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Abstract

- This paper reviews some of the work in the area of statistical circuit design. While space does not
permit a more then superficial survey of the entire field, specific emphasis is placed on those

techniques more familiar to the authors.

1 Introduction

Statistical analysis and design of electronic circuits has been an
active field of research for more than a decade now. While space
does not permit a detailed survey of all methods which have been
proposed, (see for example [62,32,8,39]) for good surveys of
these methods ) we will review some of the more recent work.
Particular emphasis will be placed on those techniques that are
most familiar to the authors and are specifically applicable to
integrated circuit design.

Basically statistical design techniques can be separated into two
cfoims=z The first encompasses those techniques which are by
nature probabilistic, i.e.. the region of acceptability Ry (defined
precisely in Section 2) and the optimal nominal design are only
approximated in some statistical sense. Typically the nominal
design will correspond to the expected value of a probability
distribution function and by the process of sampling from this
distribution it is possible to make statistical inferences on the
location and the characteristics of R,. The second class of
methods are deterministic This class of methods includes those
techniques which either try to find a mathematical programming
problem whose solution is equivalent to that of the statistical
design. problem, or else try to approximate the region of
acceptability deterministicaily and, based on this approximation,
select the best nominal design.

Probabilistic: methods require a large number of samples (usually
many thousands) to obtain a solution with areasonable confidence
interval. However, since they are essentially independent of the
number of designate parameters, one should expect a threshold
above which these methods would be computattonatty

- advantageous. Another advantage of probabilistic methods is their
potential capability of convergence to the global solution of the
problem independently of any assumptions on the region of
acceptability. On the other hand convergence of deterministic
method is in general dependent on some convexity assumption as
is usual in mathematical programming. Other potential advantages
of deterministic methods derive from the fact that the number of
sindependent parameters in integrated circuit design in generally
small [45]. Furthermore, the information gained by deterministic
methods can be useful to the designer in redefining constraints to
,the problem, and allowing him to gain a deeper insight into the
circuit behaviour. Methods such as the simplicial approximation
[20], for example, generate an approximation to the region of
acceptability which can be used for inexpensive Monte Carlo
analysts [21]. Other schemes [63]approximate each constraint.
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and allow the designer to identify active (relevant) constraints and
thereby predict the influence on the yield of lightning or relaxing
the values of constraints.

The paper is organized as follows. In the next section we review

- some of the basic concepts and definition necessary in the sequel.

In Section 3 some of the more interesting probabilist used methods
for statistical design are desbribed. This should give the reader an
idea of the trends of the current work in this area. Section 4
contains a similar summary concerning deternwiistic methods.
Finally in section 5 some new results are presented.

2 Mathematical Formulation

In what follows we denote the desfcmabte parameters of a circuit
by the n-vector p..The m circuit attributes which characterize the
circuit behavior are called performance functions. and are
represented as an m-vector f(p). Evaluation of f(p) which is
typically of the te[p (see for example [19,27,10])

Kp)=i L <P<xJcaM)dt @)

requires, for nonlinear dynamic networks, the solution of a set of
algebraic differential equations

N(xip,t) =0 tLt<t, @)
where t represents time, and x is a vector of node and branch
voltages and currents.Sokition of (2) is refered to as a gircuit
It is convenient to view f(p) as a mapping fiR" -» R™, where R®
represents the joput or parameter sfact and R™ represents the
Quiput or performance space. In electronic design problems the
performance functions are usually differentiable. We can the
vector whose components are the partial derivatives of f the
gjarfSTJi of f(p), and represent it by Vf(p).

It should be dear from the outset that a function evaluation
especially in the form of (2) is a computationally intensive task. The
simulation of moderate sized networks can take minutes of CPU
time. Therefore, the complexity of any statistical design method
will be fundamentally measured by the number of function and
gradient evaluations required. The work involved in the backward
integration required by the adjoint method [18] for evaluating the
gradient has been verified [27] to be of the same order of a circuit
simulation.

A particular realization of the circuit corresponding to the
parameters p, will be accepted if the performance functions satisfy
some upper and lower bounds, i.e., if

NKP)<L ®)
where f- and f° are m dimensional vectors representing the limits

of acceptable perfoimances.We will sometimes express these
constraints as f(p)<y. We assume limits on the values p.
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P<P<PY ' 4
White these limits can frequently have a physical interpretation,
their main objective is to guarantee the boundedness of the set (5)
Constraints (4) will be designated as box constraints. In input
space, constraints (3) and (4) define the regjon gif acceptability:

R.» {plf*P~r-PAP~PY (5)

which represents the set of points corresponding to acceptable
circuits.

We assume that the fluctuations in the manufacturing process
are characterized by a unimodai joint density distribution function
~P.Pg)- If the number of circuits fabricated is large, the
production yield will be equal to the probability that a circuit
outcome will satisf)/ the‘specification: ie.,

Y(p?) « J ..74>(p,p%)dp (6)

Evaluation of (6) &difficult as it requires the computation of a
multiple dimensional integral over a domain, R, known only
implicitly through equations (2) Monte Carlo techniques
[31,28.60.26] have successfully been used to estimate (6) in
[9.65, 3. 52]. However, such methods tend to be very expensive if
reasonable confidence intervals to the estimator of Y, are to be
obtained.

A different approach to maximize (6) is that of Brayton, et a/.
[11,13], which is basically a generalization of the ideas proposed
in [20] for arbitrary statistical distributions. This method consists of
approximating the problem of maximizing yield, by a design
centering approach which is the geometrical problem of inscribing
the largest level sét L o(a) of the distribution 4><p p in the region
of acceptability. The Icflrel set L 0(a) is defined as

L Jfa) = {BIP e a} @
Theyleﬁi maximization problem \which can be-defiried \ms

YM: max Y(p°)

is therefore replaced by the design centering problem

DC: min a
uo

®

s.t Lo(a)CR;, 9)

‘the use of this norTn has the advantage of making problem DC
solvable, as distances can then be related to a norm functional. In
general the solutions to YM and DC are different but will in general
be dose to one another. If $tp-p°) is unimodai, the contribution to
the integral (6) will decrease with the distance to p°. Because (9)
attempts to center the distribution in R,, the region where the
values of the integrand function are significant wllJ contribute to
the yield. An interesting relation between problems DC and YM is
established in [39].

For many practical problems the level setin (9) can be related to

anorm n(x). Using this relation itis possible to defineanaumfcojjbfc

which is the closed convex set

o(r) » {pIn(p-p°)Er} (10)

Frequen’tly the distribution <I>(p,p°) is gaussian.in which case the
norm bodies are ellipsoids and the corresponding norm aweighted
second norm. Another interesting case, specially for the design
with descrete components is when tolerances are assigned to each
parameter. In this case the norm body is a orthotope and the
corresponding norm the max or infinite norm. Equation (10) would
in this case be written as in (11) where t is a n-vector whose
components represent the tolerance assigned to each parameter.

Bpo(®) » {y| IV - pfl< t} ) (11)
3 Probabilistic Methods

Most methods available for yield estimation are statistical in
nature, and mainly consist on variations of the so called "crude"
Monte Carlo method [28, 26]. In this method N points p*....p" are

chose at random from a population with distribution <> (p, p°) and
the yield is approximated with the unbiased minimum variance
estimator

Y = /N Z| 1 9P ) (12)
wigrg

g(p) » 1 if p€ER,
g(P)*0if pER, a3)

The most significant drawback of Monte Carlo method is that to
obtain a good confidence interval for the estimator (12) a very large
value of N must be used as the variance of Y decrease with 1/N*/2
However, the method is independent of the dimensionality of the
multiple integral (6) and of any assumptions on FK These
properties make Monte Carlo techniques very attractive for
problems with a large number of destgnabie parameters and many
researchers have investigated methodologies to adapt Monte Carlo
techniques to statistical design problems. Another drawback of
Monte Carlo methods results from the statistical character of the
information obtained.Given two nominal points p* and p?, if the
corresponding yields Y(p') and Y(p?) are estimated by Monte
Carlo, it is difficult to compare the relative merit of.each solution
Y(ph), Y(p?), particularly if the difference | Y(p*) - Y(p?) | is of the
order of the confidence interval of the estimators.- In other words,
gradientinformation obtained by perturbation is unreliable.

3.1 Importance Sampling

Importance, sampling [28,60] is a scheme to achieve tighter
confidence intervals for the estimator of the yield, by modifying the
distribution of the population from which the samples are
extracted. Noticethat (6) can be rewritten as

Y(p®) = / f-ﬂﬁ;?—“winmg#
Q °

where i is another ftad.f. subjected to the condition that it can be
zero only when 4>(p,p°) is zero. Sy drawing the N samples from the

distributign fthefd can be gstimated as
Ye 1/N glp’) i "5' (15)
I

thevariance is now g|veaby
Varn >« 1/N|y -

- (14)

’\adep.\_(z]
this variance is minimized, actual‘ly made equal to zero if we select

r<p,p°®)«= .
P

Of course to obtainwg:,ch adistribution Y(p°) has to be known and
this dearly it is not the case. However if the designer has some
knowledge of the problem a distributions can be devised that
greatly reduce the variance of the estimator. Importance sampling
techniques under various forms have been proposed for statistical
design [21, a 52].
3.2 The Method of Antreich and Koblltz

An interesting application of equation (14) was suggested
recently by Antreich and Kobiitz [1]. Given a nominal design p°,
maximizing yield corresponds to finding a new nominal point .say
p' and a new distribution $<p,p*) such that the integral (6) will be
maximized. If in (14) we make F(p,p°)*4»(p.p) the yield afp? i
given by

Yip") -f fm@m"}m

- f L(p) Ppp7dp

Theyield at p* is then the expected value
Yip") <EVIotp) 28 (16)

. PrP). )
Assuming that the distributions are normal with the same
covariance matrices. (16) is expanded in series around p° to obtain




a quadratic function in terms of the difference p®-p°. The
parameters required for the expansion can be evaluated by means
of a Monte Carlo analysis around p°. This quadratic can then be
maximized to obtain the ideal value of p* although some care must
be taken as the approximation is local and the quadratic is not in
most cases concave.

3.3 The Method of Bias [22]
Observe that the integral (6) can be extended over the whole
spacein the followjng way

Y(P°) * It g(P) * (p.p°) dp an

where g(p) was defined in (13). Furthermore the gradient with
respect to p° can be found by differentiating (17), and noting that
9(p) is not afunction gf p®

7Y% = forgip) O (g% dp

. = Lgp = % dp

- gl Vh"g?n.o") ® (p,p% dp

I—]ence from equations (17) and (18) we see that theyield and its
gradient arethe expected values:

Y(p°) » EV.[g(p)l

VY(p®) * E.V.[g(p)VIn<fr(p,p°)] (19)

If the N samples are generated as before, then the yield can be
estimated as in (12) and .simultaneously , we can estimate the
gradient as

- - . -
VY (p7) « ” I’-‘ myt 9(p) V in * (p\ p°) (20

Thus the amount of additional work to compute the gradient is
very small as closed expressions for *(p, p°) are normally
available. However given this information we can consider using it
to adjust the nominal so as to improve yield. A similar idea has
been developed by Bias in [22,23] . Although computationally
very intensive, the proposed method represents a significant
improvement over early techniques which were basically random
searches for the maximum yield [38,9]. In Bias method, rather
than use a direct formula as (20)to determine gradients he
introduces the following expression to measure the sensitivity of
theyield with res08ttto adesignate parameter

(18)

i - loo iPpMi (PVp~to?)! <> (21)
paas ~ "9 Pfaj A "®present x. conditional probability
densities for p* given that for the value p* the circuit respectively
passed or failed the specifications. The extreme values of M, range
from zero for atotally insensitive parameter to two for a parameter
which completely controls circuit yield. The idea is to rank
parameters in order of sensitivity and assign new tolerances to the
more sensitive parameters by assigning the range of values for
which p___ (9} 2 By, (9).

3.4 The Method of Soin etal[61, 30],

This is aconceptually very simple approach to design centering,
which can be expected to produce significant increases in the yield
in most applications. The method [61,30] is also based on
repetitive application of Monte Carlo analysis. For each analysis
the center of gravity of the samples lying outside and inside the
region of acceptabiiity,denoted by g° and g\ respectively, is used
to generate a direction of search, and the new nominal is chosen
as

where p

= p?+ 2 igh-gT
where \ is astep size normally taken to be one.

(22)

The concept can be better illustrated by refering to figure 1,
where the results after drawing 5 samples (p\ p? .., p°) are
illustrated.

After 5 samples a new nominal design p° is found,such that the
tolerance box is a subset of R, and hence the corresponding yield
is 100%. However the method would probably have difficulties in
converging to acceptable solutions in some other situations.

Figure 1: illustration of Soin method

3.5 The Method of Kjellstrom el al [35, 36]

This method could be seen as a generalization of method
described in the previous section and is probably the most
promising technique for stochastic design. The method
[33,34,37,35,36] consists of exploring the input space with an-
adaptative gaussian distribution which keeps the probability of
hitting the region of acceptability essentially equal to 1/e » 0.36a
Motivation for this method is based on the fact that from all
distributions with equal second order moments, the gaussian
distribution has the largest dispersion and hence is the one which
best covers the input space.Furthermore, the best rate of
information is obtained if the probability of getting asamplem R_is
kept at 1/e. :

Kjellstrom seeks to characterize the region of acceptability by its
center p* (first order moment) and extension M,, (second order
moment), given by

stelf oo dp .
M, ={m0D].m Q)= ;‘-/; P Py &y, (. 5" dp
[ ]

(23)

whare _
Y fn o, (p.a" oP (24)

and $ (p,p) is afgaussian distribution with mean p* and correlation

matrix M, which is updated after each success to keep Y
approximately constant and equal to 1/e.

4 Deterministic Methods

This class is characterized by methods which solve the statistical
design problem by mathematical programming techniques, and
has followed closely the progress made in this area,

4.1 Formulation as a Constrained Minimization Problem
Avyield of 100% can be obtained by assigning tolerances to each

component In this situation the norm body is defined as in (11) and

anatural formulation of the 100% yield problem would therefore be

min c(p°,t)
s.t Bpo(t) C Ra (25)

where c(p®, t) is-some cost function reflecting the prices
associated with each element and its tolerances.A typical cost
function is Q .

CEk .- (26)
- t
where p° represents the nominal design and t is a vector
representing tolermmEes. In most applications [50,51.4,5] only a
few of the infinite nunrber of constraints in (25) are used. These
constraints normally correspond to a subset of the 2" vertices of

the tolerance orthotope, which by some experimentations the
designer expects to be the critical ones.




An equivalent formulation which was recently proposed by Poiak
and Sangiovanni-VincenteHi [53,54] expresses (25) as®

min c(p°,t) -

a
_p f ] 27)
s.t min max f (p)<y ,p»p.°-tp

where ft is Iavect'(")r whose elements are -1 < \L £ 1. Polak and
Sangiovanni-VincenteHi showed that the constraints in (27) are
Upschitz and thus nondifferentiable. They suggest algorithms to
handle'this type of problem. Their formulation is very general as it
can be extended to include tuning and is not dependent on
assumptions of convexity of the region of acceptability.
Convergence is established to a locally optimal solution of (27),
however no results have been published and the efficiency of the
algorithm is difficult to judge. The area of optimization of
nondifferentiable functions is an active one and significant
improvements might be expected in the near future.

4.2 The Method of Madsen and Schjaer-Jacobsen [43, 59]

Madsen and Schjaer-Jacobsen [44,59] have extended their
early work in minimax optimization to the problem of statistical
design. Their method represents a very natural formulation of
toierancing problems, which is easy to implement and has the
desirable feature of quadratic convergence in many applications.
In particular, their method is geared towards solving the following
minimax problem [40,41,42,43]

min max f_ (p) i»1,2,..ym (28)
P i P
An iterative procedure is used, which at every iteration replaces
the functions by their Taylor expansion:
min  max fj(Py).+ ¥ fi(pk)r k-5
kel i

1" gt gy <A, (29

where \ is a bound on the maximum step allowed. This bound
is necessary to prevent (29) from having an infimum at infinite. The
parameter \ is adjusted automatically at each step according to
the goodness of the linear approximation and will be small near the
solution. This update procedure is empirical and further details
can be found in [40]. The minimax problem (29) can be solved
efficiently as a linear program, by introducing an additional variable

T

min 7

Bt Vi s, iwteam (30
e A i=twn
-I‘ik.st i=s1,.,n0

whereh® » p“*! « p*_ If m>n, it is very often the case that dose
to the solution n+1 constraints will be active, this means that the
minimum of the function

F(p) » n:axf'.(p) (31)

is attained at a point where F(p) is not differentiate. In this
situation the minimax problem is designated as [gflyjai and it can
be established that in this case the rate of convergence of the
algorithm is quadratic [43]. If at the solution n+1 constraints are
not 'active, the problem is called gingular. in which case the
convergence of (30) depends critically on the value of \ and
therefore will normaily be slow. i :

To extend the minimax concept to statistical design problems,
Madsen considers three sequential design steps in increased order
of complexity. The first, which is referred to as the Zero Tolerance
Problem, corresponds to the solution of (28) and is basically a
multiple objective optimization problem. The second step

corresponds to the Eixed Tolerance Problem case in which the

The multiplication t ft is assumed to be term by term

tolerances are fixed and the algorithm seeks a nominal design such
that the maximum possible value of the performances is minimized.
The third step, referred to as the Yariable Tcierance Problem is the
most complex one where both tolerances and nominal are to be
designed. The approach used for this problem is quite inefficient as
a Regula-Falsi technique is applied to a sequence of Fixed
Tolerance Problems.

The algorithms can be summarized as:
t.The worst case problems (WCP),
formally as

WCP:

may be stated

<Pi(p,r) » max

y€a(p)
and corresponds to finding in the tolerance orthotope
centered at p, a point where the function f.I assumes its
maximum value.

f;(y)i»i,2.....m (32)

2. The fixed tolerance oroblemfFTP| is formulated as in

(33) and is of course a function of the tolerances.
FTP:  4>(r)amin max <Q.(p,r) : (33)
P .
3. Note that the limiting case where r*o, known as the

jerfl tolerance problem (ZTP) and is basically an

optimization problem without toierancing
ZTP: 0(0) =i min max f.(p)
P i '
4. Finally the variable tolerance problem can be stated as  (34)

VIP: o=t

or

min max max
P i y€B{(p)

for agiven value of fmn

(Y>> <<max (35)

Note that the problems FTP, ZTP and VTP are in a form identical
to (28) and can therefore be solved using the algorithm described
above. Notice also that.FTP and VTP require the solution of a WCP
and this subprobiem has to be solved at every iteration of the
algorithm. Because this can be a nontrivial optimization p'roblem a
simplifying assumption is made that the maximum of thei, occur at
the vertices of the tolerance polytope.

4.3 The Simplictal Approximation Approach

Director and Hachtei [20] proposed a technique for design
centering which represents a significant departure from previous
techniques. The method is an iterative procedure which generates
points on the n-1 dimensional surface R,. Assuming convexity at
each iteration, an interior approximation to R_ is obtained. This
approximation is the polytope ’>k - co{v\ v2 ..... v} whose

vertices are the pomts on the boundary 0f P« can be

characterized by :

Pk-{Pllp’\b,, i-1,Z.. np} (36)
where the c* represents the outward pomtmg normals to the faces
of the polytope, the b, the distance of the face to the origin and e,
the total number of the faces at iteration k. Normally the initial
polytope Pq is a simplex which is the convex hull of ne 1 initial
points on the surface of R,, which are obtained by line searches in
the coordinate directions. At every iteration the largest normbody
(10) is inscribed in the polyhedral approximation Py.Because the
distance from a point p to a hyperpiane is a linear function of p. this
inscription can be carried out efficiently with the following linear
program!

max r

- T

it c* P+rn~"bj , j<<112....,rip|i 37)

At each iteration one of the active constraints in (37),

equivalents, one of the faces touching the largest inscribed




nonnbody is broken and a search made to locate a new point on
the boundary of R,. This point, v~ . is added to the set of vertices
of P, and the new approximation to FIa is obtained:

P ., =co{P UV} (38)

The procedure is terminated when there is a small variation of
center of the inscribed normbody for two consecutive iterations.

In the original paper [20] the new vertex of the palytope was
determined by breaking the largest of the faces of the polytope.
The size was determined by measuring the radius of the largest n-1

sphere inscribed in the active face. A line search is then made

outwards from this center to obtain a new vertex of the polytope.
Many other schemes are possible for updating the. polytope.
Sangiovanni-Vincentelli {64] proposed four different update rules
and proved that for any of these updates the algorithm wouid
converge to an optimai solution of the design centering problem.

* 6.4 The Method of Brayton et a/ [12]

The approach followed is similar to the proposed by Madsen and
Schjaer-Jacobsen [S9. 41] which was described above. Since in
~this method only first order information is used to solve the FTP, a
poar convergence rate usually resuits when the minimax problem
is singular . The method proposed by Brayton et a/ (12] to solve the
FTP and the VTP differs in two main aspects. First, the FTP is
transformed into a constrained mathematical programming
probilem and soived with a quasi-Newton algorithm. This aliows for
second order information to be obtained and better global and
local convergence should be expected. The second difference
concerns the approach to the VTP, which is aiso converted into a
constrained problem and solved directl, as expiained below.

The ZTP can be transformed into a constrained optimization
prablem in the following way: -
min Y
py€RM?

st. f(p)}-y<0 i=12..m (39)
An efficient way of solving (39) is the use of a variable metric
algorithm for constrained optimization. The method suggested is a
variation of the algorithms proposed by Han [29] and Powell
[58. 57, 58] (Han-Powell algorithm). Notice that a straightforward
application of such an algorithm to (39) would not take into
account the special structure of the problem, i.e. that it is linear in
y. For this reason the Han-Powell aigorithm is modified in the
following way. At each iteration an approximation to the solution
p*.y is known as well as a set of Lagrange muitiplier A*. The Han-
Powell algorithm would obtain the next direction of search, by
solving the following program.

min L (d,8)" Q, (.8 + &
48 2

T
st £(x") + VEGK) d-y-8<0 i=1...m (40)

where Q, is a positive defirfite approximation to the Hessian with
respecttopofmeugrangnanfuncuonof(am

LpyA) = v + Z Mok (@1
Duetothespeaalstmcﬂxreofmeproblem. linearity in v, the
AY2 t(p)

matrix
2
VD.’IL = 2 P opy ) (42)
hasonlyzeroesinmelastmwandooiunm. Therefore, the
approximation to the inverse of V2 4L shouid be initiated and kept
as:
Q, = q 0
k [ ]
[0 0
and the quadratic program (40), has the simplified form

(43)

mm— dTQd+8
St f(x )+Tf(x ) dy -§<0

The FTP is soived taking a similar approach. The equivalent
form for this problem is

i=1.2..m (44)

min
p.ycﬁn +1

st.o(Pry<0 (45)

where @,(p) is defined in (32) and represents the solution of a WCP
cemered at p with a fixed value or r. Problems (45) and (39) have a
similar formulation. but solving (45) is a much harder task for two
reasons. Evaluating ¢,(p) requires the solution of a WCP, and this
subproblem may require a significant number of gradient
evaluations. Also the functions ¢,(p) are nct differentiable and
therefore the class of algorithms available to soive (4S) is smaller
than for (39).

Assuming the vertex hypothesis.i.e.that the maxima of fi will
occur at the vertices of the tolerance orthotope, it is possibie to
convert (45) into a constrained optimization problem with
differentiable constraints as follows. Let v(j) represent the jth
vertex of the tolerance orthotope and define f. (p) :f (p + rXtXv(j)),
i.e. the value of function f, at vertex j of the tolerance box B (p).
Under the atorsmennoned hypothesis, inequalities (46) and (47)
are equivalent.

i=12,..m

P(p) = max fy)<vy (48)
v€8,(0)
fi(p) <y i=12..2° (47)
Problem (45) would, under these assumptions, be equivalent to:
min Y
p.y€ER!
st 1(p) = L +eXtXW({) Sy i=12..m (48)

i=12..2"

notice that there are mx2" constraints, and solving a nonlinear
problem with such a dependence on the number of designable
parameter soon becomes very difficult or impossible.? . It is
desirable to keep the number of constraints reasonably bounded.
Thseouldbeachlevedhykaepmqonlyunf.coﬂwmgtothe
vertices.which are solutions of the WCP, mtmeglobalsolunonof
this problem is difficuit to obtain and may occur at more than one
vertex. To overcome this difficuity,a list L, is kept of all vertices
which are probable candidates to be the maximum of f; over the
tolerance polytope. Ther Thenm(,da)omythemdacalemsangmgm
considered to obtain (49). As a result only a moderate number of
constraints is kept. These constraints can be updated dynamicaily
(wuthL)scastoaJwaysmc!udeﬁte»erﬂcesofB(p)wh»chm
goodw\dndatatnconeepwmmcommsm(da) The
methodusadtoupdml.‘lsdaacrindbdm

min y
st kP <y

i=1,..m
i€y,

The algorithm to solve (49) is similar to the one described for the
fixed tolerance problem, except that before solving the quadratic
program (40) a worst case algorithm is applied to each
performance function. One iteration of the aigorithm can be stated
succintly as follows:

(49)

1.Solve the worst case problem for each function
fi=1,..m
)

2. Add to the vertex list L, all vertices visited during (1).
Note: function and gradient evaluation are expensive,

2Zwe natice that (48) is equivalent to the formuiation used in [50. 51. 4. 6]




and it is natural to use ail obtained information in step

@)

3. Solve the quadratlc program, equivalent to (44)

.
o o a3
10" + Vl'i.(p") d-/.5<0 im1 m

i, (50)

where

filp’ = 'i‘p +r (i)}

VEp) = THip+rvid)

4. Drop from the vertex list L all vertices which did not
correspond to active constraints in (50), except if that
was the vertex corresponding to the global maximum
in{1).

5. Check the step (d,5) can be accepted. If not reduce

the step size.

6. If a step is rejected, add to the vertex fist the number
associated to the vertex that caused the rejection.
When the step is accepted add to the vertex list all
vertices visited during the WCP.

7.Gotoa

To solve'VTP, (35) is reformulated as
max r
& N(P.O-fAMO  i-IA-Mfli : (51)

it is important to note the difference between this problem and
problem (45). In (45),r is fixed and the algorithm win try to situate
the constant sized tolerance box in a position where the maximum
possible function value is minimized. In (51) the maximum
permissible value is given and the objective is to select a nominal
design and'the maximum value of r such that the constraint f*, is
notviolated.

The procedure used to solve (51) is essentiafly identical to the
one described in the previous section. The major difference
concerns the structure of the Hessian, which does not have, as
before, a column and a row of zeros. The gradient of the
constraints with respect to r are, in general, not constant as in (39).

4.5 The method of Bandler and Abdel-Malefc (71
if the region of acceptability is not convex,
approximations become a poor representation to R* as win be
further explained in the next section. A possible method to
overcome this problem is to appoximate the performance functions
with higher order polynomial functions. Such a method was first
proposed by Bandler and Abdel-Malek [7], who for pratical reasons
limited the polynomials to be of second order. The performance
functions f. are initially approximated by quadratic polynomials:

Pi=a,pl + o ¢y By, + 52
where the N=«(n +i)(n+2)/2 coefficients are determined by
evaluating the function value at N different points, normally around
the initial nominal design. These approximations can then be used
as a cheap substitute of the performance functions,to solve an
optimization problem such as for example (27), because evaluating
the value and the gradients of (52) is a trivial task. Note that if the
points chosen initially to evaluate P,(p) are not close to the active
vertices of the tolerance orthotope , then the quadratic
approximations can be a poor representation of the constraints.
New updates to the polynomials must then be recomputed and the
optimization step repeated. This scheme should be compared with

polyhedral .

the method proposed in the next section where an effort is made to
approximate locally the constraints in the regions where its
relevance to the inscription problem is expected.

An algorithm for optimal tolerance assignment for yields smaller
than 100% is also proposed. The following nonlinear program is set

up:
(P (53)
Y(pert)2 Yo
where Y(p°,t) represents the yield for a nominal p°® and a tolerance
vectort .Y, is the minimum acceptable yield, a number specified by
the designer. To solve (53) the yield and its gradient must be
evaluated. The technique used makes a number of further
assumptions, besides the use of the quadratic approximations
described above. First the intérsections of the approximations with
the edges of the truncated p.d.f. (tolerance polytope) are used to
further linearize the quadratic approximations. Linear cuts' of.the
tolerance orthotope are thus obtained . If the p.df. is uniform and
the cuts do not overlap, than the yield is a simple ratio of volumes.
However for general distributions the evaluation of the yield is
difficult One approach, in this case, is to regionalize the tolerance
orthotope into smaller orthotopic cells. A Monte Carlo analysis is
then carried to estimate the probability of the parameters falling in
each ofthecells.

minimize

subject to

5 A Second Order Approximation to R,

5.1 Introduction

The Simpliciai Approximation, method for design centering, *
which we described in Section (4.3) was developed under the
assumption that R, is.convex. When R, is not convex, the solution
obtained using the Simpliciai Approximation algorithm can be
deceptive. Fig 2 illustrates a hypothetical two dimensional situation
where two constraints define a nonconvex region.

* Assuming that the level sets associated with the joint density
functions are 2-spheres, it would be desirable to determine a
solution dose to c® However, in this hypothetical case the
S|mpI|C|a| Approximation algorithm would converge to a solution
doseto ¢! and not only result in an infeasible nominal demgn but
also in avery small yield.

In atypical engineering design situation one should not expect a
convex region of acceptability, examination of many examples
[14,5,49.25]). seem to indicate that the region of acceptability
can be viewed as the intersection of sets which are either coj£gg
or ttMTiotementarv convex fi.e.. a set WTK)S6 cwnptement is convex)
[2]. The most general dass of performance functions which result
in feasible regions which are intersections of sets which are
convex and complementary convex are those that are ouasL
convex or guasi-concave. Thus we are motivated to consider this
dass of functions in some detail.

Definition 1: A function hR" — R is Quasi-canyex if
given p*, p?1 R®, then for any value of the scalar $, Q<
=<1

ttép’ + (1-0p% < max (fp".KpA)] T

A function f is guaaj-concave if its negative, -f, is

quasi-convex.| ¢
If the function is dtfferentiable it can be shown [46] that (54) can
be replaced by the following implication:

KIS HR') = K" (pPp") <O (53
ie, if fOp) < f(p") then the directional derivative at p* is
nonincreasing.

Our interest in quasi-convex functions denves from the following
property, [46]

Theorem 2: Let f be a real value function defined on
a convex set. Then fis quasi-convex if and only if the
set

La * {plf(plsa} (56)




'is convex for each a e R.{

. Figure 2: Hypothetical nonconvex region of acceptability.

SA algorithm would produce as a solution ¢'.
Correct solution c2, .

We will often refer to the set La as defined in (56) as a level
contour of the function f. For the class of quasi-convex and quasi-
concave functions the constraints (3) imply that the region of
acceptability will be the intersection of the convex sets Ci and
complementary convex sets Di where

C; = {(pIfPI< B} it 1 isquasi- convex Cy)
= {pif{P)2 §} it # isquasi- concave
and
D, = (ol @24} it f isquasi-convex
= (PP <K} it isquasi-concave (s8)

to ease the notational burden we define two new functions g,(p)
andhi(p)in such a way that

G = Pl <} edy = {1200}

0; = (i) SN} jedy, = {12} (s0)

wheremegiarequasi-convethaimwmehi(p)amni-
concave “functions, which we will for convenience refer to,
respectively, as copvex constraints and compiementary
constraints. . .

Note that mdhiambomhabuMGWmequalmfr For the
description of the algorithm, separation of the constraints into two
types is very heipful. but it should be noted that in a real design
probiem the functions fiareonly known implicitty through a system
of nonlinear differential equations and therefore defining the g, and
mghieaninitselfbeanoncivialprom

In order to have the boundaries well defined we make a final
assumption about the performance functions. Specifically we
mmmawngradiemsoffiwmmtvanhhatmmmydnl.
5.2 Main Algorithm

If the region of acceptability is convex convergent methods such
as the simplicial approximation algorithm [20, 64] exist for soiving
the DC problem. We now show that a stationary soiution to OC in
the more general case can be found by solving a sequence of
prablems where the region of acceptability is replaced by a convex
approximation.

If the complementary convex constraints are mplace& by -

supporting hyperplanes , the resulting approximation to R, R'. is
convex. Thissimaﬁonnmltsbecameﬂaismmmionofm
convexsets(llwiﬁ\halfspacas.andappmximatesﬂ‘imaﬁody.

For a given nominal point c, the largest norm body that can
pow‘blybeinscﬁbedinﬁlisﬁmitedbymepoimsonmeboum
of R, which are closest to c. We are assuming, of course, that the
measure used for the distance is the norm associated "with the
distribution ®(p,c) as mentioned in section 2.

These considerations sugg.st the following aigorithm:

Main algorithm

StenQ Letc® be an acceptable point. i.e., ¢ ¢R,
Letk=0, J= Jh

Step 1 For all j ¢ J solve the following near point problems

NP“: min n(p-c¥)
st. gI<g’ i=12..n,
h(p) = nt

h () <h k=1.jtistn, (60)
Step 2 a) If NPk has no solution, drop constraint j from further
consideration, i.e. J = J-j
b) Eise, it p* is a solution to NP, . evaluate the
approximations
Ay ®) = Th(e")T(p-p") + nt
Step 3 Soive the yield maximization problem, with the convex
region of acceptability

YMC,: max r
cr ‘U R
s.t. gi(c+m)sg‘ ung
fglcrro)sh?  jed (61)

Step 4 It the solution to YMC, is locally optimal to DC, then
STOP

Steg S Goto Step 1

One step of the above algorithm is illustrated in Figure 3 where
the norm body is assumed to be a circle.

Given the center of the last inscribed circle, c*, we soive
subproblems NP, , and NP, ,, to find the points p*' and p*Z on the
surfaces h,(p) = h' and h,(p) = hj. The convex approximation to
R, is then built by introducing the two haif spaces fi (p)<h} and f,
(P)ShY. The new center c** ' is then determined by inscribing the
largest circie in the convex region.

Remarks

1. We assume the knowledge of an initial feasible design
c®, which exists in the interior of R .

2.lfnosohﬁbncanbofoundtoNPu,meancomm
hiisminmemmamdoesnotponwain
the design, and can be dropped, giving useful
information to the designer. -

3. Step 3 assumes the existence of a convergent method
fonhecasewherenaisconvex. We recall that such
methods exist, e.g. the simplicial approximation
algoritt

h :(ﬂ

gfp =gl

Figure 3: Htustration of a step of Main Algorithm




It is‘possible to prove that such an algorithm will converge to a
solution of the problem DC defined in (9) [63].

Notice that as stated here, the algorithm is not immediately
implementable because for a general problem there is no previous
knowledge of which constraints are convex and which are
complementary convex. In the next section we will further discuss
this problem and suggest practical ways to resolve this difficulty, as
well as methods to reduce the computational effort associated with
the use of the algorithm.

5.3 Implementabfe Algorithm

The algorithm proposed in the previous section is a significant
tool to solve design centering problems for nonconvex regions of
acceptability. There are however two main points which do not
make the method computationally attractive. The first concerns
the solution of subproblem YMCy. as most methods available for
solving this problem require a large number of possibly expensive
circuit simulations. Furthermore, if the problem has to be solved
repeatedly, even if information is shared in successive iterations,
the computational requirements will make the method unattractive,
particularly for problems in the time domain. The second difficulty
concerns the identification of the quasi-convex or quasi-concave
characteristics of the performance functions. These functions are
known only implicitly through the system of equations that
describes the networks behavior. Hence, using a criterion fiks (54)
would require the verification of an infinite number of inequalities.
Methods to finitely test quadratic functions are known, however,
and will be explained below.

Significant computational savings can obviously be obtained if
we decide to approximate the constraints by, for example, the first
three terms of a Taylor expansion. Global approximations to the
constraints are not in our opinion as attractive as local ones. From
the main algorithm introduced in the previous section it can be
infered that ideally we would like to approximate the cunsliafrits at
those points in every constraint which minimize the distance to the
initial design center c®. If this design is a reasonable one, the final
solution is not in general very distant although significant increases
in yield can be obtained by the process of centering. If this is not
the case the designer could always re-evaluate the approximation.

The flow of the Implementable AIgorith '« summarized in the
following steps: ’

SteftQLetc°eR*, k«0, J-CiA-.-n"
Steo j£ Solve the following near point problems for

i=1,, L
NP,: min  n<p-c’)
st g
L2t : .. (62)
tost
NP min  n(p-c°)
.sto f(p) sFff
tp) =t
A (- i*« (63)
Step 18 )

1.If there is no solution to one of the near point problems
drop the constraint

2, Else, evaluate the gradient Vf.f) and the Hessian
V?f (+) at the solutions p" and p" of each problem

Step if From the Hessian and the gradien't infer the
convexity characteristics of the constraints

Steo 12. Get local quadratic approximations to the

constraints e.g.
g¥e 4 TEEYT (p.p4 4 ifp-p”“}T T Xppudj  (64)
and with the information of 1C, renameitas g, or h,
Go to Step 2

§S2Qi£ Solve the near point problem as in Step 1 of the
main algorithm :

Sieg g Linearize the complementary convex constraints
as in Step 2 of the main algorithm

Steq 3 Solve the yield maximization problem YMCy

SIfifl 4 If the solution is locally optimal for the quadratic
approximations, then stop

Step 5 Go to Step 1E
Remark 1

Steps 1E to 5 correspond to the steps in the main algorithm
proposed above, except for the substitution of the constraints by
their quadratic approximations. Steps 1A to 10 are necessary to
evaluate the approximations and to discriminate quasiconvex and
quasiconcave constraints. )

Remark 2

Evaluation of the Hessians can be done efficiently, if the
optimization algorithm used for Step 1A uses gradient information.
We use the Han-Powell algorithm [56,57,58] for constrained
optimization is used, and the gradients obtained at each step are
employed to build an approximation to the Hessian-with an update
formula. However, two important differences must be accounted
for, in what concerns selecting an update formula. The first
difference concerns the direction of the step, which is not defined
by the update but solely by the optimization algorithm. The update
should therefore be capable of handling arbitrary directions. It is
weH known that the symmetric rank one update:

q'.q.,.l;:ﬁlmr_
s {r-Om) (65)
y» V(p®)-Vf(p)

only requires that the dtrecions of search be linearly independent
[17]. If the new direction to be used is not independent from the
previous ones, and the function is quadratic then the denominator
of (65) wiU vanish [55] making the test particularly easy. The
second difference results from the fact that for most optimization
procedures the approximation to the Hessian has to be kept
positive definite. In our case we want the update to approximate as
closely as possible the Hessian even if it contains negative
eigenvaiues.Update (63) has also this desirable property. .

S»p™-p

Remark 3

Characterization of a general quasi-convex function isa problem
which is still not well solved [16]. Therefore we replace the
problem of characterizing quasiconvexity of the performance
function by asimilar identification of the quadratic approximation:

T
oA alx') -» Vaix") (% x)g0
~(Qx* +g)T(x*.x1)<0 (66)
Although (66) does not allow the property of quasiconvexity to

be finitely tested immediatty, this is possible by checking the
eigenvalue of amatrix related to the Hessian (see [47,48.15,24]).

Summary

In this paper we haver reniew#ed some of the recent work in the
area of statritKT?* design. Space has not permitted us to cover all
approaches in equal depth. However the reader should be able to
obtain more detailed information about each method mentioned by
consulting the references.
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