting T (ordinate) versus enthalpy flow (flow rate
times specific enthalpy, abscissa). Also given for the problem is a

minimum AT driving force ATmin to be allowed in any heat exchange..

Example Problem

We shall illustrate the ideas throughout this paper with the example
four stream problem whose data are given in Table 1. Figure 1 shows the

cooling and heating curves for each of these streams.




T interval ent F C - FC AT
ool d App% ' b Q- F&
Stream ¢, 100- 140 10 2.0 80
140- 18(_) 11 2.2 88
Flow - 2 180- 190 5.0 1 2 phase  10.0 100
| . 190- 200 4.0 J region 80 80
200- 250 0.5 10 50
' ~ Total | 398
Gl d
Stream C, 140- 180 1.3. 3.9 156
180- 225 1.5 4.5 202._5
358.5
Flowe 3
S 2 .
Hot 300- 200 0.6 - 0.6 -60
Stream h, 200*- 200" * (phase change) 100
200" - 140 12 T 12 -72
Flow- 1 232
Hot |
Stream hy 280-100 0.8 3.2 -576
Fl ow - 4

Tabie 1. Data for 4 StreamExanpl e Probl em ATmis 20° for the probl em
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Sol uti on

Hohmann (1971) presented a strai ghtfor\/\ardlnéthod to solve the
mnimmutility probllem He devel oped two curves —one the "super cooling
curve" folrnéd by mer gi ng. the curves for éll the- hot process streams and
one the "super heating curve"' which nerges the curves for all the cold
précess streans. On a T-versus enthal py flow ;ii agram these curves éan ‘be
noved arb'it'rarily to the right or Igft and, thus placed so the supér
cooling curve is below'the super heating curve. The cooling curve is nmoved
toward the heating curve until there is a mninmum vertical distance
oc'curring befween the curves which equals the nminimum allowed AT driv-
ing force the designer wll pernt in any'.heat exchanger. Fi gljre 2

illustrates for our exanple problemwith AT . = 207,

This point of raini-
mn -
mum AT is terned a. "pinch point" for the vp’robl em By construction the
curves are in exact heat balance where they are vertically above and bel ow
each other. If these super streans existed and were placed in a counter-
current heat exchanger, the tenperatures of each side would follow the
opposing trajectories shown. The pinch point precludes further exchange.
The heating of the cold streans yet to be done, if any, represents the
mni num hot utilities needed and the cooling of the hot streans yet to be
done, mninmumcold utilities. Both are identified in Figure 2.

Li nnhoff and Fl ower (1978) note that no heat can pass across the
pinch for a mninum utility solution. Cne can prove this observation
easily by exam ni ngl Figure 2. Suppose one attenpted to use heat from the
nmerged hot process stream above the pinch to heat the merged cold stream
bel ow the pinch. Such a nove would bring the nerged cold, stream bel ow the
pi nch closer to the hot at t he pi nch, causing one to have to nove the cold

stream to the left to regain AT . as the driving-force at the pinch.
inin
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By moving the streaﬁs in this manner relative to each other, one nust be
increasing the requirenment for utilities.

W wish to automate and ge;1eral ize the Hohmann procedure. Using
their problem .tabl e. formul ation, Linnhoff and FI ovver. (1978) show how to
éol vé- the mninmum ﬁti lity problem if - each ‘ stream is repre.sented by
segnents of constant héat cépaci ty* versus temperature. We take their idéas
as our starting point, describing the task to be accon‘plished. from a
somewhat different viewpoint. This viewpoint wll give us significant
probl em reduction insights.

W too shall assume that the cooling ‘curve for each stream can be
approximated by straight line segments. This assunmption is actually very
realistic and can always be nmade in a safe manner by linearizing bel ow the
curve for hot streams and above. for cold streams. Keeping the linearized

curves at least AT . apart will guarantee" the actual streans are that
mn

far apart. Mst streams, even those undergoing phase change, require only

a few segnments to approximte their heating or cooling curves reasonably.

Co/ineji Point* and Pinch Points

If the streams are all Ilinearized as described, then the super
curves of Hohmann are also built up of straight line segnents as we see in
Figure 2. Qur goal wll be to locate the pinch point for any given

problem Clearly we can state the following: 1) if it exists the pinch
point occurs at a "corner" point for either of the two merged super
curves, 2) not all corner points can be pinch points.

Corner points are where the super curves change slope. Cearly only
a corner point where one curve apprbaches and then breaks away from fhe
‘other curve can be a pinch point ca-ndi date. We can wite the follow ng
rel ati onshi ps to' test a corner point to see if it is a candidate pi nch

poi nt .




Cold Qurve Corner Point |

Candi date only if Z '(rcp)i > z (Fcp)t (1)

+ -
L ST
11‘3’_1 L A

Hot Curve Corner Point &

Candi date only if X ) <Y () (2)
Lg_ P o¥ Pi
191y 4 161y
where sets I" ., I~ . are the cold streans contributing to the nerged

3] Cy

heating curve just above and bel ow corner point j, respectively, and sets
Il . and |- . are simlarly defined for the nerged hot cooling curve at
corner point 1.

The above tests are generalizations-of an observation by Ginmes
(1980), where he notes that if all streams are represented as single
straight lines, then onlly stream inlet tenperatures need be considered to
solve the mnimum utility problem For this case corner -points along a
merged super curve will only occur where streanms enter or |eave the curve.
Where a stream enters, the above tests will keep that tenperature as a
candi date pinch point; where it |eaves, the point will be rejected.

Cerda (1980) notes that no tenperature need be considered if it is

out of range, i.e. if it is along the nmerged streamand is nmore than
ATmm above or below any of the tenperatures spanned by the other. W can

use this test to reject corner points as candidate pinch points also.
These two rejection tests will frequently elimnate about half of
the corner points, which, as we shall see, wll reduce our problemsize to

about 25% of its apparent original size, -a significant reduction.
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T o ZFCP)+ ¢ ZFCP)' | . Disposition
Ht | 300 ' Reject. Too hot. (alia Cerda)

280 . : . Rej ect. Too hot.

200° 3.8 o " Keep.

200" - 4.4 _ Rej ect .

140 4.4 3.2 : Rej ect .

100 3.2 0 Rej ect .
Col d 100 0 2.0 _ Keep.

140 2.0 6.1 Keep.

180 6.1 14.5 Keep.

190 14.5 12.5 ' Rej ect .

200 12.5 5.5 _ Rej ect .

225 55 10 Rej ect .

250 10 0 " Rej ect .

Table 2. Corner Points for Super Curves in Figure 2 and their D sposition
as Candi date Pinch Points.

Table 2 lists all corner points for our exanple problem and whet her
they need be accepted or can be rejected as candidate pinch points. Note

only one hot and three cold corner points out of 13 total need be kept.
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Problem Parititioning

The " problem can now be partitioned at the candidate pinch point
tenperatures. The hot candidate points are first projected onto the cold
super stream and vice ver sa. -As_ ho_t ed by Li nnhof f and Fl ower (1978), this

projection is offset by ATm thué the hot candidate pinch ‘poi nts pro-

in’

ject down AT_. onto the cold stream and the cold Pproject up AT_.
min min

onto the hot stream Table 3 lists the hot. stream and cold stream in-

tervals created by this partitioning.

Inter val Hot S ream Col d Streamns
1 i» to 120° - to 100°
2 120° to 160° 100° to 140°
3 160° to 200* 140° to 180°
4 200" to - 180° to -

Table 3. Tenperature Intervals Geated by Partitioning at Candidate Finch
Poi nt s. AT:ma 20°. Tenperatures not underlined are caused by
proj ection ¥fam other stream

Note we project the cold stream candi date pinch point at 100°% onto
the hot streamat 120°, the 140° onto the hot at 160° and so forth.

V¢ now show that this par.titioni'ng is done as described to permf us
to wite thernodynamc constraints for our problem W note that heat can

be exchanged among and within the intervals as follows.

1) Hot interval is above (hotter than) the cold interval — Heat can
always be transferred froma hot streamat a hotter interval to a cold
stream at a lower one. For exanple, heat in interval 4 for a hot

stream can always transfer to interval 3 or below for the cold stream
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2) Hot interval is below (colderithan) cold interval —;— No heat can
transfer from the hot inte;val to the cola éne because the hot
interval is evefywhere too cold, except for perhaps the hottest point
which, After removal oflan infinitesimal aﬁbunt of heat is more than

Armin colder than every ﬁemperature for the cold interval. For example

heat in hot interval 3 cannot transfer to cold interval 4.

3) Hot interval is the same as the cold interval — Heat can aiways be
transferred between the merged streams within the same interval to the

extent it is available as needed, i.e.
q < Min (heat available, heat needed)

for the interval with equality always possible.

Isolate the interval and move the cola super stream to be below the
hot until it pinches. From the manner in which the intervals are definéd,
the hot end or.the cold end of the interval must be pinched. At the pinch
end, both curves are vertically aligned — i.e. both start together at the
pinch. Moving away from the pinch, the curves are in heat balance
vertically and everywhere at least ATmin apart. Thus omne can transfer

heat until one or the other of the two curves is satisfied. QED.

Transportation Problem Formulation

We can now model the minimum utility calculation as follows. Lét c,

ik
be cold stream i in interval k-and hjz be hot stream j in interval
L. Define a . as the heat needed by ik’ which can be readily calculated
after partitioning. For example the heat needed by cold stream <y in

interval 3 (1&0o to 1800) is a,

bjz as the heat available from stream hjz' Let Uy, 50 be the heat

= 88 units (see Table 1). Similarly define
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transferred fromh... to c... The g., .. are to be calculated. Assune
there are L intervals ('equals 4 for our exanpl e problem- see Table 3).

Let there be GI cold process streans and HI hot process streans in
our problem - Then the cold utility .wiII be the Eh—cold stream and the
hot , | t he I—T’Ehot streém Assune the heat .needed by the cold utility is at

the lowest level in the problem  Also assune it is in sufficient quantity

to satisfy all the hot process streamcooling needs, i.e. we require
HIl L

(3)
j-1 X1

Assume simlarly that the hot utility is available at the highest |evel
and is in sufficient quantity to satisfy by itself all the cold stream

heating requirenents.

Gl L

sLt X X @

i-1 k-1

Lastly assunme the problemis in heat bal ance overall.

Gl L H 1 %
ko) S‘ *n. " *n 4+ ) /' P £ (5)
d « « ik HL fcj B N >

i-1 k-1 j-1 X1

The above sinply say, choose both a’\.1 and bh‘:.. to be large nunbers. Then

adjust themso the entire problemis heat bal anced.

VW can now wite our transportation nodel for the mninum utility

problemas follows.
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- C L H L |
":11:‘:1.& z‘ z z z Cix,38 Yk, 58 (6)

i=] kel j=1 L=l

Subj ect to : . . -
' H L :
Z 2 | (7)
=1 A=1 k-1¢2,---¢L '
C L .
L ) Uk, 34 = Ba 3=1,2,°*-.8 (8
i=] k=1 d=l,2,-4-,1, '
qik,jla 0 for all 1,1’k and % (9)
wher e
0 for i and j are both process streans and
match is allowed, i.e. k" Xy
0 for i and j are bothutility streans
(1- CoJ -H).
Cik, 8 = (10)
1 only’i or only j is autility stream
M ot herwi se, where Mis a very large (think
infinity) nunber.
Equation (7) says that the heat required _by cold stream i in interval k

must be satisfied by transferring heat from sonmewhere ampbng the hot
streams. Equation (8) is a simlar statenent for hot streamj in interval

£ it nmust give lip its heat somewhere to other streams. (9) says all

heats transferred nust be nonnegative, that is no heat can flow from a
cold stream to a hot one. (6) is the objective function to be mnim zed,
with cost coefficients defined by (10). No cost is associated with an

al l owed process stream - process stream match or from the hot utility to
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the cold wutility (this latter match would never be inplenented in a
network). Wility-process stream matches are given a nomnal cost per unit
of heat in the match so they_wiII be used only if the free natches do not
solve the problem Ther m)dynam_' éal_ ly di séIIOV\ed mat ches are given a near
i.nfi nite cost to preclude their being part of any opti mal sol ut‘i on.

The above is a classi cal. transportation problem for whi éh a very
efficient solution algorithm exists (see Dantzig (1963) for exanple). It
is usually visualized by setting up a "tabl ea.u", as illustrated in Figure
3 for our exanple problem The colums are for the hot substreans and the
rows for the cold substreans.

Each entry is a "cell" which can contain 3 nunbers. The upper right

is the cost coefficient, C ... The bottom nunber is the assigned

q-N ee f°7 tke match; the ﬁspjéf left we will discuss nmonentarily. For each
I K, J*

r ow a’i’k is given to the far left and for each col um tf‘* to the very
top. W place the hot utility colum (labeled H to the far right and the
cold utility colum (labeled C to the bottom Cells have been narked "1"

if they are thernmodynamcally infeasible, i.e. if k > for entry q..-
IK, jt

Thz JnJutial SoJjdutjon

The transportation probi em algorithm requires an initial feasible
solution. If we are careful, this initial solution is frequently already
opfi mal. A row and colum reordering algorithm has proved very effective
to help get a good initial solution. Snply reorder all process stream
rows such that the nunber of infeasible cells decreases fromtop to bottom

and all process stream colums such that they decrease fromright to left.

For ties, place the higher tenperature cells toward the top and to the
left. Figure 3 is ordered in that manner. |If only thernmodynamc con-

straints are involved, tie breaking is unnecessary.
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Pi nch
FI GURE 3

Transportation Problem Tabl eau for Exanpl e Probl em
Tabl eau shows Initial feasible (and optimal) solution.

Pi nch

ol
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Cnce reordered, we apply the following slightly nodified "Northwest

Agorithm! to get our initial feasible solution.

1. Start in the upper left (northwest) corner.

2. Hove from left to right in the uppernost row to the first colum

having a cost less than-M finding the cell corresponding to row Cyi
colum h,,.
J*

3. Assign qik’j’\ Mn(ajx- b 32 to the cell.

'.( ..
4. Decrement both a and bj,_ by ?i.'g'ji‘#

5. Ooss out the row or colum which has its heating or cooling re-

qui r enent B OF b,, reduced to zero.

js

6. Repeat fromstep 2 until all ‘'rows and colums are del et ed.

In Figure 3, we start with row Con and col um hlh' V¢ assign qm’m = 60 =

a is now equal to

Mn(23C> 60) to the cell and cross out colum hl’\. -

170(= 230-60). Starting again at step 2, we identify row Cig again and
col um h}’q‘ VW assign 170 units to this cell, cross out row C'1’4 and reduce
bZh to 86. The rest of the tableau is filled out the same way. Note row 2
has to go all the way to the hot utility to conplete its need for heat.

If only thermodynamic constraints are involved and if ATm.“I is
the same for all matches, then one can readily denonstrate the above i§
repeating the same calculations needed for the problem table of Linnhoff
and Flower (1978). Thus the initial solution is always optinmal for such a
problem W can read off the minimumutility requirenents as 116.5 units
of heating and 104 + 64 = 168 units of cooling, which agrees with the
Hohmann cal culation we did in Figure 2. The 9883.5 units of heating by the
hot utility and assigned to the cold utility is a "dummy' nunber and is

i gnor ed.
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To locate the pinch nost easily, we should first discuss how to
solve a transportation problem which we shall do nonentarily.

VW nmight note the reduction of the problem size resulting fromonly
_ _incI udi ng t he t enper at ur es | which are potential pi nch points when
p'art itioning. The partitioni ng. of. Li nnhof f* and Fl ower (19?8)' woul d_ have
included every corner point in the pr obl em | i.e. hot tenperatures 300°,
28(_)°, 200°, 140° and 100° and cold tenperatures, .100°, 140°, 180°, 190°,
200°, 225° and 250°. The conbined set of hot tenperatures (after

projecting the cold onto the hot) gives the followng list: 100°, 120°,

(0] 0
140°, 160°, 200" , 200* , 210°, 220°, 245°, 270°, 280° and 300°. A

correspondi ng |i st 20® col der exists for the cold streams. For our exanpl e
problem we would create a tableau having 13 cold substreans plus t‘he col d
utility and 18 hot substreans plus the hot utility to give a tableau with
14 x 19 ss 266 cells versus (see Figure 3) a tableau with 48 cells.. Here
the reduced problemis only 18% the size of the full one. As we shall see
a calculation is needed for every cell if we need to check for optimality

so the reduction is real in terns of work required for sol ving.

Non Thzxnodynanl ¢ Constrainta

.Wth a mathematical formulation for the mini mum utility problem we
can add certain types of constraints trivially. One can readily . add
constraints to preclude the exchange of heat between selected process
streans, either in part or totally. For exanple a match nay be undesirabl e
" because the two streans would be unsafe if nixed accident ally because of a
leak in an exchanger. Qher reasons for rejecting a match are that the.
streans may be physically too far apart and both vapor, thus requiring
expensi ve pi éi ng to get them together, or the exchange may be a probl em

for control or startup.
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The engineer could first solve the minimumutility problemwth only
thernodynami ¢ constraints. He could then selectively preclude natches or
part matches and discover the inpact, on the mninumutilities required. If
the inpact is too high, he caﬁ reconsi der the vali dity of the constraint.

To add user inposed conétrai nts, we' repeat the same iorocedur_e we
used earlier. The difference is-that we can dnly nerge hot or cold streans
ovqr‘ the tenperature ranges where they are treated identically. Also the
initialization algorithm is no |onger guarénteed to yield an optimal
solution. W-illustrate these ideas by exanple. W shall solve our exanple
again but this time disallowing heat exchange between C.y and '[li above the
bubbl e poi nt (180°) of c, - To be safe we disallow any exchange above 175°.

VW now nust treat c. and c3 differently (and thus unnerged) above
175°. The cor ner points are found for Cy and c; nerged up to 175° then
found individually f_or c"_ and ¢ above that point. Also we nust treat h'1

and hi differently here we could limt this different treatment to

above 195« The resulti ng candidate pinch points will be found to be: cold

(0]

—100°, 140°, 175° and 180° and hot 200" , and 195°. Projecting the

tenperatures gives the final hot streampartitioning tenperatures of
o

-e. 120° ,- 1€LO°, 195°, 200" , and e+« Cold stream partitioning tenpera-
tures are 20 <colder. Figure 4 is the solution Itabl eau for our prob]em
showing the first feasible solution found by using the nodified Northwest
Algorithm Three cells are disallowed over those not pernitted because of
t hernodynamcs, and they are nmarked with a "D' and given a cost of "M. |If
this solution is optimal, and we sh_all see in a nonent that it is, t hen
mnimum hot wutilities are increased from 116.5 to 170 (by 53.5 units).
Cold utilities, by heat balance, must also increase by 53.5 units, which
they do. Thus the restriction causes a 37.6% increase in total utilities

used. One can now ask if it is worth that i ncr ease.
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Can Be Exchanged between c

and h_ above 1750'.

2

" Transportation Problem Tableau for Example Problem where No Heat

oc:
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V¢ need to decide if the solution is optimal. To do so we give the

steps for solving a transportation problem wthout justification. The

algorithm will be seen to be very sinple, and we shall show how to find

the pinch points in the result.

To solve a transportation problem gi ven a first feasible sol ution,

proceed as foll ows.

1.

W nust first establish for each row a "row cost 1 P.lj.(*_ and for
each colum a "colum cost", Y,.« V¢ show row and colum costs along
the right side and bottom of the tabl eau. Start with the top row and

assign it a row cost of zero. (V¢ set Y5 to zero.)

For any row c for which a row cost is already assigned, find an

ik
active cell (g.y .. >0) in that row. Assign a colum cost Y.. for
the colum corresponding to the active cell, such that
MY RAZTNT ab

(Set vis to 0 so 0 + 0 =0.)
Repeat step 2 for assigned colums to set row costs.

Repeat steps 2 and 3 as needed until all row and colum costs are set.
(Set Yy to 1, set Pcto -1, set Y3 to 2, etc.) Row and colum

costs resulting using this algorithm are shown in Figure 7. Continue

as foll ows.

~For every cell (or at least every inactive cell) wite

ORY R Y} (12)

into the upper left corner of the cell .
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0. | f no cell exists where Eik,jl. > Ci.u,j!.’ exit. The current tableau

is optimal. Qtherw se continue.

For our exanple, the tableau.is f ound to‘be optimal. The steps needed if

not optinmal are as foll ows.

7. For any cell with £ find a loop of active cells

1,3t ik, Je’
which this cell conpletes by noving alternatively down rows and

across colums. Such a loop will exist.

(Pretend cel | (cz,q, h is a candidate cell. A loop would traverse the

1.‘J)
cells (clockwise) (cxd> his)t (Cis, "i5)> (°i5» My Acy Hry (o> hogar
(3233 h23)! (323’ hl‘b } (C13, h14): (313’ h25)n (Cza, hzs), and again

(eg42 By5))

8. Mark the first cell (j.e. cell (cCa4, hig)) with a "+", the second
cell with a "-", the third with a "+", alternating "+" with "-"
around the loop. Note one nust have an even nunber of unique cells in
such a loop so, when we reencounter the first cell, it will again be

marked with a'f+".

0. Find'q .. of mninumvalue associated with a"-%cell. cal it q :
Mik,jt Tnin
(For our example Opgn™ Min(60, 9830, 26.5, 43, 19.5) = 19.5))

10. Add g . to all "+ cells and subtract it fromall "T_t" cells. Doing
this step assumes each row and column remains in heat bal ance, that
our initially inactive cell is now active and another cell (the one

originally set at Opin ) is now inactive —breaking the | oop.

VW add 19.5 to all the "+" cells and subtract it fromall "-" cells. Cell

('c"a, hfj) becones i nacti ve.
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W would now have a new and better solution to our problem (if we

had had to continue past step 7). Repeat fromstep 1, establishing row and

colum costs again, etc.

J<ien*j Jlying, the. Pinch Point

The row and column costs identify the pinch points for our problem
If row cost P is different from P i for streami then the m nimum

-
utility problem pinches at the tenperature which partitions the problem
between cold intervals c._ and c._ . 1« Simlarly we can spot the pinch
) 1k 1,K+ - _

points by |ooking at the colum costs, Yj.’..

For the problem in Figure 4, the pinch points are between ®;5/ ¢4

(i.e. at cold stream tenperature 180°)- The change from0O to 2 in

0
Y., fbor hjpc//iy gives the sanme result —a pinch at hot temperature 200" .

The proof follows from obser vi ng as we did earlier that no heat
crosses the pinch point. Al C. ., are zero for active rratcheslam)ng
process streans so where one is zigzagging back and forth among hot and
cold substreans, the corresponding Py and yjl. beconme the negative of
one another and do not change value. The pattern is broken at the pinch
point. (ne canndt carry the value of a row or colum cost directly across
the pi ncH because no heat crosses the pi nch. The row and colum costs on
the other side of the pinch point .nust be generated by first passing
through the cell in the lower right belonging to the interchange of heat
bet ween the hot énd cold utilities. One then sets these row and colum
costs by zigzagging back up to cells just below the pinch. Passing through
this zero cost cell changes the Py and yjl by the sum of the costs as-.
signed to the utility/process streamnatches (here 1 +1=2) .

The row and columm costs have been developed in Figure 6 also; the
pinch is between levels 4 and 3, corresponding to a cold stream tenpera-

ture o_f 180° and hot of 200*, the sane as above.
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M ninmum Wility Cost Problem

O'ten several different hot and cold utilities will exist in a
problem For exanple steam may be available at several different pressures
.and thus at several different- condensing tenperatures. Aside from cooling
water one may al so have brinel or one may ‘propose to "raise" steam_w’th
excess h_eat atl prescri bed preésures. Ve c-an deal- directly with this
prqbl em as a transportation problem if all heating and cooling can be
treated as occurring at point tenperature sources —i.e. each operate at
a single tenperature. Condensing steam is readily handled, therefore.
Unfortunately cooling water is not a point source in terns of tenperature
as it is heated when it passes through the process. VW shall first assume
point tenperature sources for all wutilities and show how to set up a
mnimum utility cost problem as a transportation problem W shall then
di scuss how the probl emnust be solved for nonpoint sources.

For (tenperature) "point utility sources", add the tenperatures for
the utilities to the candidate hot and cold pinch points used to partition

the” probl em Change the costs C. ., for utility-process stream matches
1K, IX>

to reflect the per unit cost of the utility involved. Wen initializing
using the Northwest Al gorithm always use the least expensive utility
possible when utilities are needed. The "left to right" search along a.row
and top to bottom search along a column will work if the least cost
utilities are listed to the left or to the top of the nore expensive ones.

G herwi se, solve as before.

V¢ note that the actual C m used for utility costs need only set -
i kej X

a rank ordering anong the hot wutility stream costs or the cold utility
stream costs. Assunme utility streans cost us noney. Therefore, for a

mninmum cost- utility problem one will never use nore than the mninum
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total amount of wutilities found. in our earlier forrmlat-ion. The only
_ question is how to divide the utility heating ana éooling requirements
among the utilities évai lable. Qearly we will use the |east expensive hot
utility unti.l .no nmore hot utility is needed o'r .until it can no |onger be
used thernmodynam 'caIIy-_i:e. until it pinches with the coId_ process
streans to which it is éuppl ying heat. Being t'he least expensive is éll we
need to know, not its exact cost. The argurent should now be obvi ous- |

Thus we need only assign relative costs to utilities, wth these
relative costs wusually reflecting the tenperature |evel. Hotter hot
utilities are generally nore expensive than col der | ones; simlarly, colder
cold utilites are generally nore expensive thah.hotter ones. The peéuliar
~case of "raising® steam is handled by still assuming that the steam
raising "utility costs noney but less than cooling with cooling water. |f
the cost is nade Iess'-than zero (i.e. reflects making a profit) the
probl em solution may no longer involve mninumtotal utility usage, and if
it does not, the solution will in fact be unbounded. One wll have
unfortunately set the costs so it is profitable to turn a hot utility into
a source of heat. to generate steam an unlikely real world situation or at
| east one superfluous to the probl em-at hand.

'_Fi gure 5 shows the tableau for our exanple problemif we have two
sources of heating— _one -at 205% and one at 300* degrees. ly
thernodynamic constraints are considered. Mte, two pinch points exist,
one at (2(6°/185°) - and one at- (200718C). Qines (1980) observed that
there nust be one pinch point for-each utility past the first in a mninmm
utility cost probl em

A so note that we use 63 unité of the more expensive utility, H-z
and 53.5.of the less expensive colder utility, H,. Costs assumed for H

- 1
and HZ were only to rank order them i.e. H has a cost of 1 and Hz of 2.
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MninmumUtility Cost Solution Exanple.
H" 1B available at 205° and I's less costly than H,.
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Alon Point Tenpé&i & usie. ConsvOi ai rub*

A utility stream which provi-des its heat or cooling in total or in
part as sensible heat or is mJIt‘i conponent and passes through a phase
change can significantly conplicate the nmininmum utility cost solution -
'pr.ocedure. Let us speak specifically about cooling-water as dur exanpl e
utility of this type. Nornally onB uses tooling water by heating it ttam
some available inlet tenperature (say 37°C) to an allowable exit
tenperature (say 50°C). The problem arises if cooling can be done at 37°C
but 50°C is too hot. Then one nmust use nore cqoling water until its exit
tenperature is low enough to do thé cooling needed. In the linmt of a
poi nt-tenperature source, one would use an infinite amount. If the cooling
water cost is proportional to the amount used, then cost is affected by
its exit tenperature.

Two flows are significant for such a* utility: 1) the mninum flow
which results if the entire tenperature range (from 37°% to 50°C) can be
used and 2) the nmaxi num flow such that the cost per unit of cooling nakes
it nmore expensive than a colder utility, say brine.

For such a utility, we can establish the flow per unit of heat as:

out
F Q«VJ C,d9

Tin

and for each we can pl ot cost versus Tout as shown in Figure 6 where C* is

the cost per unit flow If Tout for cooling water falls below T*, then one

should switch to brine as a cool ant.
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To solve a mnimum utility cost problemwi th a non point-tenperature
utility, first solve the mninum utility cost problem as if its tem
perature everywhere were its inlet tenperature—____i.e. treat as a
poi nt -t enperature source utility: Use as its cost/unit of heat, the cost
r.esulting fromallowing it to -heatl'or cool through its maxinum tenperature
range -—i.e. its |east cost/unit of heat. |

Next set the flow to that at which it ceases to be less costly than
another wutility — the flow corrésponding to exit tenperature T in Figure
6 for cooling water. Treat the utility as a required process stream wth
this flow, entering at its inlet and leaving at T'; resolve the nininum
utility problem to see the inpact when using such a process stream |If the
use of other utilities does not increase, then this utility should be used
as a heating or cooliné source in-a mnimum utility cost solution. I-f t he
usage increases for the other utilities, then it should be rejected as a
utility; in our exanple, brine should becone the cooling utility instead.
The reason is obvious; its flow would have to increase beyond its maxi mum
economic flow to be part of a minimumutility usage solution. It is thus
too costly per unit of heating or cooling supplied.

Repeat the above for every non point-tenperature source utility to
select the active utilities. Then, one at a tinme, we have to set their

flowates as follows. The flows are bounded between F . (entire tenpéra-
mm *

ture range is used) and Fm“, another wutility becones |ess expensive.
Figure 7 shows how the minimumutility usage should change versus flowate
for such a wutility. Change the flow to its minimum again treat as a
required process stream and solve the mnimum utility usage problem I|f
the usage does not increase, the mninmum flow is the solution. OQherw se

we - have to search for the flow, F (see Figure 7). |Increasing the flow
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will decrease total other utility usage for the problemup to flowF ; it
will then have no effect. W seek therefore the flow F as our mninum
utility cost solution.

The search should be done at low flows, e.g. at F . and F . +
' : mm © nmxn

AF. f‘ssum' ng a linear _behavi or the_Se two solutions can be used to proj eICt
to F , our ne>_<t guess. The search can use a one dinensional secant nethod
together with an interval reducing rrE_:thod; it will be rather quick.
Fortunately each wutility of this type can be dealt with separately, a

significant problem deconposition.

Mat ch Dependent AT .
min

W now consider the last topic to be covered in this paper: how to
.sol ve the minimum utility usage ‘or cost pr obl em when ATmin is not t he
sane for every match allowed. W shall discover first why this problemis
an inportant one and then how to solve it.

Suppose we have two streans we will not allow in the sanme exchanger
because a leak would I.ead to too dangerous a situation or because the
streans are both vapor and far apart, leading to very costly piping
requirenents. W nay want to know the inpact of wusing a third fluid as
illustrated in Figure 8 as a heating/cooling |loop between them on utility
usage.

W see that, if such a fluid coulq be found, it will exchange heat
in two exchangers, thus doubling the required ATmin needed between our
two, original process streans. We could thus nodel the mninmum utility
usage, where sone streans can only exchange heat indirectly, by sinply
doubling the required ATm'm for them Note there is a significant inpact
on exchanger area required over a direct exchange at the |larger
AT, essentially ‘increasing it by a factdr of 4 since .the driving force is

hal ved and two exchangers are needed.
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Indirect Transfer of Heat between a Hot and a Cold Stream.
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To solve we shall discover we only need to change th.e 'step where we
project hot stream candidate pinch points onto 'coid streans and vice
versa. The consequénce is not negligible as we will create an enornous
.increase in t.he nunber of parltitiohs for our p.ro.b-l em

To explain: is- best done by exanple. Suppose we resolve our problem
\/\here Ce and h;. were allowed to exchange héat ~only below 175 ° Wé h.ow
state that they can indirectly exchange heat above the cold: stream
tenperature of 175°. W sh:all nmodel this possibility by requiring a 40°
mnimum driving force above 175 ° for ., bet ween streans C.y and iLi. The
candi date pinch points for the streans are alnost the same as before: c.. —

1
o -

100°, 175°, 180°; c, -140°; i~"_—__200" ; and in addition h, 280°

si nce hq_is now | ess than 40°(= ZATmm) hotter on entry than C is on
exit (250°)e

Figure 9 shows the required tenperature projections for this probl-

1 If

em V¢ break c<§ into N and Cl at 17§ for convenience. It is best to

explain the projections one at a tinme. W start with the inlet tenperature

L}
at 100°. Below 175° for c

for 1 t he ATmm between it and h2 is only

Cil
20° so we project the 100° onto h, at 120°.

Next consi der 140° on. ¢« This tenperature projects onto both h; and
h}_ at 20° hi gher or at 160°% The 160° on both hl and hz proj ect back onto

c,; at 140°. So much for the easy- ones.

[ 1]
Now consider 175° on C. - It projects onto I"i at 195° and onto hfz
at 215° (i.e. 40° higher, not .20°). The 195° on q projects onto c, at

175°. The 215 on I‘u projects back onto c, at 195° whi ch projects onto h

1
at 215° which projects onto c., at 195°. Unfortunately we are “ff to the

races now because 195° on Cy projects onto 'hi at 235° which projects~

onto c, at 215°, back to \i1 at 235° and onto ¢

1 1

and, panting, it stops

at 215°. The 215° on c

continues: 255° on h‘z’ 2352 on c,, 255° on hi’
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. . . o .
since CE has no portion at 235° for h1 to project onto. The 280 inlet

tenmperature for h-z projects as follows: 240° ont o .o 260° onto hl' The
4o ) o ff o ft
i 1 2 1
200 temperature on h. projects as: 180 on c. vand c-, 180 on c. to
: _ Z - 1 _ 1
220° on h- to 200° on c¢®, 220° on h. to 200° on'c-, etc.

Figure 10 shows the resulting intervals for this problem as well -as
an initial feasible solution. The tenperature levels are identified by
their ranges rather than by a second-subscript as labeling them by a
second subscript is no longer obviously done. Uility usage is back to the
m ni mum found for -.the unconstrai ned problem (Pigure 3) so this initial
feasible solution must also be optimal. The use of indirect heat transfer
has therefore returned our wutility requirenments back to their original
m ni mum val ue.

The row and colum costs (p., and Y.-) are also shown so we can
ot

1

and ¢, cross 180° and y., when h. and h, cross 200+; thus this point is

[ *
| ocate the pinch point for this prlol%l em Thé Pk change val ues when c¢

the pinch point for the problem

If one chooses to stop the projecting of tenperatures back and
forth, say only up to a single repeat reflection on a stream then, if one
is careful about identifying infeasible cells in Figure 10 as those for

which at least a 20° driving force is not available, the solution found

will be an upper bound on the mininmumutility usage. This bounding follows
because nore partitioning leads only to nore chances for heat exchange

bet ween streans.

Di scussi on
N— Three wearlier works fornulated the heat exchanger network synthesis
problem as a problem involving a linear programm ng nodel () These

earlier formulations led to an "As_sigrimentll or "Set Covering"” problem
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rather than a '"Transportation' problem. The Assignment problem is well
known and also has a very efficient solution algorithm available to solve
it.

The approach was to partitién each stream into small equal portions
involving '"Q" units of heat éach, rather like slicing a carrot into small
equal sized bits. Coﬁstraints preclude matches not possible thefmo-
dynamically. The solution has every hot bit of Q heat units matched to
exactly one cold bit of Q units for another stream. The notion of a pinch
point was not mentioned in this approach. Also the assignment problems
cfeated aré very large relative to those créatgd here, and it is unable t§
determine the precise minimum utility for twolreasons: 1) the inaccuracies
caused by the "slicing" and 2) the pinch point will likely appear in the
middle of a slice. Thus, while we can advocate solving.moderately iarge
problems by hand, they cannot.

The partitioning generated here is caused by the corners in the
cooling curves —— admittedly some are there due to approximating the
curves, but this partitioning seems the more natural one.

The handling of utilities which are not available at a single fixed
temperature for the minimum cost problem and the handling of 'match

dependent ATmin's are new with this work.




