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1 . Introduction 
T h e ex i s tence of fa i r a rb i te rs a n d fo rma l s p e c i f i c a t i o n s for t h e m w a s a ma jo r t o p i c of d i s c u s s i o n at 

t he W o r k s h o p . O n e of t he many resu l ts d i s c u s s e d is that it is poss ib le to c rea te a fair a rb i te r by 

a d d i n g ou tpu t de lays to a mu tua l e x c l u s i o n e l emen t [ 1 ] . Th is w o r k bu i lds on tha t resul t by 

inves t iga t ing t he bas ic fa i rness p rope r t i es of mu tua l e x c l u s i o n e lemen ts a n d c p m b i n a t i o n s thereof . 

Ra ther than w o r k i n g w i th a par t i cu la r mu tua l exc l us i on e lemen t , w e abs t rac t t he behav io r of a c lass of 

s u c h e lemen ts us ing a c h o i c e set m o d e l a n d a p robab i l i s t i c spec i f i ca t i on of t he c h o i c e i nhe ren t in 

mu tu a l exc lus ion . Th i s a l l ows us to c a p t u r e t h e c h o i c e behav io r of a m u t u a l exc l us i on e l emen t in a 

p robab i l i s t i c s t r u c t u r e c o n t a i n i n g f in i te a n d in f in i te t races . To ana lyze s u c h s t r uc tu res w e emp loy 

t e c h n i q u e s f r o m t h e ma thema t i ca l d i sc ip l i ne of m e a s u r e theory , a n d in par t i cu la r t he m e a s u r e 

t heo re t i c t rea tmen t of p robab i l i t y . T h e ma jo r resul t f r om th is ana lys is is tha t mu tua l e x c l u s i o n 

e l emen ts are fair u n d e r a s t r o n g p robab i l i s t i c no t i on of fa i rness . Th is no t i on is s imi lar to the s t a n d a r d 

n o t i o n s used in [1 ] ; i ts ma jo r a d v a n t a g e is tha t un l i ke t h e s t a n d a r d no t i ons , it c a n be ana l yzed us ing 

p robab i l i t y a n d measu re t heo ry t e c h n i q u e s . A c o m p l e t e i n t r o d u c t i o n and exp lana t i on of measu re 

t h e o r y is ne i ther poss ib le no r des i rab le in th is con tex t ; the in te res ted reader is u rged to c o n s u l t a 

s t a n d a r d text s u c h as [3 ] . S imi lar ly w e a s s u m e a fami l ia r i ty w i th the c o m m o n no t i ons of fa i rness 

d i s c u s s e d in [ 1 ] , 

2. Modeling Mutual Exclusion Elements 
A m u t ua l e x c l u s i o n e lemen t e n f o r c e s m u t u a l exc lus ion a m o n g g ran t s t o c o n c u r r e n t c o m p e t i n g 

reques ts for a sha red resou rce . For t he p resen t w e cons ide r on ly t w o inpu t mutua l e x c l u s i o n 

e l emen ts ; genera l i za t ions to la rger e lemen ts and a rb i te rs c o n t a i n i n g mu l t i p le mu tua l e x c l u s i o n 

e l e m e n t s wil l be d i scussed in a later s e c t i o n . T o quan t i f y t h e fa i rness of a mu tua l exc lus ion e lement , 

t he re a re t h ree face ts of its behav io r tha t mus t b e m o d e l e d : 

• W h i c h reques ts are g r a n t e d in w h a t o rde r? 

• W h a t a re the poss ib le c h o i c e s for e a c h g ran t? 

• For t hose g ran t s that requ i re a c h o i c e be tween reques ts , how is tha t c h o i c e made? 

W e use a c h o i c e set mode l for the f irst t w o i tems a n d a p robab i l i s t i c mode l for t h e f inal i tem; these 

m o d e l s are d i s c u s s e d in the fo l l ow ing sec t ions . For a t w o - i n p u t mu tua l exc lus i on e lement w e d e n o t e 

t he c o m p e t i n g reques ts by r Q and r y and the i r c o r r e s p o n d i n g g ran ts by g Q a n d g r 
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2 . 1 . C h o i c e S e t s 

For an ind iv idua l g ran t by a mu tua l e x c l u s i o n e lement , we de f i ne the choice set to b e the set of 

ou t s t and ing reques ts tha t c o u l d b e g r a n t e d ( i nc lud ing t h e reques t ac tua l l y g ran ted ) . T o ana lyze 

fa i rness w e c o n s i d e r s e q u e n c e s of s u c h g ran t s and c o r r e s p o n d i n g c h o i c e sets. S i n c e p r e v i o u s w o r k 

has s h o w n tha t in f in i te no t i ons of fa i rness a r e necessa ry fo r de lay - insens i t i ve a rb i t ra t i on a m o n g 

i n d e p e n d e n t p rocesses [ 1 ] , w e rest r ic t o u r a t ten t ion to in f in i te s e q u e n c e s . The re fo re ou r c h o i c e set 

m o d e l of an arb i te r is t he set of all in f in i te s e q u e n c e s of <g ran t , cho i ce set>. W e ca l l s u c h a s e q u e n c e 

an in f in i te c h o i c e s e q u e n c e . 

B e c a u s e any two - i npu t mu tua l e x c l u s i o n e lemen t m a k e s d i c h o t o m o u s c h o i c e s b e t w e e n c o m p e t i n g 

inpu ts , it mus t exh ib i t me tas tab le behav io r . O n e c a n in tu i t ive ly u n d e r s t a n d metas tab le b e h a v i o r as 

tha t of a m a n s i t t ing on a f ence w h o c a n n o t d e c i d e on w h i c h s ide of t h e f ence the g r a s s is g r e e n e r 

a n d t he re fo re rema ins o n the f ence . T h e c o r r e s p o n d i n g behav io r of c i r cu i t s (mak ing no c h o i c e 

b e c a u s e b o t h are equa l l y a t t rac t ive) is rea l a n d has b e e n d e m o n s t r a t e d for synch ron i ze rs , a rb i te rs , 

a n d re la ted c i r cu i t s [2 ] . Jus t as t h e m a n wi l l even tua l l y ge t off t he f e n c e , a we l l - des igned c i r cu i t wi l l 

even tua l l y m a k e a c h o i c e ; t he re is no u p p e r b o u n d on t h e t ime requ i red t o make th is c h o i c e , b u t it is 

k n o w n to be exponen t ia l l y d i s t r i bu ted [ 4 ] , In t h e c o r r e s p o n d e n c e of ou r c h o i c e set m o d e l w i t h any 

ac tua l mu tua l exc lus i on e lement , w e requ i re tha t any non -s ing le ton c h o i c e set c o r r e s p o n d to 

me tas tab le behav io r . 

2 . 2 . P r o b a b i l i s t i c B e h a v i o r 

T h e f ina l aspec t of mu tua l e x c l u s i o n e l emen t behav io r that w e need to mode l is t h e m e c h a n i s m of 

mak ing c h o i c e s a m o n g e lements of a c h o i c e set. For th is w o r k w e a d o p t the f o l l ow ing s imp l i fy ing 

assump t i ons : 

• In any s e q u e n c e of cho i ces , al l c h o i c e s a re mutua l l y i ndependen t . 

• If a c h o i c e set con ta ins bo th reques ts , t h e n the re a re f i xed p robab i l i t i es for e a c h reques t 
( r ^ r ^ t o be g r a n t e d , and these p robab i l i t i es a re ident ica l for al l s u c h c h o i c e se ts . 

These a s s u m p t i o n s fo rmal ize o u r r equ i r emen t tha t two -e lemen t c h o i c e se ts c o r r e s p o n d to me tas tab le 

behav io r , a n d mode l metas tab le behav io r as essent ia l ly invar ian t o v e r c h o i c e s by f i x ing the 

p robab i l i t i es assoc ia ted w i th each g r a n t for a g iven mu tua l exc lus ion e lemen t . W e d e n o t e these 

p robab i l i t i es by p Q and p v and no te that the i r s u m mus t b e 1. In p rac t i ce o n e w o u l d e x p e c t t h e s e exi t 

or reso lv ing p robab i l i t i es to have va lues c l ose t o 0.5 [ 5 ] . 

M ino r va r ia t ions of t hese probab i l i t ies d o not c h a n g e o u r resul ts , b u t d ras t i c var ia t ions (such a s one 

of the p robab i l i t i es b e c o m i n g zero) inva l ida te t h e resu l ts . C h a n e y has obse rved s h o r t te rm 
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d e p e n d e n c i e s in exi t p robab i l i t i es a m o n g c h o i c e se ts for s o m e f l ip - f lops [ 6 ] ; in t he a b s e n c e of l ong-

te rm d e p e n d e n c i e s w e rely on t h e law of ave rages to r e m o v e any sho r t - t e rm e f fec ts f r om ou r ana lys is 

of in f in i te s e q u e n c e s of c h o i c e s (i .e. ou r f i rst a s s u m p t i o n above is jus t i f i ed in par t b e c a u s e w e are 

in te res ted only in in f in i te s e q u e n c e s of c h o i c e s ; it may be an u n w a r r a n t e d a s s u m p t i o n for sho r t f in i te 

s e q u e n c e s ) . Final ly, Sp rou l l has n o t e d that a l t h o u g h t h e s e a s s u m p t i o n s a re reasonab le for wel l -

des i gned mu tua l exc l us i on e lemen ts , there a re p i t fa l ls in d e s i g n i n g M O S mu tua l exc lus ion e lemen ts 

that may p r o d u c e e lemen ts that v io la te these assump t i ons . The ma jo r po ten t ia l p rob lem is that every 

w i re in a M O S c i r cu i t has c a p a c i t a n c e and t he re fo re m e m o r y p roper t i es , i n c l ud ing the w i res used to 

c r o s s - c o u p l e the inver t ing ga tes in a mu tua l exc l us i on e lement ; t he inadver tan t i n t r oduc t i on of 

m e m o r y in these w i res can p r o d u c e a mu tua l e x c l u s i o n e l e m e n t t ha t un fa i r l y favors o n e of i ts reques ts 

[7 ] . Th is is one of t h e many a reas in w h i c h a p p r o p r i a t e c a r e and d i l i g e n c e a re requ i red o n t he par t of 

the c i r cu i t des igne r . 

2 . 3 . F a i r n e s s a n d i t s A n a l y s i s 

T o ana lyze the fa i rness of a m u t u a l exc lus i on e lemen t w e need c o n s i d e r only its c h o i c e behav io r 

w h e n the re is a c h o i c e to b e made ; t he re fo re f r om any c h o i c e set s e q u e n c e w e are in te res ted in the 

u n i q u e s u b s e q u e n c e cons i s t i ng so le ly of c h o i c e se ts c o n t a i n i n g b o t h reques ts . S u c h a s u b s e q u e n c e 

is c o m p l e t e l y spec i f i ed by the s e q u e n c e of g ran t s b e c a u s e all t he c h o i c e se ts a re iden t i ca l . 

F u r t h e r m o r e , w e are in te res ted on ly in such s u b s e q u e n c e s w h i c h a re in f in i te ; if th is s u b s e q u e n c e is 

f in i te , t hen after s o m e f in i te po in t in t h e or ig ina l s e q u e n c e every reques t is immed ia te ly g r a n t e d (i .e. 

e a c h c h o i c e set is of s ize 1 , t he re fo re that reques t is t he g r a n t e d reques t ) . Th is is ce r ta in to be fair 

u n d e r an in f in i te no t i on of fa i rness as it e x c l u d e s s ta rva t i on . A c o n s e q u e n c e of ou r mode l i ng 

a s s u m p t i o n s is tha t t h e l i ke l i hood of a n y s u c h s u b s e q u e n c e or co l l ec t i on the reo f d e p e n d s so le ly u p o n 

the p robab i l i t i es p Q a n d p 1 c o r r e s p o n d i n g to t h e g ran t c h o i c e s in t h e s u b s e q u e n c e ( s ) . 

W e n o w de f i ne fa i rness fo r b o t h c h o i c e set s e q u e n c e s a n d mu tua l e x c l u s i o n e lements . 

D e f i n i t i o n 1 : W e a k F a i r n e s s f o r S e q u e n c e s : A c h o i c e set s e q u e n c e is fair iff any 
con t i nua l l y asser ted reques t is eventua l ly g r a n t e d (i.e. t he s e q u e n c e is fair iff for any 
reques t appea r i ng in any c h o i c e set, EITHER the c o r r e s p o n d i n g g ran t appears in that or a 
s u b s e q u e n t s e q u e n c e e lemen t , OR the re is a s u b s e q u e n t c h o i c e set in w h i c h the reques t 
d o e s not appea r ) . 

W h e n app l i ed to ou r t w o - e l e m e n t c h o i c e set s u b s e q u e n c e s th is requ i res tha t every reques t 

eventua l l y b e g r a n t e d in t h e s u b s e q u e n c e ; th is is a s t r o n g e r c o n d i t i o n t han requ i r i ng every reques t to 

be g r a n t e d in the c o r r e s p o n d i n g o r ig ina l s e q u e n c e s . T h e fo l l ow ing de f i n i t i on emp loys th is s t r onge r 

c o n d i t i o n . 

D e f i n i t i o n 2 : P r o b a b i l i s t i c F a i r n e s s f o r M u t u a l E x c l u s i o n E l e m e n t s A m u t u a l 
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exc l us i on e lemen t M is fair if t he p robab i l i t y of unfa i r in f in i te two -e lemen t c h o i c e 
s u b s e q u e n c e s in t h e s p a c e of al l in f in i te t w o - e l e m e n t c h o i c e s u b s e q u e n c e s is ze ro . 

W e a k fa i rness for a mu tua l exc lus i on e lemen t requ i res tha t every con t i nua l l y asser ted reques t 

even tua l l y be g ran ted [1 ] ; t h e above de f in i t i on imp l ies the s imi lar c o n d i t i o n tha t every con t i nua l l y 

asser ted reques t be g ran ted w i th p robab i l i t y 1 . T h e d i f f e rence be tween these t w o c o n d i t i o n s is tha t 

t h e latter a l l ows unfa i r behav io r w i t h p robab i l i t y ze ro . In a f in i te d o m a i n of poss ib le behav io rs , ze ro 

p robab i l i t y behav io r s c a n n o t o c c u r ; fo r an in f in i te d o m a i n the c o r r e s p o n d i n g c o n d i t i o n is tha t w i t h in 

any in f in i te s e q u e n c e of r andom ly c h o s e n behav io r s f r om the d o m a i n , a behav io r of p robab i l i t y ze ro 

m a y appear at most f in i te ly many t imes . A l t h o u g h t he d i f f e rence b e t w e e n th is c o n d i t i o n a n d an even t 

never o c c u r r i n g can be of g rea t t heo re t i ca l i m p o r t a n c e , w e be l ieve tha t it is re lat ive ly u n i m p o r t a n t in 

p rac t i ce ; in b o t h cases t he p robab i l i t y of a reques t not be ing g r a n t e d is ze ro , a n d th is is an a d e q u a t e 

no t i on of fa i rness fo r mos t p u r p o s e s . 

T o es tab l ish our des i r ed resul t on t h e fa i rness of mu tua l exc lus ion e l emen ts w e need to c o n s i d e r t he 

p robab i l i t y of unfa i r in f in i te two -e l emen t c h o i c e s e q u e n c e s (an in f in i te set) w i th in the s p a c e of al l 

in f in i te two -e lemen t c h o i c e s e q u e n c e s (ano the r in f in i te set) . T o w a r d s th is end w e n o w d i s c u s s 

m e a s u r e theory , w h i c h p rov ides a r i ch set of t oo ls fo r th is task. 

3. Measure Theory 
Measu re theo ry is a b r a n c h of ma thema t i c s c o n c e r n e d w i th f u n c t i o n s tha t p r o d u c e the 's ize ' of se ts ; 

t hese set f unc t i ons are ca l led measures. A pr im i t i ve e x a m p l e of a m e a s u r e for in terva ls of t h e real 

n u m b e r l ine is the f unc t i on tha t p r o d u c e s t h e leng th of t he in te rva l . Measu res a re mos t in te res t ing 

a n d mos t use fu l w h e n the se ts invo lved a r e in f in i te ; th is is p rec ise ly the s i tua t ion t ha t w e a re 

c o n s i d e r i n g in ana lyz ing t he fa i rness of mu tua l exc lus i on e lements . T h e par t i cu la r c lass of measu res 

w e use a re o f ten ca l led probability measures b e c a u s e they d e t e r m i n e t h e measu re of a set by the 

p robab i l i t y of t he 'even ts ' it con ta i ns . (The q u o t e d t e rms are fo r the reade r ' s in tu i t ion on ly ; w e d o no t 

i n tend to p rov ide fo rma l de f in i t ions . ) 

3 . 1 . I n t r o d u c t i o n 

Th is sec t i on p resen ts a q u i c k i n t r oduc t i on to measu re t heo ry abs t rac ted f r o m [3 ] . Fur ther de ta i l s 

c a n be f o u n d the re . Th is sec t i on may b e s k i p p e d on f i rst r ead ing , as it is necessary on ly fo r the p roo f 

of t he ma in resul t . 

R ings and a - r ings are the ma thema t i ca l ob jec ts on w h i c h measu res are defined*. 

D e f i n i t i o n 3 : R i n g s a n d a l g e b r a s o f S e t s : A ring of sets is a non empty c lass R of 
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sets w h i c h is c l o s e d u n d e r the f o r m a t i o n of set u n i o n s and d i f f e rences . Formal ly a n o n 
e m p t y c l ass R is a r ing iff 

For ai l Zf€ R a n d F€ R, E\J Ft R and E- Ft R 

A o-ring of sets is a r ing of sets c l osed u n d e r the f o r m a t i o n o f c o u n t a b l e un ions . 
Formal ly a r ing of se ts S is a a - r i ng iff 

If E.zS f o r i = 1 .2 , . . . t h e n U ^ f . e S 

A(n) (a-)algebra is a (a - ) r ing tha t c o n t a i n s t he u n i o n of al l its e l emen ts . An equ iva len t 
de f in i t i on of a(n) (a - )a lgeb ra is t ha t it is a (a - ) r ing tha t is c l osed unde r se t c o m p l e m e n t a t i o n 
of i ts ind iv idua l e lemen ts . 

Th is w o r k rel ies pr imar i ly u p o n a-a lgebras;* the o the r r i ngs and a lgebras a re used to p resen t t he 

de f i n i t i ons and resu l ts of m e a s u r e t heo ry in fu l l genera l i t y . 

A m e a s u r e is a f unc t i on tha t 'measu res ' t he 's ize ' of se ts in a r ing . Wq n o w fo rmal ly d e f i n e th is 

c o n c e p t : 

D e f i n i t i o n 4 : M e a s u r e : An extended real valued function is a f u n c t i o n w h o s e r a n g e is 

{*oo,~oo} w h e r e % d e n o t e s the rea l n u m b e r s . 

A set function is a f u n c t i o n w h o s e d o m a i n is a c l ass of se ts (a r i ng or an a l g e b r a for 
examp le ) . 

An e x t e n d e d real va lued set f u n c t i o n /x d e f i n e d on a c lass E is countably additive if, f o r 
every d is jo in t s e q u e n c e {EJ of se ts in E w h o s e u n i o n is a lso in E, w e h a v e 

/ ^ r = 1 / g = !>(/?„) 

A measure is an e x t e n d e d real va l ued , non -nega t i ve , and c o u n t a b l y add i t i ve se t f u n c t i o n 
/ i , d e f i n e d o n a r ing R s u c h tha t /i(0) = 0. 

For an a l g e b r a A, let Xbe t he u n i o n of all se ts in t h e a lgebra . T h e n a measu re /a is totally 
fmite iff ii(X) is f in i te . 

P robab i l i t y measu res a re a lways to ta l ly f in i te b e c a u s e t he se t X. i n c l udes all poss ib le ' even ts ' , and t h e 

p robab i l i t y of at least one 'event ' o c c u r r i n g is 1. ( i .e. for a p robab i l i t y m e a s u r e / i , no t on ly is IL(X) 

f in i te , bu t in fac t [i(X) = 1 ) . 

Any measu re o n any r ing sat is f ies t h e fo l l ow ing p roper t y , ca l led countable subadditivity: fo r every 

s e q u e n c e {E.} of se ts in r i ng R w h o s e u n i o n is a lso in R the fo l l ow ing is t r ue : 

00 

The d i f f e rence b e t w e e n th is and c o u n t a b l e addi t iv i ty is tha t the s e q u e n c e {E.} was of d is jo in t sets in 

the de f i n i t i on of c o u n t a b l e addi t iv i ty , w h e r e a s the s e q u e n c e is this de f in i t i on n e e d no t be d is jo in t ; th is 
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resul ts in the equa l i t y of c o u n t a b l e add i t i v i t y be ing rep laced by the inequa l i ty c o n t a i n e d in t h e a b o v e 

de f i n i t i on . 

O u r des i red resul t requ i res r eason ing f r o m probab i l i t i es of ind iv idua l c h o i c e s to p robab i l i t i es of 

s e q u e n c e s of c h o i c e s . In a p robab i l i t y d o m a i n , w e w o u l d s ta te tha t d i f fe ren t un i ve rses of c h o i c e a re 

i nvo lved ; the c o r r e s p o n d i n g ob jec t s in measu re t heo ry are ca l led m e a s u r e s p a c e s . 

D e f i n i t i o n 5 : M e a s u r e S p a c e s : A measurable space is a se t X a n d a cr-ring S of 

subse ts of X s u c h tha t U S = X. A subse t E of X is measurable iff E b e l o n g s to the a - r i ng 

S. 

A measure space is a measu rab le s p a c e (A'.S) and a m e a s u r e j n o n S. A measu re s p a c e 
(A^S,^) is totally finite iff t he m e a s u r e /x is to ta l ly f in i te. 

In mos t cases it causes no c o n f u s i o n to d e n o t e a measu re s p a c e or measu rab le s p a c e by t he s a m e 

symbo l as the unde r l y i ng set X\ if it is necessary to ca l l a t ten t ion to the spec i f i c s p a c e invo lved , w e 

use the no ta t i on {X,S) fo r measu rab le s p a c e s and {X,S,[i) for measu re spaces . 

3 . 2 . P r o d u c t M e a s u r e s 

T o p r o v e p u r ma in resu l t w e d e f i n e a m e a s u r e s p a c e c o r r e s p o n d i n g to a s ing le c h o i c e , and t hen 

ex tend t o s e q u e n c e s of c h o i c e s b y tak ing ca r tes ian p r o d u c t s . T h e bas ic resul t w e need f r om 

m e a s u r e t heo ry is t h e ex i s t ence of t h e p r o d u c t p robab i l i t y m e a s u r e s on ca r tes ian p r o d u c t s . T o s ta te 

th is t h e o r e m w e need t h e fo l l ow ing add i t i ona l de f i n i t i ons and resu l ts . Al l resu l ts f rom measu re t h e o r y 

a re s ta ted here w i t hou t proof ; t h e p roo f s c a n b e f o u n d in [3 ] . 

T h e o r e m 6 : If E is any c lass of se ts , t hen t h e c lass of r ings c o n t a i n i n g E h a s a u n i q u e 
min ima l e lement . In add i t ion t h e c lass of a - r i ngs con ta i n i ng E a lso has a u n i q u e min ima l 
e lement . 

D e f i n i t i o n 7 : G e n e r a t e d R i n g s : In v iew of t he p r e c e d i n g t h e o r e m , w e de f i ne the r ing 
generated by E to be t h e u n i q u e m in ima l e l emen t of t he c lass of r ings c o n t a i n i n g E a n d 
d e n o t e it by R(E). S imi lar ly w e de f i ne t he a - r ing generated by E to be t h e u n i q u e min ima l 
e lemen t of the c lass of a - r i ngs c o n t a i n i n g E a n d d e n o t e it by S(E). 

For t he fo l low ing if {X^ is an in f in i te s e q u e n c e of sets, t hen X d e n o t e s the i r ca r tes ian p roduc t , 

X- n^i^,- ° n t h i s bas is w e can de f i ne the rema in ing c o n c e p t s tha t a re needed t o state t he ma in 

resu l t of th is s e c t i o n . 

D e f i n i t i o n 8 : M e a s u r a b i l i t y f o r C a r t e s i a n P r o d u c t s : For e a c h se t X., let S ;. b e a 

2 - a l g e b r a of subse ts of X . , and let \i.be a measu re on S y s u c h that ix.(X.) = 1. 

A rectangle is a set of t h e f o r m n L̂̂ z w h e r e A.C X. for al l / a n d A. = X. for all b u t a 

f in i te n u m b e r of va lues of /. A measurable rectangle is a r ec tang le for w h i c h e a c h A. is a 

measu rab le subse t of X.. 
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A subse t of X- W^X. is measurable iff it b e l o n g s to t he cr-ring ( w h i c h is ac tua l l y a 

cr-algebra) g e n e r a t e d by t h e c l ass of m e a s u r a b l e rec tang les . W e d e n o t e th is a - a l g e b r a by 

T h e next de f in i t i on de f i nes usefu l t e rms a n d no ta t i ons for d e a l i n g w i th p r o d u c t s o f m e a s u r e s p a c e s . 

D e f i n i t i o n 9 : C y l i n d e r s : Le t J b e any subse t of / , t h e pos i t i ve in tegers . T h e n t w o 

po in ts ( in X), JC = . . . ) a n d y = ( y ^ , . . . ) agree on J if x. = y f o r every j in / . W e 

wr i te th is as x=y (7 ) . 

A set E in X is ca l led a J-cylinder if x=y(J) imp l ies tha t x a n d y e i ther b o t h b e l o n g or 
bo th d o not b e l o n g to E. 

Final ly w e a d o p t t h e s h o r t h a n d X^ = n n̂+1̂ ,-for
 non -nega t i ve n. Th is a l l ows us to 

wr i te any / - c y l i n d e r E as A x X^ w h e r e AQYl^X. f o r s o m e n. 

T h e fo l low ing t h e o r e m is t he p r inc ip le measu re - theo re t i c resul t necessa ry to p rove ou r ma in 

fa i rness resul t . 

T h e o r e m 1 0 : E x i s t e n c e o f P r o d u c t M e a s u r e s : If {XrSrix.} is an in f in i te s e q u e n c e 

of tota l ly f in i te m e a s u r e s p a c e s w i th p^X.) = 1, t h e n t he re ex is ts a u n i q u e m e a s u r e \x on 

the a -a l geb ra S = F t ^ S - w i th the p rope r t y that for every m e a s u r a b l e set E of t he f o r m 

AxX(n\ 

IL(E) = (JI1X->-XVL}(A). 

T h e m e a s u r e /x is ca l led t he product of t h e g iven m e a s u r e s / i . , and the m e a s u r e s p a c e 

( X S , / ! ) is ca l led the cartesian product of t he g iven measu re s p a c e s . 

4. Fairness of Mutual Exclusion Elements 

4 . 1 . T h e B a s i c R e s u l t 

O u r mode l cha rac te r i zes mu tua l e x c l u s i o n e l emen ts by thei r reso lv ing p robab i l i t i es f r o m t he 

metas tab le s ta te (Pq .p^ . For real mu tua l e x c l u s i o n e lemen ts one w o u l d e x p e c t t hese p robab i l i t i es to 

be c l ose to 0.5, bu t it is u n r e a s o n a b l e to a s s u m e tha t they a re bo th exac t l y 0.5 for al l mu tua l e x c l u s i o n 

e lemen ts ; one w o u l d e x p e c t s l igh t va r ia t ions a r o u n d 0.5. F rom a theo re t i ca l s tandpo in t , t he s ize of 

the in terva l a r o u n d 0.5 tha t c o n t a i n s these p robab i l i t i es is immate r ia l as long as ze ro is e x c l u d e d . In 

o ther w o r d s , e x p a n d i n g tha t in terva l f rom a smal l a rea a r o u n d 0.5 to the ent i re o p e n uni t in terval 

b e t w e e n 0 a n d 1 c h a n g e s ne i ther t h e resu l ts nor the i r p roo fs , desp i te o u r expec ta t i on that t he 

probab i l i t ies d o no t l ie in most of t he in terva l . E x c l u d i n g 0 and 1 as probab i l i t i es requ i res that t he 

metas tab le s ta te exh ib i t an indec is ion a m o n g poss ib le c h o i c e s ; adm i t t i ng 0 a n d 1 a l lows the s i tua t ion 
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in w h i c h the same reques t is a lmos t a lways g ran ted in any con f l i c t , a n d t hus t h e c o r r e s p o n d i n g 

mu tua l e x c l u s i o n e l emen t c a n n o t poss ib l y be fair. O u r m a i n resul t is the f o l l o w i n g : 

T h e o r e m 1 1 : Any mu tua l exc lus i on e lemen t fo r w h i c h p Q and p 1 a re not zero is fa i r 

unde r ou r mode l a n d de f in i t i ons . 

P r o o f : A c c o r d i n g to ou r de f i n i t i on of fa i rness , it is su f f i c ien t to s h o w tha t t h e p robab i l i t y 
of the set of un fa i r in f in i te two -e l emen t c h o i c e s e q u e n c e s is ze ro . For a rb i t ra ry pos i t i ve 
p robab i l i t i es p Q and p 1 ( such tha t p Q + p 1 = 1) w e p r o c e e d as f o l l ows : 

C o r r e s p o n d i n g t o a s ing le c h o i c e w e de f i ne the c h o i c e measu re s p a c e C = (C,T, /x c ) as: 

• C = {gQtqJ 

• T = { 0 , { g o } , { g 1 } , { g o > g 1 } } 

• / i c ( 0 ) = 0 , / x c ( { g 0 } ) = p o l / i c ( { g 1 » = P^MctfQo 'QiM = P 0 + P 1 

C is a to ta l ly f in i te measu re s p a c e s u c h tha t iiQ(Q = 1. C c o r r e s p o n d s d i rec t l y to a s ing le 

c h o i c e f rom t h e two -e lemen t c h o i c e set. 

For al l pos i t ive i n tegers i, let P. = C. N o w let (P.S./x) be the ca r tes ian p r o d u c t of t he P.. 

From t h e o r e m 10, w e c o n c l u d e t ha t t he p robab i l i t y measu re /x on P is we l l d e f i n e d . P is 

t he re fo re the probab i l i t y measu re s p a c e of in f in i te t w o - e l e m e n t c h o i c e s e q u e n c e s . 

L e m m a : Every po in t in P is measu rab le and has m e a s u r e ze ro . 

P r o o f : Cons ide r an arb i t ra ry o n e po in t subse t of P, { * } . x is the in f in i te s e q u e n c e 

(xx,x2, • • . ) w h e r e e a c h x.e{g0,g1}. For n>0, let Jn = { 1 , 2 , . . . ,n}. T h e n (x^ ... ,xj d e f i n e s 

a ^ - c y l i n d e r E w h i c h c o n t a i n s {x}. M o r e p rec ise ly w e have 

w h e r e A' deno tes t he c o m p l e m e n t of t h e set A. S is a a -a lgeb ra , h e n c e it is c l o s e d u n d e r 

c o m p l e m e n t a t i o n and c o u n t a b l e u n i o n by de f i n i t i on . S ince ai l of t h e E a re in S it f o l l o w s 

f r o m t h e equa l i t ies above tha t {x} € S, t he re fo re {x} is measu rab le by de f i n i t i on . 

To f i nd the measu re of {x}, a s s u m e w i t hou t loss of genera l i t y tha t p Q > p r F rom t h e o r e m 

10 a n d the de f in i t i on of t h e measu re s p a c e P, w e k n o w that t he m e a s u r e of E is 

n"=1/*<.(•*,•)• Unde r our a s s u m p t i o n on p Q and p r th is quan t i t y is b o u n d e d f r o m above b y 

( p 0 ) " . S i n c e {x}CE for al l n w e c o n c l u d e tha t 

H({x})< l im i n f ( p / 
n—• co 

S i n c e {p0)n is a g e o m e t r i c ser ies w i t h c o m m o n ra t io p Q and 0 < p Q < 1, t he l im inf and t h e 

l imi t a r e ident ica l and equa l to 0. As a m e a s u r e /x mus t be non -nega t i ve , t he re fo re 
= 0. • L e m m a . 

L e m m a : T h e set of unfa i r in f in i te two -e lemen t c h o i c e s e q u e n c e s is coun tab le . 
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P r o o f : An un fa i r in f in i te t w o - e l e m e n t c h o i c e s e q u e n c e mus t fai l to g r a n t s o m e 
c o n t i n u o u s l y asse r ted request . The requ i res tha t af ter s o m e f in i te po in t the s e q u e n c e 
b e c o m e s e i ther g Q r epea t i ng o r g 1 r epea t i ng . S u c h s e q u e n c e s c a n be e n u m e r a t e d by 
e n u m e r a t i n g the i r p re f i xes (assuming the last e l emen t of t h e pref ix is the f irst e l emen t of 
t he repea t i ng por t i on ) and c a s t i n g ou t d u p l i c a t e s as par t of t h e e n u m e r a t i o n p rocess . 

• L e m m a . 

S i n c e t h e set of un fa i r in f in i te two -e lemen t c h o i c e s e q u e n c e s is c o u n t a b l e , it is a 
c o u n t a b l e d is jo in t u n i o n of the se ts c o n t a i n i n g its ind iv idua l e lemen ts . Each of t hese se ts 
has m e a s u r e ze ro by t he f i rst l e m m a , t he re fo re t h e en t i re set of un fa i r in f in i te two -e l emen t 
c h o i c e s e q u e n c e s a lso has m e a s u r e ze ro b e c a u s e any m e a s u r e is c o u n t a b l y add i t i ve . 
Th is p roves the t h e o r e m . • 

4 . 2 . E x t e n s i o n t o L a r g e r E l e m e n t s 

Hav ing p r o v e d ou r ma in resul t fo r t w o inpu t mu tua l e x c l u s i o n e lemen ts , w e n o w ex tend it to la rger 

m u t u a l e x c l u s i o n e lemen ts . T h e ma jo r new i dea in th is p roo f is t he i n t r o d u c t i o n of the e x c l u d e d 

c h o i c e se ts , a use fu l c l ass of se ts that i nc l udes t h e C a n t o r Set. W e in fo rma l l y d i s c u s s ou r 

m e t h o d o l o g y be fo re p resen t i ng t h e e x t e n d e d p roo f . 

As t h e n u m b e r of i npu ts i nc reases , t h e c o m p l e x i t y of ou r c h o i c e set mode l a lso inc reases . To avo id 

c h a n g i n g t h e sp i r i t of ou r a p p r o a c h it is necessa ry to ex t rac t s u b s e q u e n c e s c o r r e s p o n d i n g t o e a c h of 

t h e f in i te ly many poss ib le mu l t i - e lemen t c h o i c e sets ; e a c h c h o i c e set c o r r e s p o n d s to a d i f fe ren t 

m e a s u r e s p a c e a n d p r o d u c t space , so the p roo f tha t t h e un fa i r s e q u e n c e s have measu re ze ro m u s t 

n o w b e p e r f o r m e d o n c e for e a c h mu l t i - e lemen t c h o i c e set . For c h o i c e se ts c o n t a i n i n g exac t l y t w o 

e lemen ts t h e p roo f has been g iven a b o v e , bu t fo r c h o i c e se ts con ta i n i ng m o r e t h a n t w o e lemen ts , t he 

set of un fa i r s e q u e n c e s b e c o m e s u n c o u n t a b l e requ i r i ng a s l ight ly rnore soph i s t i ca ted a p p r o a c h . 

For c h o i c e se ts c o n t a i n i n g t h ree or m o r e e lemen ts t he ma in t h e o r e m a b o v e is st i l l t rue , bu t its p roo f 

invo lves t h e in f in i te s e q u e n c e ana log of the C a n t o r Set and re la ted sets ; w e refer to these as e x c l u d e d 

c h o i c e se ts , and no te tha t they a re n e e d e d to p rove the la rger c h o i c e set ve r s i ons of t he l e m m a s in 

t he o r ig ina l p roof . 

D e f i n i t i o n 1 2 : E x c l u d e d C h o i c e S e t s : For a c h o i c e set C and an e x c l u d e d set E C C , 

the n t h e x c l u d e d c h o i c e set, x^(C) for n > 0 , is the se t of in f in i te s e q u e n c e s of e lemen ts 

f r om C s u c h tha t no e lemen t of E o c c u r s in the s u b s e q u e n c e s ta r t ing at t he n t h pos i t i on . 

(The 1 s t e x c l u d e d set f o rb ids t h e o c c u r r e n c e of e l emen ts of E, the 3 r d a l l ows t h e m to o c c u r 

on ly in the f irst t w o pos i t i ons , e tc . ) . 

O n e of t hese se ts c o r r e s p o n d s to t h e ma themat i ca l odd i t y k n o w n as the Can to r Set. The C a n t o r Set 

is c o n s t r u c t e d by t ak ing the uni t in terva l f rom zero to one i nc l ud ing e n d p o i n t s and de le t ing its o p e n 
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m idd le th i rd ( the in terva l f r o m 1 /3 t o 2 / 3 w i t h o u t endpo in t s ) , t h e n de le t i ng the o p e n m idd le th i rd f r om 

t h e t w o in terva ls t h u s f o r m e d a n d so on ad in f i n i t um. T h e Can to r Set is an u n c o u n t a b l e n o w h e r e 

d e n s e set of m e a s u r e ze ro w h i c h c o n t a i n s all of i ts l imi t po in ts ; as s u c h it is a c o m m o n 

c o u n t e r e x a m p l e in ma thema t i cs . In ou r f r a m e w o r k t h e C a n t o r set c o r r e s p o n d s t o X { 1 } ( { ° ' 1 w h e r e 

e a c h in f in i te s e q u e n c e is c o n s i d e r e d as t h e te rnary e x p a n s i o n of a n u m b e r , in t h e un i t in terva l 

b e t w e e n 0 a n d 1 inc lus ive . To o u r k n o w l e d g e , th is is t h e f i rst use of t h e C a n t o r Se t in c o m p u t e r 

s c i e n c e . 

For an n- input mu tua l e x c l u s i o n e lemen t , w e d e n o t e t h e reques ts , g ran t s and respec t i ve 

p robab i l i t i es by { r Q , . . . , r n 1 } , { g Q , . . . , g n - 1 } , a n d { p Q , . . . W e c a n n o w sta te a n d p r o v e . t h e 

genera l i zed t h e o r e m . 

T h e o r e m 1 3 : Any n- input m u t u a l e x c l u s i o n e lemen t fo r w h i c h al l of { p Q , . . . i P ^ } a re 

non -ze ro is fa i r under ou r m o d e l and de f in i t i ons . 
P r o o f : Based on ou r a b o v e d i s c u s s i o n , it su f f i ces to s h o w tha t for any c h o i c e se t 

c o n t a i n i n g m o r e than one e lemen t , t he p robab i l i t y of un fa i r in f in i te c h o i c e s e q u e n c e s f r o m 
all t he e l emen ts is ze ro . Le t n b e t he s ize of an a rb i t ra ry s u c h se t , a n d w i t hou t loss of 
genera l i t y a s s u m e tha t it c o n t a i n s { g Q , . . . , g n m 1 } . For a rb i t ra ry pos i t i ve p robab i l i t i es 

{ p Q , . . . , p n ^ } s u c h tha t 2, n

= oPj = 1 w e p r o c e e d as f o l l ows : 

C o r r e s p o n d i n g to a s ing le c h o i c e w e de f i ne t h e c h o i c e measu re s p a c e C = (C.T , / *^ as: 

• c = { 9 0 9n-i> 

• T = 9 ( C ) , t h e p o w e r s e t of C. 

• M c W ) = 2 f l | € i l P | f o r ^ € T . 

C is a to ta l ly f in i te m e a s u r e s p a c e s u c h tha t / i c ( C ) = 1. C c o r r e s p o n d s d i rec t l y to a s i ng le 

c h o i c e f r om t h e n-e lement c h o i c e set . 

For al l pos i t i ve in tegers /, let P = C. N o w let (P.S./ i ) b e the car tes ian p r o d u c t of t h e P , . 

T h e o r e m 10 impl ies tha t t h e p robab i l i t y m e a s u r e / i on P is we l l d e f i n e d . P is t he re fo re t h e 

p robab i l i t y measu re s p a c e of in f in i te n -e lement c h o i c e s e q u e n c e s . 

L e m m a : T h e set of un fa i r in f in i te n -e lement c h o i c e s e q u e n c e s is t he c o u n t a b l e n o n -

d is jo in t un ion of the of x™(0 w h e r e E ranges over all s i ng le ton se ts cons is t i ng of exac t l y 

o n e e lemen t f rom C a n d m ranges over t h e pos i t ive in tegers . 

P r o o f : A n unfa i r in f in i te n -e lement c h o i c e s e q u e n c e m u s t fail to g ran t s o m e 

con t i nuous l y asser ted reques t , say r.. S u c h a s e q u e n c e is in X ^ } ( 0 whe re m is t h e 

s e q u e n c e pos i t ion at w h i c h s ta rva t ion beg ins . 
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C o n v e r s e ^ , any e lemen t of X ™ g . } ( 0 for m pos i t i ve must fai l to g r a n t the reques t r. a f ter 

pos i t i on m, and is t he re fo re unfa i r . • L e m m a . 

L e m m a : 

For 9 j£ (9Q. • • • » 9 n . i ) a n c l m pos i t i ve , X ^ } ( 0 * s measu rab le in P a n d has m e a s u r e ze ro . 

P r o o f : For k>0, let (Jk = {m,m+1,... tm+k— 1} . Let Ek be t h e m e a s u r a b l e / ^ - c y l i n d e r 

de f i ned by e x c l u d i n g g { f r o m t h e pos i t i ons in Jk. Ek c o n t a i n s t he des i red e x c l u d e d c h o i c e 

set. Mo re p rec ise ly w e have 

w h e r e Af d e n o t e s t he c o m p l e m e n t of t he set A. S is a a -a lgeb ra , h e n c e it is c l osed u n d e r 
c o m p l e m e n t a t i o n a n d c o u n t a b l e u n i o n by de f i n i t i on . S i nce ail of the Ek a re in S it f o l l ows 

f r om the equa l i t i es a b o v e tha t X<^.}(0 € s > the re fo re X^/jCO's
 measu rab le by de f i n i t i on . 

T o f ind i ts m e a s u r e , let p. be t h e smal les t p robab i l i t y in { p Q , . . . , P n . 1 } . F r o m t h e o r e m 10 

and the de f in i t i on of t h e m e a s u r e s p a c e P, w e k n o w tha t the measu re of Ek is 

n / = 1 ^ c ( c ~ {£ / } ) • T h j s quan t i t y is b o u n d e d f r om a b o v e by (1 -pp* . S i n c e X { g j ( 0 QEk for 

all k w e c o n c l u d e tha t 

^X?Qy(C))< l im inf (1 -p . ) * 

S i n c e (1-pp^ is a g e o m e t r i c se r ies w i t h c o m m o n rat io 1 -p. and 0 < 1 - p . < 1 , t he l im inf a n d 

the l imit a re iden t i ca l and equa l to 0. As a m e a s u r e /i m u s t b e non -nega t i ve , t he re fo re 

/ A ( X ^ . } ( 0 ) = 0. • L e m m a . 

F r o m t h e a b o v e t w o l e m m a s w e k n o w tha t t h e se t of un fa i r in f in i te n -e lement c h o i c e 
s e q u e n c e s is a c o u n t a b l e non -d i s j o i n t un ion of se ts of measu re 0. S i n c e p. is b o t h n o n -
negat i ve a n d c o u n t a b l y subadd i t i ve , t h e set of un fa i r in f in i te n -e lement c h o i c e s e q u e n c e s 
has m e a s u r e 0. Th is p roves t h e t h e o r e m . • 

Th i s c o m p l e t e s the p roo f of o u r m a i n fa i rness t h e o r e m fo r mu tua l e x c l u s i o n e lemen ts w i t h t h ree or 

m o r e inpu ts . W e n o w cons i de r the imp l i ca t i ons of th is resu l t fo r (mul t i - input ) a rb i te rs i m p l e m e n t e d 

w i t h m o r e t h a n o n e mu tua l exc l us i on e lemen t . 
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5. Fairness of Multiple Input Arbiters 
Th is s e c t i o n bu i lds u p o n our fa i rness resu l t for mu tua l exc l us i on e lements to es tab l i sh a genera l 

fa i rness resul t for a rb i te rs c o n t a i n i n g o n e or m o r e mu tua l e x c l u s i o n e lements . As w i t h ou r a p p r o a c h 

to mu tua l exc lus ion e lements , w e f i rst de f i ne an abs t rac t mode l of s u c h a rb i te rs a n d then p rove ou r 

ma in resul t w i th in t h e f r a m e w o r k of t ha t m o d e l . T h r o u g h o u t th is sec t i on w e are mos t i n te res ted in 

a s y n c h r o n o u s arb i te rs , i.e. t h o s e a rb i te rs tha t impose no t im ing cons t ra i n t s on t he p resen ta t ion of the 

reques ts a m o n g w h i c h they arb i t ra te , and c o n t i n u e to f u n c t i o n in t h e a b s e n c e of requests f r o m o n e or 

m o r e c o n n e c t e d p rocesses . O u r m o d e l a n d resu l t a re gene ra l e n o u g h to be app l i cab le ou t s i de th is 

d o m a i n , bu t they d o not app ly to pr io r i t i zed or da isy c h a i n arb i te rs in w h i c h o n e reques t has abso lu te 

pr ior i ty over ano the r . S u c h arb i te rs mus t favor a reques t of h ighe r pr io r i ty ove r o n e of l ower pr ior i ty ; 

th is can resul t in s ta rva t ion of t h e lower p r io r i t y request . 

5 . 1 . M o d e l i n g A r b i t e r s 

C o m m o n d e s i g n and imp lemen ta t i on t e c h n i q u e s fo r mu l t ip le i npu t a rb i te rs use mu l t ip le mu tua l 

e x c l u s i o n e lemen ts a r r anged in a h i e ra rch i ca l or r ing f o rma t i on . A reques t f r om o n e p rocess us ing 

the arb i te r mus t t hen be g r a n t e d by o n e or m o r e of t h e s e e lemen ts be fo re ac tua l l y be ing g r a n t e d by 

the arb i te r . . W e assume fo r th is w o r k tha t t he arb i te r has b e e n co r rec t l y d e s i g n e d to imp lemen t mu tua l 

e x c l u s i o n and p reven t in terna l d e a d l o c k . 

T h e t w o ma in m e t h o d o l o g i e s for d e s i g n i n g mu l t i - i npu t a rb i te rs us ing mu l t i p le (usua l ly two- inpu t ) 

mu tua l e x c l u s i o n e l emen ts are t he h ie ra rch i ca l and r ing m e t h o d o l o g i e s . 

• A h ie ra rch i ca l a rb i te r uses mu l t ip le levels of mu tua l e x c l u s i o n e lements and s u r r o u n d i n g 
c i r cu i t r y to r e d u c e the n u m b e r of reques ts to t w o w h i c h a re f inal ly a rb i t ra ted by a top -
level mu tua l exc lus ion e lement . T h u s , a par t i cu la r reques t en te r ing the arb i te r mus t 
ob ta in a f ixed s e q u e n c e of g ran t s cu lm ina t i ng in t he g ran t f r o m the top- leve l e l emen t to 
rece i ve a g ran t f r o m the arb i ter . 

• A r ing arb i te r a r ranges mu tua l e x c l u s i o n e lemen ts a n d s u r r o u n d i n g c i r cu i t r y in a r ing 
a r o u n d w h i c h a s ing le t o k e n o r p r i v i l ege t ravels . Possess ion of t he t oken o r pr iv i lege 
g ives a r ing e lemen t the r ight to issue a grant to its a t t a c h e d reques t ; a b s e n c e of the 
t o k e n requ i res a reques t to ob ta in it, or a wai t for it. The mu tua l e x c l u s i o n e lemen t is 
n e e d e d in each r ing e lement to a rb i t ra te be tween ho ld ing t he t oken to g ran t a pend ing 
reques t at tha t e lement and pass ing the t oken a long the r ing so that s o m e o ther pend ing 
reques t may b e g ran ted . T h u s a reques t must ob ta in g ran ts f r o m all t he mu tua l exc lus ion 
e l emen ts requ i red t o pass the t oken a r o u n d the r ing t o the c o r r e s p o n d i n g e lement , and 
f ina l ly f r om tha t e lement itself. Th i s s e q u e n c e of requ i red g ran t s d e p e n d s u p o n the token 
pos i t i on w h e n the reques t is m a d e ; s i n c e the r ing has a f i xed n u m b e r of e lements , t he re 
a re f in i te ly m a n y poss ib le pos i t i ons a n d the re fo re f in i te ly many s u c h s e q u e n c e s are 
poss ib le . 



13 

B a s e d on t h e a b o v e , ou r m o d e l of a rb i t e rs is t ha t fo r e a c h p r o c e s s c o n n e c t e d to t h e a rb i te r t h e r e 

a re o n e or m o r e f in i te s e q u e n c e s of m u t u a l e x c l u s i o n e l e m e n t s f r o m w h i c h g r a n t s mus t b e o b t a i n e d in 

o r d e r to c a u s e t h e a rb i te r t o g ran t a r eques t f r o m tha t p rocess . For any par t i cu la r r eques t f r o m a 

p r o c e s s , exac t l y o n e of t hese s e q u e n c e s is a p p r o p r i a t e ; t h i s s e q u e n c e is d e t e r m i n e d by t h e s ta te of 

t he a rb i te r ( t oken pos i t i on in t he c a s e of a r ing) w h e n t h e reques t is m a d e . 

5 . 2 . F a i r n e s s R e s u l t 

T h e f o l l ow ing de f i n i t i on of f a i r ness is t h e p robab i l i s t i c a n a l o g of t h e s t a n d a r d n o t i o n of w e a k 

fa i rness . W e aga in e m p h a s i z e tha t t hese t w o n o t i o n s a re very s imi lar ; a fa i rness resu l t us ing th is 

de f i n i t i on al l bu t es tab l i shes w e a k fa i rness f o r a rb i te rs . 

D e f i n i t i o n 1 4 : P r o b a b i l i s t i c W e a k F a i r n e s s f o r A r b i t e r s : An a rb i te r is 
p robab i l i s t i ca l l y weak l y fair if a n y con t i nua l l y asse r t ed reques t is even tua l l y g r a n t e d w i th 
p robab i l i t y 1 . 

Us ing ou r m o d e l a n d th is de f i n i t i on , w e c a n p rove the f o l l ow ing resu l t : 

T h e o r e m 1 5 : Al l a rb i t e rs r e p r e s e n t e d by o u r m o d e l a re fair in t h e w e a k p robab i l i s t i c 
s e n s e . 

P r o o f : Le t r b e an a rb i t ra ry r eques t a n d M v . . . , M n t h e c o r r e s p o n d i n g s e q u e n c e of. 
mu tua l e x c l u s i o n e l emen ts f r o m w h i c h g ran t s mus t b e ob ta i ned to g r a n t r. O u r resu l t on 
m u t ua l e x c l u s i o n e l emen t fa i rness imp l ies that M 1 wi l l even tua l l y g r a n t r w i t h p robab i l i t y 1 , 
t h u s a l l ow ing it t o be p r e s e n t e d to M 2 , w h i c h even tua l l y g r a n t s it w i t h p robab i l i t y 1 , e tc . 
F ina l ly r is p resen ted t o M p w h i c h even tua l l y g r a n t s it w i th p robab i l i t y 1 , t h u s c a u s i n g the 
arb i te r to g ran t r. Mu l t i p l y ing t hese p robab i l i t i es p r o d u c e s t he resu l t that r is even tua l l y 
g r a n t e d w i t h p robab i l i t y 1 as in the de f i n i t i on of p robab i l i s t i c w e a k fa i rness . S i n c e r w a s 
a rb i t ra ry th is es tab l i shes t h e t h e o r e m . • 

W e be l ieve tha t th is t h e o r e m essent ia l l y se t t les the w e a k fa i rness q u e s t i o n for a rb i te rs ; essent ia l ly 

any non -p r i o r i t i zed a s y n c h r o n o u s a rb i te r t ha t h a s or w i l l b e d e s i g n e d fa l ls u n d e r our m o d e l , a n d is 

t h e r e f o r e fair u n d e r ou r de f i n i t i on of fa i rness . Th is de f i n i t i on is c l ose e n o u g h to w e a k fa i rness to 

essent ia l l y se t t le t h e w e a k fa i rness q u e s t i o n for a rb i te rs . 

6. Conclusion 
In t h i s pape r w e have c o n s i d e r e d t h e fa i rness of m u t u a l e x c l u s i o n e lemen ts , t he mos t i m p o r t a n t 

b u i l d i n g b l ock fo r any arb i ter . A p robab i l i s t i c c h o i c e set mode l has b e e n i n t r o d u c e d to c a p t u r e the 

c h o i c e behav io r of s u c h e lemen ts . Us ing th is m o d e l on in f in i te s e q u e n c e s w e have d e f i n e d a 

p robab i l i s t i c no t i on of fa i rness , a n d s h o w n tha t m u t u a l e x c l u s i o n e l emen ts a re fair in gene ra l , 

p r o v i d e d tha t a s i m p l e a s s u m p t i o n a b o u t the i r p robab i l i s t i c behav io r is satisf ied,. (Any we l l - des igned 

mu tua l e x c l u s i o n e l e m e n t d o e s sat is fy t h e assumpt ion . ) W e have a lso ex tended th is resu l t to 
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es tab l i sh t he fa i rness of a w i d e c lass of a rb i te rs i n c l u d i n g v i r tua l ly all k n o w n non -p r i o r i t i zed mu l t i -

i npu t des i gns . Th i s essent ia l l y se t t les t he w e a k fa i rness q u e s t i o n fo r non -p r io r i t i zed a rb i te rs ; in 

gene ra l s u c h a rb i te rs a re fair in a s e n s e t h a t is very c l o s e t o t he s t a n d a r d no t i on of w e a k fa i rness . 
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