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P i t t s b u r g h 

0. A b s t r a c t . 

T h i s p a p e r descr ibes a s e m a n t i c a l l y - b a s e d ax iomat i c t r e a t m e n t of a s imple para l le l 
p r o g r a m m i n g l anguage . We consider an impera t ive l anguage w i t h sha red var iab le concur­
rency a n d a cr i t ical region cons t ruc t . After giving a s t r u c t u r a l ope ra t iona l semant ics for 
t h e l anguage we use t h e s eman t i c s t r u c t u r e to sugges t a class of asser t ions for expressing 
seman t i c p rope r t i e s of c o m m a n d s . T h e s t r u c t u r e of the asser t ions reflects t h e s t r u c t u r e of 
the s eman t i c r ep resen ta t ion of a c o m m a n d . We t h e n define syn tac t i c ope ra t ions on asser­
t ions wh ich co r respond precisely to t h e co r respond ing syn tac t i c c o n s t r u c t s of the p r o g r a m ­
m i n g l anguage ; in pa r t i cu l a r , we define sequent ia l a n d para l le l compos i t ion of asser t ions . 
T h i s enables us to design a t ru ly compos i t iona l proof sys tem for p r o g r a m p rope r t i e s . O u r 
proof sys t em is sound a n d rela t ively comple te . We examine t h e re la t ionsh ip be tween our 
proof sys tem a n d t h e Owicki -Gr ies proof sys t em for t h e same language , a n d we see how 
Owicki ' s para l le l proof rule can be r e fo rmula ted in our se t t ing . O u r asser t ions are more 
expressive t h a n Owicki ' s , a n d her proof outlines co r respond roughly to a special subse t of 
our asser t ion l anguage . Owicki ' s para l le l rule can be t h o u g h t of as be ing based on a sl ightly 
different form of para l le l compos i t ion of asser t ions ; our form does n o t require interference-
freedom, a n d our proof sys tem is re la t ively comple t e w i t h o u t t h e need for auxi l iary vari­
ables . Connec t i ons w i t h t h e "Genera l ized Hoare Logic" of L a m p o r t a n d Schneider , a n d 
w i t h t h e Trans i t i on Logic of G e r t h , are discussed briefly, a n d we ind ica te how to ex tend 
our ideas to include some more p r o g r a m m i n g cons t ruc t s , inc luding condi t iona l c o m m a n d s , 
condi t iona l cr i t ical regions , a n d loops. 

1. I n t r o d u c t i o n . 

It is widely accepted t h a t formal reason ing a b o u t p r o g r a m p rope r t i e s is des i rable . 
Hoa re s p a p e r [12] has led to a t t e m p t s to give ax iomat ic t r e a t m e n t s for a wide var ie ty of 
programming l anguages . Hoare ' s p a p e r t r e a t e d p a r t i a l cor rec tness p rope r t i e s of c o m m a n d s 



in a sequent ia l p r o g r a m m i n g language , us ing s imple asser t ions based on pre- a n d post­
condi t ions ; the ax iom sys tem given in t h a t p a p e r is sound and relat ively comple te [8]. T h e 
proof sys tem was syntax-directed, in t h a t ax ioms or rules were given for each syn tac t i c 
cons t ruc t . T h e asser t ions chosen by Hoare are a d m i r a b l y su i ted to the task: t hey are 
concise in s t r u c t u r e and have a clear cor re la t ion wi th a n a t u r a l s t a t e t r a n s f o r m a t i o n 
semant ics for t h e p r o g r a m m i n g l anguage ; th is m e a n s t h a t fairly s t r a igh t fo rward proofs 
of t h e soundness a n d comple teness of Hoare ' s proof sys t em can be given [1,8]. 

W h e n we consider more compl ica ted p r o g r a m m i n g languages the p i c tu re is n o t so 
s imple . M a n y exis t ing ax iomat ic t r e a t m e n t s of p r o g r a m m i n g languages have tu rned o u t to 
be c i ther unsound or incomple te [25]. T h e task of es tab l i sh ing soundness a n d comple teness 
of proof sys t ems for p r o g r a m p rope r t i e s can be compl ica ted by an excessive a m o u n t of 
de ta i l used in t h e s e m a n t i c desc r ip t ion of the p r o g r a m m i n g language . T h i s po in t seems 
to be qui te well k n o w n , a n d is m a d e , for ins tance in [ l ] . Similar p rob lems can be caused 
by t h e use of an excessively in t r ica te or poor ly s t r u c t u r e d asser t ion l anguage , or by overly 
compl ica ted proof rules . Ce r t a in ly for sequent ia l l anguages wi th s t a t e - t r a n s f o r m a t i o n 
semant ics t he usual Hoare-s ty le asser t ions w i th pre- a n d pos t -condi t ions are su i t ab le . B u t 
for more compl ica ted l anguages wh ich requi re m o r e sophis t i ca ted s eman t i c t r e a t m e n t we 
believe t h a t it is i n a p p r o p r i a t e to t r y to force asser t ions to Bt into t h e pre- a n d post ­
condi t ion mou ld ; such an a t t e m p t t ends to lead to pre- a n d pos t - cond i t ions w i t h a r a t h e r 
complex s t r u c t u r e , w h e n i t could be s impler to use a class of asser t ions w i t h a different 
s t r u c t u r e which more accura te ly co r responds to the semant ics . T h e po ten t i a l benefits of 
bas ing an ax iomat ic t r e a t m e n t d i rec t ly on a well chosen semant ics has been a rgued , for 
ins tance , in [7], where an ax iomat i c t r e a t m e n t of al iasing was given. Paral le l p r o g r a m m i n g 
languages cer ta in ly requi re a more soph i s t i ca ted seman t i c mode l t h a n sequent ia l l anguages , 
a n d th is p a p e r a t t e m p t s t o c o n s t r u c t a m o r e soph i s t i ca ted ax iomat ic t r e a t m e n t based on 
t h e resumption mode l of Hennessy a n d P l o t k i n [22]. 

P r o o f sys tems for reason ing a b o u t var ious forms of para l le l i sm have been p roposed 
b y several a u t h o r s , n o t a b l y [2,3,4,11,15,16,17,18,19,20,21]. Owicki a n d Gries [20,21] gave 
a Hoare-s ty le ax iom sys t em for a s imple para l le l p r o g r a m m i n g l anguage in which para l le l 
c o m m a n d s can i n t e r ac t t h r o u g h the i r effects on sha red var iab les . T h e i r proof rule for 
para l le l compos i t ion involved a no t ion of interference-freedom a n d used proof outlines 
for paral le l processes , r a t h e r t h a n t h e usua l Hoare-s ty le asser t ions . In order to o b t a i n a 
comple te proof sys tem Owicki found it necessary to use auxiliary variables and to a d d 
proof rules for deal ing w i t h t h e m . T h e s e fea tures have been the sub jec t of cons iderable 
discussion in t h e l i t e r a tu re , such as [5,16]. O u r a p p r o a c h is t o begin w i t h an a p p r o p r i a t e 
s eman t i c mode l , chosen to allow compos i t iona l reasoning a b o u t p r o g r a m p rope r t i e s . We 
use t h e s t r u c t u r e of th is mode l more di rec t ly t h a n is usua l in the design of an asser t ion 
language for p r o g r a m proper t i e s , a n d th is leads to proof rules w i th a very s imple s t r u c t u r e , 
a l t hough (or r a t h e r , because) our asser t ions are more powerful t h a n convent ional Hoare-
style asser t ions ; Owicki ' s proof out l ines emerge as special cases of our asser t ions . T h e 
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soundness and comple teness of our proof sys tem are a rguab ly less difficult to es tabl ish, as 
the proof sys tem is closely based on the semant i c s and the semant ics has been chosen to 
embody as l i t t le compl ica t ion as possible while still s u p p o r t i n g formal reasoning a b o u t the 
desired p rope r t i e s of p r o g r a m s . 

T h e p r o g r a m m i n g language discussed here is a subse t of t he language considered b y 
Owicki [20,21], and by Hennessy and P lo tk in [22]. A d o p t i n g the s t r u c t u r a l ope ra t iona l 
semant ics of [22,26] for this l anguage , we design a class of asser t ions for express ing seman­
tic p rope r t i e s of c o m m a n d s . We then define syntactic ope ra t ions on asser t ions which cor­
respond to the semantics of the var ious syn tac t i c cons t ruc t s in t he p r o g r a m m i n g language; 
in pa r t i cu l a r , we define sequent ia l a n d para l le l composi t ion for asser t ions . T h i s leads 
n a t u r a l l y to compositional, or syn tax-d i rec ted , proof rules for the syn tac t i c cons t ruc t s . We 
do n o t need an in terference-f reedom condi t ion in our rule for paral le l composi t ion , in con­
t r a s t to Owick i ' s sys tem. Similar ly, we do n o t need an auxi l iary var iables rule in order to 
o b t a i n comple teness . We show how to cons t ruc t Owicki ' s rule for paral le l composi t ion a n d 
t h e need for her in terference-freedom condi t ion , us ing our m e t h o d s . Essent ia l ly , Owicki ' s 
sys t em uses a r e s t r i c t ed subse t of our asser t ions a n d a v a r i a n t form of para l le l compos i t ion 
of asser t ions . 

We c o m p a r e our work briefly w i t h t h a t of some o ther a u t h o r s in th i s field, discuss some 
of i ts p r e sen t l imi ta t ions , a n d the p a p e r ends w i t h a few suggest ions for fur ther research 
a n d some conclusions . In pa r t i cu l a r , we ind ica te t h a t our ideas can be ex tended to cover 
fea tures o m i t t e d from the b o d y of t h e pape r , such as condi t iona l cr i t ical regions, loops a n d 
condi t iona ls . We also believe t h a t w i t h a few modif icat ions in the asser t ion language we 
will be able to i nco rpo ra t e g u a r d e d c o m m a n d s [9,10], a n d w i t h an a p p r o p r i a t e definition 
of para l le l compos i t ion for asser t ions we will be able to t r e a t CSP-l ike para l le l compos i t ion 
[13], in wh ich processes do n o t share var iables b u t ins tead in t e r ac t solely by means of 
synchron ized c o m m u n i c a t i o n . 

2. A P a r a l l e l P r o g r a m m i n g L a n g u a g e . 

We begin w i t h a s imple p r o g r a m m i n g language con ta in ing a s s ignment a n d sequent ia l 
compos i t ion , t o g e t h e r w i t h a s imple form of paral le l composi t ion , a n d a "cri t ical region" 
cons t ruc t . Paral le l c o m m a n d s i n t e r a c t solely t h r o u g h the i r effects on sha red var iables . 
For s impl ic i ty of p r e sen t a t i on we o m i t condi t iona ls a n d loops , a t least for t he p resen t , as 
we w a n t to focus on the p r o b l e m s caused b y para l le l i sm. We will r e t u r n briefly to these 
fea tures la te r . As usua l for impera t ive l anguages , we d is t inguish the syn tac t i c categories of 
identifiers, express ions , a n d c o m m a n d s . T h e a b s t r a c t syn t ax for expressions a n d identifiers 
will be t a k e n for g r a n t e d . 
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Syntax, 

I G Ide identifiers, 

E £ E x p express ions , 

r £ Com c o m m a n d s , 

r : : = skip | I:=E | r, ; T 2 | [rt || T 2] | <r). 

T h e n o t a t i o n is fairly s t a n d a r d . T h e c o m m a n d s k i p is an a t o m i c ac t ion hav ing no 
effect on p r o g r a m var iab les . An ass ignment , deno ted I:=E, is also an a t o m i c ac t ion; it sets 
t h e value of / to the (execut ion- t ime) value of E, Sequent ia l composi t ion is r ep resen ted by 
ri;T2. A para l le l compos i t ion [V\ \\ T<2] is executed by in ter leaving the a t o m i c ac t ions of 
t h e c o m p o n e n t c o m m a n d s I \ a n d F2- A c o m m a n d of t he form (F) is a critical region; th is 
c o n s t r u c t conver ts a c o m m a n d into an a tomic ac t ion , a n d cor responds to a special case of 
an await s t a t e m e n t in [20], whe re the n o t a t i o n a w a i t t r u e do F would have been used. 

In descr ib ing the semant ics of th is l anguage , we will focus ma in ly on c o m m a n d s . T h e 
set S of states consists s imply of t h e (par t ia l ) funct ions from identifiers to va lues : 

S = [Ide - > p V], 

where V is some set of expression values ( typical ly con ta in ing in tegers a n d t r u t h values) . 
We use s to r ange over s t a t e s , aijd we w r i t e s + [I H-> V] for t h e s t a t e which agrees w i t h s 
except t h a t it gives identifier / t h e value v. As usua l , t h e value d e n o t e d by an expression 
m a y depend on t h e values of its free identifiers. T h u s , we a s sume the existence of a s eman t i c 
funct ion 

£ : E x p -> [S -> V]. 

We specify t h e semant i c s of c o m m a n d s in the s t r u c t u r a l ope ra t iona l s tyle [26], a n d our 
p r e s e n t a t i o n follows t h a t of [22], whe re ident ical p r o g r a m cons t ruc t s were cons idered . We 
define first an a b s t r a c t mach ine which specifies t h e c o m p u t a t i o n s of a c o m m a n d . T h e 
a b s t r a c t mach ine is given by a labelled transition system 

(Conf, L a b , — 

whe re Conf is a set of configurations, L a b is a set of labels ( r anged over b y a, (3 a n d 7), 

a n d —• is a family 
{ ^ - » | a £ L a b } 

of transition relations C Conf X Conf indexed b y e lements of L a b . A n a t o m i c ac t ion 
is e i ther an ass ignment , or s k i p , or a cr i t ical region. We use labels for a t o m i c ac t ions , a n d 
a s sume from now on t h a t all a t o m i c ac t ions of a c o m m a n d have labels: in o the r words , 
we deal w i t h labelled commands. For precis ion, we give t h e following s y n t a x for labelled 
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c o m m a n d s , in wh ich a r anges over L a b : 

r : : = a : s k i p | a:I:=E | r , ; F 2 | [ I \ || T,] | a:(T). 

For convenience we in t roduce a t e r m n u l l to r ep re sen t t e r m i n a t i o n , a n d we specify (pure ly 
for nota t ior ia l convenience) t h a t 

[nu l l || T] = [T || n u l l ] = I \ 

n u l l ; r = r. 

We will use C o m ' for t h e set con ta in ing all labelled c o m m a n d s a n d n u l l . T h e set of 
conf igurat ions is C o n f = C o m ' X S. A conf igurat ion of t h e form (F, s) will r epresen t 
a s tage in a c o m p u t a t i o n a t which the r ema in ing c o m m a n d to be executed is T, a n d the 
c u r r e n t s t a t e is s. A configurat ion of the form ( n u l l , s) r ep resen t s t e rmina t i on in the given 
s t a t e . A transition of the form 

< r » - ^ < r ' , s ' ) 

represen t s a s t ep in a c o m p u t a t i o n in which t h e s t a t e and r ema in ing c o m m a n d change 
as ind ica ted , a n d in which the a tomic ac t ion labelled a occurs . We wr i t e (F, s) —> (Tf,sf) 
when t h e r e is an a for which (r, s)-^(T', s'). A n d we use t h e n o t a t i o n —•* for the reflexive 
t rans i t ive closure of th is re la t ion . T h u s (r, s) —•* (F ' , s') iff t he re is a sequence of a t o m i c 
ac t ions from the first conf igurat ion to t he second. 

T h e t r ans i t i on re la t ions a re defined b y the following syn tax-d i rec ted t r ans i t ion rules; 
t h e t r ans i t i on re la t ions a re to be the smal les t sat isfying these laws. T h i s means t h a t a 
t r a n s i t i o n is possible if a n d only if i t can be deduced from t h e rules . 

T r a n s i t i o n R u l e s 

(a: s k i p , s ) -^-+(nul l , s) 

{a: I:=E, s ) - ^ > { n u l l , s + [/ t-+ £ p?] s]) 

(r 1 > «)-g*(r' 1 > «') 

{ r i ; r 2 , s ) - ^ { r ' i ; r 2 , S ' ) 

( r t > s ) - ^ ( r ' I > s ' ) 

<[r\ || r 2 ] , s)^U([r' i |tr 2 ], S '> 

( r 2 , s ) - ^ ( r ' 2 , s ' ) 

([rx u r u ^ a i M i r 2 ] , S ' ) 

(T,s) ->* ( n u l l s ' ) 

( a : ( r V H ^ ( n u l l , s') 

( A l ) 

(A2) 

(A3) 

(A4) 

(A5) 

(A6) 



From our definition of the t r ans i t ion sys t em, we see t h a t we have specified t h a t a para l ­
lel composi t ion t e r m i n a t e s only when b o t h c o m p o n e n t s have t e r m i n a t e d . T h i s is because of 
our convent ions a b o u t n u l l : we have ([Y\ \\ r 2 ] , s ) - ^ U ( r 2 , s') whenever (F\, s)-^->{iiull, sf), 
for ins tance . It is also clear from t h e definit ions t h a t all c o m p u t a t i o n s eventua l ly t e r m i n a t e 
in this t r ans i t ion sys tem, and t h a t no c o m p u t a t i o n gets " s tuck" : the only conf igurat ions 
in which no fur ther ac t ion is possible are t he t e rmina l conf igura t ions . These p rope r t i e s 
would not hold if we add g u a r d e d c o m m a n d s or loops to the l anguage . T h i s po in t will be 
m e n t i o n e d aga in la ter ; for now we will c o n c e n t r a t e on the l anguage as it s t a n d s . 

Examples. 

Example i . Le t S be a s t a t e a n d let = S + [x H-> I] for I > 0. Let T be the labelled 

c o m m a n d 

[ a : x : = x + 1 || (3:x:=x + 1]. 

T h e n we have 

( r , S0)-^>((3:x:=x + 1, 3 1 ) - ^ { n u l l , s 2 ) , 

a n d a s imilar sequence in wh ich t h e order of t h e two ac t ions is reversed: 

(T, s0)-^->{a: x:—x + 1, s 1 ) - ^ -> (nu l l , s 2 ) . 

These are t h e only possible c o m p u t a t i o n s from this ini t ial conf igura t ion. | 

Example 2. Le t F be t he c o m m a n d [a:x:=2 \\ {/3:x:—l; 7 : x : = x + 1)]. Using t h e 

S{ n o t a t i o n of t h e prev ious example , we have : 

( r , s ) - ^ ( / ? : x : = l ; T.x:=x + 1, s 2 ) - ^ * ( 7 : x : = x + 1, 5 l ) ^ U ( n u l l , s2), 

(T, s)-^{[a: x : = 2 || 7 : x:=x + 1], 5 1 ) - ^ ( 7 : x:=x + 1, s 2 ) - ^ U ( n u l l , s 3 ) , 

( r , s ) - ^ { [ a : x : = 2 || 7 : x : = x + l ] , S i ) ^ ( a : x : = 2 , s 2 ) ^ { n u l l , s 2 ) . 

T h i s c o m m a n d sets x to 2 or 3, d e p e n d i n g on t h e order in wh ich its a t o m i c ac t ions a re 

execu ted . B 

Example 3. Le t T be t h e c o m m a n d [ a : x : = l ]| fi:y:=l\. T h e n we have : 

( r , 8)^(/3: y : = l , S + [x h-> l ] ) - ^ ( n u l l , 8 + [Z~l,y» 1]), 

(T,s)^-+{a:y:=l,s + [y ^ l ] ) - ^ U ( n u l l , s + [ x h ^ j / k 1]). 

T h i s c o m m a n d sets b o t h x and y to 1. B 
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Semantics, 

Using the t rans i t ion sys tem we may now e x t r a c t a semant ics . For a pa r t i a l cor rec tness 
semant ics , we should examine the ( t e rmina t ing ) c o m p u t a t i o n s of a c o m m a n d a n d e x t r a c t 
t he ini t ial a n d final s t a t e s . Of course , in the p r e sen t l anguage the re is no need to d is t inguish 
be tween to ta l a n d par t i a l cor rec tness because all c o m p u t a t i o n s t e r m i n a t e , b u t this issue will 
arise in t r e a t m e n t s of an ex tended language con ta in ing loops (for example) . For uni formi ty , 
we still refer to pa r t i a l cor rec tness , as the definition we give a d a p t s even to the ex tended 
language and does then correspond to pa r t i a l cor rec tness . 

Definition 1. T h e seman t i c funct ion M : C o m —> [S —* P{S)] is 

Mins --= { s ' | < I » - > * ( n u l l , s ' ) } . a 

Examples. We have a l ready seen t h a t 

1. Mla:x:=x + l\\0:x:=x + lpi = { s,- + 2 }, 

2. Ml<x:x:=2 || ( / ? : x : = l ; 7 : x : = x + l)]]s = { s 2 , s 3 } , 

3. M [ a : x : = l | | /? : i,:=lfl« = { s + [x ^ l,y v-> 1]}. 

Reasoning about commands. 

In convent iona l Hoare logics for sequent ia l impera t ive p r o g r a m s , asser t ions of the form 

{P}r{Q} 

are used, w i t h P a n d Q be ing called the pre- a n d pos t -cond i t ion . These condi t ions are 
typical ly d r a w n from a s imple first o rder l anguage , a n d are i n t e rp re t ed as p red ica tes of 
t he s t a t e . Given a sa t is fact ion re la t ion f= on condi t ions a n d s t a t e s , we say t h a t { P }T{ Q } 
is valid, w r i t t e n h { P }T{ Q }, iff 

Vs,s'[s\=P & s'eMirp =* s 'HQ]. 

In o t h e r words , a Hoare asser t ion of th is t ype descr ibes the re la t ionsh ip be tween an ini t ial 
s t a t e a n d t h e possible final s t a t e s of a c o m p u t a t i o n of a c o m m a n d . However, i t is well 
known [20,22,23] t h a t in a l anguage involving para l le l compos i t ion it is n o t possible to 
reason a b o u t p a r t i a l cor rec tness p rope r t i e s of a c o m m a n d in isolat ion: accoun t m u s t be 
t a k e n of t h e con tex t in wh ich t h e c o m m a n d is to be r u n . T h i s is exemplified by the 
c o m m a n d s 

x : = 2 , a n d x:—l; x:=x + 1, 

which clearly have t h e same p a r t i a l cor rec tness p rope r t i e s in isolat ion, i.e. 

M[[x:=2]l = Mlx:=l; x:=x + l l 
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bu t which exhibi t different pa r t i a l cor rec tness p roper t ies in some p r o g r a m m i n g language 
contexts ; for ins tance , t h e c o m m a n d s 

[x:=2 || x : = 2 ] a n d [ ( x : = l ; x:=x + 1) || x:=2] 

do n o t have the same pa r t i a l cor rec tness p rope r t i e s , as the l a t t e r c o m m a n d m a y set x 
to 3. T h u s , t h e At semant ics does not a lways d is t inguish be tween pa i r s of c o m m a n d s if 
there is a p r o g r a m con tex t in which they exhibi t different pa r t i a l cor rec tness behav iour . 
Technical ly , t he re la t ional semant ics At fails to be fully abstract [22,23] w i t h respec t to 
pa r t i a l cor rec tness ; it m a k e s too few d is t inc t ions between c o m m a n d s , and is therefore 
" too a b s t r a c t " . In order to reason a b o u t the cor rec tness of a paral lel combina t ion of 
c o m m a n d s in a m a n n e r i n d e p e n d e n t of the con tex t in which the c o m m a n d appea r s , we 
need to know more a b o u t t h e ind iv idua l c o m m a n d s t h a n s imply the i r re la t iona l semant ics 
At. Similar ly , we c a n n o t ax iomat ize pa r t i a l cor rec tness of c o m m a n d s solely on t h e basis 
of p a r t i a l cor rec tness p rope r t i e s of c o m p o n e n t s : convent ional pre- a n d pos t -cond i t ion 
asser t ions are n o t going to suffice. 

Hennessy a n d P l o t k i n [22] showed t h a t t he t r ans i t ion sys tem above can be used to 
define a semant ics wh ich will d is t inguish be tween t e rms if the re is a con tex t in which t hey 
can exhibi t different p a r t i a l cor rec tness p rope r t i e s . Th i s semant ics uses the no t ion of a 
resumption. For our subse t of t he l anguage , we m a y a d a p t these ideas slightly to define 
t h e following semant ics for labelled c o m m a n d s : 

JZ : C o m ' -> R, 

R = [S-+ / > (Lab X R X S) ] , 

w i t h t h e definit ion be ing 

n n s = {{a, z n i <r, s ^ v , o >. 

Jus t i f ica t ion for this use of a recurs ively defined d o m a i n R of r e s u m p t i o n s can be given if 
we i n t e r p r e t P as a p o w e r d o m a i n cons t r uc t , a n d t h e in te res ted r eade r should consul t [22] 
for de ta i l s . 

N o t e t h a t accord ing to th is definition we have £[[null]]s = 0 for all s t a t e s s. N o t e also 
t h a t for any s t a t e s, £[[r]]s will be a finite set . T h i s can be r ep resen ted as a t ree s t r u c t u r e 
as follows, w i t h a b r a n c h for each m e m b e r of t h e set, labelled by the cor respond ing a t o m i c 
ac t ion label , w i t h a son consis t ing of a r e s u m p t i o n - s t a t e pa i r . 

<r>s> 
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T h e t ree s t r u c t u r e sugges ts a class of asser t ions with c o m p o n e n t s represent ing t h e 
b r anch s t r u c t u r e of t rees . We therefore in t roduce a class of asser t ions of the form 

n 

where as before P a n d the P{ a re d r a w n from some condition l anguage , and where t h e 
oci a re labels. Th i s no ta t ion obviously cor responds wi th Mi lncr ' s l inear n o t a t i o n for 
synchronization trees [24]; in add i t i on to labelling the arcs with ac t ion labels, we also 
i nco rpo ra t e cond i t ions a t nodes . We m a k e no d is t inc t ion between asser t ions which differ 
only in the o rder in which their b ranches are w r i t t e n . A tree r ep resen ta t ion of such a <f> 
will often be preferable to the l inear no t a t i on ; for example , the asser t ion P^Z^===i aiP{(f>i 
may be r ep resen ted as: 

p 

We will feel free to use set b races to de l imi t condi t ions as an aid to t h e eye, a n d 
we use NIL for t h e t r ee w i t h no b r a n c h e s ( this cor responds to t e r m i n a t i o n , since in th i s 
l anguage inabi l i ty to pe r fo rm any ac t ion coincides w i t h t e r m i n a t i o n ) . T h u s , an asser t ion 
in wh ich n = 0 will be w r i t t e n { P } N I L ; we also in t roduce the special n o t a t i o n « to 
s t a n d for the asser t ion { t r u e } N I L . F ina l ly , it will be convenient to a d o p t the convent ion 
t h a t {P}a{Q} (which does n o t conform to t h e syn tax above) a b b r e v i a t e s t he asser t ion 
{P}a{Q}{Q }NIL (which does) . 

N o t e t h a t t he re is an obvious definit ion of the depth of an asser t ion </>, a n d t h a t all 
asser t ions have finite d e p t h . T h e t e r m i n a l asser t ions are those w i t h zero d e p t h . 

In order to express t h e p r o p e r t y t h a t a c o m m a n d T satisfies an asser t ion <f> we wr i t e 

T sat <t>. 

Thi s type of formal p r o p e r t y will be t h e sub jec t of our proof sys tem, and we will see la ter 
t h a t we have a genera l iza t ion of convent ional Hoare-s ty le asser t ions . 
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W h e n (j) is the asser t ion X)?--1 ai^>i(l>i w e i n t e r p r e t F s a t </> in t he following way. If 
t h e c o m m a n d is s t a r t ed in a s t a t e sat isfying P , t hen its ini t ial ac t ion m u s t be an ct{ d r a w n 
from t h e set of initial labels of the asser t ion , and these labels are precisely the init ial 
ac t ions possible for the c o m m a n d . If the c o m m a n d s t a r t s w i th an a t- ac t ion it reaches 
a s t a t e where P t- is t rue a n d where t h e r ema in ing c o m m a n d satisfies <f>i. Specifically, we 
wr i t e 

H r s a t <(> 

to ind ica te t h a t T satisfies (j). T h i s m e a n s t h a t , wi th the above n o t a t i o n , 

VsVa. ( s h P & (F, s)-?U{T', s') => 3% < n . a = a{ & s' h Pi & r' h fc), (1) 

and , in add i t i on , t h a t 

Vs.W. (shP ^ BTi, S i . (r, s)-2U(Tit Si)), (2) 

so t h a t all of the ac t ions specified in (j) a re indeed possible for F w h e n the ini t ia l s t a t e 
satisfies P . These definit ions can be r eph ra sed in t e rms of t h e s eman t i c funct ion JZ. 

N o t e t h a t we always have 
f= n u l l s a t 

a n d indeed (non- t r iv ia l ) t e rmina l asser t ions can only be satisfied by n u l l . 

Examples.. 

Example 1. T h e c o m m a n d [a:x:=x + 1 || (3:x:=x + 1] satisfies t he asser t ion 

{x = 0}{a{x = l}{x= l}(3{x = 2} 

+/3{x = 
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Example 2. T h e c o m m a n d [ a : x : = 2 || ( / ? : x : = l ; 7 : x : = x + 1)] satisfies the asser t ion 

Example 3. T h e c o m m a n d [ a : x : = i || / ? : y : = l ] satisfies t h e asser t ion 

{ t r u e } ( a { x = l } { z = l } / ? { x = l & y = l } 

+ / ? { y = l } { y = l}a{x = l & y = 1 } ) . 

N o t e also t h a t t h e c o m m a n d does not satisfy t he asser t ion 

{ t r u e } ( a { x = 1 } { t r u e }/3{ x = l & y = 1 } 

+0{ y = 1 } { t r u e } a { x = 1 & y = 1 } ) . 

Example 4- T h e asse r t ion 

{ x = 0 }a{ x = 1 } { x = 1 }/?{ x = 2 } 

is satisfied by t h e labelled c o m m a n d 

a : x : = x + 1; 0 : x:=x + 1, 

a n d so is t h e asser t ion 

{ x == 0 }a{ x = 1 }{ x = 99 }0{ x = 100 }. 
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Let (j) be the asser t ion P^l'i'—i ^iPi^i- Tree s t r u c t u r e sug; 
no t a t i on . DeBnc the root and leaf condi t ions for <j> as follows: 

OLiPi4>i. Tree s t r u c t u r e suggests the use of the following 

r o o t ( ^ ) 

leaf(0) 
P, 
P if n = 0, 

n 

Y leaf(<^i) o therwise . 

T h e roo t condi t ion charac te r izes the s t a t e a t the root of a c o m p u t a t i o n t ree, and the leaf 
condi t ion charac te r i zes t he leaf nodes , i.e. the t e r m i n a l s t a t e s . Th i s is j u s t the d i s junc t ion 
of the condi t ions a t t he leaves of t h e asser t ion . Using the convent iona l abb rev ia t ions 
in t roduced earl ier , we see for example t h a t the asser t ion 

h a s leaf condi t ion Pi V PA- We also have 

leaf({ P}a{Q}) = Q, 

leaf({P}a{<3}©) = t r u e . 

N o t e t h a t in t he syn tac t i c definit ion of t he class of asser t ions , we have n o t requ i red t h a t 
any logical connec t ion exist be tween ad jacen t " i n t e rmed ia t e " condi t ions inside an asser t ion . 
A l t h o u g h in E x a m p l e 4 t h e condi t ion x — 1 a p p e a r s as an i n t e r m e d i a t e condi t ion , we do 
n o t insist t h a t t h e "following" condi t ion x — 99 be a logical consequence . Asser t ions in 
which th is c o n s t r a i n t is satisfied cor respond ve ry closely w i t h c o m p u t a t i o n t rees a n d proof 
ou t l ines . T h e r e are good seman t i c reasons for n o t m a k i n g th is cons t r a in t on t he syn t ax 
of our asser t ion l anguage , since asser t ions sat isfying t h e cons t r a in t descr ibe t h e behav iour 
of a c o m m a n d in isolat ion and we know t h a t in genera l this in fo rmat ion is insufficient to 
cha rac te r i ze the behav iour of a c o m m a n d in all para l le l con tex t s . 

{PoH^P,} + (3{P2}{P3h{P,}) 

P3 
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Proof System. 

Now t h a t we have designed an asser t ion l anguage for our p r o g r a m m i n g language , let 
us build a proof sys tem. We will find t h a t we can give a set of syn tax -d i rec ted proof 
rules, by c o n s t r u c t i n g syn tac t i c ope ra t ions on asser t ions to cor respond to the syn tac t i c 
ope ra t ions of the p r o g r a m m i n g language . T h e i m p o r t a n t po in t is t h a t we are going to use 
t h e semant i c s d i rec t ly to sugges t how to design otir ru les . 

Atomic assertions. 

A t e r m i n a l asser t ion { P } N I L represen t s t e r m i n a t i o n . An atomic assertion has t h e 
form {P}a{Q}{R }NIL, and the special a b b r e v i a t e d forms {P}a{Q} and {P}a{Q}m 
are thus a t o m i c . A t o m i c c o m m a n d s satisfy a t o m i c asser t ions , a n d t h e axioms express ing 
th is fact for s k i p a n d ass ignment a re s imple : 

a: s k i p s a t { P }a{ P } • ( B l ) 

a :I:=E s a t { [E\I]P }a{ P } • . (B2) 

We use t he n o t a t i o n [E\I]P for the resul t of rep lac ing every free occurrence of I in P by 
E, w i th su i tab le n a m e changes to avoid c lashes . 

A critical region also c rea tes an a t o m i c ac t ion o u t of a c o m m a n d . In order to 
ax iomat ize this cons t ruc t we need to single o u t a class of asser t ions which s t a t e p rope r t i e s 
of a c o m m a n d w h e n run in isolat ion as an indivisible a t o m i c ac t ion, since t h e effect of t he 
cr i t ical region c o n s t r u c t is to r u n a c o m m a n d w i t h o u t al lowing i n t e r r u p t i o n . Define safe(<?!>) 
for <j> of t h e form PY17=i aipi(f)i b y 

n n safe(̂) «=> /\ {Pi => root(̂ )) & A safe(&)-t=i i=i 
T h i s is precisely the cons t r a i n t m e n t i o n e d earl ier: a t each node of the t ree t he post­
condi t ion es tabl i shed by t h e prev ious a t o m i c ac t ion is requi red to imply the roo t condi t ion 
of t h e r e m a i n i n g sub t r ee . W h e n n = 0 th is is t r ivial ly t r ue , a n d t h e two a b b r e v i a t e d forms 
of a t o m i c asser t ion { P }a{ Q } and {P}a{Q} o are always safe. 

In tui t ively , if T satisfies <f> a n d (j> is safe, t h e n <f> descr ibes a possible execut ion of 
T in wh ich no non- t r iv ia l i n t e r rup t i on is allowed or a s sumed . T h u s , a safe asser t ion 
gives in fo rma t ion a b o u t t h e c o m m a n d ' s behav iou r in isolat ion. We can therefore use safe 
asser t ions in the proof rule for cr i t ical regions: 

T s a t <j>, safe(^>) 
a : (T) s a t { r o o t ( ^ ) }a{ leaf(0) } •' ^ 

T h e soundness of th i s rule is easy to es tabl ish . 
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PARALLEL COMPOSITION. 

It is possible to define a para l le l compos i t ion for asser t ions . T h e definition is given 
induct ive ly . For t he base case, w h e n one of the asser t ions has zero d e p t h , we specify t h a t 

M M 

[ { P } M L \ \ Q J 2 P J Q M = {P&QYTTFRQJI'J, 

a n d s imilar ly w h e n the two t e rms are exchanged . In pa r t i cu la r , it follows t h a t 

[• II *] = [V- II •] = tf. 

(St r ic t ly speaking , these are logical equivalences r a t h e r t h a n syn tac t i c ident i t ies) . T h e 
induct ive clause is an extension of the well k n o w n INTERLEAVING ope ra t ion on synchron iza t ion 
t rees [6,24,28] which hand le s t he node condi t ions in an a p p r o p r i a t e m a n n e r . F"or asser t ions 
<F> a n d TP of the form 

n 

<T> = P(Y,*IPI<T>IL 

m 

j — i 

we define 
N M 

[ ^ | | V ] = {P&Q}&AIN[4>I\\*)+1ETOQJ[4>\\4>A)-
I=I i = i 

Note t h a t as far as t h e ac t ion sequences are concerned the ope ra t i on cor responds to t h e 
in ter leaving of t r ees . 

For example , if <F> a n d TP a re the a t o m i c asser t ions 

{ t r u e }a{ x = 1 { t r u e }/3{ y = 1 

we ge t 

[</>||V>] = { t r u e } ( a { x = l } { t r u e } / ? { y = 1 } 

+/3{y = l } { t r u e } a { x = 1 } 

) 

In t ree form, th i s is r ep re sen ted as follows: 
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• • 
In genera l , for t h e a b b r e v i a t e d form of a tomic asser t ion we have: 

[{P}a{P'}\\ {QMQ'}} = {P&Q}(a{P'}{P'&Q}f3{Q'} 

+(3{Q>}{P&Q'}a{P'}) 

[{ P }<*{ P ' } . || { Q }/?{<? '} . ] = {P&Q}(a{P'}{Q}(3{Q'}c 

+ / 3 { Q ' } { P } a { P ' H . 

Of course , this compos i t ion is no t g u a r a n t e e d to p roduce safe asser t ions , even if the 
c o m p o n e n t asser t ions are safe. Never the less , t he following resu l t shows t h a t para l le l 
compos i t ion of asser t ions does indeed have the cor rec t effect: if T[ satisfies <f> a n d T2 

satisfies ip t h e n [ri || T 2 ] satisfies [<£ || if)]. T h i s is t rue regardless of t h e s t r u c t u r e of cj) a n d 

Theorem 1. If (= I \ s a t <t> and h T 2 s a t i/> t h e n h [ri || T2] s a t [6 || <0]. 0 

T h u s we are led to t h e proof ru le : 

T{ s a t <j> T2 s a t -0 

[rx || r 2 ] s a t [</> || 1,) • (B4) 

As an example , we can show t h a t the c o m m a n d [a : x : = l || (3 : y.=l] satisfies the 
asser t ion 

{ t r u e }(a{ x = 1 } { t r u e }/3{ y = 1 } • +/?{ y = 1 }{ t r u e }a{ x 

b y forming t h e para l le l compos i t ion of the asser t ions 

{ t r u e } a < { x = {true}f3{y = 1 } • , 
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which are obviously satisfied by the c o m p o n e n t c o m m a n d s and can be proved by (132). Note 
t h a t so far we do no t have a. means of proving t h a t this c o m m a n d satisfies the asser t ion 

{ t r u e } ( c * { x = 1 }{ x = 1 }(3{ x = 1 & y = 1 } 

+/?{ y = 1 }{ y = 1 } a { x = 1 & y = 1 }). 

We will r e t u r n to th is po in t la te r . 

Sequential composition. 

We may also define a sequent ia l compos i t ion for asser t ions . T h e definit ion is s t ra ight for­
w a r d , again by induc t ion on d e p t h . T h e ope ra t ion graf ts ip on to t h e leaf nodes of t he t ree 
cor respond ing to <j>. In t h e base case, we p u t 

m m 

({P}ML);QJ2PJQ^J = {p&Q}lL,&Qrt>-> 

so t h a t ip = -0. W h e n <f> is l a*-P»^») a n d n > 0 we p u t 
n 

Again we can show t h a t t h e o p e r a t i o n ha s t h e desired effect: if Fx satisfies <j> a n d r 2 

satisfies ij) t h e n r i ; T2 satisfies (j>\ if). 

Theorem 2. If h Tx s a t <f> a n d h T 2 s a t ij) t h e n (= (ri; T 2 ) s a t (0; B 

T h i s sugges ts t h e proof ru le : 

Ti s a t <f> T 2 s a t -0 . . 

( r i ; r 2 ) s a t ( 0 ; V > ) ' 1 j 

As an example , we can now prove t h a t t h e c o m m a n d a : x : = x + l ; / ? : x : = x + l satisfies 

t h e asser t ion 

{ x = 0 }a{ x = 1 }{ x = 99 }/?{ x = 100 } , 

b y forming t he sequent ia l compos i t ion of t h e asser t ions 
{ x = 0 }a{ x = 1 } , { x = 99 }(3{ 100 }. 

In s u m m a r y , t he rules so far in t roduced a re : 
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P R O O F RULES 

a : s k i p s a t {P}a{P} • 

a:I:=Es*T{[E\R}P}a{P}. ( B 2 ) 

r s a t 0 safc(0) 

a: (T) s a t { root(0) }a{ leaf(0) } • ( B 3 ) 

ri s a t 0 1 T 2 s a t 02 
iri | |r 2 ]sat || ^ ] ( B 4 ) 

Ti s a t (F>\ T<2 s a t 02 
( r i ; r 2 ) s a t (<F>R,4>2) (B5) 

T h e sys tem p re sen ted above is sound b u t n o t comple te . One reason for incomple teness 
is r a t h e r t r iv ia l : every c o m m a n d satisfies an asser t ion 0 whose roo t is f a l s e , b u t we have 
no way of p rov ing th is f rom t h e above rules . O n e solut ion is to a d d a rule to th is effect: 

-«root(0) . x 

— (BO) 
T s a t 0 K ' 

Even th is does n o t g u a r a n t e e comple teness by itself. We saw earlier (Examples 2 a n d 3) 
t h a t we were unab le to prove some asser t ions a b o u t para l le l c o m m a n d s . E x a m p l e 2, for 
ins tance , showed t h a t t he re is no proof from these rules alone t h a t t h e c o m m a n d 

[a:x:=x + 1 || (3:x:=x + 1] 

satisfies t h e asser t ion 

{ x = 0 } ( a { x = 1 } { x = 1 } 0 { x = 2 } + p{ x = 1 }{ x = 1 }a{ x = 2 }). 

Rule (BO) does n o t help in these examples . Essent ia l ly , t he reason for this is t h a t we really 
need to use two a sser t ions a b o u t each c o m p o n e n t c o m m a n d here : we need to be able to say 
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t h a i x:—x -|- 1 will change the value of x from 0 to 1, and t h a t it will equally well change 
the value of x from 1 to 2. Of course , in genera l the n u m b e r of s epa ra t e asser t ions required 
m a y be more t h a n two. We will therefore allow conjunction of asser t ions and include a 
n a t u r a l rule which expresses an a p p r o p r i a t e no t ion of implication for our asser t ions . For 
conjunc t ion we s imply a d d to the s yn t ax of our asser t ion language the clause 

0 : := (01 0 02). 

We use 0 r a t h e r t h a n & merely to keep a d is t inc t ion between conjunct ion a t this level 
and con junc t ion in the condi t ion l anguage . T h e i n t e r p r e t a t i o n is s imple: 

h r s a t ( 0 1 0 0 2) <=> h r s a t 0 ! & h r s a t 0 2 . 

C o n j u n c t i o n is clearly associat ive, a n d we m a y therefore omi t pa ren theses a n d w r i t e 

0 1 0 02 0 03, 

for example . We then ex tend the definit ions of our syn tac t i c ope ra t ions to cover conjunc­
t ions . T h e definition of paral le l compos i t ion of asser t ions is a s t r a igh t fo rward general iza­
t ion of the earl ier definit ion. W h e n 0 a n d *0 a re con junc t ions , [0 || ip] is defined to be a 
con junc t ion : for each con junc t PY17=\ a i J f > *^» °f ^ a n ( ^ e a c h con junc t QYlJl==i PjQj^j °f 
ij) we include in [0 || V;] a con junc t of t h e form: 

n m 

t = l j = l 

W h e n 0 and ip a r e s imple asser t ions th is is exact ly t he s ame definit ion as before. For an 
example , w h e n 0 a n d *0 a re t he asser t ions 

0 = ( { x = O } a { x = l})0({x = l } a { x = 2 } ) , 
</, = ({x = O}/?{x = l})0({x = l}/?{x = 2 } ) , 

t h e para l le l compos i t ion has four con junc t s : 

{ x = 0 }(a{ x = 1 + P{ x = 1 }0), 

{ x = l } ( a { x = 2}</> + /?{x = 2}0), 

{ f a l s e }(a{ x = l}ip + /3{x = 2 }0), 

{ f a l s e }(a{ x = 2 }V> + /?{ x = 1 }0). 

For sequent ia l compos i t ion we mere ly p u t (0t 0 02); tp = (0i; tp) 0 (0 2; ifr) a n d s imilar ly 
w h e n we have a con junc t ion in t he second place: in o the r words , sequent ia l compos i t ion 
d i s t r i bu t e s over con junc t ion . W i t h these add i t ions , t he axioms a n d rules given earlier 
r e m a i n sound , w i t h (B3) appl icable for conjunct ion-free asser t ions as we have n o t specified 
a definit ion of safe(0) w h e n 0 is a con junc t ion . 
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We a d d rules for conjunct ion in t roduc t ion a n d e l imina t ion: 

F s a t 0 F s a t ip 
P s a t (0 0 ( B 6 ) 

r s a t (0 ® t/Q 

T s a t 0 , r s a t ^ 1 j 

Impl ica t ion between asser t ions is defined as follows for s imple asser t ions w i t h o u t 
conjunct ion ; the definition ex tends in t he obvious way to con junc t ions : we cer ta in ly w a n t 
to have (0 0 1/;) => 0 a n d (0 0 ip) => -0 for example . For 

n 
</> = P ( £ a t . p , . ^ ) , 

1 = 1 
n 

i=i 
n n 

*' = 1 i=l 

In t h e case when n = 0 th is mere ly requires t h a t Q => P . Also, w h e n 0 is { P } a { Q } a n d 
V> is { P ' } a { Q'} we have 0 => ^ iff ^ ' ^ a n d Q => Q ' ; th is is ana logous to t h e usual 
Rule of Consequence of convent ional Hoare logic [1,12]: 

P ' ^ P , {P}T{Q}, Q=>Q' 

{P'}T{Q'} ( ^ 

O u r rule for impl ica t ion is a form of modus ponens: 

r s a t <̂  <f> =» t/> 

From t h e definit ions above it follows, for example , t h a t 

{P}*{Q}. => { P M Q } , 

because Q ==> t r u e . T h i s m e a n s , in pa r t i cu l a r , t h a t we m a y der ive t h e following asser t ion 
schemas for a s s ignmen t a n d s k i p , by us ing the axioms ( B l ) a n d (B2) toge the r w i th (B8): 

a : s k i p s a t {P}a{P}, ( B l ' ) 

a:I:=E sat {[E\I]P}a{P}. (B2') 

These forms resemble t he usua l Hoare axioms for these c o n s t r u c t s [12]. 
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Examples. 

Cons ider aga in t h e p rob l ema t i c examples in t roduced earl ier . 

Example 1. We wish to prove t h a t T s a t 0, where 

r = [ a : x : = x + l | | / ? : x : = x + 1], 

0 = { x = 0 }{a{ x = 1 }{ x = 1 x = 2 } + /?{ x = 1 }{ x = 1 }a{ x = 2 }). 

We have the following asser t ions (by rules B2 a n d B6): 

a: x : = x + 1 s a t <f> 

cj> = ( { x = 0 } a { x = i } ) © ( { x = l } « { x = 2}), 

f3:x:=x + 1 s a t i/> 

V> = ( { x = 0 } / ? { x = l } ) © ( { x = l } / ? { x = 2}). 
We have a l r eady seen t h a t || ifi] is a con junc t ion of four t e r m s , one of which is 

{ x = 0 }{a{ x = l } V > + / ? { x = l }<f>). 

B u t ip =* { x = l}/3{x = 2} a n d =• { x = l}a{x = 2}. Hence , [<£ || V] => 0, a n d 
t h e resu l t follows by (B4) a n d (B8). 3 

Example 2. In t h e compos i t ion [cx:x:=2 || (/3:x:=l;7:x:=x+l)] t h e two c o m p o n e n t 
c o m m a n d s satisfy the asser t ions 

{ t r u e } o : { x = 2}, 

{ t r u e }/?{ x = 1 }(({ x = 1 } 7 { x = 2 }) © ({ x = 2 } 7 { x = 3 })). 

T h e para l le l compos i t ion of these asser t ions implies t h e desired asser t ion : 
"true 



Example 3. Let T — [a:x:=l || /3:y~l]. Wc wish to prove t h a t F s a t / ? , where 

0 = { t r u e } ( a { x = 1 }{x = 1 }/?{ x = 1 &y = 1 } 

+/9{y = l } { y = l } a { x = l & y = I}). 

To this end , let 0 a n d I/J be the following asser t ions : 

0 = { t r u e } a { x = l } © { y = 1 } a { x = 1 & 7/ = 1 }, 

</> = { t r u e } / ? { y = l } © { x = 1 }/?{ x = 1 & y = 1 } . 

T h e n we have a : x : = l s a t (j) a n d /3:y:=l s a t t/;. A n d 

[ 0 | | T/;] => { t r u e } ( a { x = l} i / ; + ^ { T / = 1 } 0 ) 

By choosing the a p p r o p r i a t e con junc t s in 0 a n d IP we see t h a t th is asser t ion implies Q. 
T h a t comple tes the proof. B 

Soundness and Completeness. 

A l t h o u g h we do no t p rov ide a proof in this pape r , t h e proof sys tem formed by (BO)-
(B8) is sound: all p rovable asser t ions arc valid. T h e sys tem is also re la t ively comple te in 
t he sense of Cook [8]: every t rue asser t ion of t h e form F s a t 0 is provable , given t h a t we 
can prove all of the condi t ions necessary in appl ica t ions of the cr i t ical region rule and of 
modus ponens. B o t h of these rules require a s s u m p t i o n s which t ake the form of impl ica t ions 
be tween condi t ions . Le t T h be the se t of valid condi t ions ( including impl ica t ions be tween 
condi t ions) . Wr i t e T h (— T s a t 0 if th is c an be proved from (B0)-(B8) using a s sumpt ions 
from Th. T h e soundness resu l t is: 

Theorem 3. If T h h T s a t 0 t hen h T s a t 0 . | 

Re la t ive comple teness is expressed as follows: 

Theorem 4. If h T s a t 0 t h e n T h h T s a t 0 . fl 

We o m i t t h e proof of th is resu l t . 
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3 . D e r i v i n g O w i c k i ' s p r o o f r u l e s . 

In Owicki ' s proof sys tem, convent ional Hoare-s ty le asser t ions of t h e form 

{ P M Q } 

arc used, a l t h o u g h the parallel compos i t ion rule requi res t he use of a proof outline above 
the inference line. A proof out l ine is a c o m m a n d t ex t a n n o t a t e d w i t h condi t ions , one 
before and one after each syn tac t i c occi irrence of an a tomic ac t ion . At least for sequent ia l 
c o m m a n d s , safe asser t ions in our asser t ion language cor respond precisely wi th such proof 
out l ines because c o m p u t a t i o n s of sequent ia l c o m m a n d s follow the syn tac t i c s t r u c t u r e of 
the c o m m a n d . T h e ana logy can be ex tended to paral le l c o m m a n d s too, a l t hough the 
syn tac t i c s t r u c t u r e of a proof out l ine is no longer so close to t h a t of the cor respond ing 
safe asser t ion . T h e following proof rule forms a connec t ion be tween our proof sys t em a n d 
t h a t of Owicki . Above t h e line, we have a safe asser t ion of our form, a n d below we have a 
Hoare-s tyle pa r t i a l cor rec tness asser t ion . T h e rule s t a t e s t h a t a safe asser t ion implies the 
pa r t i a l cor rec tness of the c o m m a n d w i t h respec t to its roo t a n d leaf condi t ions . T h e rule 
is: 

T s a t 0, safe(0) 
{root(0)}r{leaf(0)} 1 } 

To see w h y Owicki ' s proof rule for para l le l compos i t ion required an e x t r a cons t r a in t , t h a t 

of interference-freedom, let us see how to mode l her rule in our n o t a t i o n . 
Owicki ' s para l le l compos i t ion rule essential ly cor responds to a sl ightly different form of 

para l le l compos i t ion of asser t ions . T h i s m a y be defined as follows. For <j> = P ] C ? = i ^iPi^i 
a n d tjj = Q X / J = i PjQj'&j w i th n a n d m non-zero , we p u t 

n m 

[4>\\O1>] = {P&Q}(E«l{Pi&Q}[^||oV'] + E {̂p&^>^ l̂loV'i])-
1=1 j = l 

We also specify t h a t 

771 171 

a n d a similar definition w h e n the t e r m s are exchanged . In pa r t i cu l a r , 

[• Ho 4>] = [V- WO •] = 

T h e essential difference be tween th is ope ra t ion a n d our earl ier one is t h a t th i s one carr ies 
p re -condi t ions t h r o u g h into pos t -cond i t ions . For example , 

[{P}*{P'}\\o{Q}0{Q'}} = {P 8iQ}[a{P'&Q}{P' 8tQ}(3{P' 8cQ'} 
+/3{P&Q' }{P&Q'}cx{P' 8cQ'}). 
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Unfor tuna te ly , this form of compos i t ion does not a lways p roduce an asser t ion which 
correc t ly descr ibes t he behav iour of a paral lel compos i t ion of c o m m a n d s . We need the 
not ion of interference-freedom to g u a r a n t e e th is . 

Define t h e se t atoms(0) of atomic sub-assertions of <f> b y induc t ion on the d e p t h of <f>. 
For t h e asser t ion <f> = PYl7=i aiPi(f>i w e P u ^ 

n 

atoms(0) = {{P }ai{P{ } | 1 < i < n } U | J a toms(0 t ). 

A t e r m i n a l asser t ion { P }NIL has no a t o m i c sub-asse r t ions . T h e interference-free condi t ion 
is defined as follows: 

Definition <?. T w o asser t ions cf> a n d if) a re interference-free, w r i t t e n int-free(0, if)), 
iff for every pa i r of a t o m i c asser t ions 

{ P }<*{ P ' } £ atoms(0), { q }/?{ q' } £ atoms(i/>), 

t h e (o rd ina ry Hoare-s ty le asser t ions) 

{p&q}a{q} 

{p8cq}(3{p} 

{p&q'}a{qf} 

{p'&q}(3{p'} 

are val id. | 

Theorem 5. If <f> a n d if) a re interference-free t h e n 

h r l S a t 0 , h r 2 s a t ^ => h [Tx \\ T2] sat [<j> \\0 # E 

In view of t h e above t h e o r e m we m a y include the following rule in our sys tem: 

T i s a t 0 , r 2 s a t i / > , int-free(0, ip) 

[r x || r 2 ] sat [0 ||o V] • ( B 9 ) 

N o t e t h a t th i s t h e o r e m a n d t h e proof rule a re s t a t e d in a form appl icable to all 
asser t ions , n o t j u s t to safe asser t ions . T h i s can, therefore , be r ega rded as a sl ight extension 
of Owicki ' s ideas to encompass a more expressive asser t ion l anguage . T h e following resul t 
shows t h a t in terference-feedom g u a r a n t e e s t h e p rese rva t ion of safeness. 

Theorem 6. If 0 a n d if) a re safe a n d interference-free, t hen [(f) \\o if>] is safe. I 
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T h e r o o t and leaf condi t ions of this form of paral le l composi t ion satisfy the following 

logical equivalences: 

root(0 \\Q ip) = root(0) & root(i/>) 

leaf(0 ||o V>) = leaf(0) & leaf(t/>). 

Thi s may be shown b y an induc t ive a r g u m e n t . T h e fact t h a t roo t s and leaves fit t oge the r 
in this compos i t ion s imply by conjunc t ion provides us wi th an obvious link wi th Owicki ' s 
proof rule for paral le l compos i t ion . T h i s ru le , t aken from [20], is: 

proofs of {P\ }T\{Q\ }, { A>}r2{Q'2 } interference-free . . 
{ P i & p 2 } [ r i | | r 2 ] { Q , & Q 2 } 1 j 

Now proof out l ines for t he Hoare asser t ions { P{ }T{{ Q{ } co r respond to safe asser t ions 
<f>i such t h a t s a t 0j, w i t h root(0i) = P{ a n d leaf(0t) — Q{. T h e in terference-freedom 
of these proof ou t l ines cor responds to in terference-freedom of 0t a n d 02- T h e n [0i \\o 02] 
is a safe asser t ion satisfied by \T\ \\ T*^, a n d has r o o t P± & P2 and leaf Q[ & Q 2 . T h u s , a 
proof us ing Owicki ' s rule can be r ep resen ted in our sys tem, if we allow the use of (R) a n d 
(B9). 

In te res t ing ly , the ana logy be tween safe asser t ions a n d proof out l ines also yields some 
o the r connec t ions w i t h convent ional Hoa re logic. For ins tance , t h e sequent ia l compos i t ion 
rule (B5) toge the r w i t h t he following p r o p e r t y can be used to der ive Hoare ' s rule for 
sequent ia l compos i t ion [12]: 

Theorem 7. If <j> and -0 are safe a n d (leaf(0) => root('0)) t hen 0;V> is safe. | 

Hoa r e ' s rule was: 

{P}Tx{Q} { Q } r 2 W 

{ P } r i ; r 2 { * } 

T h e der iva t ion relies on t h e facts t h a t for non- t r iv ia l 0 a n d ip we have 

root(0; ifi) = root(0), leaf(0; ift) = l e a ^ ^ ) . 

Auxiliary variables and auxiliary critical regions. 

I t is well k n o w n [20] t h a t t h e proof sys tem based on (BO), ( B l ) , (B2), (B3), (C), (B9), 
(B5) a n d (R) is n o t comple t e for pa r t i a l cor rec tness asse r t ions . As a s imple example , it is 
impossible even to prove the obviously valid asser t ion 

{ x = 0 }[x:=x + 1 || x : = x + 1]{ x = 2 } 

us ing these rules a lone. We chose to avoid th is p r o b l e m b y in t roduc ing con junc t ions a n d 
impl ica t ion . T h i s p a r t i c u l a r asser t ion , for ins tance , can be proved by us ing rule (R) on 
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t h e asser t ion discussed in E x a m p l e 1 earl ier . Owicki achieved comple teness by add ing 
"auxi l iary var iab les" to p r o g r a m s a n d a d d i n g new proof rules to allow their use. We can 
formalise this as follows. We say t h a t a set X of identifiers is auxiliary for a c o m m a n d P 
if all free occur rences of identifiers from this set in F are inside ass ignments to identifiers 
also in X. T h u s , for ins tance , for t h e c o m m a n d 

x:—x + 1; y:—z; a:=x 

t h e sets { y }, { y, z }, { a, x } a n d {x,y,z,a} a re auxi l iary , b u t { x } is not . Le t us wr i t e 

T aux X 

w h e n X is an auxi l iary se t of identifiers for T. Given any set X of identifiers a n d 
any c o m m a n d T, we can define a c o m m a n d F \ X resu l t ing from the delet ion in F of all 
a s s ignments to identifiers in X. T h e definition is syn tax -d i rec ted : 

s k i p \ X = s k i p 

(i-—-E)\x = s k i p i f / e x 

= (I:=E) o therwise 

( r i ; r 2 ) \x = (rl\xy,(f2\x) 

[r, || r 2 ]\x = [(rx\x) || (r 2\x)] 
(T)\x = <r\x). 

W i t h th is definit ion, i t is clear (and provable) t h a t if X is auxi l iary for T t h e n T\X 
has t h e same p a r t i a l cor rec tness effect on identifiers outs ide X as T does , a n d T\X leaves 
t h e values of all identifiers in X fixed. 

Le t f r e e J P , QJ s t a n d for t h e set of identifiers hav ing a free occur rence in e i ther P or 
Q. Owicki ' s auxi l ia ry var iables rule is: 

{P}F{Q} T a u x X freeflP, Q\ f) X = 0 

{P}T\X{Q} • ^ V 

In add i t i on to th i s rule , for comple teness of t he Owicki proof sy s t em we also need a rule for 
e l imina t ing "unnecessa ry" cr i t ical regions a n d i r re levant a t o m i c ac t ions wh ich have been 
inse r ted mere ly t o cope w i t h auxi l ia ry var iab les . T h e following c o m m a n d equivalences a re 
val id w i t h respec t to p a r t i a l cor rec tness in all con tex t s : 

skip;T = T 

Tjskip = r 

( r i ; r 2 ) ; r 3 = r i ; ( r 2 ; r 3 ) 
«r» = (r) 

(skip) = skip 

{I:=E) = I:=E 

[skip || r] = r 

[r || skip] = r 
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Owieki ' s proof sys t em uses a rule based on these equivalences, which we m a y formalise as 

follows: 

{ P }r{ Q} v = v 
{P}V'{Q} ' 

As an example , we can now prove (as in [20]) the asser t ion 

{x = 0 } [ x : = x + 1 || x : = x + l]{x = 2 } 

by first i n t roduc ing auxi l iary var iab les a and b to t ag the two as s ignmen t s a n d es tab l i sh ing 

the asser t ion 

{ x = 0 } a : = 0 ; 6 : ^ 0 ; [ ( a : = l ; x : = x + I) || ( 6 : = 1 ; x : = x + 1)]{ x = 2 }. 

T h e n we e l imina te t h e auxi l iary var iab les a n d the e x t r a cr i t ical regions . T h i s a u g m e n t e d 

asser t ion can be proved by first p rov ing the following asser t ions for t h e two paral le l 

c o m p o n e n t s : 

{ P a } ( a : = l ; x : = x + l){Qa}> 

Pa = (6 = 0 & x = 0) V (6 = 1 & x = 1), 

Qa = (6 = 0 & x = l & a = i ) v ( 6 = l & x = 2 & a = l ) , 

{ n } { 6 : = l ; x : = x + l ) { Q 6 } , 

Pb = ( a = 0 & x = 0) V (a = 1 & x = 1), 

Q 6 = (a = 0 & x = l & 6 = l ) v ( a = l & x = 2 & 6 = l ) . 

T h e s e two proof out l ines are interference-free ( this requi res t h e verification of four condi­

t ions) , a n d the i r use in t he para l le l rule enables us to conclude 
{ Pa & Pb } [ ( a : = l ; x : = x + 1) || ( 6 : = 1 ; x : = x = 1)]{ Qa & Qb } . 

Since we have 

{ x = 0 } a : = 0 ; 6 : = 0 { x = 0 & a = 0 & 6 = 0 } , 

x = 0 & a = 0 & 6 = 0 =* Pa&Qa, 

Qa&Qb => x = 2, 

t h e desi red resu l t follows by t h e usua l Hoare rules for sequent ia l compos i t ion a n d t h e Rule 

of Consequence . 
T h e O w i c k i - G r i e s proof sys t em can , t h e n , be t h o u g h t of as bu i l t from t h e rules (BO), 

( B l ) , (B2), (B3), (B9), (B5), (AV), (EQ) a n d (C) . I t is a rguab le w h e t h e r or n o t our proof 
sys tem, which does n o t require the use of auxi l ia ry var iables in proofs , is preferable t o 
Owiek i ' s . T h e r eade r m i g h t like to c o m p a r e t h e styles of proof in the two sys tems for t h e 
example above. J u s t as it is necessary to exercise skill in the choice a n d use of auxi l ia ry 
var iables in Owieki ' s sys tem, our sys t em requires a jud ic ious choice of con junc t ions . 
However, t h e deta i l s of auxi l iary var iab les a n d reason ing a b o u t the i r values can be ignored 
in our sys t em. A t least we are able to d e m o n s t r a t e t h a t t he re are a l t e rna t ives to t he earl ier 
proof rules of [18,19] wh ich do n o t explici t ly require the m a n i p u l a t i o n of var iables pu re ly 
for p roof - theore t i ca l purposes a n d which do n o t require a no t ion of in terference-freedom 
to g u a r a n t e e soundness . 
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4. Extensions. 

In th is section we discuss briefly some effects of ex t end ing the p r o g r a m m i n g language . 
We a d d t h e await s t a t e m e n t (condi t ional cr i t ical region), condi t iona l c o m m a n d , a n d while 
loop, t hus br ing ing the l anguage m o r e fully in to line w i t h the p r o g r a m m i n g language 
covered in [20]. 

T h e syn tax for t h e new cons t ruc t s will be: 

r : := await 0:B do T.F \ while (3:B do Y | if (3:B then V, else T2, 

w i t h B d r a w n from a syn tac t i c ca t egory B E x p of boolean expressions whose syn tax will be 
ignored. We have inser ted labels to ind ica te t h a t t h e t es t s a rc regarded as a tomic ac t ions , 
as is t h e body of an awai t s t a t e m e n t . 

rules 
For t he semant i c s of these c o n s t r u c t s we a d d t o t h e t r ans i t ion sys t em t h e following 

(A7) 
(await /3: B do 7: T, s)— >(await (3: B do 7: T, s) 

shB, ( ! » - » ' (null, «Q 

(await/?:Z?do7:r, s)—>(null, s') 1 ) 

(if j3:B then Ti else r2, s)-^-{Tlt s) 

s k - i - B  

(if /3:B thenTi. else T2) s)-^(T2, s) 

s\=B  

(while 0: B do T, s)-^{T; while f3: B do T, s) 

s H ^ B  

(while j3: B do V, s)-^-(null, s) 

(A9) 

(A10) 

( A l l ) 

(A12) 

We a s sume given t h e semant ics of boo lean express ions , so t h a t a sat isfact ion re la t ion 
h C S X B E x p is k n o w n . 

N o t e t h a t these definit ions give loops and condi t iona ls the abi l i ty to be i n t e r r u p t e d 
after eva lua t ion of t he tes t and before beg inn ing the selected c o m m a n d . L a t e r we will give 
a non - in t e r rup t i b l e vers ion. 
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W i t h the ex tended t rans i t ion sys tem Conned by ( A l ) - ( A 1 2 ) , t he old proof rules ( 0 0 ) -
(B8) are still valid. T h e following proof rules co r re spond to the new c o n s t r u c t s , a n d are 
closely connec ted wi th the new seman t i c c lauses . 

T S A T <j>, S A F E ( $ ) 

A W A I T 0: B D O 7: V S A T { R O O T ( ^ ) & B } 7 { LEAF(<£) } 

A W A I T 0: B D O 7: T S A T <j> 

A W A I T 0 : B D O 7 : F S A T {P 8c^B}0{P}4> 

F 1 S A T <f> 1 

I F 0 : B D O r 1 E L S E T 2 S A T { P & B }0{ P }<j>i 

T2 S A T 4>2 
I F 0: B D O T , E L S E T 2 S A T {P&^B }0{ P}4>2 

( 0 7 ) 

(C8) 

(C9) 

( C I O ) 

W H I L E / 9 : J B D O R S A T { P & - 5 } / 3 { P } . ( C L L ) 

W H I L E 0: B D O T S A T 0, T sat <f> RR«1O^ 

W H I L E 0 : I ? D O T S A T { P & 5 }0{ P }(<f>; 9) ^ ' 

T H E S O U N D N E S S OF T H E S E RULES IS E A S Y TO E S T A B L I S H . N O T E T H E FACT THAT O U R EARLIER RULE FOR 

A N U N C O N D I T I O N A L CRITICAL R E G I O N (r) C A N B E D E R I V E D F R O M THE N E W RULE B Y M A K I N G THE TEST 

T R U E . 

F O R A N O N - I N T E R R U P T I B L E V E R S I O N O F L O O P S A N D C O N D I T I O N A L , I N W H I C H THERE IS N O INTER­

R U P T I O N P O I N T B E T W E E N TEST A N D B O D Y , W E C H A N G E T H E S E M A N T I C S A S FOLLOWS: 

( I F 0:B T H E N Tt E L S E T 2 , s)-^{T', s') 

« H ^ B , (r 2 , S ) -^(r ' ,S ' ) 
( I F 0:B T H E N Tx E L S E T 2 , s)-^(T', s') 

shB, (r, s)^>(r',S')  

( W H I L E 0 : B D O V, s)-^(Y'; W H I L E 0: B do T, s') 

s\=^B 

( W H I L E 0: B do T, S ) - ^ - » ( N U L L , s) 
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T h e a p p r o p r i a t e proof rules a re : 

I j s a t P E L . OTIPIFA 
if 0 :B d o I \ else T 2 sat { P & IJ } ̂ JLi 

F 2 sat 
if /? : P d o F t e l s e T 2 s a t { P & } a t - P ^ t -

(C9') 

(cio') 

w h i l e /3 : P d o F s a t { P & - i t f P } • 

w h i l e /? : B d o F s a t fl, V s a t P l CTJPJFC 
w h i l e /? : P d o F s a t { P & 7J } 0) 

( C l l ) 

(C12') 

We believe t h a t even wi th these extens ions to t h e p r o g r a m m i n g language t he proof 
sys t em r ema ins sound a n d re la t ively comple te . Soundness is s t r a igh t fo rward , since t he 
proof rules a re based so closely on t h e ope ra t iona l semant ics . 

5 . C o n c l u s i o n s . 

We have descr ibed a syn tax -d i rec ted proof sys tem for s eman t i c p rope r t i e s of com­
m a n d s in a s imple para l le l p r o g r a m m i n g language . T h e asser t ions were chosen to cor­
r e spond in form to t h e s e m a n t i c s t r u c t u r e , which itself was chosen to be powerful enough 
to allow reason ing a b o u t p a r t i a l cor rec tness p rope r t i e s t o be car r ied o u t by m a n i p u l a t i n g 
asser t ions in a c o n t e x t - i n d e p e n d e n t m a n n e r . We discussed some connec t ions w i t h m o r e 
convent ional logics such as the Owick i -Cr ies proof sys t em. 

Var ious proof sys tems for c o n c u r r e n t l anguages p roposed by L a m p o r t a n d o the r s can 
also be re la ted to our work . L a m p o r t [16] p roposed us ing asser t ions of the form { P }r{ Q } 
w i t h t h e i n t e r p r e t a t i o n t h a t in every execut ion which s t a r t s somewhere inside T w i t h P 
t r u e , P r ema ins t r u e unt i l V t e r m i n a t e s , w h e n Q will be t r u e . Such an asser t ion cor responds 
to one of our asser t ions PY17=\ ai^>i^i m wh ich each PI ( and all o the r i n t e r m e d i a t e 
condi t ions) are ident ical to P a n d all leaf condi t ions a re ident ical to Q. T h e proof rule for 
para l le l compos i t ion given in [16] was : 

{ P } T , { Q } { P } T 2 { Q } 
( P W I \ \ r 2 } { Q } • 

B u t our definit ion of para l le l compos i t ion of asser t ions preserves th is un i formi ty p r o p e r t y : 
t h e para l le l compos i t ion of ( the asser t ions represen t ing) { P } T I { Q } a n d { P } r 2 { Q } will 
aga in have leaf Q a n d each i n t e rmed ia t e condi t ion will be P. (In fact , this un i formi ty 
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p r o p e r t y is preserved bo th by our || and by the o the r form \ \ Q ) . T h u s , e i ther our proof 
rule (JM) or (O) suffices to derive L a m p o r t ' s rule . Ins tead of a d d i n g auxi l iary var iables , 
L a m p o r t suggested the add i t ion of p r o g r a m labels a n d s imple asser t ions a b o u t t h e m . He 
suggested using labels Xt* for t h e cont ro l poin ts (or i n t e r rup t ion points) of a p r o g r a m , 
and inc luding in the condi t ion l anguage expressions of the form at(X), inside(X), after(X). 
L a m p o r t ' s sys t em requires reasoning a b o u t cont ro l points and the re la t ionship between 
t h e m . Since in a L a m p o r t - s t y l e asser t ion t he same P has to represen t more t h a n one 
cont ro l po in t a t a t ime , the condi t ions can get r a t h e r large. Indeed , i t can be a rgued t h a t 
since the same P is serving a m u l t i t u d e of purposes it is more n a t u r a l to spli t it up into 
its c o m p o n e n t s a n d to a t t a c h these c o m p o n e n t s to the control po in ts a t which t hey are 
in tended to hold; this is more in line w i t h our n o t a t i o n , wi th control po in ts co r respond ing 
to nodes in a t r ee . 

T h e Genera l ized Hoare Logic of L a m p o r t a n d Schneider [17] used a s imilar t ype of 
asser t ion to those of [16], except t h a t t hey insis ted t h a t the pos t -cond i t ion coincide wi th the 
p re -condi t ion : t h e y used invar ian t asser t ions {P}T{P}. T h e i n t e r p r e t a t i o n is as before, 
t h a t whenever a n execut ion begins somewhere inside T w i th P t r u e , P will r e m a i n t r u e 
unti l t e r m i n a t i o n . Again , the i r proof rule for para l le l compos i t ion (essential ly, a special 
case of t h e one from [16], given above) is r cp resen tab le in our sys tem, Aga in , cont ro l 
condi t ions a re used inside invar ian ts , so t h a t an invar ian t is real ly serv ing a m u l t i t u d e of 
pu rposes a n d could prof i tably be spli t u p a n d d i s t r i b u t e d to t h e s e p a r a t e control po in t s . 

T h e Transition Logic of G e r t h [11] is also ha s some connec t ion w i th our work . G e r t h ' s 
asser t ions , w r i t t e n [P]T[Q], are i n t e rp re t ed : every t r ans i t ion t h a t begins somewhere in T 
from a s t a t e sat isfying P ends in a s t a t e sat isfying Q. Aga in , the condi t ions m a y involve 
cont ro l asse r t ions . G e r t h ' s rule for para l le l compos i t ion is: 

[PJIMQ] [P]T9[Q] 
[PWi\\r*)[Q] ' 

B u t t h e asser t ion [P]T[Q] can aga in be r e n d e r e d in our asser t ion l anguage as an asser t ion 
w i th a s imple s t r u c t u r e ( a l t e rna t ing P a n d Q a long each b r a n c h ) , a n d aga in our para l le l 
compos i t ion of asser t ions has t h e requ i red effect, p r o d u c i n g an asser t ion r e p r e s e n t a t i n g 
[P][Ti || r2][<2] from r ep re sen t a t i ons of [ P j r ^ Q ] a n d [ P ] T 2 [ Q ] . T h i s aga in m e a n s t h a t 
G e r t h ' s rule can be der ived in our sys t em. 

T h e proof m e t h o d o l o g y a n d p r o g r a m deve lopmen t m e t h o d advoca t ed by Jones [14] 
uses rely a n d guarantee condi t ions in add i t i on to pre- a n d pos t -cond i t ions . A l t h o u g h we 
have n o t ye t inves t iga ted the connec t ion in any deta i l , it a p p e a r s t h a t these ideas are 
s o m e w h a t r e l a t ed to ours ; roughly speak ing , a rely condi t ion m i g h t co r respond to a pre­
condi t ion a s s u m e d by every a t o m i c ac t ion in an asser t ion , a n d a g u a r a n t e e condi t ion would 
t h e n be implied b y all pos t -cond i t ions of a t o m i c ac t ions . 
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O t h e r a u t h o r s have proposed compos i t iona l proof sys tems for c o n c u r r e n t p rog rams in 
which the under ly ing asser t ions are t e m p o r a l in n a t u r e . In pa r t i cu l a r , we refer to [4] a n d 
[19]. In c o n t r a s t to these m e t h o d s , we have avoided t e m p o r a l asser t ions a t the expense 
of us ing con junc t ion and impl ica t ion as ope ra t i ons on more highly s t r u c t u r e d asser t ions 
bu i l t from convent ional pre- a n d pos t -cond i t ions . We still ob t a ined a compos i t iona l proof 
sy s t em. In fact, our asser t ions do have some s imi lar i ty w i t h t e m p o r a l logic in t he sense 
t h a t an asser t ion has bui l t into it a specification of the possible a t o m i c ac t ions and t h e 
behav iour of the c o m m a n d after each of t h e m , so t h a t one m i g h t be able to represen t one 
of our asser t ions (p in a more convent ional t e m p o r a l or d y n a m i c logic. 

We also believe t h a t s imilar ideas to those used in th i s p a p e r m a y be a d o p t e d in 
an ax ioma t i c t r e a t m e n t of o the r forms of paral le l p r o g r a m m i n g . In pa r t i cu l a r , C S P [13] 
m a y be ax iomat i zed if we modify the class of asser t ions to r ep re sen t t h e po ten t i a l for 
c o m m u n i c a t i o n a n d if we design a su i tab le para l le l compos i t ion of asser t ions . In C S P , the 
inclusion of g u a r d e d c o m m a n d s will necess i ta te a d i s t inc t ion be tween deadlock (a s tuck 
conf igurat ion) a n d successful t e r m i n a t i o n , b u t th i s m a y be h a n d l e d by an a p p r o p r i a t e 
choice of asser t ion l anguage . We p lan to invest igate th is topic in a fu ture pape r , a n d we 
hope t h a t some connec t ions w i t h earl ier work [2,18,27] will become a p p a r e n t w h e n this is 
done . 

A n o t h e r possibi l i ty for fu ture deve lopmen t is to inves t iga te an a p p r o p r i a t e general iza­
t ion of p r e d i c a t e t r ans fo rmers , weakes t p re -condi t ions a n d s t ronges t pos t -condi t ions (see 
[10], for example) for para l le l c o m m a n d s , us ing our m o r e genera l asser t ions ins tead of 
Hoare-s ty le asser t ions . For ins tance , t h e r e is a r easonab le no t ion of strongest safe asser­
tion for a (labelled) c o m m a n d a n d an ini t ial condi t ion , p rov ided we have strongest post­
conditions of convent iona l t ype for a t o m i c ac t ions . If s p [ [ a ] ] ( P ) is the s t ronges t post­
cond i t ion of a t o m i c ac t ion a w i t h respec t t o t h e p re -cond i t ion P , we m a y bui ld a safe 
asser t ion $ ( r , P ) as follows. If t h e ini t ial ac t ions for T (from s t a t e s sat isfying P ) are 
{ CKI, . . ., a n }, a n d if I\- is t he r e m a i n i n g c o m m a n d after a ; , we p u t 

n 

*(r,p) = pJ2<xiPi<f>i, 
t = l 

where P{ = s p fla^P), 

fa = ^(TuPi). 

For convenience we p u t $ ( n u l l , P ) = P . For example , the asser t ion bu i l t in th is way from 
t h e c o m m a n d [a:x:=x + 1 || f3:x:=x + 1] a n d the ini t ial condi t ion x = 0 is: 

{x = 0 }(a{ x = 1 }{ x = 1 }/3{ x = 2 } + f3{ x = 1 }{ x = 1 }a{ x = 2 }). 

Of course , w h e n we include loops a n d condi t iona ls we should be more careful in our 
definit ions, b u t a t least for finite c o m m a n d s this type of s t ronges t safe asser t ion seems to 
be of in te res t . We p l an to invest igate this topic fu r the r . 
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A n o t h e r po in t we should men t ion is t h a t our asser t ions descr ibed above are all finite, 
a n d have been given a r a t h e r rigid i n t e r p r e t a t i o n : t h e y no t only descr ibe t h e po ten t i a l 
c o m p u t a t i o n s of a c o m m a n d as beg inn ing wi th one of a given set of ac t ions , b u t also 
specify t h a t each of the ac t ions men t ioned in the asser t ion is indeed possible . I t is, of 
course , possible to re lax th is i n t e r p r e t a t i o n ; we are n o t sure if t he re would be any benefit 
t o doing so, b u t it m a y be w o r t h inves t iga t ing . Similar ly , we would like to t r y t h e effect 
of a different choice of asse r t ions . It is clearly possible to model infinite c o m p u t a t i o n s by 
using recursively defined asser t ions , p e r h a p s w i t h a vers ion of the // n o t a t i o n often used 
for this pu rpose . T h u s , if 0 is a var iab le unde r s tood to range over asser t ions , we m i g h t 
wr i t e fiO.[{P & -^B}/3{P}0] for an asser t ion which would be satisfied by t h e c o m m a n d 
a w a i t j3:B d o ^:T. Recurs ive asser t ions could then be used to bui ld proof rules for loops 
a n d cond i t iona l cr i t ical regions . 

A c k n o w l e d g e m e n t s . T h e a u t h o r is gra tefu l for discussions wi th Eike Best , E d 
Cla rke , R o b G e r t h , J a y Misra , a n d G l y n n Winske l . 
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