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ABSTRACT ' -

W give a sinple upper bound on k for k-path-hamltonianness of a graph..

Al so given are exact values for maxi mal planar graphs.
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1. Introduction

In this paper we consider only finite undirected graphs w thout | oops
or multiple edges, and our terninology and notation is standard (i.e.,

[4 and [1]) except as indicated.

Apath Pwith k edges is called a length k_ path. Follow ng Kronk [5],

a graph Gis k-path-hamltonian if every length k path of Glies on

a hamltonian cycle. Such graphs are characterized in [5]; however,

these conditions are simlar to Drac [2] t'ype sufficient conditions

for a graph to be hamltonian. Let k*(G be the |argest 1c for which

the graph <G is" k-path _ham [ tonian. In this paper we shall present a

si npl e upper bound on k* and di scuss exact val ues for maxi mal pl anar

gr aphs.

2. Upper Bound on k*

A path Pnz (Vn,En) inagraph Gis called separating if G- Vm is

di sconnected. Let n . (G denote the | ength of the shortest separating
mm :
path in the graph G (It is possible that the path is closed.)

Theoreml1l: k*(Q <n . (Q

_ - mn
Pr oof ; Let G= (V,E) be a 2-connected graph, and let P = (V ,E)
~ n n n
be any shortest separating pathin G (i.e., n-1=n. (Q).
nun

Let G, and C-}Z be two conponents of G = G - Vn' Now | et

vy and vz be any pair of vertices in G and G, respectively.

Qearly, there exists no vy-vy path in G'. Thus G can not

contain any cycle C= (V ,E ) -such that (V U{,, ,vo}) Cv .
c c n 1 2 c

!




The upperbound above is, clearly, the best possible. The graph G of
. . AN -—

Figure 1 can be separated by the path VYV hence N 2. Note
that even though Gis 1-path-hamltonian, there exists no haniltonian
cycl e containing the vrvsv,c path. A sinple consequence of the above

result is a necessary condition for a graph to be k-path-hamltonian:

Corollary 1.1: A k-path-hamltonian graph can not be separated by

deleting the vertices of a length k-1 path.
VW now state some auxiliary results:

Lemma 1 (Harary [4; p. 104]): |If Gis a planar graph, then G has at

least four vertices of degree not exceeding 5.

Lemma 2 (Harary [4, p. 104]): |If Gis a maxi nal plane graph, then

every face of Gis a triangle. -

It follows fromLemma 2 that;

Lenmma 3: If Gis a maximal planar graph and v.l' is any vertex of
G then the set of the vertices adjacent to V':. i nduce a

cycle in G
Let K(G) denote the connectivity nunber of the graph G

Lenma 4 (Witney [7]): If Gis maximal planar, then 3 <-<(§ < 5.




Finally we need the following auxiliary result:

Lemma 5:

I1f G = (V,E) is a maximal planar graph and S CV is a

minimal separating set, then S induces a cycle in G.

Let s = |s|. Clearly, 3 <s <5 (Lemma 4). Let
S = {ul,uz,...,uk} where k = s. Given any embedding of G

3 the R = =
in plane, let G (Vl,El) and G2 (V2,E2) be the

1
components of G-S, as shown in Figure 2(a). Clearly,

exactly two vertices in S must lie in the exterior face of

G, say.u, and u_. Now; suppose that, in G, neither G

1 1

nor G2 lies in the interior of a cycle induced by S.

Then, since Vl,V2 # @, the exterior face of G can not be

triangular, thereby contradicting Lemma 2. Thus, uy must

be adjacent to u_, as shown in Fiqure 2(b) or 2(c).

Suppose (ul,us) is as shown in Figure 2(b). Since S is
a separating set, there can not be an edge (v',v")€E as

as shown in Figure 2(c). Then, via Lemma 2, u1 must be

adjacent to u, in G. Using similar arguments, we can show

that G contains a U u,. . u path of length (s~1). Thus S

induces a cycle in G. 7

Another consequence of Theorem 1 deals with maximal planar graphs:

Corollary 1.2: If G is maximal planar, then k*(G) < 3.

Proof:

It follows from Lemmas 1 and 3 that, nmin(G) < 4. Hence,

via lemma 5 and Theorem 1, k*(G) < 3. 4




3. Exact Values of k*(G), G Maximal Planar

Theorem 2: Let G (V,E) be a maximal planar graph. Then

3 if and only if kK(G) = 5
k*(G) = (2 if and only if k(G) = 4
1l or O if and only if k(G) = 3
Proof: Suppose K(G) = 5. Let v.v v.v_ be any path in G. It

rs tau

can easily be shown that the elementary contraction Gst

of G obtained by replacing v and ve with a new vertex

v, is a 4-connected maximal planar graph. (Since
K(H) =1 + min K(H - v) if H is connected (see Exercise 5.21

vEH
in Harary [4]), delete v

t from G, replace s by w, and join

Vo to the vertices that were adjacent to Ve in G). Since
4-connected planar graphs are 2-path hamiltonian (follows
from Theorem 2 in Tutte [6]), G, contains a hamiltonian
cycle Cn containing the path vrvwvu. Clearly, the union of
the path C_ - v C G, and the path v v v v is a hamiltonian
cycle of G. Thus G is 3-path hamiltonian if k(G) = 5.

On the other hand, it follows from Lemma 5 that k*(G) = 3
implies K(G) > 5: the subpath induced by s " {any vertex

in S} can not lie on a hamiltonian cycle if |s| = 3 or 4.
Thus Isl = 5 is necessarily true, and, therefore kK(G) = 5.
Now suppose K(G) = 4. Then G contains at least one separating

4-cycle (Hakimi and Schemeichel [3]). Hence k*(G) <2

via the first part above. But 4-connected planar graphs are




2-path haniltonian; thus K(G =4 +»k*(Q = 2. O the
other hand; k*(Q =2+« K(G "> 4 (Lemma 5). Hence, together
withthe first part, k*(G =2** K(G - 4. The third part

follows fromthe first two parts. |

V% have thus established that there exists k-path hamltonian nmaxi nal

pl anar graphs, k =2,3, with pvertices for all pj> 10.

W next investigate maxi mal planar graphs with k*(Q =0 or 1. W can
construct either types of graphs easily. Start with any 4-connected
nmaxi mal plane graph Gwith p”~ 6 vertices and insert a vertex in each
one of exactly p féces of G and join each new vertex to the vertices
of the triangle bounding the respective faces. Let G.I. denote the
resulting graph (Figure 3). It can easily be shown that GJ_ i's ham | tonian..
However , Ci can not contain any hamltonian cycle containing any edge
of at |east one of the face-bounding triangles comon to both G and

GL; for otherwise, if we insert a vertex in that face as wel |, t‘he
resulting graph woul d al so be ham | tonian. However, GL woul d, then,
have 2p + 1 vertices and the deletion of the vertices comon to both G

and G).( woul d res%lt inaK 5 thereby contradicting the 1-toughness
(see Jheqrem4. 2, Bondy and Mirty [1]) of hamltonian graphs. Thus
k*(G) =0.

Cn the other hand, start with any 4-connected naxi mal plane graph G and
insert one vertex in any face of Gand join it to the vertices of the
triangl e bounding that face. Let Gl be the resulting graph (Fgure 4).
Since Gis 2-path-hamiltonian, it is clear that Gl is 1-path-ham| t oni an.

However , k*(G‘L) = 1 because Gi can not contain any hamltonian cycle




containing two edges of the triangle bounding that face of G in which

a vertex was added, since the degree of the newvertex is 3.

We-woul d also Iike to add that since k*(G £ 1 inplies that K(G) = 3,
characterization of these cases would, in effect, be equivalent to
characterizing ham I tonian maxi mal planar graphs, which remains a

rather difficult unsolved problem
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Fi gure 1;

A 1l-path hamltonian graph
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Figure 3; Constructing a hamltonian maxi mal planar
pl anar graph not every edge of which lies
in a hamltonian cycle
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Figure 4:

Constructing a connectivity 3
l1-path-hamiltonian maximal
planar graph

G'




1]

(2]

(3]

[4]

(5]

[e]

(7]

11

REFERENCES

Bondy, J. A., and U. S. R. Murty, Graph Theory with Applications,
Elsevier, New York, NY, 1976.

Dirac, G. A., "Some Theorems on Abstract Graphs," Proc. London
Math. Soc. 2 (1952), 69-81.

Hakimi and E. F. Schemeichel, "On the Number of Cycles of Length k
in a Maximal Planar Graph," J. Graph Theory 3 (1979), 69-86.

Harary, F., Graph Theory, Addison-Wesley, Reading, MA, 1969.

Kronk, H., "Variations on a Theorem of Posa," in The Many Facets
of Graph Theory, 193-198, edited by A. Dold and B. Eckman,
Springer-verlag, Berlin, 1969.

Tutte, W. T., "A Theorem on Planar Graphs," Trans. Amer. Math Soc. 82
(1956), 99-116. '

wWhitney, H., "Congruent Graphs and the Connectivity of Graphs,"
Amer. J. Math 54 (1932), 150-168.




