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ABSTRACT 

We have previously presented a new one parameter family of algorithms 

and a program for evaluating the first m derivatives of a polynomial of 

degree n. In this paper we analyze that family of algorithms and present 

practical algorithms for selecting optimal or good values of the parameter 
q. 

A program for selecting the optimal value of q under the constraint 

that q divides n+1 is given. We also analyze a program that eliminates 

that constraint and a simple program that selects a good, but not always 

optimal, value of q. We derive bounds on how close to optimal the "good" 

value will be. 

The above results apply for n > 12. We extend the results to all n 
by tabulating the cost function for n ^ 12. 

Some open questions on extensions of our results are stated. 



1 . INTRODUCTION 

We have previously presented a one parameter family of algorithms for 

evaluating the first m derivatives of a polynomial [Shaw and Traub, 1974]. 

In this paper we analyze that family of algorithms and present a practical 

algorithm for selecting optimal or good values of the parameter. 

The classical algorithm for evaluating a polynomial and its derivatives 

is Horner's Rule, which requires 0(mn) additions and 0(mn) multiplications. 

In 1972 we presented an algorithm which requires the same number of additions 

but is linear in multiplications and divisions (M/D) [Shaw and Traub, 1972] e 

This result and concurrent research on applications of fast algorithms re­

lated to the discrete Fourier Transform led to an improving sequence of 

asymptotic results for the special case of all derivatives. The first of 
3 

these was 0(n log n) in total arithmetic operations [Borodin, 1972]; this 
2 

was reduced to 0(n log n) by Kung [1973], Strassen [1972], and Borodin [1973]. 

New results by Aho, Steiglitz, and Ullman [1974] and Vari [1974] are 0(n log n). 

The algorithms analyzed in this paper differ from most fast algorithms 

in that the benefits can be obtained for small as well as large n; 3n-2 M/D 

suffice for any value of n. 

Furthermore, our algorithms are applicable for all m, whereas the asymp­

totic fast methods apply only if all derivatives are calculated. On the other 

hand, the most important cases in practice are for small m and for m=n. 

There are many open questions on extensions of these results. Questions 

concerning only the calculation of all derivatives include: 

1. Is there an algorithm using only a linear number of additions? 

2. It is easy to show at least n+1 multiplications are required. An 
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upper bound is 3n-2 multiplications and divisions. Can these 

bounds be tightened? 

3. How many multiplications are required if divisions are not per­

mitted? 

Let P denote a polynomial of degree n. Define a normalized derivative 

as When we refer to derivatives in this paper we always mean norm­

alized derivatives. We consider P itself to be the zeroth derivative P ^ . 

To compute the first m derivatives of P, let 

n 
P(x) = S a x 1, 

i=0 

let p and q be such that n+1 - pq, and define 

s(j) = (n-j) mod q, j=0,l,...,n. 

Then Shaw and Traub [1974] presented the 

Algorithm 

(1.1) T"1 = a i + 1 x s ( i + 1 ) , i-0,l,...,n-l 

Tj " a o x S ( 0 ) ' J ^ 0 * 1 , . . . ^ 

i - Til] + TJ^x-d-D-Ci-J-lHl, j=0,l,...,m, i-j+1,...,n 

and proved that P ( j )(x)/j: = T^/xj m o d q . 

Stewart [1971] has performed an analysis of the effects of rounding er­

rors in the use of the iterated Horner's rule for root shifting. This corresponds 

to the special case q-l, m=n. He concludes that zeros near the shift are 

not unduly perturbed. Despite the divisions used to obtain the derivatives 

from T^, Wozniakowski [1974] has established a similar result for the family 

defined by the algorithm. 
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A program (Program Dl) to perform this calculation was presented 

previously, and the number of operations required to evaluate P(x) and its 

first m derivatives was established [Shaw and Traub 1974]. The number of 

additions is (m+l)(n-!^) independent of q. In this paper we consider only 

the number of M/D required, and we show how to choose optimal or good values 

for q. 

Given n and m, we showed that the best choice of q can be obtained by 

minimizing the function 
n+1 , ,„x , r2+r+2 f (q) = n - 1 + wr— - (m+2)r + q m,n,r v n q I 

where r = [m/qi and q is an exact divisor of n+1. For fixed n, the cost func­

tion is a surface in three dimensions with coordinates m, q, and f^ ^ r ( q ) . 

The requirement that q divide n+1 will be relaxed in Section 4. It is main­

tained until then to simplify the analysis. 

Known results on the evaluation of polynomials and their derivatives are 

special cases (often for poor choices of the parameter q) of this family of 

algorithms. These examples were presented as special cases in [Shaw and 

Traub, 1974]. They are summarized in Table 1; the m and q coordinates are 

displayed and the surface f (q) is suggested by specific values. r J m,n,r 

Special properties of the algorithm allow a saving of one M/D each in 

column n+1 and row n. These savings are not shown in Table 1, nor will 

they be included in the analysis below except where mentioned explicitly. 

In Section 2 we view f (q) as a piecewise continuous function of 
m,n,r 

m and q. This continuous model is used in later sections to help explain 

the behavior of the discrete parameter case. 

In Section 3 we restrict m and q to integer values, and analyze the 

selection of q for Program Dl. We present a rule (Program SI) for selecting 
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n+7 
n+1 

"Horner" 
•[Newton, 1711]-

(n) 

(k+1) 

Horner [187 9]-
2 

Munro [7 977]. 
(n+2^i) 

•• Naive 
(2n) 

j _ 

(2n+k) 

Shaw-Traub [1974]-
(3n-2) 

Shaw-Traub [7 974] 
(3n) . 

Table 7 
Number of M/D Required by Some Members of 
the Family of Algorithms for Computing 
Polynomials and Derivatives 
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an optimal value of q for n > 12. 

In Section 4 we relax the constraint that q divide n+1. We present 

and analyze a new program (Program D2) that works without the constraint. 

We show that for Program D2 a simple rule (Program S2) selects a good, but 

not always optimal, value for the parameter, and we derive bounds on how 

close to optimal the "good" value will be. Given m and n such that n > 12 
A 

and 0 <> m <. n, the following program selects a good value Q as the family 

parameter for Program D2: 

PROGRAM S2: 

begin 

if. m = 0 then Q «- 1 

else if. m < ^ ~ then Q «- round (^n(nTT) ) 

else Q - — 

end 

The theorems developed in Sections 2, 3, and 4 usually apply for n > 12. 

In Section 5 we extend the results to all n by tabulating f (q) for n £ 12. 
m,n,r 

For comparison purposes, we also tabulate the function for a few representative 

values of n > 12. 



-6-

2. THE CONTINUOUS MODEL 

If we r e l a x the requirement that m and q be i n t e g e r s , we can use 

techniques of c a l c u l u s to understand the behavior of the funct ion f (q) . 
m,n,r n 

Restoring the i n t e g e r c o n s t r a i n t then f o r c e s us to consider only p a r t i c u l a r 

a c h i e v a b l e p o i n t s . For example, the minima of the continuous funct ion do not 

always correspond to i n t e g e r v a l u e s of m and q, but knowledge of the l o c a t i o n s 

of those minima can guide the search for the minima of the d i s c r e t e f u n c t i o n . 

Note, however, that r i s always a nonnegative i n t e g e r , r = LqJ« 
Since the optimal r e s u l t for m = 0 i s known to be q = 1 , we assume m ^ 1 

u n l e s s otherwise noted. We assume throughout that m <. n. A l s o , s i n c e q i s 

t r e a t e d as continuous we always have n-hl = p^q for some p. 

We now study the l o c a t i o n s of the minima of 

(2.1) f (q) = n-1 + a i S t l i - r(m+2) + q SJL^L 
m,n,r q 2 

f o r g i v e n m and n. 

Let n,m be f i x e d . Then r i s determined by q. For each value of r , 

f (q) i s a r a t i o n a l and continuous f u n c t i o n of q. The m-q plane m, n, r 

i s d iv ided i n t o r e g i o n s by the v a l u e s of r . These reg ions are s p e c i f i e d by 

(2.2) 
m < q , r = 0 

r+-i < q ^ 7» r - 1 >• • • > n -

The c o s t funct ion f (q) i s p iecewise cont inuous. 
m.n.r 

In the remainder of t h i s paper we o f ten a b b r e v i a t e f (q) by f (q) ( 

m,n,r M J r ^ 
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We investigate the minimum value of fr(q) in each of the r-regions. Now, 

f < ( a ) . . m ( " + D + r +r+2 V q ; 2 2 * 
q 

Denote by Q r the points at which f̂ ,(q) = 0. Then 

(2.3) Q r - ^ 2 
2m(n+l) 
+r+2 

and 

(2.*) f
r ( Q r ) = n-l-r(m+2) + ¿1 

2 
r +r+2< m(nH-l) 

Observe that if n is fixed, then the graph of Q as a function of m is a para-
— — - 2 

bola for each value of r. Since f"(q) = (2m(n+l))/q > 0, 

there is at most one interior minimum. If it exists, this interior minimum 

lies at Q r. The following theorem describes the location of the minima of 

f r(q). 

THEOREM 2.1. The minimum of f (q) is: 

1. at the interior point Q Q if r = 0, 

2. at the interior point Q. if r = 1, m > 

3. at q = m if r = 1 and m ^ n+1 

4. at q = - for r :> 2. 

PROOF 

1. Let r = 0. Then m < q n+1, 
Now, 

m 
F U ( N + 1 > - 1

 N + L 
> 0 

0 V +• 
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Hence fn(q) has an interior minimum at Q Q - 1 m(n+l). 
0 

n+1 LI I I RN 

2. Let r = 1, m > — . Then j < q ^ m. 

f ; « . 2 . ^ > o 

0. 

Hence f̂Cq) has an interior minimum at Q ] -l||m(n+1) 

, n+1 
3. Let r = 1, m ^ -y-

*i<»> = 2 " I T ^ ° 

2(n+1)^ 

Therefore f 1 (q) is monotonically decreasing for < q ^ m and the minimum lies 

at q = m. 

4. Let r ^ 2. Note that 

fflfrD +. 1 < 0 for Vr ^ 0. 
E;(ST)-

 < r t l ) [ f - ( r + , ) 

We show f f^^-)< 0, Vr ^ 2. Now, 

f f H L \ . . r
2 ISt]l + E?±£+ 1 - W ( r ) 

r\r/ m 2 

Hence 

w(r) = r2(^-x) + f + l , 

n+1 c . where x = . Since m 

w(») < 0, w(2) < 0, 

w' (r) - 2rQ-x >) + \ < 0, for x * 1, r ^ 2 
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we conclude 

W(R) = f;(^) < 0, Vr £ 2, 

Hence for r ^ 2, the minimum of fr(q) lies at q = m/r. QED 

Theorem 2.1 shows how to find the minimum when given a region. The next 

three theorems show how to choose a region. We first show that only two regions 

are interesting, then give a rule for deciding between those two regions. 

We first prove 

LEMMA 2.1 

If n > 2, r ^ 2, then 

PROOF 

ftCr) = < n " 1 ) ( r + 1 ) " 2 7 ( r 2 - r " 2 ) ' 

FR+L(RTT) - ~ 20SiT(R2-R-2) -

1 1 
r"r+l 

> 0 QED 

THEOREM 2.2. Let n ^ 12. Then the minimum value of f (q) lies in one of the 

regions r = 0 and r = 1. 

PROOF. The proof is divided into three cases: 

1. If n £ 12, m £ n, r £ 3, then f > ^(Qq). 

2. If n * 3, m < n - 2 , r - 2, then f^|) > f Q(Q 0). 

3. If n ^ 9, n-2 £ m £ n, r = 2, then f^|) > ^ ( Q , ) . 

When we have established these three cases, it then follows that at least 
one 

ot { W , f ] ( Q l ) ) t l s m a l U r tha„ ^ ^ y r 2 ^ t h e o r e n ^ 

immediately. 
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By Theorem 2.1, the values of f considered in this proof are the minima 

of f in their respective regions for the values of m in question. 

1. We first establish 

f 3 ( ! ) > w -
Now 

f 3(|)- f 0(Q Q) = 3(n-1) - | m - 2Vm(n+1). 

The worst case is at m = n; in that case the expression above is 

positive when ^ | n 2 - 18n + 9 > 0 which is true If n * 12. By Lemma 2.1 , 

f r ( 7 ) -

which completes the proof of Case 1• 

2. f2(|) - f Q(Q 0) = 2(n-l) - 2„/m(n+1) . 

2 

Now,(n-1) - m(n+1) is linear in m. Thus, when n is fixed there is 

only one point at which = ^ q ^ O ^ * This point lies between 

m = n-2 and m = n-3. Hence 

f2(f) > f Q(Q 0) for m < n-2. 

3. Let A(m) = f ^ | ) - ^(Qj) = 2n + m - 2„/2m(n+l) . 

We consider m = n, n-1, n-2. 

At m = n, A(n) = 3n - 272n(n+1) • 
2 

Then A(n) > 0 when 9n - 8n(n+1) > 0, which holds for n > 8« 
At m - n-1, A(n-l) = 3n - 1 - 2^2 (n-1) (iri-1) . 

2 
Then A(n-1) > 0 when n - 6n + 9 > 0, which holds for all n 3. 

At m = n-2, A (n-2) = 3n - 2 - 2^2 (n-2) (n+1) . 
2 

Then A(n-2) > 0 when n - 4n + 20 > 0 which holds for all n. QED 



THEOREM 2.3 Let n £ 23 , m £ j(n+1). Then the minimum value of f r ( q ) lies 

in the r = 0 region at Q Q = A/4n(n+1) . 

PROOF. From Theorem 2.2 the minimum value of f^Cq) lies in one of the regions 

r « 0 and r = 1. From Theorem 2.1, it lies at if r = 0 and at q = m if r = 

m ^ ̂ -(n+1). We need only compare fgCQg) a^d f ̂  (m) . We show under the 

hypotheses of this theorem that fg(Qg) < f -j (m) • Now 

Mm) = f Q(Q 0) " f^m) = 2vm(n+l) - (n+m-1). 

If m is small, A(m) < 0. The worst case is at m = j(n+1). Thai 

A(j(n+D) 5 5 n^/2-|^ + - which is negative for n ^ 23 „ QED 

THEOREM 2.4 Let n £ 23, m > j(n+l). Then: 

1, If m is near j(n+1), the minimum value of fr(q) lies in the r = 0 

region at Q Q = vm(n+1). If m is near n, the minimum value of f^(q) 

lies in the r = 1 region at = Jm ^ 1 \ 

2. For n fixed, there is a unique value of m where the crossover from 

r = 0 to r = 1 occurs. The crossover point is given by 

m + 2 + 2(1 - j2)Jm(n+1 ) = 0. As n °°, this crossover moves to 

m / n = 4(3 - 2jl) = .686. 

PROOF 

1. By Theorems 2.! and 2.2 we need only compare f ^ ) and f ^ ) . N o w , 

A(m) = f 0(Q 0) - f l ( Q l ) . „ + 2 + za^JS^y m 
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Since A((iyi-)+) < 0 for n 2 23, A(n) > 0 for n s 0, 

the conclusion of Part 1 follows 

2. Since 

A f(m) = 1 + 0^)J^ 
is positive for ~(n+l) < m ^ n there is, for fixed n, a unique 

value of m at which the crossover of the minimum from the r = 0 

to the r = 1 region occurs. This crossover is given by 

A(m) = 0 « m + 2 + 2 (1 -^)>(ri+l) . 

As n -* °°, the crossover moves to m/n = 4(3 - 2j2) - .686. QED 
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3. THE DISCRETE PARAMETER CASE 

In the previous section we treated f (q) as if it were continuous r m,n,r 
in m and q. However, the function makes sense in the intended interpretation -

multiplication counts for an algorithm - only if m and q are integers. In 

this section we constrain m, n, and q to integer values, and further require 

q to be an integer divisor of n+1. We will relax this divisibility restric­

tion in the next section. In order to distinguish evaluations of f on the 

restricted values of q from the general evaluations of the previous section, 

we denote by q the values of q that are restricted to integers. 

Given m and n, the optimality problem for the discrete parameter case 

is to select an integer value Q so as to minimize f (q ) • o ^ m,n,r 

It is not sufficient to select an integer q ! close to the value of q (q l = : LqJ, 

for example) that minimizes the continuous case; there may be another integer, 

q", such that f (q") < f (q'). 
m,n,r m,n,r 

The development in this section parallels Section 2. We first show 

(Theorem 3.1) that the best q lies in one of the regions 

r = 0 and r = 1. We then show in Theorems 3.2, 3.3, and 3.4 how to select 

the best q within a region. Next, we show how to choose between the regions 

r =* 0 and r = 1 (Theorem 3.5). Finally, we present an algorithm for choosing 

Q given m and n. 

Throughout this section we prove results for moderate to large n - at 

worst, n > 12. Precise statements for smaller n can be made by carrying 

more detail in the proofs or by enumeration. We do not take advantage of 

the special cases m = n and Q = n+1; a one-multiplication saving can be 

made in each of these cases. 
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THEOREM 3.1. Let n > 12 and assume q |(n+l). Then the minimum value_of 

f^(q ) lies in one of the regions r = 0 and r = 1. 

PROOF. We will show that if m £ n, n > 1 2 , r £ 2 then fQ(n+l) < fr(q ) . 

It follows that the best choice of q will lie in r = 0 or r « 1. 

From the analysis of the continuous case we have the results 

(a) for r £ 2, min f r(q) = f ^ ) 
m ^ jn 

(b) f o r n > 2, r . 2 , f r © < f ^ g f t 
It follows from (a) that min f^(q ) ^ ^T(J^) w h e n s u c h q exists. 

m * m 
r+1 q ~~r 

There are two cases: m ^ n - 4 and n - 3 ^ m ^ n. 

Case 1: m ^ n - 4 

Note that q = n+1 always lies in the region r = 0. If m < n - 4 then 

rm\ 
Since f2(f)< fjif) for r > 2, 

f (n+1) < f (^) ^ min f (q*) for r £ 2 
m ^ * m 
r+1 r 

Case 2: n - 3 £ m ^ n 

Case 2a: r ^ 3, n > 12 

By the same reasoning as for Case 1, 

fQ(n+l) = 2iHm < 4(n-l) - |m = f 3(|) <> f3(q*) 

for any q in the region r = 3, provided n > 12. 



When r » 2, q may assume values in the following ranges 

m = n 

m = n - 1 

m = n - 2 

m = n - 3 

n . * n 
3 < q 

n 1 . * ^ n 1 
3 ~ 3 < q * 2 " 2 

n 2 * n 

3 " 3 < < » S 2 " 1 

a , . * n 3 

3 " ] < ^ 2 " 2 

Since the integer divisors of n+1 are q* - S ± i , for these cases (and provided 

n * 11) the only possible value for q* is But fQ(n+l) = 2n+m < |n+m - 1^ 

QED = f. 2^3^) W h e n n 2: 12 and so fQ(n+1) < f 2(q~). 

Theorem 3.2 shows how to select a Q from feasible value s in a given 
region. 

THEOREM 3.2. Let u < v be factors of n+1 and fix r. Then 
2 
r + r+2 
2uv 

PROOF. Note that fixing r restricts the range of m to <: m < ( r + l ) ( ^ . 

Now, 

Let A(u,v) = f 

= (v-u) (n+1) 
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Since v-u > 0 , 2 r +r+2 

A(u,v) > 0 exactly when m < ( n + 1 ) — Q E D 

For the only two cases of interest, this specializes to 

. /n+l\ . - /n+1\ , . n+1 
F O V — ; < F O ( ^ R ) W H E N M < 

1 \ v / 1 \ u / u v 

The next theorem further restricts the values of q that must be con-

sidered when selecting Q within the region r = 1. 

THEOREM 3.3. Assume n + 1 is non-prime. Let u be the smallest divisor of n + 1 
, . . I r m ^ n + 1 . n + 1 . greater than 1 and v be any other divisor. For values of m 3 j < < ^ m, 

we 

PROOF. If u > 1 , then u ^ 2 and v ^ 3 and by Theorem 3.2 f-,^~^ < fi ( ^ 7 ^ 

if and only if m < l i £ i L I # B u t if it w e r e the case that m < we would J uv uv 
have m < ^ ̂ > n +^ <. \ ^ \ which contradicts the assumption m ^ • Hence uv 3 u u 

The next theorem further restricts the values of q that must be consid­

ered when selecting Q within the region r = 0 . Recall = min ^ Q C Q ) = *ym(n+l) • 
m < q 

THEOREM 3.4. If Q Q is an integer, min *f Q(q ) i s a t 3 = Q Q - Otherwise let 
m < q ^ 

v, < v. be the integer factors of n + 1 such that - 7 7 — and are adjacent to 
1 2 vi v ? 

JU n + 1 n + 1 ^ 

and on opposite sides of Q,,. Then Q is either or , that is, min frt(q 
R R 0 v. v 0* ' * 0 V M 

i t h e r  foKyv) ° r f o ( ^ ; • 
i s e i 

PROOF. f Q is concave up in this region, with minimum at Q Q. If Q Q is an integer, 

Q " = Q Q is clearly optimal. Otherwise, of two points on the same side of Q Q, the 

point of evaluation closer to Q Q will yield the lower value. 
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Now we consider the selection of Q from values that correspond to dif­

ferent values of r, From Theorem 3.1, we know that the values correspond 

to r = 0 and r 8 3 1. 

THEOREM 3.5. Let u < v be factors of n+1. Let n > 12. Consider only value* 

of m 3 — < 2—^- ̂  m < (That is, let u correspond to r = 0 and v cor­

respond to r = 1). Then 

(i) u = 1, v = 2 
/ • - \ I o n+1 n+1 . -

(n) u = 1, v = 3, m = - y , — + 1 

(iii) u = 1, v > 3, m = 
v 

(i) u - 1, v = 3, m = ^ + 2 

(ii) u = l , v = 4, m ^ ^ + l 
4 

(c) f,i — , > t . [ — j otherwise. 

PROOF. Let A(u,v) = f ] ^ ) - fQ(^ = < ^ > ( ~ ) + m(v-u-l) - 2 

Case 1 establishes parts a and b and a portion of part c. Case 2 establishes 

the remainder of part c. 

Case 1 : u • 1 

Ad,v) = (n+l)(|-l) + m(v-2) - 2 

By enumeration for v £ 4, 
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A(l,2) = -2 < 0 
«-ul n+1 n+1 . i 

Ad ,3) = m - - 2 so Ad ,3) < 0 for m = — , — + 1 
n+1 
3 A(l ,3) = 0 for m = ~ - + 2 

A(l,3) > 0 otherwise 

A(l,4) = 2t» - y - 2 so A(l,4) < 0 for m = y 

A(l,4) = 0 for m = y + 1 

A(l,4) > 0 otherwise 

For v > 4, 

A(l,v) = ^ - ^ ( v - 2 ) - 2 so A(l,v) < 0 for m = ^ 

A(l,v) > 0 otherwise 

Case 2: u ^ 2 

Since A(u,v) is an increasing function of m, it suffices to show A(u,v) > 0 

for m - Substituting for m, let 

= ( n + l / ^ + ^ ^ ( v - n - l ) - 2, 

where u. and v are potentially continuous. We show ^(u,v) > 0 for all u, v for 

which v > u and both u and v divide n+1. 

Let j = and w = j+y* Then w ^ u for integers u, u < v. Since 

.2 

^ & ( M,,V) = -2(n+l)/V < 0, 

value of X(JJL,V) for 2 ^ p, ̂  w must occur at p, = 2 or p, = w. Now, 
the minimum 

£(2,v) = (n+l)(j-J") - 2 > 0, v ^ 3, n £ 12 

o . _ vn-n-1 9 A(w,v) - - 2. 

Since ~- ft(p,,v) = ^ ^ ( M , - ! ) > 0, p. > 1, â o , X n+1 
2 
v 

A(w,4) = ^ > 0, n * 12 
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we conclude 

8(w,v) > 0, v :> 4, n £ 12 

which completes the proof. Q E D 

The results of this section can be summarized in 

PROGRAM SI. [selects Q , an integral divisor of n+1, to minimize f (q ) 1 
m,n,r

 H 

Given n,m such that n > 12 and 0 <. m <> n, this algorithm gives Q'\ 

Let u be the smallest factor of n+1 3 u > 1 (if n+1 is [Theorem 3.3] 

prime, u = n+1). 
Let Q Q = /\Ai(n+1). If m == 0 set v 1 » 0, v^ « 1. If Q Q is a positive 

integer, set v- = v = Otherwise, set v- and v 0 (v < v 0) to 

adjacent factors of n+1 Э ~ ~ < Q Q < [Theorem 3.4] 
* 2 1 

To find Q : 

begin [Horner's Rule] 
if m = 0 then Q <- 1 else 
. r: ^ n+1 , 
if m £ then 
— u 

begin 
* n+1 

if u = 2 then Q - — [Theorem 3.5a(i)] 
else ^ u = 3 a n d ^ £ m £

S

^ + l then Q* - 2tl [Theorem 3.5a(ii)] 
n+1 * n+1 

else if m = — then Q « — [Theorem 3.5a(iii) ] 
u u 

else Q" «- n+1 [Theorem 3,5b and 
end 3 - 5 C L 

else 
begin 
•c / n+1 . * n+1 
l f m < T~T~ t h e n Q *~ ~ — [Theorem 3.2] 

1 2
 v

2 
E L S E Q * _ S ± L 

~ ~ V L 

end 
end 
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4. RELAXING THE DIVISIBILITY CONSTRAINT 

The algorithm (1.1) for computing the value of a polynomial and some 

derivatives does not depend on q being an integer factor of n+1. However, 

Program D1 [Shaw and Traub, 1974] requires that q divide n+1. In this sec­

tion we present a program (Program D2) for which q need not divide n+1; we 

establish the operation counts for this program; and we develop a simple 

rule (Program S2) for selecting q without regard to the factors of n+1. 

When using Program D1, the number of M/D required to evaluate some of 

the derivatives of P depends strongly on the factors of n+1. If there is 

no factor near Q Q or then the cost may be much higher than the contin­

uous model of Section 2 might suggest. Even though Program D2 exacts a 

penalty in extra multiplications for using a q that does not divide n+1, 

it is often less expensive than using Program D1. This is particularly true 

when m is small and n+1 is prime. For example, when n+1 = 23, the best se­

lection of q for each program results in the following number of multiplica­

tions : 
Program Dl Program D2 

m q # mult q # mult 
0 1 22 1 22 
1 1 43 4,5, or 6 31 
2 23 46 6 or 8 35 
3 23 47 8 38 
4 23 48 8 or 12 41 
5 23 49 12 43 

6-10 23 m+44 12 2m+33 
11-12 23 m+44 12 m-h43 

PROGRAM D2 [for evaluating m derivatives of P of degree n, given q] 

begin 

[Given: n, the degree of the polynomial 

m, the number of derivatives required 

q, the splitting parameter 
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a(i), i=0,...,n, the coefficients 

x, the point of evaluation (x ̂  0)] 

[Choose p,t such that n+1 = p-q + t, 0 ^ t < q. 

x(i) will be x 

T(i,j) will be Tj] 

[When t = 0, this program specializes to Program Dl.] 

x(0) <- 1 

x(l) - x 

for i = 2,3,...,q 

x(i) «- x * x(i-l) 

[powers of x require q-1 multiplications] 

if t > 0 then  

begin 

for i « 0,l,2,...,t-2 

T(i-1, -1) «- a(i) * X(t-i-l) 

T(t-2, -1) - a(t-l) 

[this step requires t-1 multiplications; it is not executed if t 3 0] 
end 

for i = t, t+q, t+2q,...,t+(p-l)*q 

begin 

for k = 0,1,..o,q-2 

T(i+k-l, -1) - a(i+k) * x(q-k-l) 

[inner loop requires q-1 multiplications each time] 

T(i+q-2, -1) <- a(i+q-1) 

[this step requires total of p * (q-1) multiplications] 
end 
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[entire initialization requires (p+1)(q-1) multiplications if t = 0 

or (p+1)(q-1) + (t-1) multiplications if t > 0] 

for j = 0,1, • • • ,m 

begin 

[A-H will be the number of complete groups of q-1 additions and 

one multiplication] 

T ( j , j ) - T( j-1, j-1) 

UL t > 0 then 

begin 

for i = j+1, j+2,,.,min(j+t-1, n) 

T(i,j) <- T(i-1, j-1) + T(i-1, j) 

îf j+t ^ n then 

T(j+t, j) «- T(j+t-1, j-1) + T(j+t-l, j) * x(q) 

end 

for i = t+j+1, t+j+q+1, t+j+2q+1,,..,t+j+A*q+l 

begin 

for k = 0,1,..,,q-2 

T(i+k, j) - T(i+k-l, j-1) + T(i+k-l, j) 

T(i+q-l, j) «- T(i+q-2, j-1) + T(i+q-2, j) * x(q) 

end 

for i = t+j+CJM-lFq+l, t+j+(j&fl)*q+2,...,n 

T(i,j) «- T(i-1, j-1) + T(i-1, j) 

end 

[recurrence requires (m-H ) (n-jm) additions independent of t and 

(m+l)(p-r-1) 4yq-r(r+1) multiplications if t = 0 or 

(m+7) (p«r-l) f j q.r ( r f l ) f (m L l ) multiplications if t > 0] 
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[T(n,j) is n o v * j n o d q P ( J ) < x ) / j : ] 

for j = 0, q, 2q,„..,(r-1) * q 

for k = 1, 2,...,q-1 

T(n, j+k) - T(n, j+k)/x(k) 

for j = r*q+1, r*q+2,. . . ,m 

T(n,j) T(n,j)/x(j-r*q) 

[m-r divisions used to obtain normalized derivatives in T(j,n)] 

end 

Operation Counts 

The arithmetic operation counts for the program are indicated by comments 

in the program. 

Let 
n+1 = p-q+t 0 ^ t < q 

< • W 
The number of additions required is (m+1) (n-^m) , independent of q. This is 

the same number as for Program D1. The number of multiplications and divi­

sions required is given by; 

t = 0 t > 0 step 
(p+l)(q-1) 1 (p+D(q-l) + initialization 
(m+1)(p-r-"l) + jqr(rfl) (m+l)(p-r) + jqr(r+l) recurrence 

m " r divisions to normalize T(i,j) 

Now,let f m n ^(q) denote the total number of M/D required to calculate the 

first m derivatives of a polynomial of degree n if Program D2 is used with 

splitting parameter q. Then 
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if t = 0, 

f (q) = (p+l)(q-l) + (m+1)(p-r-l) + ip:(r+l) + m-r m,n,r z 
2 i , n-H f , 0 V , r +r+2 = n-1 + m — (m+2)r + q — 

= f (q) m,n,r 
if t > 0, 

f (q) = (p+l)(q-l) + (t-l) + (m+l)(p-r) +iqr(r+l) + m-r m,n,r 

= n-l + m - (m+2)r 4- , \ q q / 
2 
r +rH2 

q q 

m,n,r q = f (q) + m 3 ^ 

so for all t, 

t \ - -P / \ , (g-t)mod q 
f (q) = f (q) + m- 3 1 1 

^ m ^ r m,n,r q 

We abbreviate f (q) by f (q), m,n,r r 

Program D2 can be slightly improved in three special cases. Two are 

identical to the special cases for Program Dl: a savings of one M/D when 

m « n and when q = n+1. In addition, when t = 1, the first operation for 

each derivative is , - = T^"1 + T^ x q. Since all T^ are equal, T^xq need 

not be recomputed. This is a saving of m multiplications. As before, the 

special cases are not considered in the analysis. 

We establish a bound on f (q) . ' Since the optimal result for m = 0 is 

known to be q = 1, we again assume 1 ^ m ^ n. The proof of the following 

result is straightforward. 

THEOREM 4.1 

f r(q) * f r(q) = f r(q) + m^"** 1 0 0* q < f r( q) + m, i ^ m ^ n, q-i,...,n+i 

and 

if t > 0 then f r(q) < f r(q) 
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The effect of the algorithm is as if q-t leading zero coefficients had been 

added (enough to make q factor n + (q-t)-f 1) and the multiplications by co­

efficients known to be zero eliminated. The term is a penalty for 

selecting a q that is not a divisor of n+1. As illustrated above, this 

penalty may be substantially smaller than the cost of choosing an inappropri­

ate divisor q . 

As before, we must distinguish evaluations of f and f on a restricted 

set of values for q from general evaluations of f and f. Let q be any 

integer, 1 ^ q ^ n+1. 

Let Q denote the value of q which minimizes f (q)• The next three 

theorems establish the best selection of q for most values of m. Since we 

frequently use certain values of f ( |, we tabulate them here, 

-, J J 2 (fn+l Ii\ I • o I n+2 3 J 0 ^ n+1 r = 0, n+1 odd: f J - y - I = n-1 + 2m + - y = yL + 2m, m < - y -

2 A + A i o _L N _L 1
 3 ^ o 1 ^ n + 1 r = 0, n+1 even: f Q f — ) s n-1 + 2 m + - + - = -̂n + 2m--, m < - y 

r = 1, n+1 odd: ̂ 1^1^^ = n - l + 2 m - m - 2 + n + 2 = 2n + m - l , m > y 

r = 1, n+1 even: f^^""^ = n"l + 2 m - m - 2 + n + l = 2n + m - 2, m ^ 

Note that the value for even values of n+1 is always less than the value for 

odd values of n+1 with the same r. We remind the reader of the relations 

n+1 = p.q + t and m = r*q + s 

THEOREM 4.2 Consider only q such that - y < q < n+1. Then 

<;([¥j)<̂>-
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PROOF. For these values of q, P 

A ($) = n-l + 2m - (m+2)r + q-

= 1 and t = n+1 - q > 0. Let 

r2+r+2 - f n+1 

i n S t T l h s smaller for even n+1 than for odd, it suffices to show Since f 

A (q) > 0 f o r n + 1 o d d #  

Case 1: m < ^T", n+1 odd 

For these value of q and m, r = 0. Thus 
,3 
'2 
3 n 

A ($) = n-1 + 2m + q - (jn + 2m)» q - (j + 1) • 

Since q > 

Case 2: m £ j"2^ , n+1 odd 

For these values of q and m, r = 0 or r = 1 

Case 2a: r = 1 

A ($) = n-1 + 2m - (m+2) + 2q - (2n + m - 1)= 2(q-l) - n. 

Since q > | + 1, A,(q) > 0 

Case 2b: r = 0 

A Q(q) - n-1 + 2m + q - (|n + 2m) - $ - 1 - | . 

Since q> j + 1, A„(q) > 0. 

THEOREM 4 •3 M M £ f(n+1), 1 £ m ^ n 

PROOF. Let A(q) = f/n+D - fr{fS^) and show A(q) * 0; the details are 

similar to the proof of Theorem 4.2. QED 
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THEOREM 4.4 Restrict values of n, m and $ to n > 12, 1 <; <J < B±L, a n d 
n+1 2 ' -T~ < m £ n. Then 

PROOF. Let 4r(,-) - ? r<q) - f / f e - l ) . As in Theorem 4.2, since 

is smaller for even n+1 than for odd, it suffices to show A^(q) ^ 0 

for n+1 odd. Note that q < ^ — => p ^ 2 and that, by definition of q, < c 

n+1 ^ n+1 Case 1 : - 7 — < m < - 7 — 
o Z 2 

A r(q) - p-q + t - 2 + m(p+l) - (m+2)r + q ^ y ^ - (|n + 2m) 

2 
, 1 N ^ *r +r+2 n+1 4r+1 = m(p-l-r) + q — - — y 

Case la: p ^ r+1 
„ r . n+1 , n+1 A Substituting "-g"< m a n d ^pj" < q, 

2 
A / A V ^ /p-1 -r , r +r+2 1 \ ^ n 4r+1 

or 

A r(q) > 6 7 ^ T y(p 2 " (r+3)p + (3r2+2r+2)) -

For sufficiently large n, A^(q) ̂  0 provided 

R(p) - P 2 - (r+3)p + (3r2+2r+2) > 0, p ;> 2 

The roots of R(p) are 

p = j^r+3) + 7(r+3)2-4(3r2+2r+2)>j 

For r £ 1, the roots are imaginary, so R(p) > 0 Vp. 
1 7 — 

For r = 0, the roots are p = -(3+J9-8) = {1,21, 

so R(p) > 0 for p > 2. At p - 2, ^ > 2±1, so 
. , A S ^ n+1 n+1 n+1 1 1 
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Since Ag(q) assumes only integer values, A q ( 4 ) ^ 0. 

To establish the bound on n, note that the worst case occurs when 

the coefficient of (n+1) in the approximation to A^(q) is small­

est. Tedious but straightforward operations in algebra and 

calculus yield n > 10. 

Case lb: p < r+1 

Since p £ 2, r £ 2. Substituting 
^ n + 1 o A n+1 , A m < — and — < q, 

4r+1 

or 
A v. (n+D ,2 /- , .j \ . 2% 4r+1 A (q) > TTTT^CP - (r+Dp + r ) -^r V M / " 2(p+1) ̂  • ./r • * , 2 

For sufficiently large n, A^(q) > 0 provided 

2 2 R(p) - p - (r+l)p + r > 0, p ^ 2. 

But, by inspection, R(p) > 0 for p ^ 2, Vr. 

The bound n > 12 is established as for Case la. 

Case 2: <. m <> n (necessarily, r ^ 1) 
2 

A r(q) = p-q + t - 2 + m(p+1) - (m+2)r + q r * r + 2 - (2n-hn-1) 
2 

= m(p-r) + q r 2 - (n+1) - 2r 

Case 2a: p ^ r 
„ , . n+1 ^ , n+1 ^ A Substituting ^ m and < q, 

v»->( 2r +fei!-'V i>-*'. 
or A r(q) > 2(pll) (P 2 " ( r + 1 ) P + r 2 ) ( n + 1 > " 2 r ' 

For sufficiently large n, A r ( q ) s 0 provided 

R(%) = P 2 - ( r + D p + r 2 > 0, p £ 2 
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But (by inspection), R(p) > 0 for p ^ 2, Vr. 

The bound n > 12 is established as for Case lb. 

Case 2b: p < r 

By definition of r, q £ ~. By definition of q, ĵy- < q. It 
follows that r < p+1. Hence the case p < r can never occur. QED 

The previous three theorems can be summarized as 

THEOREM 4.5 For n > 12 and m <; n, $ = n+1 is optimal, 

n+1 * 
For m < ~ t — , the selection of Q depends strongly on the factors of n+1. o 

We do not attempt to analyze the selection of the optimal Q, but Theorem 4.1 

assures us that we can choose a value of Q for which f(Q) is not much larger 

than the minimum predicted by the continuous model of Section 2. By choos­

ing Q = round 
we have 

f Q(Q) £ f Q(Q) < f Q(Q) + m , 1 £ m £ S±L 

Since Q is close to Q Q = A/m(n+1) and f(q) is flat near its 
A A 

minimum, ^Q(Q) is close to the minimum number of M/D. Small further im-

provements can often be made by selecting Q = for a small value of 

k £ 2. The analysis of such selections is not pursued here. 

The results of this section can be summarized in the 
PROGRAM S2 [for selecting Q to give good values of f (q) ] 

m,n,r 
Given n,m such that n >12 and 0 £ m £ n, this algorithm gives Q. 
To find Q: 

begin 

if m = 0 then Q «- 1 else 

if m < *~̂ - then Q «- round (^(n+1)) else 

end 
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5. NUMBER OF M/D FOR SMALL n 

Most of the theorems in the previous sections have assumed n > 12. In 
A 

this section we deal with n ^ 12 by tabulating the functions f and f. We also 

give examples for a few larger values: n = 13, 14, 15, 23. 
A 

For each value of n we present all the values of f and f. In the tabula­

tions of f, labelled "Continuous and Divisible Cases,11 the columns correspond­

ing to attainable q (that is, q 3 q|n+l) are flagged with asterisks, the value 

of q corresponding to the minimum of f for each m is circled, and the values 

of q corresponding to attainable minima are shaded. Note that non-integer 

values appear in the unflagged columns. These represent values of the contin­

uous function f that are not meaningful in terms of the actual algorithm. In 
A 

the tabulations of f, labelled "Arbitrary Divisor Case," the minimum value of 

f for each m is shaded. Since there is no divisibility constraint, each cor­

responds to an attainable q. 
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N = 1 C O N T I N U O U S A N D D I V I S I B L E C A S E S 
* * * * * * * * * * 

M \ Q 1 2 

1 1 0 P 5 3 . 8 

1 A R B I T R A R Y D I V I S O R C A S E 
M \ Q 1 2 

A 1 , 8 2 . 0 
I : 1 . 0 3 . 0 

N = 2 C O N T I N U O U S A N D D I V I S I B L E C A S E S 
***** ***** 

I 1 \ Q 1 2 3 
0 : > 3 . 0 4 . 0 
1 : > 4 . 5 5 . 0 
2 : 4 . 0 6 . 0 

2 R R B I T R A R Y D I V I S O R C A S E 
L I \ Q 1 2 3 

0 : 3 . 0 4 . 0 
1 : 5 . 0 5 . 0 
2 : 3 . 0 5 . 0 6 . 0 

N = 3 C O N T I N U O U S A N D D I V I S I B L E C A S E S 
***** ***$$ ***** 

H \ Q 1 2 3 4 
E : 4 . 0 5 . 0 6 . 0 
1 : 6 . 0 6 . 3 7 . 0 
2 : <30D 7 . 7 8 . 0 
3 : :<» 7 . 0 7 . 0 9 . 0 

N = : 3 A R B I T R A R Y D I V I S O R C A S E 
M \ Q 1 2 3 4 

E : 4 . 0 5 . 0 6 . 0 
1 ! 8 , 0 6 . 0 7 . 0 7 . 0 
2 : 6 . 0 6 . 0 9 . 0 8 . 0 
3 : 6 . 0 7 . 0 9 . 0 9 . 0 

N = 4 C O N T I N U O U S A N D D I V I S I B L E C A S E S 

N . 

F 1 \ Q 
0 
I 
2 
3 

4 : 

4 A R B I T R A R Y D I V I S O R C A S E 
1 
4 . 0 
7 . 8 
S . 0 

1 8 * 0 
1 0 , 0 

2 

5 . 0 

8 . 0 

9 . 0 

1 1 . 0 

1 1 . 0 

3 
6 . 0 
8 . 0 

1 0 . 0 
1 0 . 0 
1 1 . 0 

4 

7 . 0 
9 . 0 

1 1 . 0 
1 3 . 0 
1 3 . 0 

5 
8 . 0 
9 . 0 

1 0 . 0 
1 1 . 0 
1 2 . 0 

N = 5 C O N T I N U O U S A N D D I V I S I B L E C A S E S 
* * * * * * * * * * * * * * * 

N = : 5 A R B I T R A R Y D I V I S O R C A S E 
F 1 \ Q 1 2 3 4 5 6 

0 : 5 . 0 6 . 0 7 . 0 8 . 0 9 . 0 1 0 . 0 
1 : 9 . 0 9 . 0 9 . 0 1 0 . 0 1 1 . 0 1 1 . 0 
2 : 1 2 . 0 1 0 . 0 1 1 . 0 1 2 . 0 1 3 . 0 1 2 . 0 
3 : 1 4 . 0 1 2 . 0 1 1 . 0 1 4 . 0 1 5 . 0 1 3 . 0 
4 : 1 5 . 0 1 2 . 0 1 2 . 0 1 4 . 0 1 7 . 0 1 4 . 0 

IN
 

1 5 . 0 1 3 . 0 1 3 . 0 1 5 . 0 1 7 . 0 1 5 . 0 

N 

N \ Q 

0 

1 

2 

3 

4 

5 

6 

3 C O N T I N U O U S A N D D I V I S I B L E C A S E S 
* * * * * 

1 

1 6 . 0 dsTjp 1 5 . 5 

N = : 6 A R B I T R A R Y D I V I S O R C A S E 
M \ Q 1 

CM 3 4 cn
 CD 7 

0 : 7 . 0 8 . 0 9 . 0 1 0 . 0 1 1 . 0 1 2 . 0 
1 : 1 1 . 0 1 1 . 0 1 1 1 . 8 1 1 . 8 1 2 . 0 1 3 . 0 1 3 . 0 CM 1 5 . 0 1 3 . 0 1 4 . 0 1 3 . 0 1 4 . 0 1 5 . 0 1 4 . 0 

CO
 

1 8 . 0 1 6 . 0 1 5 . 0 I S . 8 1 6 . 0 1 7 . 0 1 5 . 0 
4 : 2 0 . 0 1 7 . 0 1 7 . 0 1 S . 0 1 8 . 0 1 9 . 0 1 6 . 0 

• 
CN

 

2 1 . 0 1 9 . 0 1 9 . 0 1 8 . 0 1 8 . 0 2 1 . 0 1 7 . 0 
6 : 2 1 . 0 1 9 . 0 1 9 . 0 1 7 . 0 1 9 . 0 2 1 . 0 1 6 . 0 

N = 7 C O N T I N U O U S A N D D I V I S I B L E C A S E S 
* * * * * * * * * * * * * * * 

1 2 3 4 
"emy' 8 . 0 9 . 0 1 0 . 0 

1 3 . 0 
1 8 . 0 
2 2 . 0 
2 5 . 0 
2 7 , 0 
2 8 . 0 
2 8 . 0 

J 1 \ Q 

0 

1 

2 

3 

4 

5 

6 ; 

7 ! 

5 

1 1 . 0 
1 2 . 0 CÍO) 1 2 . 0 1 2 . 6 

1 4 . 3 <$|3> 1 4 . 2 
ZsTS) 1 0 . 0 1 5 . 8 

1 6 . 7 
1 8 . 3 
1 8 . 0 
1 8 . 7 

1 7 . 0 

1 8 . 0 

2 0 . 0 

2 0 . 0 
2 1 . 0 

6 

1 2 . 0 

1 3 . 3 

1 4 . 7 

1 6 . 0 

1 7 . 3 

1 8 . 7 

1 8 . 0 

1 8 . 3 

7 

1 3 . 0 

1 4 . 1 

1 5 . 3 

1 6 . 4 

1 7 . 6 

1 8 . 7 

1 9 . 9 

1 9 . 0 

* * * * * 

8 

1 4 . 0 

1 5 . 0 

1 6 . 0 

1 7 . 0 

1 8 , 8 

1 9 . 0 

2 0 . 0 

2 1 . 0 
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N = : 7 R r b i t r a r y D i v i s o r Case 
M \ Q 1 2 3 4 5 6 7 8 

8 : 7 . 6 8.8 9.8 18.8 11.8 12.8 13.8 14.8 
1 : 1 3 . 8 1 2 . 8 1 2 . 8 1 2 . 3 13.8 14.8 15.8 15.8 
2 : 1 8 . 8 1 4 . 8 15.8 1 4 . 8 15.8 16.8 17.8 16.8 
3 : 2 2 . 8 1 7 . 8 1 6 . 0 1 6 . 0 17.8 18.8 19.8 17.8 
4 : 2 5 . 8 1 8 . 8 18.8 1 S . 0 19.8 28.8 21.8 18.8 
5 : 2 7 . 8 2 8 . 8 2 8 . 8 1 7 . 0 19.8 22.8 23.8 19.8 
6 : 2 8 . 8 2 8 . 8 2 8 . 8 1 8 , 0 28.8 22.8 25.8 28.8 
7 : 2 8 . 8 2 1 . 8 2 1 . 8 1 9 . 0 21.8 23.8 25.8 21.8 

N e 8 C o n t i n u o u s and Divisible Cases 
***** ***** ***** 

n\Q ' 1 2 * 3 4 5 6 7 8 9 
0 i d P D 9.8 18.8 11.8 12.8 13.8 14.8 15.8 16.8 
1 ; 1 5 . 8 13.5 <JO> 13.3 13.8 14.5 15.3 16.1 17.8 
2 : 2 1 . 8 1 6 . 8 1 8 . 0 (¿5 . 1 ) 15.6 16.8 16.6 17.2 18.8 
3 i 2 6 . 8 19.5 <H3> 17.8 17.4 17.5 17.9 18.4 19.8 
4 : 3 8 . 8 2 1 . 8 1 0 , 8 ( J O ) 19.2 19.8 19.1 19.5 28.8 
5 : 3 3 . 8 2 3 . 5 2 1 . 8 19,3 (TO) 28.5 28.4 28.6 21.8 
6 : 3 5 . 8 2 4 . 8 2 1 . 0 20.5 (jiTf) 28.8 21.7 21.7 22.8 
7 : 3 6 . 8 2 5 . 5 2 2 . 8 21.7 20.6 ( 2 8 7 ? ) 21.8 22.9 23.8 
8 : 3 6 . 8 2 5 . 8 2 3 . 8 (5TjT) 21.4 QlTf) 21.3 22.8 24.8 

N = : 8 A r b i t r a r y D i v i s o r Case 
H \ Q 1 2 3 4 5 6 7 8 9 

8 : 8 . 8 9.8 18.8 11.8 12.8 13.8 14.8 15.8 16.8 
1 : 1 5 . 8 1 4 . 8 1 3 . 8 14.0 14.8 15.8 16.8 17.8 17.8 
2 : 2 1 . 8 1 7 . 8 1 6 . 0 17.8 1 8 . 8 17,8 18.8 19.8 18.8 
3 : 2 6 . 0 2 1 . 0 1 7 . 0 2 8 . 8 18.8 19.8 28.8 21.8 19.8 
4 : 3 0 . 0 2 3 . 0 1 9 . 0 2 1 . 0 28.8 21.8 22.8 23.8 28.8 
5 : 3 3 . 8 2 6 . 8 2 1 . 8 2 3 . 8 2 8 . 8 23.8 24.8 25.8 21.8 
6 : 3 5 . 8 2 7 . 8 2 1 . 0 2 5 . 8 2 1 . 0 23.8 26.8 27.8 22.8 
7 : 3 6 . 8 2 9 . 8 2 2 . 0 2 7 . 8 2 2 . 0 24.8 26.8 29.8 23.8 
8 i 3 6 . 8 2 9 . 8 2 3 . 8 2 7 . 8 2 3 . 8 25.8 27.8 29.8 24.8 

N « 9 C o n t i n u o u s and Divisible Cases 
***** ***** ***** ***** 

n\Q 1 2 3 4 5 6 7 8 9 18 
0 : ^ £ J > 1 8 . 8 11.6 12.8 13.8 14.8 15.8 16.8 17.8 18.8 
1 : 1 7 . 0 1 1 . 8 d47|) 14.5 1 S . 8 15.7 16.4 17.2 18.1 19.8 
2 : 2 4 . 8 1 8 . 8 17.7 dTTg)0̂ $) 17.3 17.9 18.5 19.2 28.8 
3 : 3 8 . 8 2 2 . 8 (ffTS) 19.5 ^^(jSTS) 19.3 19.7 28.3 21.8 
4 : 3 5 . 8 2 4 . 8 2 1 . 3 ( g O ) 2 1 . 8 , 28.7 28.7 21.8 21.4 22.8 
5 : 3 9 . 8 2 7 , 8 23,7 21.5 ^TTfe 22.3 22.1 22.3 22.6 23.8 
6 : 4 2 . 8 2 8 . 8 2 4 . 8 2 3 . 8 <&^(227p 23.6 23.5 23.7 24.8 
7 : 4 4 . 8 3 8 . 8 25.3 24.5 2 3 . 8 Q 2 7 R ) 23.8 24.8 24.8 25.8 
8 : 4 5 . 8 3 8 . 8 26.7 24.8 2 4 , 8 gST?) 23.4 24.8 25.9 26.8 
9 : 4 5 . 8 3 1 . 8 2 6 . 8 24.5 2 S . 8 24.8 (£3.lD 24.2 2 5 . 8 27.8 

N = : 9 R r b i t r a r y D i v i s o r Case 
f1\Q 1 2 3 4 5 6 7 8 9 18 
0 : . ,J0.0t, 18.fr 1 1 . 8 12.6 13.8 14.8 15.8 16.8 17.8 18.8 
1 : 1 7 . 8 I S . l f 1 8 , 8 I S . 8 1 5 . 0 16.8 17.8 18.8 19.8 19.8 
2 : 2 4 . 8 1 8 . 8 19.8 18.8 1 7 * 0 18.8 19.8 28.8 21.8 28.8 
3 : 3 8 . 8 2 2 . 8 2 1 . 8 21.8 1 8 . 8 28.8 21.8 22.8 23.8 21.8 
4 : 3 5 . 8 2 4 . 8 2 4 . 8 22.8 2 1 . 8 22.8 23.8 24.8 25.8 22.8 
5 : 3 9 . 8 2 7 . 8 2 7 . 8 2 4 . 8 2 1 . 0 24.8 25.8 26.8 27.8 23.8 
6 : 4 2 . 8 2 8 . 6 2 8 . 8 2 6 . 8 2 2 . 8 24.8 27.8 28.8 29.8 24.8 
7 t 4 4 . 8 3 8 . 8 3 8 . 8 2 8 . 8 2 3 . 8 25.8 27.8 38.8 31.8 25.8 
8 : 4 5 . 8 3 6 . 8 3 2 . 8 2 8 . 6 2 4 . 8 26.8 28.8 38.0 3 3 . 8 26.8 
9 x 4 5 . 8 3 1 . 6 3 2 . 8 2 9 . 8 2 8 . 8 27.8 29.8 3 1 . 8 33.8 27.8 

http://18.fr
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N = 10 C o n t i n u o u s and 

***** 
n\Q 1 2 3 
0 : <®> 11.0 12.0 
1 : 19.0 16.5 

•• 

см
 27.0 20.0 19.3 

3 : 34.0 24.5 21.0 
4 : 40.0 27.0 23.7 

С
П
 

45.0 30.5 26.3 -C
D 49.0 32.0 27.0 

7 : 52.0 34.5 28.7 
С
о
 

54.0 35.0 30.3 
55.0 36.5 30.0 

18 : 55.0 36.0 30.7 

D i v i s i b l e C a s e s 

4 5 6 7 
13.0 14.0 15.0 16.0 
15.8 16.2 16.8 17.6 
18.5 CÍO) 18.7 19.1 
21.3 20.6 (fSTg) 20.7 
(gO) 22.8 22.3 22.3 
23.8 (gf.1) 24.2 23.9 
25.5 24.2 (f^g) 25.4 
27.3 25.4 Q4Tf) 25.0 
27.0 26.6 25.7 (Ц7|) 
27.7 27.8 26.5 (goTP) 
28.5 27.0 27.3 QS?Q 

***** 
8 9 10 11 
17.0 18.0 19.0 20.0 
18.4 19.2 20.1 21.0 
19.7 20.4 21.2 22,0 
21.1 21.7 22.3 23.0 
22.5 22.9 23.4 24.0 
23.9 24.1 24.5 25.0 
25.3 25.3 25.6 28.8 
26.6 26.6 26.7 27.8 
26.0 27.8 27.8 28.8 
26.4 27.0 28.9 29.0 
|бГ7) 27.2 28.0 38.8 

N = : 10 A r b i t r a r y D i v i 
M\Q 1 2 3 

0 : 18.8 11.0 12.0 
1 : 19.0 17.0 18.0 
2 : 27.0 21.0 20.0 
3 : 34.0 26.0 22.0 
4 : 40.0 29.0 25.0 L

O 45.0 33.0 28.0 C
D 49.0 35.0 29.0 

7 : 52.0 38.0 31.0 
8 : 54.0 39.0 33.0 
9 : 55.0 41.0 33.0 

10 : 55.0 41.0 34.0 

o r C a s e 

4 5 6 7 
13.0 14.0 15.0 16.0 
16.0 17.0 17.0 18.0 
19.0 20.0 If .8 20.0 
22.0 23.0 21.8 22.0 
23.8 26.0 23.8 24.0 
25.0 27.0 26.8 26.0 
27.0 29.0 2S.0 28.0 
29.0 31.0 26.8 28.0 
29.0 33.0 27.8 29.0 
30.0 35.0 28.0 30.0 
31.0 35.0 29.8 31.0 

8 9 10 11 
17.0 18.0 19.0 20.0 
19.0 20.0 21.0 21.0 
21.0 22.0 23.0 22.0 
23.0 24.0 25.0 23.0 
25.0 26.0 27.0 24.0 
27.0 28.0 29.0 2S.0 
29.0 30.0 31.0 26.0 
31.0 32.0 33.0 27.0 
31.0 34.0 35.0 28.0 
32.0 34.0 37.0 29.0 
33.0 35.0 37.0 30.0 

N = 

n\Q 
0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 

11 C o n t i n u o u s and 

***** ***** ***** 
1 

21.0 
30.0 
38.0 
45.0 
51.0 
56.0 
60.0 
63.0 
65.0 
66.0 
66.0 

11 P r b i t r a r y D i v i 

M\Q 1 2 • 3 
0 11.0 12.0 13.0 
1 21.0 18.0 17.0 
2 30.0 22.0 21.0 
3 38.0 27.0 23.0 
4 : 45.0 30.0 26.0 

С
П
 

: 51.0 34.0 29.0 C
O : 56.0 36.0 30.0 

7 : 60.0 39.0 32.0 
8 : 63.0 40.0 34.0 

C
O
 

г 65.0 42.0 34.0 
16 г 66.0 42.0 35.0 
11 г 66.0 43.0 36.0 

o r C a s e 

4 5 6 7 
14.0 15.0 16.0 17.0 
17.0 18.0 18.0 19.0 
20.0 21.0 28.8 21.0 
23.0 24.0 22.8 23.0 
24.8 27.0 24.8 25.0 
28.8 28.0 28*8 27.0 
28.0 30.0 28*8 29.0 
30.0 32.0 27.8 29.0 
30.0 34.0 28.8 30.0 
31.0 36.0 28.8 31.0 
32.0 36.0 38.8 32.0 
33.0 37.0 31.8 33.0 

8 9 10 11 12 
18.0 19.0 20.0 21.0 22.0 
20.0 21.0 22.0 23.0 23.0 
22.0 23.0 24.0 25.0 24.0 
24.0 25.0 26.0 27.0 25.0 
26.0 27.0 28.0 29.0 26.0 
28.0 29.0 30.0 31.0 27.0 
30.0 31.0 32.0 33.0 28.0 
32.0 33.0 34.0 35.0 29.0 
32.0 35.0 36.0 37.0 30.0 
33.0 35.0 38.0 39.0 31.0 
34.0 36.0 38.0 41.0 32.0 
35.0 37.0 39.0 41.0 33.0 
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1 2 C o n t i n u o u s and D i v i s i b l e C a s e s 

fl\Q 

0 : 

1 

2 

3 

4 

5 

6 

7 

8 

9 

1 0 

1 1 

1 2 

N=: 1 2 O r b i t r a r y D i v i 

M\Q 1 2 3 

0 s 1 2 . « 1 3 . 0 1 4 . 8 

1 : 2 3 . 0 2 8 . 0 1 9 . 0 

2 : 3 3 . 0 2 5 . 8 2 4 . 8 

3 : 4 2 . 8 3 1 . 0 2 7 . 8 

4 : 5 0 . 8 3 5 . 8 3 1 . 8 

5 : 5 7 . 8 4 8 . 8 3 5 . 8 

CO : 6 3 . 0 4 3 . 8 3 7 . 8 

7 : 6 8 . e 4 7 . 8 4 8 . 8 

8 ; 7 2 . 0 4 9 . 8 ' 4 3 . 8 

CO
 : 7 5 . 0 5 2 . 8 4 4 . 8 

1 0 2 7 7 . 8 5 3 . 8 4 6 . 8 

1 1 : 7 8 . 0 5 5 . 8 4 8 . 8 

1 2 : 7 8 . 0 5 5 . 8 4 8 . 8 

C a s e 

4 5 7 8 

1 5 . 8 1 6 . 8 1 7 . 8 1 8 . 8 1 9 . 8 

1 9 . 0 1 9 . 0 2 8 . 8 2 8 . 8 2 1 . 8 

2 3 . 8 2 2 . 8 2 3 . 8 2 2 . 8 2 3 . 8 

2 7 . 8 2 5 . 8 2 6 . 8 2 4 . 8 2 5 . 8 

2 9 . 8 2 8 . 8 2 9 . 8 2 8 . 8 2 7 . 8 

3 2 . 8 2 9 . 8 3 2 . 8 2 8 . 8 2 9 . 8 

3 5 . 8 3 1 . 8 3 3 . 8 3 8 . 8 3 1 . 8 

3 8 . 8 3 3 . 8 3 5 . 8 3 8 . 8 3 3 . 8 

3 9 . 8 3 5 . 8 3 7 . 8 3 1 . 8 3 3 . 8 

4 1 . 8 3 7 . 6 3 9 . 8 3 2 . 8 3 4 . 8 

4 3 . 8 3 7 . 8 4 1 . 8 3 3 . 8 3 5 . 8 

4 5 . 8 3 8 . 8 4 3 . 8 3 4 . 8 3 6 . 8 

4 5 . 8 3 9 . 8 4 3 . 8 3 8 . 8 3 7 . 8 

9 18 1 1 12 13 

28 .8 2 1 . 8 2 2 . 8 2 3 . 8 2 4 . 8 

2 2 . 8 2 3 . 8 2 4 . 8 2 5 . 8 2 5 . 8 

2 4 . 8 2 5 . 8 2 6 . 8 2 7 . 8 2 6 . 8 

2 6 . 8 2 7 . 8 2 8 . 8 2 9 . 8 2 7 . 8 

28 .8 2 9 . 8 3 8 . 8 3 1 . 8 2 8 . 8 

3 8 . 6 3 1 . 8 3 2 . 8 3 3 . 8 2 9 . 8 

3 2 . 8 3 3 . 8 3 4 . 8 3 5 . 8 3 8 . 8 

3 4 . 8 3 5 . 8 3 6 . 8 3 7 . 8 3 1 . 8 

3 6 . 8 3 7 . 8 3 8 . 8 3 9 . 8 3 2 . 8 

3 6 . 8 3 9 . 8 4 8 . 6 4 1 . 8 3 3 . 8 

3 7 . 8 3 9 . 8 4 2 . 8 4 3 . 8 3 4 . 8 

3 8 . 6 48.8 4 2 . 8 4 5 . 8 3 5 . 8 

3 9 . 8 4 1 . 8 4 3 . 8 4 5 . 8 3 6 . 6 

N = 

I1\Q 

0 : 

1 

2 

3 

4 

5 

6 

7 

8 

9 

1 0 

1 1 

1 2 

1 3 

1 3 C o n t i n u o u s 

* * * * * * * * * * 

and D i v i s i b l e C a s e s 

= : 1 3 flrb i t r a r y D i v i s o r C a s e 

f1\Q 1 2 3 4 5 6 7 8 

0 : S f * f 1 4 . 8 1 5 . 8 1 6 . 8 1 7 . 8 1 8 . 6 1 9 . 8 2 8 . 8 

1 X 2 5 . 0 2 1 . 8 2 8 . 8 2 * , « 2 8 . « 2 1 . 8 2 1 . 8 2 2 . 8 

2 : 3 6 . 0 2 6 . 8 2 5 . 8 2 4 . 8 2 3 . 8 2 4 . 8 2 8 . 8 2 4 . 8 

3 t 4 6 . 8 3 2 . 8 2 8 . 8 2 8 . 8 2 6 . 8 2 7 . 8 2 8 . 8 2 6 . 6 

4 : 5 5 . 0 3 6 . 8 3 2 . 8 3 8 . 8 2 9 . 8 3 8 . 8 2 7 . « 2 8 . 8 

5 : 6 3 . 8 4 1 . 8 3 6 . 8 3 3 . 8 3 8 . 8 3 3 . 8 2 8 . « 3 8 . 6 

6 : 7 0 . 0 4 4 . 8 3 8 . 8 3 6 . 8 3 2 . 8 3 4 . 6 « 1 . « 3 2 . 8 

7 : 7 6 . 8 4 8 . 8 4 1 . 6 3 9 . 8 3 4 . 6 3 6 . 8 3 1 . « 3 4 . 8 

8 : 8 1 . 0 5 8 . 8 4 4 . 8 4 8 . 8 3 6 . 8 3 8 . 8 3 2 . « 3 4 . 8 

9 : 8 5 . 8 5 3 . 8 4 5 . 8 4 2 . 8 3 8 . 8 4 8 . 8 3 3 . « 3 5 . 8 

1 0 : 8 8 . 0 5 4 . 8 4 7 . 8 4 4 . 8 3 8 . 8 4 2 . 8 3 4 . 8 3 6 . 8 

1 1 : 9 8 . 0 5 6 . 8 4 9 . 8 4 6 . 8 3 9 . 8 4 4 . 8 3 8 . 8 3 7 . 8 

1 2 : 9 1 . 8 5 6 . 8 4 9 . 8 4 6 . 8 4 8 . 8 4 4 . 8 3 8 . 0 3 8 . 8 

1 3 : 9 1 . 8 5 7 . 8 5 8 . 8 4 7 . 8 4 1 . 8 4 5 . 8 3 7 , « 3 9 . 6 

9 18 1 1 12 13 14 

2 1 . 6 2 2 . 8 2 3 . 8 2 4 . 8 2 5 . 8 2 6 . 0 

2 3 . 8 2 4 . 8 2 5 . 8 2 6 . 8 2 7 . 8 2 7 . 8 

2 5 . 8 2 6 . 8 2 7 . 8 2 8 . 8 2 9 . 8 2 8 . 8 

2 7 . 8 2 8 . 8 2 9 . 8 3 8 . 8 3 1 . 8 2 9 . 8 

2 9 . 8 3 8 . 8 3 1 . 8 3 2 . 8 3 3 . 8 3 6 . 8 

3 1 . 8 3 2 . 8 3 3 . 8 3 4 . 8 3 5 . 6 3 1 . 6 

3 3 . 6 3 4 . 8 3 5 . 8 3 6 . 8 3 7 . 8 3 2 . 8 

3 5 . 8 3 6 . 8 3 7 . 8 3 8 . 8 3 9 . 8 3 3 . 8 

3 7 . 8 3 8 . 6 3 9 . 8 4 6 . 8 4 1 . 8 3 4 . 8 

3 7 . 8 4 8 . 8 4 1 . 8 4 2 . 8 4 3 . 8 3 5 . 8 

3 8 . 8 4 8 . 8 4 3 . 8 4 4 . 8 4 5 . 8 3 6 . 8 

3 9 . 8 4 1 . 8 4 3 . 8 4 6 . 8 4 7 . 8 3 7 . 8 

48.8 4 2 . 8 4 4 . 8 4 6 . 8 4 9 . 8 3 8 . 8 

4 1 . 8 4 3 . 8 4 5 . 8 4 7 . 8 4 9 . 8 3 9 . 8 



-35-

N = 14 C o n t i n u o u s and Divisible Cases 
***** 

5 6 
18.8 19.8 

2 Ì . 8 21.5 

2 7 . 0 26.5 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

1 0 
11 
12 
13 
14 

* * * * * 
1 

<JO> 
2 7 . 0 
3 9 . 0 
5 0 . 0 
6 0 . 0 
6 9 . 0 
7 7 . 0 
8 4 . 0 
9 0 . 0 
9 5 . 0 
9 9 . 0 

1 0 2 . 0 
1 0 4 , 0 
1 0 5 . 0 
1 0 5 . 0 

2 
1 5 . 0 
2 2 . 5 
2 8 . 0 
3 4 . 5 
3 9 . 0 
4 4 . 5 
4 8 . 0 
5 2 . 5 
5 5 . 0 
5 8 . 5 
6 0 . 0 
6 2 . 5 
6 3 . 0 
6 4 . 5 
6 4 . 0 

* * * * * 
3 

16.0 
: l l S i 
2 6 . 0 
2 9 . 0 
3 3 . 0 
3 7 . 0 
3 9 . 0 
4 2 . 0 
4 5 . 0 
4 6 . 0 
4 8 . 0 
5 0 . 0 
5 0 . 0 
5 1 . 0 

* 5 2 . 0 

4 
17.0 

24.5 
28.2 
3 0 . 0 
3 2 . 8 
35.5 
38.3 
39.0 
40.7 
42.5 
44.2 
4 4 . 0 
4 4 . 8 
45.5 

3 0 . 0 
3 1 . 0 
3 3 . 0 
3 5 . 0 
37.0 
39.0 
39.0 
40.0 
41,0 
42.0 
43.0 

29.0 
31.5 

(32Jp 
33.5 
35.0 
36.5 
38.0 
39.5 
39.0 
39.5 
40.0 

N = : 14 
M \ Q 
0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

1 0 
11 
1 2 
13 
14 

R r b 
1 

1 4 . 0 
2 7 . 0 
3 9 , 0 
5 0 . 0 
6 0 . 0 
6 9 . 0 
7 7 . 0 
8 4 . 0 
9 0 . 0 
9 5 . 0 
9 9 . 0 

1 0 2 . 0 
1 0 4 . 0 
1 0 5 . 0 
1 0 5 . 0 

i trary 
2 

1 5 . 0 
2 3 . 0 
2 9 . 0 
3 6 . 0 
4 1 . 0 
4 7 . 0 
5 1 . 0 
5 6 . 0 
5 9 . 0 
6 3 . 0 
6 5 . 0 
6 8 . 0 
6 9 . 0 
7 1 . 0 
7 1 . 0 

Divi sor 
3 

16.0 
2 1 . 8 
2 6 . 0 
2 9 . 0 
3 3 . 0 
3 7 . 0 
3 9 . 0 
4 2 . 0 
4 5 . 0 
4 6 . 0 
4 8 . 0 
5 0 . 0 
5 0 . 0 
5 1 . 0 
5 2 . 0 

Case 
4 en

 CO 7 CO
 

CO
 

10 11 12 13 14 15 
17.0 18.0 19.0 20.0 21.0 22.0 23.0 24.0 25.0 26.0 27.0 28.0 
2 1 . 0 2 1 . 0 22.0 23.0 23.0 24.0 25.0 26.0 27.0 28.0 29.0 29.0 
25,0 2 4 . 0 25.0 26.0 25.8 26.0 27.0 28.0 29.0 30.0 31.0 30.0 
29.0 2 7 . 0 28.0 29.0 2 7 . 8 28.0 29.0 30.0 31.0 32.0 33.0 31.0 
31.0 30.0 31.0 32.0 2 9 . 8 30.0 31.0 32.0 33.0 34.0 35.0 32.0 
34.0 3 1 . 0 34.0 35.0 3 1 . 8 32.0 33.0 34.0 35.0 36.0 37.0 33.0 
3 7 . 0 3 3 . 0 35.0 38.0 3 3 . 8 34.0 35.0 36.0 37.0 38.0 39.0 34.0 
40.0 3 5 . 0 37.0 39.0 3 8 . 8 36.0 37.0 38.0 39.0 40.0 41.0 3 5 . 8 
4 1 . 0 37.0 39.0 41.0 3 5 . 0 38.0 39.0 40.0 41.0 42.0 43.0 36.0 
43.0 39.0 41.0 43.0 3 8 . 8 38.0 41.0 42.0 43.0 44.0 45.0 37.0 
45.0 39.0 43.0 45.0 3 7 . 8 39,0 41.0 44.0 45.0 46.0 47.0 38.0 
47.0 40.0 45.0 47.0 3 8 , 8 40.0 42.0 44.0 47.0 48.0 49.0 39.0 
4 7 . 0 41.0 45.0 49.0 41.0 43.0 45.0 47.0 50.0 51.0 40.0 
48.0 42.0 46.0 51.0 4 3 . 8 42.0 44.0 46.0 48.0 50.0 53.0 41.0 
49.0 43.0 47.0 51.0 4 1 , 0 43.0 45.0 47.0 49.0 51.0 53.0 42.0 
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N = : 1 5 R r b i t r a r y D i v i s o r C a s e 

M \ Q 1 2 3 4 5 6 7 8 9 1 0 1 1 1 2 1 3 1 4 1 5 1 6 
0 : L & . T 1 6 . 8 1 7 . 0 1 8 . 0 1 9 . 0 2 0 . 0 2 1 . 0 2 2 . 0 2 3 . 0 2 4 . 0 2 5 . 0 2 6 . 0 2 7 . 0 2 8 . 0 2 9 . 0 3 0 . 8 
1 : 2 9 . 0 2 4 . 0 2 3 . 0 2 2 * 0 2 3 . 0 2 3 . 0 2 4 . 0 2 4 . 0 2 5 . 0 2 6 . 8 2 7 . 8 2 8 . 8 2 9 . 8 3 6 . 0 3 1 . 0 3 1 . 0 

2 : 4 2 . 0 3 0 . 0 2 9 . 0 2 0 , 0 2 7 . 0 2 0 . 0 2 7 . 0 2 0 . 0 2 7 . 0 2 8 . 0 2 9 . 0 3 0 . 0 3 1 . 0 3 2 . 0 3 3 . 0 3 2 . 0 

3 : 5 4 . 0 3 7 . 0 3 3 . 0 3 0 . 0 3 1 . 0 2 9 . 0 3 0 . 0 2 8 . 0 2 9 . 0 3 0 . 0 3 1 . 0 3 2 . 0 3 3 . 0 3 4 . 0 3 5 . 0 3 3 . 0 

4 : 6 5 . 0 4 2 . 0 3 8 . 0 3 2 . 0 3 5 . 0 3 2 . 0 3 3 . 0 3 0 . 0 3 1 . 0 3 2 . 0 3 3 . 0 3 4 . 0 3 5 . 0 3 6 . 0 3 7 . 0 3 4 . 0 

5 : 7 5 . 0 4 8 . 0 4 3 . 0 3 5 . 0 3 7 . 0 3 5 . 0 3 6 . 0 3 2 * 0 3 3 . 0 3 4 . 0 3 5 . 0 3 6 . 0 3 7 . 0 3 8 . 0 3 9 . 0 3 5 . 0 

6 : 8 4 . 0 5 2 . 0 4 6 . 0 3 8 . 0 4 0 . 0 3 6 . 0 3 9 . 0 3 4 . 0 3 5 . 0 3 6 . 0 3 7 . 0 3 8 . 0 3 9 . 0 4 0 . 0 4 1 . 0 3 6 . 0 

7 : 9 2 . 6 5 7 . 0 5 0 . 0 4 1 . 0 4 3 . 0 3 8 . 0 4 0 . 0 3 8 * 8 3 7 . 0 3 8 . 0 3 9 . 0 4 0 . 0 4 1 . 0 4 2 . 0 4 3 . 0 3 7 . 0 

8 : 9 9 . 0 6 0 . 0 5 4 . 0 4 2 . 0 4 6 . 0 4 0 . 0 4 2 . 0 3 0 . 8 3 9 . 0 4 0 . 0 4 1 . 0 4 2 . 0 4 3 . 0 4 4 . 0 4 5 . 0 3 8 . 0 

9 : 1 8 5 . 0 6 4 . 0 5 6 . 0 4 4 . 0 4 9 . 0 4 2 . 0 4 4 . 0 3 ? I T 3 9 . 0 4 2 . 0 4 3 . 0 4 4 . 0 4 5 . 0 4 6 . 0 4 7 . 0 3 9 . 0 

1 0 : 1 1 8 . 0 6 6 . 0 5 9 . 0 4 6 . 0 5 0 . 0 4 4 . 0 4 6 . 0 3 8 . 8 4 0 . 0 4 2 . 0 4 5 . 0 4 6 . 8 4 7 . 8 4 8 . 8 4 9 . 8 4 6 . 8 

1 1 : 1 1 4 . 8 6 9 . 8 6 2 . 8 4 8 . 8 5 2 . 8 4 6 . 8 4 8 . 8 3 8 . 0 4 1 . 8 4 3 . 8 4 5 . 8 4 8 . 8 4 9 . 8 5 8 . 8 5 1 . 8 4 1 . 8 

1 2 : 1 1 7 . 8 7 8 . 8 6 3 . 8 4 8 . 8 5 4 . 8 4 6 . 8 5 8 . 8 4 8 . « 4 2 . 8 4 4 . 8 4 6 . 8 4 8 . 8 5 1 . 8 5 2 . 8 5 3 . 8 4 2 . 8 

1 3 : 1 1 9 . 8 7 2 . 8 6 5 . 8 4 9 . 8 5 6 . 8 4 7 . 8 5 2 . 8 4 1 . 6 4 3 . 8 4 5 . 8 4 7 . 8 4 9 . 8 5 1 . 8 5 4 . 8 5 5 . 8 4 3 . 8 

1 4 2 1 2 8 . 8 7 2 . 8 6 7 . 8 5 8 . 8 5 8 . 8 4 8 . 8 5 2 . 8 4 2 . « 4 4 . 8 4 6 . 8 4 8 . 8 5 8 . 8 5 2 . 8 5 4 . 8 5 7 . 8 4 4 . 8 

1 5 : 1 2 8 . 8 7 3 . 8 6 7 . 8 5 1 . 8 5 8 . 8 4 9 . 8 5 3 . 8 4 3 . 8 4 5 . 8 4 7 . 8 4 9 . 8 5 1 . 8 5 3 . 8 5 5 . 8 5 7 . 8 4 5 . 8 

N=: 23 Arbitrary OIVI 
1 2 3 

0 : 24.0 25.0 
1 t 45.0 36.0 33.0 
2 : 66.0 46.0 41.0 
3 < 86.0 57.0 47.0 
4 : 105.0 66.0 54.0 
5 : 123.0 76.0 61.0 
6 : 140.0 84.0 66.0 
7 : 156.0 93.0 7Z.0 

171.0 100.0 78.0 
9 185.0 108.0 82.0 

10 198.0 114.0 87.0 
11 210.0 1Z1-0 92.0 
12 221.0 126.0 95.0 
13 231.0 132.0 99.0 
14 240.0 136.0 103.0 
15 248.0 141.0 105.0 
16 255.0 144.0 108-0 
17 ; 261.0 148.0 111.0 
18 > 266.0 150.0 112.0 
19 : 270.0 153.0 114.0 
20 : 273.0 154.0 116.0 
Zl : 275-0 156.0 116.0 
22 : 276.0 156.0 117.0 
23 : 276.0 157.0 118.0 

ir Case 
4 5 6 7 

26.0 27.0 28.0 Z9.0 
U* 1**8 32.8 33.0 
38.0 37.0 &v* 37.0 : 
44.0 42.0 40.0 41.0g 
48.0 47.0 44.0 45.05 
53.0 50.0 48.0 49.0 
58.0 54.0 50.0 53.0 
63.0 58.0 53.0 55.0 
66.0 62.0 56.0 58.0 
70.0 66.0 59.0 61.0 
74.0 68.0 62.0 64.0 
78.0 71.0 65.0 67.0 
8O.0 74.0 66.0 70.O 
B3.0 77.0 68.0 73.0 
86.0 80.0 70.0 74.0 
89.0 81.0 72.0 76.0 
90.0 83.0 74.0 78.0 
92.0 85.0 76.0 8O.0 
94.0 87.0 76.0 82.0 
96.0 89.0 77.0 84.0 
96.0 89.0 78.0 86.0 
97.0 9O.0 79.0 86.0 
38.0 91.0 80.0 87.0 
99.8 92.0 81.0 88.0 

CO
 cn 10 11 
30.0 31.0 32.0 33.0 
33.9 34.0 35.0 36.0 

37.0 38.0 39.0 
1M 40.O 41.0 42.0 
4Z<8 43.0 44.0 45.0 
45.0 46.0 47.0 48.0 
48.0 49.0 50.0 51.0 
51.0 52.0 53.0 54.0 
52.0 55.0 56.0 57.0 
54.0 56.0 59.0 60.0 
56.0 58.0 60.O 63.0 
58.0 60.0 62.0 64.0 
60.O 62.0 64.0 66.0 
62.0 64.0 66.0 68.0 
64.0 66.0 68.0 70.0 
66.0 68.0 70.0 72.0 
66.0 70.0 72.0 74.0 
67.0 72.0 74.0 76.0 
68.0 72.0 76.0 78.0 
69.0 73.0 78.0 80.0 
70.0 74.0 78.0 82.0 
71.0 75.0 79.0 84.0 
72.0 76.0 80.0 84.0 
73.0 77.0 81.0 B5.0 

12 13 14 15 16 
34.0 35.0 36.0 37.0 38.0 
36.0 37.0 38.0 39.0 40.0 
38.0 39.0 40.0 41.0 42.0 
48.0 41.0 42.0 43.0 44.0 
42.$ 43.0 44.0 45.0 46.0 
#*,e 45.0 46.0 47.0 48.0 

47.0 48.0 49.0 S0.O 
4f.# 49.0 5O.0 51.0 52.0 

51.0 52.0 53.0 54.0 
$£* 53.0 54.0 55.0 56.0 
8*;* 55.0 56.0 57.0 58.0 
5».« 57.9 58.0 59.0 60.0 
,$Mt, 59.0 60.0 61.0 62.0 
JJML 59.0 62.0 63.0 64.0 
&ML 6O.0 62.0 65.0 66.0 
9§«* 61.0 63.0 65.0 66.0 
fig.* 62.0 64.0 66.0 68.0 

63.0 65.0 67.0 69.0 
62*0 64.0 66.0 68.0 70.0 
83** 65.0 -67.0 69.0 71.0 
tt.f" 66.0 68.0 70.0 72.0 
65.9 67.0 69.0 71.0 73.0 
SM> 6B.0 7O.0 72.0 74.0 

69.0 71.0 73.0 75.0 

17 18 19 20 
39.0 40.0 41.0 42.0 
41.0 42.0 43.0 44.0 
43.0 44.0 45.0 46.0 
45.0 46.0 47.0 48.0 
47.0 48.0 49.0 50.0 
49.0 50.0 51.0 52.0 
51.0 52.0 53.0 54.0 
53.0 54.0 55.0 56.0 
55.0 56.0 57.0 58.0 
57.0 58.0 59.0 60.0 
59.0 60.0 61.0 62.0 
61.0 62.0 63.0 64.0 
63.0 64.0 65.0 66.0 
65.0 66.0 67.0 68.0 
67.0 68.0 69.0 70.0 
69.0 7O.0 71.0 72.0 
71.0 72.0 73.0 74.0 
71.0 74.0 75.0 76.0 
72.0 74.0 77.0 78.0 
73.0 75.0 77.0 BO.O 
74.0 76.0 78.0 80.0 
75.0 77.0 79.0 81.0 
76.0 78.0 80.0 82.0 
77.0 79.0 81.0 63.0 

21 22 23 24 
43.0 44.0 45.0 46.0 
45.0 46.0 47.0 47.0 
47.0 48.0 49.0 48.0 
49.0 50.0 51.0 49.0 
51.0 52.0 53.0 50.0 
53.0 54.0 55.0 51.0 
55.0 56.0 57.0 52.0 
57.0 58.0 59.0 53.0 
59.0 60.0 61.0 54.0 
61.0 62.0 63.0 55.0 
63.0 64.0 65.0 56.0 
65.0 66.0 67.0 57.0 
67.0 68.0 69.0 58.0 
69.0 70.0 71.0 59.0 
71.0 72.0 73.0 60.0 
73.0 74.0 75.0 61.0 
75.0 76.0 77.0 62.0 
77.0 78.0 79.0 63.0 
79.0 80.0 81.0 64.0 
81.0 B2.0 83.0 65.0 
83.0 84.0 85.0 66.0 
B3.0 86.0 87.0 67.0 
84.0 86.0 B9.0 68.0 
85.0 87.0 89.0 69.0 
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