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1. I n t r o d u c t i o n 

T h e black-white pebble game is p layed by p lac ing pebb l e s on, a n d removing t h e m from, t h e 
ver t ices of a d i rec ted acyclic g r a p h (hencefor th cal led a d a g ) . Pebb le s a r c of two types , b lack a n d 
whi le , a n d a r e p laced accord ing to t he following rules . 

1. A b lack p e b b l e m a y b e p laced on a ve r tex iff all of i t s i m m e d i a t e predecessors have pebb les 
(of c i the r color) . 

2. A black p e b b l e m a y bo removed a t a n y t ime . 

3. A w h i t e p e b b l e m a y b e p laced on a ve r t ex a t any t i m e . 

4. A w h i t e p e b b l e m a y b e removed iff all of i ts i m m e d i a t e predecessors have pebb le s . 

N o t e t h a t ru les 1 a n d 4 imply t h a t a b lack p e b b l e m a y a lways b e p laced on a ve r t ex of indegree 
0 a n d a w h i t e p e b b l e m a y always b e r emoved from such a ve r t ex . T h e goal is t o s t a r t w i th a 
pebblcvfrc?e d a g a n d ca r ry ou t a sequence of p e b b l i n g moves s.t. every ve r t ex is p e b b l e d a t s o m e 
t i m e a n d a t t h e end t h e r e a r e no pebb le s left on t h e dag . Such a sequence of moves is cal led a 
black-white strategy for t h e dag . T h e black pebble game is t h e res t r i c t ion of the b lack-whi te p e b b l e 
g a m e in which t h e r e a r c n o w h i t e pebb le s (only rules 1 a n d 2 a p p l y ) . A black strategy for a dag is a 
b lack-whi te s t r a t e g y in which n o w h i t e p e b b l e moves a r e m a d e . T h e n u m b e r of pebbles used by a 
s t r a t e g y is t h e m a x i m u m n u m b e r of pebb les on the d a g a t once w h e n t h e moves of t h e s t r a t e g y a r e 
ca r r ied o u t . W h e n we a r e cons ider ing p e b b l i n g s t r a t eg ies for an infinite class of dags we requ i re 
t h a t t h e indegrees of t he ver t ices of t h e dags b e uniformly b o u n d e d by some c o n s t a n t . 

T h e b lack p e b b l e g a m e was i n t r o d u c e d by H e w i t t a n d P a t e r s o n [3]. I t mode l s t h e de te rmin i s t i c 
eva lua t ion of s t r a igh t - l ine p r o g r a m s . Vert ices of a d a g c o r r e s p o n d t o var iables of a s t ra igh t - l ine 
p r o g r a m a n d b lack pebb les co r r e spond to reg is te rs con ta in ing .deteni i in is t ica l ly c o m p u t e d results-. 
T h e m i n i m u m n u m b e r of pebb l e s used by a n y black s t r a t e g y for a d a g equa ls t h e m i n i m u m n u m b e r 
of regis ters needed to dc te rmin i s t i ca l ly eva lua t e t h e co r r e spond ing s t ra igh t - l ine p r o g r a m . 

T h e b lack-whi t e p e b b l e g a m e was i n t r o d u c e d by Cook a n d Se th i [2]. It mode l s t h e n o n d e -
tc rmin i s t i c eva lua t ion of s t ra igh t - l ine p r o g r a m s . W h i t e pebb les co r r e spond to regis ters con ta in ing 
n o n d e t e r m i n i s t i c guesses which can b e m a d e a t any t ime b u t which m u s t be verified before t hey 
can b e ove rwr i t t en . 

T h e black a n d b lack-whi te p e b b l e games have been s tud i ed extensively; P i p p e n g e r [9] provides 
a comprehens ive survey. T h e pr inc ip le ques t ion r ema in ing has been w h e t h e r t he re is a class of 
dags of b o u n d e d indegree for which t h e r e a r c b lack-whi te s t ra teg ies t h a t use a sympto t i ca l l y fewer 
pebb les t h a n t h e bes t b lack s t ra teg ies . Meyer auf de r Hcide [3] proved t h a t for p y r a m i d g r a p h s 
the re a r e b lack-whi te s t ra teg ies t h a t use half as m a n y pebb les as t h e o p t i m a l black s t ra teg ies . He 
also showed t h a t any dag t h a t has a b lack-whi te s t r a t e g y us ing n pebb le s ha s a black s t r a t e g y 
us ing 0(n2) pebb les . Loui [7] a n d Meyer auf de r He ide [8] i n d e p e n d e n t l y proved t h a t b l ack-whi te 
s t ra teg ies for ba l anced t rees r equ i re a t l eas t half as m a n y pebb les as t h e o p t i m a l black s t r a t eg ic s . 
L e n g a u e r a n d Tar jan [5] showed t h a t th is resul t appl ies to a r b i t r a r y t rees . Klawe [4] p roved a 
m o r e genera l resu l t , showing t h a t for a la rge class of dags t h a t " spread o u t " sufficiently rapid ly , 
b lack-whi te s t ra teg ies requ i re a t least half as m a n y pebb les cis t he bes t black s t ra teg ics . T h e s e 
" spread ing g r a p h s " inc lude p y r a m i d g r a p h s a n d various genera l iza t ions of p y r a m i d g r aphs . 

T h e only p rev ious resul t t h a t shows any a s y m p t o t i c difference be tween black a n d b lack-whi te 
pebb le s t ra teg ies is a space - t ime trade-off d u e to Lengaue r a n d Tar jan [Gj. The i r resul t appl ies 
to a class of dags called bi t reversal g r aphs . For b lack s t ra teg ies on bi t reversal g raphs wi th 
N nodes they showed t h a t t h e n u m b e r of pebb les used , «S\ is r e l a t ed to the n u m b e r of moves 
requi red , T, by the equa t ion T = &(N2/S). For b lack-whi te s t ra teg ies t he space - t ime trade-off is 
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T = S(N2/S2) + 0 ( J V ) . So for a fixed t i m e b o u n d n o n d e t c r m i n i s m r e d u c e s t h e s p a c e r e q u i r e d t o 
p e b b l e b i t r eversa l g r a p h s b y a s q u a r e r o o t . However , if n o b o u n d is p l a c e d o n t h e t i m e a n y b i t 
reversa l g r a p h h a s a b l ack s t r a t e g y us ing j u s t 3 p e b b l e s . 

H e r e w e show t h a t then* is a family of d a g s w i t h v e r t e x i ndeg ree* b o i m d e d b y 2 for w h i c h t h e r e 
fire b l a c k - w h i t e s t r a t e g i e s t h a t a r e b e t t e r t h a n t h e b e s t b l ack s t r a t e g i e s b y mi a r b i t r a r i l y l a r g e 
fac tor . T h e p t h d a g in t h e c lass h a s a b l a c k - w h i t e s t r a t e g y u s i n g G(p2) p e b b l e s whi le a n y b l ack 
s t r a t e g y r equ i r e s w(p2) p e b b l e s . T h u s , n o n d e t e n n i n i s t i c c o m p u t a t i o n s c a n produce* a n a s y m p t o t i c 
space sav ings c o m p a r e d to d e t e r m i n i s t i c c o m p u t a t i o n s in t h e m o d e l of s t r a i g h t - l i n e p r o g r a m s . 

T h r o u g h o u t t h i s p a p e r we r e g a r d p e b b l i n g moves a s b e i u g m a d e a t c o n s e c u t i v e in t ege r t i m e s . 
A p e b b l e is p l a c e d on v e r t e x v a t t i m e t if v h a s n o p e b b l e a t t i m e t - i a n d h«is a p e b b l e a t t i m e 
t. A p e b b l e is r e m o v e d from v e r t e x v a t t i m e t if v h a s a p e b b l e a t t i m e t — 1 a n d h a s no p e b b l e 
a t t i m e t. 

2. O v e r v i e w 

T h e i n t u i t i o n a s t o w h y n o n d e t e r m i n i s m s h o u l d save* s p a c e in t h e m o d e l of s t r a i g h t - l i n e p r o 
g r a m s is a s follows. S u p p o s e t h a t for s o m e s t r a i g h t - l i n e p r o g r a m w e h a v e a d e t e r m i n i s t i c e v a l u a t i o n 
s t r a t e g y for w h i c h t h e r e is a t i m e i n t e r v a l d u r i n g wh ich m a n y i n t e r m e d i a t e va lues m u s t b e k e p t in 
r eg i s t e r s wh i l e s o m e h a r d t o c o m p u t e v a r i a b l e , say x , is c o m p u t e d . D u r i n g t h a t i n t e r v a l , in a d d i t i o n 
t o t h e r eg i s t e r s a l r e a d y in u se , e n o u g h r eg i s t e r s t o c o m p u t e x will h a v e to b e a l l o c a t e d , r e s u l t i n g 
in a p i l e -up of m a n y r eg i s t e r s in u s e a t o n e t i m e . A n o n d e t e n n i n i s t i c e v a l u a t i o n s t r a t e g y can avo id 
th i s p i l e - u p b y guess ing t h e va lue of x w h e n i t is first n e e d e d , c o n t i n u i n g w i t h t h e c o m p u t a t i o n 
whi le r e t a i n i n g t h e guessed va lue in a r eg i s t e r , a n d t h e n ver ifying t h e guess (by c o m p u t i n g t h e 
va lue of x ) w h e n sufficient s p a c e h a s b e e n freed. In o t h e r w o r d s , a n o n d e t e n n i n i s t i c s t r a t e g y c a n 
t a k e o u t a l o a n w h e n cos t s a r e h i g h a n d p a y i t b a c k w h e n cos t s a r e low, t h u s r e d u c i n g t h e w o r s t 
c a se cos t . 

T h e p r o o f is d i v i d e d i n t o two p a r t s . I n t h e first p a r t a family of d a g s of v e r t e x i n d e g r e e 2 
is def ined. T h e s e d a g s c a n b e "easi ly" b l a c k - w h i t e p e b b l e d . In o r d e r t o show t h a t p e b b l e s m u s t 
p i l e -up d u r i n g a n y b lack s t r a t e g y it is n e c e s s a r y to b e ab l e to t a lk a b o u t t h e b e h a v i o r of who le 
g r o u p s of p e b b l e s a t once . Fo r t h i s p u r p o s e a new t y p e of p e b b l e g a m e , p l ayed on t h e cells of a 
m a t r i x , is def ined. Fo r each d a g in t h e family t h e r e is a c o r r e s p o n d i n g m a t r i x . E a c h p e b b l e o n 
t h e m a t r i x r e p r e s e n t s m a n y p e b b l e s o n t h e d a g . In t h i s way t h e m a t r i x p e b b l e g a m e al lows us t o 
c o n c e n t r a t e o n t h e overa l l m o t i o n of g r o u p s of p e b b l e s in a b lack s t r a t e g y for t h e d a g a n d to i g n o r e 
u n e n l i g h t e n i n g de t a i l s of i n d i v i d u a l p e b b l e m o v e s . 

M o s t of t h e first p a r t of t h e p r o o f cons i s t s of a n u m b e r of l e m m a s t h a t show t h a t a b l ack 
s t r a t e g y for a d a g c a n b e t r a n s l a t e d i n t o a m a t r i x p e b b l i n g s t r a t e g y in s u c h a w a y t h a t lower 
b o u n d s o n m a t r i x p e b b l i n g s t r a t e g i e s yield lower b o u n d s o n b l ack s t r a t e g i e s for t h e d a g s . I n t h e 
second p a r t of t h e p r o o f a lower b o u n d on m a t r i x p e b b l i n g is p r o v e d t h a t is sufficient t o show 
t h a t b l ack s t r a t e g i e s for t h e d a g s r e q u i r e a s y m p t o t i c a l l y m o r e p e b b l e s t h a n b l a c k - w h i t e s t r a t e g i e s 
r e q u i r e . 

3 . T h e M a t r i x P e b b l e G a m e 

Let M b e a p x (p + 1) m a t r i x . T h e o r d e r p m a t r i x p e b b l e g a m e is p layed on cells in t h e set 
M p = {M{j\l <i<p a n d I < j < 2 f i / 2 ] } , ic . , t h e cells ou a n d be low t h e m a i u d i a g o n a l t o g e t h e r 
w i t h t h e cell A/i,i+i w h e n i is o d d . A cell Mij is above MM iff M t J € Mp, j = / , a n d i < k. T h e 
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predecessor of Af»y G iVP is i if i is o d d a n d j > 1 a n d is M t j ^ if t is even a n d 7 < i. If 
c i the r i is o d d a n d j = 1 o r t is even a n d j = i t h e n A / t J h a s n o predecessor . 

T h e rul<*s for t h e m a t r i x p e b b l e g a m e a re as follows. 

1. A p e b b l e m a y b e p laced o n a cell m € Mv iff <U1 of t h e cells a b o v e m have pebb l e s a n d t h e 
predecessor of m (if i t h a s one) h a s a p e b b l e . If m has n o predecessor we only r equ i re t h a t 
all of the cells above ra h a v e pebb les . 

2. A p e b b l e may b e removed a t a n y t i m e . 

T h e go«d is t o ca r ry ou t a sequence of legal moves s t a r t i n g from a m a t r i x wi th no pebb les on i t 
such t h a t every cell in Mp is p e b b l e d a t s o m e t ime . Such a sequence of moves is cal led a matrix 
strategy. Equiva len t ly , a m a t r i x s t r a t e g y is a legal sequence of moves s t a r t i n g witl i a pebble-free 
m a t r i x t h a t eventua l ly p laces a p e b b l e on MPJPS 1 when p is o d d a n d on MP^ w h e n p is even. I t is 
easy to see t h a t these cells c a n ' t b e p e b b l e d w i t h o u t first pebb l ing all o t h e r cells in Mp. F igu re 1. 
shows a conf igura t ion of t h e m a t r i x p e b b l e g a m e for p = G w i t h x 's in all pos i t ions t h a t m a y b e 
p e b b l e d on t h e n e x t move . 

T h e kth diagonal of MP is t h e set {Afy 6 Mp\i - j + 2 = A:}. Mp h a s p + 1 d iagona l s . For 
1 < k < p-f-1 each cell of d iagona l k is ass igned t h e weight WK = l/k2. T h e weight of a conf igura t ion 
of t h e m a t r i x p e b b l e g a m e is t h e s u m of t h e weights of .ill cells in Mv wi th pebbles on t h e m . T h e 
w d g h t of a m a t r i x s t r a t e g y is t h e m a x i m u m weight of a n y of t h e conf igura t ions p r o d u c e d by t h e 
s t r a t egy . 

W e c o n s t r u c t a family of dags such t h a t t he p t h d a g has a b lack-whi te s t r a t egy using 0(n) 
pebb le s , w h e r e n = 2(p + l ) 2 , a n d h a s a b lack s t r a t e g y us ing q pebb les only if t he r e is a m a t r i x 
s t r a t e g y for Mp w i t h weight 0(q/n). In t h e n e x t sect ion we show t h a t as p increases t h e weight of 
m a t r i x strategies* for Mp c an n o t b e b o u n d e d b y a n y c o n s t a n t . T h u s q = w ( n ) . 

T h e d a g Gp is c o n s t r u c t e d by connec t ing t o g e t h e r a n u m b e r of smal le r dags called blocks. T h e 
blocks of Gp a r e Bt*y, for 1 < i < p a n d 1 < j < 2 f t / 2 ] . T h e re la t ions "above" a n d "predecessor" 
a r e defined for blocks as t hey a r e for cells in Mp. We say t h a t two blocks a re in t h e s a m e row 
[columnj w h e n the i r first [second] indices a r e t h e s ame . T h e d iagonals of Gv a r e defined as t hey a r e 
for Mp. Let n = 2(p + i ) 2 . T h e height of b lock J3ty in d iagona l k = t - ; + 2 is defined to b e [n • ti/fc]. 
Let h b e t h e he igh t of b lock B, let h p b e t h e he igh t of i ts predecessor (0 if B has no predecessor ) , 
a n d let hi,... , / i r b e t h e he igh t s of t h e blocks above B, in o rde r from lowest n u m b e r e d row t o 
h ighes t n u m b e r e d row. Le t m = h\ + h hr. T h e length, A, of B is defined to be h + hp + m . 
Block B w i th he igh t h a n d l eng th A h a s ver t ices v ^ , whe re 1 < i < h a n d 1 < j < A. T h e edges 
of B a r e (r/t-y, for 1 < i < h a n d 1 < j < A, a n d (vy,i>(t- m o d for 1 < i < ft a n d 
A - / i + l < j < A . F i g u r e 2. shows block £24 for p = 3. 

Row % of B is t h e set < j < A}, a n d column j is t he set { v t J | 1 < I < h). T h e first hp 
co lumns of B a r e cal led t h e start section of B, t he nex t m co lumns a r e t h e middle section, a n d t h e 
las t h c o l u m n s cure t h e end section. T h e vert ices in co lumn 1 a r e cal led t h e input vertices of B. 
T h e ver t ices in c o l u m n A a r e cal led t h e output vertices of 27, a n d for convenience we d e n o t e t h e 
t'th o u t p u t ve r t ex , V{\, by 0{. For 1 < t < m + 1, c o l u m n hp + I is called the i t h level of B. W h e n 
i < m level i is t h e ith c o l u m n of t h e midd le sect ion, a n d level m -h 1 is t h e first co lumn of t h e end 
sect ion. 

W h e n blocks a r c connec ted toge the r t o form Gp any edge t h a t leaves a block leaves an o u t p u t 
ve r tex , a n d all edges t h a t en t e r a block en te r one of t h e vert ices in t h e s t a r t or m i d d l e sect ions. A 
ve r t ex u in Gp which is no t in B is connected to c o l u m n j of B if for each v in co lumn j t he edge 
(u, v) is in G p . We say in t h a t case t h a t u is a pre-vcrtex of B. T h e edges en te r ing each block B a r e 
as follows. If B h a s a predecessor , each of t h e hp o u t p u t ver t ices of t h e predecessor is connec ted to 
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a d i s t i nc t c o l u m n in t h e s t a r t sec t ion of D. Le t Zfi, Z J o . . . . , Br b e t h e b locks a b o v e By in o r d e r f rom 
lowest n u m b e r e d row t o h i g h e s t n u m b e r e d r o w . E a c h of t h e hi o u t p u t ve r t i ces of Di is c o n n e c t e d 
t o a d i s t i n c t c o l u n m of B a m o n g t h e first hi levels of B. E a c h of t h e hn o u t p u t ver t i ces of Bi is 
c o n n e c t e d t o a d i s t i u c t c o l u m n of B a m o n g t h e n e x t hi levels of J3, a n d so o n , e n d i n g w i t h each 
of t h e hr o u t p u t ve r t i ce s of Br b e i n g c o n n e c t e d t o d i s t i n c t c o l u m n s a m o n g t h e l a s t hT levels of 
2?'s m i d d l e s ec t ion . T h e b locks a n d t h e edges c o n n e c t i n g t h e m m a k e u p Gp. Every v e r t e x h a s 
i n d e g r e e 2 o r less . F i g u r e 3 . s h o w s a s c h e m a t i c r e p r e s e n t a t i o n of w h e r e b locks lire r e p r e s e n t e d 
b y r e c t a n g l e s a u d t h e a r r o w s w i t h i n t h e r e c t a n g l e s p o i n t from loweT n u m b e r e d c o l u m n s to h i g h e r 
n u m b e r e d c o l u m n s ( t h e "d i r ec t ion of b lack p e b b l i n g ' ' ) . T h e n u m b e r s w i t h i n t h e r ec t ang l e s a r e t h e 
h e i g h t s of t h e b locks . E a c h enlge in t h e figure* leraving a ble>ck B\ of h e i g h t hi a n d e n t e r i n g a b lock 
Bi r e p r e s e n t s t h e co l lec t ion e>f h\ c o n n e c t i o n s f rom o u t p u t ve r t i ces of Bi to c o n s e c u t i v e c o l u m n s 
in t h e st«urt e>r m i d d l e sec t ion of A n e d g e emteMring t h e s ide of a b l o c k r e p r e s e n t s a co l lec t ion of 
connec t iems t o c o l u m n s in t h e s t a r t sec t iou of t h e ble>ck. Eelges e n t e r i n g t h e t o p of a b lock r e p r e s e n t 
co l lec t ions of c o n n e c t i o n s t o c o l u m n s in t h e m i d d l e sec t ion of t h e b lock , anel a r c she>wn e n t e r i n g 
t h e b lock in t h e o r d e r t h a t t h e c o n n e c t i o n s a r e m a d e t o t h e c o l u m n s . 

LEMMA 1 : There is a black-white strategy for Gp that uses 0(n) pebbles. 

PROOF: N o t e t h a t t h e s u m of t h e h e i g h t s of al l b locks w i t h i n a s ingle c o l u m n of Gp is less t h a n 
EtC/ \ n w i ] < P + 1 + HUi n / * 2 < n 7 r 2 / 6 + < 3 n . Al so n o t e t h a t a b lock of h e i g h t h w i t h 
p e b b l e s o n all of i t s p re -vc r t i ce s c a n b e p e b b l e d u s i n g e i t h e r h + 2 b l ack p e b b l e s e>r h 4- 2 w h i t e 
p e b b l e s . T h e ielea is t o p e b b l e Gp o n e c o l u m n a t a t i m e , p e b b l i n g in t h e " fo rward" d i r e c t i o n o n odel 
rows of ble>cks w i t h b l a c k p e b b l e s a n d in t h e " reverse" d i r e c t i o n o n even rows w i t h wl i i te pejbbles. 

C o l u m n s of b locks a r e p e b b l e d in s e q u e n c e , from 1 t o 2 f p / 2 ] . T h e i n v a r i a n t m a i n t a i n e d is 
t h a t be fo re a n y b locks in c o l u m n j a r e pcbble?d, j ' > 1, t h e o u t p u t ve r t i ces of al l b locks in c o l u m n 
j — 1 h a v e p e b b l e s (b lack p e b b l e s o n even row b l o c k s , w h i t e p e b b l e s o n oeld row b locks ) . C o l u m n 
j is pebbleel a s follows. 

1. W h i t e p e b b l e s a r e p l a c e d o n t h e o u t p u t ve r t i ces of each even row b lock in c o l u m n j . 

2. If j > 1, all wl i i t e p e b b l e s in c o l u m n j - 1 a r e r e m o v e d b y p e b b l i n g t he i r r e s p e c t i v e 
b locks in o r d e r from h i g h e s t n u m b e r e d row t o lowest n u m b e r e d row. W h e n w h i t e p e b b l e s 
a r e r e m o v e d in th i s o r d e r each even row b lock in c o l u m n j — i h a s p e b b l e s o n all of i t s 
p r c -ve r t i c e s d u r i n g t h e t i m e i t is p e b b l e d . 

3 . T h e b locks in o d d r o w s of c o l u m n j a r e p e b b l e d w i t h b l a c k p e b b l e s , in o r d e r from lowest 
n u m b e r e d row t o h i g h e s t , l eav ing b lack p e b b l e s on each o u t p u t v e r t e x of each o d d row 
b lock . A t each s t e p t h e b lock b e i n g p e b b l e d h a s all of i t s p re -vc r t i ce s p e b b l e d . 

4 . If j > 1 al l b l a c k p e b b l e s in c o l u m n j — 1 a r e r e m o v e d . 

Af te r t h e s e s t e p s h a v e b e e n c a r r i e d o u t t h e i n v a r i a n t for c o l u m n j + 1 is ach ieved , a n d t h e r e 
a r e n o p e b b l e s i n c o l u m n s less t h a n j . Af t e r p e b b l e s h a v e b e e n p l a c e d o n t h e o u t p u t ve r t i ces of 
t h e l a s t c o l u m n s t e p s 2 a n d 4 a r e u s e d t o first r e m o v e t h e w h i t e p e b b l e s in t h e c o l u n m a n d t h e n 
t h e b l ack p e b b l e s . I t is easy t o verify t h a t t h e p r o c e d u r e uses n o m o r e t h a n 6 n + 2 p e b b l e s . • 

W e now d e s c r i b e how t o t r a n s l a t e b l ack s t r a t e g i c s for Gp i n t o m a t r i x s t r a t e g i e s for M p . 

DEFINITION: A b lock B of h e i g h t h is loaded if t h e r e a r e h ve r t ex -d i s jo in t p a t h s each s t a r t i n g a t 

a d i s t i nc t i n p u t v e r t e x of B a n d e n d i n g a t a d i s t i n c t v e r t e x of B w i t h a p e b b l e o n i t . 

DEFINITION: A b lock B of h e i g h t h is full if t h e r e a r c h verteix-disjoiiit p a t h s each s t a r t i n g a t a 

d i s t i nc t i n p u t v e r t e x of B a n d e n d i n g a t a d i s t i n c t v e r t e x w i t h a p e b b l e on it in t h e mielelle? or enel 

sec t ion of B. 

4 



DEFINITION: A block is supported if i t a n d all the* blocks a b o v e i t a r e full. 

Fo r each m o v e of a b lack s t r a t e g y for Gp we ca r ry o u t 0 or m o r e pebb l ing moves on M p , 
accord ing to t h e following ru les . 

1. For each Af t J € Mp s.t. M t J does no t a l r eady have a p e b b l e a n d B{j is s u p p o r t e d , p lace a 
p e b b l e on M t y , p roceed ing in o rde r from t h e lowest n u m b e r e d row t o t he h ighes t . 

2. If Mij € Mp h a s a pebble* a n d Bij is n o t full a n d i ts successor is n o t loaded t h e n r emove 
t h e p e b b l e from M t J . If h a s no successor remove i ts p e b b l e if U t J is no t full. 

We m u s t show thi i t if Gp a n d Mp a r e ini t ial ly pebble-free t h e n t h e above rules will t r a n s l a t e 
black s t r a t eg ies for Gp us ing q pebb le s in to m a t r i x s t ra teg ies for Mv of weight 0(q/n). Th i s is d o n e 
in t h e r e m a i n d e r of th i s sec t ion . T h e n e x t t h r e e l e m m a s es tab l i sh some needed technica l p r o p e r t i e s 
of b lack s t r a t eg ie s for Gp. T h e r e a d e r m a y find it convenient a t first to skip L e m m a 2 a n d r e a d 
only t h e s t a t e m e n t s of L e m m a s 3 a n d 4. We a s s u m e t h a t all p e b b l i n g s t r a t eg ies for Gp a r e b lack 
s t r a t eg ies in t h e r e s t of th i s sec t ion . 

LEMMA 2 : Let B be a block with height h and m columns in its middle section. Let T = te] 
be a time interval. Let there be times t j , . . . , t^ €: T s.t. at time t{ there is a pebble on the ith 
output vertex of B, 0{. Let tmin = mini<»<^ U. Then one of the following is true. 

1. B is full throughout the interval [̂ ,̂ rmnL o r 

2. There exist times r i , . . . , r m + i € T with r x < ••• < rm^i s.t. B is full throughout the 
interval [ r A , r m + i ] a n d a t time a pebble is placed on a vertex in the ith level of B. 

PROOF: S u p p o s e (1) does n o t hold . T h e n a t some t i m e ta 6 [£«,tmtn] t h e r e is a row w i t h n o 
pebb le s o n i t w i t h i n t h e m i d d l e o r e n d sect ions , say row j . Cal l a n o u t p u t ve r t ex covered if every 
p a t h t o t h a t v e r t e x from a ve r t ex in level 1 con ta ins a ve r tex w i t h a p e b b l e . A t t i m e t a v e r t ex oy- is 
no t covered, whe rea s a t t i m e tj > t a v e r t ex OJ is covered. Le t b e t h e la tes t t i m e in t h e in te rva l 
[ta, tj\ a t which OJ is n o t covered. Le t r\ = t^ + 1. A t t i m e tf, t h e r e is a pebble-free p a t h ir end ing 
a t OJ a n d s t a r t i n g a t some ve r t ex u in level 1. Le t k be t he index of t h e row t h a t con ta ins u , a n d 
let y b e t h e ve r t ex in level m + 1 a n d row k. P a t h ir from u t o OJ m u s t inc lude y. Let ir' b e t h e 
p a r t of ir t h a t beg ins a t y a n d ends a t OJ. P a t h ir* is pebble-free a t t i m e tf, b u t no t a t t ime tj so 
the re m u s t b e a first t i m e TM+I in t h e in terval [ r i , tj] w h e n y is pebb led . Ver tex U m u s t b e pebb led 
a t t i m e r i , o the rwise ir would still b e pebble-free a t r\. A t t i m e T\ row A: c a n n o t have any pebb les 
in levels 2 t h r o u g h m + 1. T h u s , s ince y is p e b b l e d a t t i m e r m + i t h e r e mus t b e t imes < • • • < r m 

s.t. r\ < T2, r m < r m + i , a n d t h e ve r t ex in row k a n d level i is p e b b l e d a t t ime rt-. 

We show t h a t b lock B is full t h r o u g h o u t t h e t ime in te rva l [T\,TM+I\. Let t 6 [n,rm. h l]. P a t h 
7R; is pebble-free a t t ime t (except t h e r e m i g h t be a p eb b l e on y). Le t set S b e t h e last h - 1 
ver t ices of 7R;. E a c h ve r t ex in S h a s indegree 2, a n d n o ver tex in S has a p eb b l e a t t i m e t. We mfiy 
c o n s t r u c t h — 1 ver tex-dis jo int p a t h s , fl^,..., A ^ _ a , from dis t inc t ver t ices in level m - h l o the r t h a n 
y to t h e ver t ices in S. Th i s is done as follows. For v 6 5, one of t h e edges en te r ing v is no t on ir1. 
E x t e n d a p a t h b a c k w a r d s s t r a igh t a long t h e d i rec t ion of this edge t o a ver tex in level m + 1. (See 
F i g u r e 4.) Th i s is t h e s a m e a r g u m e n t used by Cook [1]. E a c h p a t h TC[ s t a r t i n g from a ver tex et- in 
level m + 1, et- ^ y, can b e e x t e n d e d backwards a long the row con ta in ing c, to a n i n p u t ver tex , a n d 
can b e e x t e n d e d forwards a long it1 to oy, t o yield a p a t h W{ from a n i n p u t ver tex to OJ. Let ir^ = ir. 
A t t i m e t ve r t ex OJ is covered, so the re m u s t b e a p e b b l e in t he midd le or cud sect ion on each of 
the p a t h s 7TT-, for 1 < i < h. For 1 < i < / i , let pi b e a p o r t i o n of 7RT s t a r t i n g a t an i npu t ver tex a n d 
end ing a t a ve r t ex of 7RT in t h e midd le o r end sect ion wi th a pebb le . For 1 < i < I < h p a t h s 7RT 

a n d iri t e r m i n a t e a t ve r t ex OJ € S a n d t h e vert ices they have in c o m m o n a r c con ta ined in 5, all of 
whose vert ices a r c pebble-free. So t h e # ' s m u s t b e disjoint , and , therefore, block B is full. • 



LEMMA 3 : Let the Hrst I Mocks o f a column ofGp be Bt,..., Bf, in order from lowest: numbered 
row to highest. Let Bf have height h a n d o u t p u t vertices o x , . . . , 0 h . Let T = b e a t i m e 
interval, and for 1 < t < h let ti G T be a time at which there is a pebble on 0{. Let t n i i n = 
miiiiv i<h ti- Then one of the following is true. 

1. Be is full throughout the interval [ ^ ^ n L or 

2. There is a time t G T at which Bt is supported. 

P R O O F : (By i n d u c t i o n on L) A s s u m e t h e l e m m a is true? for ;dl p o s i t i v e ^ < L If 77/ is full 
t h r o u g h o u t t h e i n t e rva l [t3, tmin] t h e n we a r e d o n e . Otherwise*, le t m h e t h e n u m b e r of c o l u m n s in 
t h e m i d d l e s e c t i o n of B^ F o r each p o s i t i v e i < I le t /i t b e t h e h e i g h t of B{. Le t ii{ = 1 a n d , for 
2 < i < I, le t ti, = t*t-i + 8 0 t h a t U{ is t h e lowest i n d e x of t h o s e levels of Bt w h i c h a n o u t p u t 
v e r t e x of B{ is c o n n e c t e d to . B y L e m m a 2 t h e r e a r e t i m e s r i , . . . , r m *-i G T , w h e r e rx < • • • < r m H i , 
s.t . a t t i m e rt- a p e b b l e is p l a c e d on a v e r t e x in level i of Bt, a n d Bt is full t h r o u g h o u t t h e i n t e r v a l 

?m+i]- L e t k b e t h e l a r g e s t p o s i t i v e i n t e g e r less t h a n t. s.t . t h e r e is a t i m e in t h e i n t e r v a l [n , r t t J 
w h e n Bk is n o t fall. (If t h e r e is n o such k we a r e d o n e — b locks . . . , Bt a r e all full a t t i m e 
r | . ) A t t h e t i m e s r t i f c , . . . , r V f c + 1 _x p e b b l e s a r e p l a c e d o n t h e levels of Bt t o wh ich t h e o u t p u t s of 2?* 
a r e c o n n e c t e d . So each o u t p u t v e r t e x of Bk m u s t h a v e a p e b b l e o n i t a t s o m e t i m e in t h e i n t e r v a l 
[ rii f c?fti f c+i-i]- B y t h e i n d u c t i v e h y p o t h e s i s , u s ing t h e s u b s t i t u t i o n s t„ —• rx, t c —• r t i f c M _ i , a n d 
U —• r U f c ^ _ i , t h e r e is a t G [ r i , r n f c f , -x ] a t w h i c h Bk is s u p p o r t e d , i.e., U i , . . . , Bk a r c all full. S ince 
t G [rx, r ^ J , for fc < t < I, we h a v e t h a t Ufc+x, • • • > ^ - l a r e a lso full a t t i m e £. F ina l ly , t G [rx, r m + i ] 
so Bi is fall a t t i m e t. • 

LEMMA 4 : L e t B be a Mock of G p w i th predecessor C. Let Gp have no pebbles at time 0. If at 
time t e > 0 Mock B is full then there is a time t 3 G [l ,*c] at which C is supported and s.t. for all 
times in the interval [t9, £*] either C is full or B is loaded. 

PROOF: L e t t h e h e i g h t of B b e h, a n d le t s b e t h e n u m b e r of c o l u m n s in i ts s t a r t s ec t ion . A t 
t i m e t e t h e r e a r e v e r t e x - d i s j o i n t p a t h s TT[,..., 7r£ l e ad ing from i n p u t ve r t i ces of B t o ve r t i ces w i t h 
p e b b l e s in t h e m i d d l e o r e n d sec t ion of B. Le t u\ b e t h e las t v e r t e x of IRF. Le t ti = £ e . F o r i > 1 
we define t{ a n d , for i < j < h, we define a n d 7T*, as follows. T i m e £ t is t he l a t e s t t i m e in t h e 
i n t e r v a l [ l , ^ _ x ] f ° r w h i c h t h e r e is a k s.t. v e r t e x u ^ " 1 is n o t p e b b l e d . T h e r e m u s t b e such a t i m e 
b e c a u s e t h e r e a r e n o p e b b l e s o n Gp a t t i m e 0. If tijT1 h a s n o p r e d e c e s s o r in B le t IQ = i a n d leave 
tT unde f ined for r > to a n d a n d fly undef ined for r > ZQ. O t h e r w i s e , for J ^ k v e r t e x uLJ = u ^ 1 

a n d p a t h 7r* = ^F1, v e r t e x u\ equa l s t h e p r e d e c e s s o r of uf1 on p a t h TrjT1, a n d IR%

K equa l s IR^"1 w i t h 
v e r t e x u1^ 1 r e m o v e d . (S ince for 1 < j ' < h o n e of t h e 7r*'s dec reases in l e n g t h each t i m e i i nc rea se s , 
t h e r e m u s t b e a finite va lue for in.) A t t i m e ti 4- 1 a p e b b l e is p l a c e d o n u)^1 so if i < z'o t h e n a t 
t i m e ti t h e r e m u s t b e a p e b b l e on i t s p r edeces so r , u\. T h u s for 1 < i < io t h e r e a r e t h r o u g h o u t 
t h e i n t e r v a l [ft-+x 4- 1, *t] d i s jo in t p a t h s 7Tx,... ,TT^ s t a r t i n g a t i n p u t ve r t i ces a n d e n d i n g a t ve r t i ces 
w i t h p e b b l e s , u\,... ,ul

h, r e spec t ive ly . So B is l o a d e d t h r o u g h o u t t h e i n t e r v a l T = [* t0 4-

L e t u]^1 b e t h e v e r t e x p e b b l e d a t t i m e £ t 0 4 - 1 . I t h a s n o p r e d e c e s s o r s in B so i t is a n i n p u t 
v e r t e x . Success ive ve r t i ces of p a t h TT£ a r e p e b b l e d d u r i n g t h e in t e rva l T . s t a r t i n g w i t h in 

t h e first c o l u m n of B a n d e n d i n g w i t h u\.Q in t h e m i d d l e o r e n d sec t ion of B. T h u s t h e r e a r e t i m e s 
r x , . . . , 7*3 G T s.t. a t t i m e r t t h e v e r t e x of 7r£o in c o l u m n i of B is p e b b l e d . A t t he se t imes t h e va r ious 
o u t p u t ve r t i ces of C m u s t h a v e p e b b l e s . L e t ta b e t h e l a t e s t t i m e in t h e in te rva l [ 0 , £ t J s.t. C is n o t 
full. T h e r e is such a t i m e s ince G is n o t full a t t i m e 0. B y L e m m a 3 t h e r e is a t i m e ta G *i] s. t . 
C is s u p p o r t e d . If t9 < £ t 0 t h e n by def in i t ion of t a b lock C is full t h r o u g h o u t t h e in t e rva l [ ^ ^ i n ] . 
B lock B is l o a d e d t h r o u g h o u t [U0 4- so e i t h e r C is full o r B is l oaded t h r o u g h o u t • 



W e c a n now easily prove t h a t t h e previous ly given rules t r a n s l a t e black s t r a teg ies for Gp i n to 
m a t r i x s t r a t eg ies for Mp iu t h e des i red way. 

LEMMA 5 : I£GP and Mp a r e initially pebble-free thou any legal sequence of black pebbling moves 
for Gp is translated into a legal sequence of pebbling moves for Mp by rules 1 and 2. 

P R O O F : Pebb le s can b e removed a t a n y t i m e in t he m a t r i x p e b b l e g a m e , so we m u s t show 
t h a t all moves p lac ing pebb les a r e legal. R u l e 1 is t h e only ru le t h a t causes pebb les to be p laced. 
S u p p o s e a p e b b l e p laced a t t ime tr of t h e sequence of move's for Gp causes a pebb le to b e p laced on 
cell Mij in t h e m a t r i x p e b b l e game . R u l e 1 ensures t h a t all cells in Mp above Mij have? pebb les a t 
t h e t i m e Afy is pebb l ed , because 1 if a b lock is s u p p o r t e d all the blocks above i t a r c s u p p o r t e d . We 
mus t show t h a t t h e p redecessor of M t J (if t he r e is oue) .also has a p e b b l e a t th i s t ime . Suppose! Mij 
has a preelecessor. A t t i m e tK block Z?,y is full s ince it is s u p p o r t e d . Let C b e t h e preelece!sse>r of 
Bij. B y L e m m a 4 t h e r e is a t i m e t s < t e s.t. C is suppe>rted a t t i m e t9 a n d t h r o u g h o u t t h e in te rva l 
[*5, tc] e i the r C is full or Bij is loaded . B y ru le 1 a pe»bble is phiced on the predccesse>r of M t y a t 
t i m e t 9 (if t h e r e w a s n ' t one the»re a l r e a d y ) . B y ru le 2 th is p e b b l e can only b e removeel if C is n o t 
full a n d Bij is n o t loadeel, a cond i t ion which d o e s n ' t occur i n the in te rva l [* s , i e ] - So a t t i m e te t h e 
p redecessor of Mij h a s a p e b b l e . • 

LEMMA 6 : A n y black strategy for Gp is translated by rules 1 and 2 into a matrix strategy for 
Mp. 

P R O O F : L e m m a 5 shows t h a t t h e m a t r i x p e b b l i n g moves a r e legal, so i t suffices to show t h a t 
t h e mos t difficult cell t o p e b b l e of t h e ' m a t r i x p e b b l e g a m e is pebb led . Le t m = Mp#+i or A / P f i , 
accord ing to w h e t h e r p is odel or even, anel let B = BPJP+I or J5 p , i b e t h e co r r e spond ing b lock of 
Gp. Le t tf b e t h e t i m e of t h e final move of t h e b lack s t r a t e g y for Gp. T h e n for each o u t p u t ve r t ex 
of B t h e r e is a t i m e in T = [0,*/] w h e n t h a t veTtex h a s a pebb le . Since B is n o t full a t t i m e 0 we 
conc lude by L e m m a 3 t h a t t h e r e is a t i m e t 6 T w h e n B is s u p p o r t e d . A t th is t i m e a pebb le is 
p laced on m by ru le 1. • 

LEMMA 7 : I f a black s t r a t e g y for Gp uses q pebbles then it is translated by rules 1 and 2 into a 
matrix strategy for Mp of weight no more than bq/n. 

PROOF: L e m m a 6 shows t h a t a black s t r a t e g y for Gp is t r a n s l a t e d in to a m a t r i x s t r a t e g y for 
i l ^ ; we m u s t show t h a t t h e b o u n d on t h e weight holds . By ru le 2 a pebb l e is on Mij only if e i ther 
Bij o r i ts successor (if i t has one) is loaded. ( W h e n a bloerk is full it is also loaded. ) W h e n a 
block of he igh t h is loaded it h a s a t leas t h pebb les on i ts ver t ices . T h e weight of M t J on d iagona l 
k = i — j + 2 is tt/fc, t h e he ight of Bij is a t least nwk, a n d t h e he ight of i ts successor is a t least \nw^. 
T h u s t h e p e b b l e on M^ which con t r i bu t e s a weight of can b e assoc ia ted wi th t h e a t least \r\Wk 
pebb le s o n Bij or i ts successor. For a n y i a n d j t h e pebb les on Bij a r e assoc ia ted wi th a t m o s t 
two pebb le s on Mp — one on Mij a n d one on M^s p redecessor . Also, if t hey a re assoc ia ted w i t h 
two pebb l e s only one can c o n t r i b u t e a weight of 4tti t-_y+2» t he o t h e r con t r i bu t e s only ti/ t-_y+2- So 
al lowing for th is doub le coun t ing w h e n a conf igura t ion of pebb les on M h a s weight w t h e r e a r e a t 
least | n w pebb le s on Gp. T h e c la im follows. • 

4 . A L o w e r B o u n d for t h e M a t r i x P e b b l e G a m e 

In this sect ion we prove t h a t as p increases the weight of o p t i m a l m a t r i x s t ra teg ies for Mp m u s t 
grow w i t h o u t bemnd. Roughly , we will she>w t h a t t he r e mus t b e some t ime du r ing any s t r a t e g y for 

a t w h l c l i t h < ™ a re a la rge n u m b e r of pebb les on a single d iagonal . 
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DEFINITION: The? channel of Mp is t h e se t { M t y 6 Mp\j > i o r (x o d d a n d j = i - 1 ) } . F i g u r e 5. 
shows I V / 6 a n d i t s ediannel. 

LEMMA 8 : If at some time there are no pebbles in the cliannvl of Mp between row i\ mid row 
%i > ii then before a pebble can be placed on a cell of the chatmel in row i<i pebbles must he placed 
on every cell of the channel in rows %i through 1*2 — 1. 

P R O O F : T h i s follows i m m e d i a t e l y from t h e ru l e s for t h e m a t r i x p e b b l e g a m e . • 

LEMMA 9 : F o r a n y positive integer a, there is an integer pa s.t. for all P > PA the minimum weight 
strategy for Mp has weight greater than a . 

P R O O F : L e t a b e a p o s i t i v e i n t ege r . W e sha l l a s s u m e t h a t for all P t h e r e is a s t r a t e g y for Mp of 
we igh t n o g r e a t e r t h a n a a n d show t h a t t h i s l e ads t o a c o n t r a d i c t i o n . T h e o u t l i n e of t h e p r o o f is 
as follows. F i r s t , w e u s e a t o o b t a i n , for e a c h d i a g o n a l , a r o u g h u p p e r b o u n d on h o w m a n y p e b b l e s 
m a y b e o n t h a t d i a g o n a l d u r i n g a n y s t r a t e g y of we igh t a for a n y size m a t r i x . W e t h e n t i g h t e n t h e 
b o i m d s t o m a k e t h e m a s s m a l l a s p o s s i b l e ( t h e first t h r e e d i a g o n a l s a r e t r e a t e d spec i a l l y ) . F ina l ly , 
w e s h o w t h a t t h e r e is a sufficiently l a r g e m a t r i x for w h i c h t h e r e is n o s t r a t e g y t h a t sat isfies t h e 
t i g h t b o u n d s . 

Fo r i > 1 le t 6T- = a/w{. Ca l l a s t r a t e g y for Mp a b-stratcyy if a t n o t i m e a r c t h e r e m o r e t h a n 6T-
p e b b l e s o n d i a g o n a l i , for 1 < t < p + 1. B y t h e a s s u m p t i o n t h e r e is a b - s t r a t e g y for M p , for al l p . 
F o r o t h e r w i s e t h e r e w o u l d b e a n P' s.t . for a n y s t r a t e g y for Mp t h e r e is s o m e d i a g o n a l J w h i c h a t 
s o m e t i m e h a s m o r e t h a n a/wj p e b b l e s , e a c h c o n t r i b u t i n g a we igh t of WJ, y i e ld ing a t o t a l g r e a t e r 
t h a n a . 

L e t 3 b e t h e s m a l l e s t i n t e g e r s.t . for all P t h e r e is a 6 - s t r a t e g y for Mp w h i c h n e v e r h a s m o r e 
t h a n s p e b b l e s a t a t i m e o n d i a g o n a l s 1, 2 , a n d 3 c o m b i n e d . U n d e r t h e a s s u m p t i o n , 3 m u s t ex is t 
a n d is in fact n o g r e a t e r t h a n 6 1 4- 62 4- 6 3 . Ca l l a 6 - s t r a t e g y w h i c h n e v e r h a s m o r e t h a n s p e b b l e s 
a t a t i m e o n d i a g o n a l s 1, 2, a n d 3 c o m b i n e d a n s-stratcqy. T h e r e m u s t b e a po *-t. a n y 6 - s t r a t e g y 
for A P ° r e q u i r e s 3 p e b b l e s o n d i a g o n a l s 1, 2, a n d 3 c o m b i n e d a t s o m e t i m e , for o t h e r w i s e s cou ld 
b e m a d e sma l l e r . If P > po t h e n a n y 6 - s t r a t e g y for M p t h a t uses less t h a n s p e b b l e s in d i a g o n a l s 
1, 2, a n d 3 c o m b i n e d y ie lds a 6 - s t r a t e g y for t h a t uses less t h a n s p e b b l e s in t h o s e d i a g o n a l s , 
b e c a u s e M7*0 is t h e s u b s e t of Mp cons i s t i ng of i t s first po rows . So for all P > po , a n y ^ - s t r a t e g y 
for Mp m u s t h a v e a t i m e w h e n d i a g o n a l s 1, 2, a n d 3 c o n t a i n a t o t a l of s p e b b l e s . 

Fo r t > 4 we define c+ in t e r m s of t h e 6 * ' 3 , s , a n d CJ for J < i , a s follows. T h e in t ege r CI is 
t h e sma l l e s t i n t ege r s.t. for all P t h e r e is a n . s -s t ra tegy for Mp wh ich uses n o m o r e t h a n CJ p e b b l e s 
on d i a g o n a l j a t a t i m e , for 4 < j < %. E a c h ct- ex i s t s a n d is in fact n o g r e a t e r t h a n 6T*. A c-
atrateqy for Mp is a n s - s t r a t e g y w h i c h n e v e r h a s m o r e t h a n C{ p e b b l e s a t a t i m e o n d i a g o n a l i , for 
4 < I < P + 1. B y c o n s t r u c t i o n , for al l p t h e r e is a c - s t r a t e g y for M p . F o r e a c h I > 4 t h e r e is a PF{ 

s.t . a n y c - s t r a t e g y for A P * r e q u i r e s ct- p e b b l e s o n d i a g o n a l I a t s o m e t i m e , for o t h e r w i s e c t c o u l d 
h a v e b e e n m a d e sma l l e r . B y t h e a r g u m e n t of t h e p r e v i o u s p a r a g r a p h , for all P > P\ a n y c - s t r a t e g y 
for M? r e q u i r e s ct- p e b b l e s a t s o m e t i m e o n d i a g o n a l i. F o r I > 4 , le t p x = m a x ( p o , M A X 4 < J < i P y ) . 
T h e n for a l l p > PI a n y c - s t r a t e g y for Mp h a s a t i m e a t wh ich s p e b b l e s a r e on d i a g o n a l s 1, 2, a n d 
3 c o m b i n e d a n d , for each 4 < J < i , a t i m e a t w h i c h CJ p e b b l e s a r e on d i a g o n a l J. 

We n e e d t h e fol lowing p a r a m e t e r s . 

m i = m a x ( 4 , 2 [ p o / 2 ] ) m 2 = m a x ( m 1 4- 1, 2 [ p m i 4 . i / 2 j 4 - 1) 

P = c 4 4 - • • • 4- CM^i m 3 = 2 4- m i 4- (/? 4- l ) ( r n ! 4- m2 4- 3) 

N o t e t h a t m i a n d m j a r e even a n d RRI2 is o d d . We h a v e a r g u e d t h a t for all p , Mp h a s a c - s t ra tegy , 

so in p a r t i c u l a r M m 3 h a s a c - s t r a t egy . W e shal l show t h a t t h i s is impossible*, y ie ld ing t h e elcsired 

c o n t r a d i c t i o n . 
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Refer to F i g u r e 6. for t h e r e m a i n d e r of t h i s proof. Le t A t h e set of cells of Mm'1 in c o l u m n s 
TM3 - m i + i t h r o u g h m 3 . A is equ iva len t to M m i . Cons ide r a c - s t ra tegy for Mm'{. Let t A b e 
t h e first t i m e a t wh ich cell ci = M T n : f , m : , r r i ! is p e b b l e d . A t t i m e t\ t h e predecessor of c l t cell 
e 2 = A f m 3 v m 3 . m , f - i , m u s t have a pebble*. Le t *2 b e t h e l a t e s t t i m e before ti a t which a pebb l e is 
p laced o n £ 3 . Le t *o b e t h e l a t e s t t i m e before t 2 a t which A con ta ins n o pebb les , so t h a t A con ta ins 
a t leas t one p e b b l e t h r o u g h o u t t h e in terval [*<> + M i ] . Cell €2 is t h e m o s t difficult cell in A t o 
pebb le , so d u r i n g t h e in te rva l [Uh h] t he s t r a t e g y for A T " 3 m u s t inc lude a s t r a t e g y for A. Because 
f*i > P O i t h e r e is a t i m e G [to + 1, £2] a t which t he re a r e s pebb les in A on d iagonals 1, 2, and 3 
combined . A t t i m e t A t h e r e a r e a t mos t fi pebb les on t h e first 7712 + 1 d iagonals in rows 1 t h r o u g h 
7713 - m i - 2. T h u s , if we cons ider t he row in terva ls [ i ( m i + m 2 + 3) + 1, ( t + l ) ( r n i + 4- 3 ) ] , 
for 0 < i < fi, all of which a rc inc luded in rows 1 t h r o u g h m s - m i - 2, t h e r e m u s t b e a t 
least one in te rva l , say t h e t 'o th, which h a s n o pebb le s in t h e first m j + 1 d iagona ls . Let k = 
io(™\ + m 2 + 3) + l b c t h e first row in th is in te rva l . Le t B = {Mij G M m 3 | t < A; + m i a n d j > k} 
a n d le t C = {Mij G A f m 3 | t < H m i + m 2 + l a n d j > k + m i + 2 } . T h e n B is equiva lent t o 
A T * 1 1 * 1 a n d C is equ iva len t t o M™7 a n d s ince b o t h a r c c o n t a i n e d in rows k t h r o u g h k + m i + m 2 

a n d d iagona l s 1 t h r o u g h m 2 + 1 t hey a r c pebble-f ree a t t i m e t&. 

W e d i s t ingu i sh four m o r e cells of A T " 3 . 

e 3 = Mm3 

C?5 = M f c + m | + 2 , * - t - m i + 2 e 6 = M j f e + m i , J b + m i 4 - l 

A t t i m e t& cell 63 does n o t h a v e a p e b b l e b e c a u s e it is on d iagona l 1 a n d all pebbles on t h e first 
t h r e e d iagona l s a r e in A a t t i m e t^. A t t i m e £1 cell e$ m u s t h a v e a p e b b l e b e c a u s e it is above ei 
a n d a p e b b l e is p l aced on ei a t t i m e ti. So let £3 b e t h e ear l ies t t i m e in [tji + M i — 1] t h a t a p e b b l e 
is p laced o n 6 3 . A t t i m e t& t h e channe l of M m 3 be tween rows k + m i + m 2 + 1 a n d — m\ — 1 
is pebble-free , b e c a u s e all pebb le s in t h e first t h r e e d iagona ls a r e in A. So by L e m m a 8 t h e r e is 
a t i m e t+ G [ * A > * 3 ] a t wh ich a p e b b l e is p l aced on 64. S ince C is pebble-free a t t i m e tj\ a n d t\ is 
t h e m o s t difficult cell of C to p e b b l e , t h e p e b b l i n g s t r a t e g y for M m 3 m u s t inc lude a s t r a t e g y for 
C d u r i n g t h e in te rva l [t&, £4]. T h e first cell of C t o b e p e b b l e d m u s t b e e j , so let t$ b e t h e ear l ies t 
t i m e in [ *A,*4] a t wh ich e$ is pebb l ed . ( T h u s t h e pebb l i ng s t r a t e g y for C occurs d u r i n g [£5,£4] . ) 

T h e channe l of JVf7 1 3 b e tween rows fc + m i a n d k + m i + 2 is pebble-free a t t ime t& so by L e m m a 
8 t he re is a t i m e t$ G [t^, £5 - 1] a t which a p e b b l e is p laced on e$. Cell is t he mos t difficult cell 
of B t o p e b b l e so since B is pebble-free a t t i m e t A t he pebb l i ng s t r a t e gy for M m * m u s t inc lude a 
s t r a t e g y for B d u r i n g t h e in te rva l [*AJ*O]-

B e c a u s e m i + 1 > po, t h e r e is a t ime to G [ * A , to] w h e n all s pebb les on t h e first t h r e e d iagonals 
a r e in B. For as long as t h e r e a r e n o pebb le s in t h e channe l of A n o pebb les can b e p laced in A, 
b e c a u s e every cell no t in t h e channe l has a channe l cell a b o v e i t . No pebb les can b e p laced in t h e 
channe l of A un t i l e% is pebb l ed , so t h r o u g h o u t t h e in te rva l (*B» *3| n o pebb les can b e p laced in A, 
a n d t h e r e a r e n o pebb les in t h e first t h r e e d iagona ls of A. A l t h o u g h some pebb les in A m a y b e 
r emoved d u r i n g th i s in te rva l they can no t all b e r emoved b e c a u s e £3] C [to + M i ] , a n d t he re is 
a t leas t one p e b b l e in A t h r o u g h o u t t h e l a t t e r in te rva l . T h u s t h e r e is a t least one p e b b l e in A o n 
a d iagona l j G [ 4 , m i + 1] which r e m a i n s in p lace t h r o u g h o u t t h e in terval [ £ # , £ 3 ] . T h e s t r a t e g y for 
M ™ 3 inc ludes a s t r a t e g y for C du r ing the in terval [ £5 * *4 ] , which is con ta ined in [ £ £ , £ 3 ] . Because 
TTL'y ^ Pm i 4-1 t h e r e is a t i m e in [$5, £4] a t wh ich the re a r e CJ pebb les on d iagona l J in C. Toge the r 
wi th t h e fixed p e b b l e on d iagona l J in A th i s gives CJ + 1 pebbles on d iagona l J of M m 3 a t t h a t 
t ime . Th i s c o n t r a d i c t s t h e c la im t h a t we a r c pebb l i ng A / m 3 w i th a c-s t ra tegy. 

T h e a s s u m p t i o n t h a t for all p t h e r e is a s t r a t e g y for Mp wi th weight uo g rea t e r t h a n a leads 
to a con t r ad i c t i on , so t h e r e is a pa s.t. all p e b b l e s t r a t eg ics for MPn have weight g rea te r t h a n a. If 
p > pa t h e n MPn is con t a ined in Mp so Mp does n o t have a s t r a t e g y of weight a. • 

9 



THEOREM 1: Forp > 1 there is a black-white strategy for Gp which uses 0{n) pebbles, where 
n = 2(p + i ) 2 , whereas all black strategies for Gp require u(n) pebbles. 

P R O O F : T h e first p a r t of t h e s t a t e m e n t is L e m m a 1, a n d t h e s e c o n d p a r t follows from L e m m a s 
7 a n d 9. • 

5 . R e m a r k s 

W e h a v e s h o w n t h a t t h e r a t i o of t h e m i n i m u m n u m b e r of p e b b l e s n e e d e d b y a n y b lack s t r a t e g y 
for Gp t o t h e m i n i m u m n u m b e r of p e b b l e s n e e d e d by a n y b l a c k - w h i t e s t r a t e g y for Gp m u s t g row 
w i t h o u t b o u n d a s p i n c r e a s e s . T h e p r o o f d o e s n o t give a n y h i n t a s t o how r a p i d l y t h i s r a t i o 
i nc r ea se s . T h i s is b e c a u s e t h e c r i t i ca l s t e p of s e t t i n g t h e c t ' s a n d p t-'s in L e m m a 9 is n o n c o n s t r u c t i v e . 
L i p a r t i c t d a r , i t s e e m s difficult t o get a n u p p e r b o i m d o n t h e p t ' s in t e r m s of t h e p a r a m e t e r a . 

O n e c a n show, u s i n g a d i v i d e a n d c o n q u e r a r g u m e n t , t h a t Mp has a m a t r i x s t r a t e g y of w e i g h t 
O ( l o g p ) . T h i s s t r a t e g y is eas i ly t r a n s l a t e d i n t o a n O ( n l o g n ) b l a c k s t r a t e g y for Gp ( w h e r e a s u s u a l 
n = 2 (p + l ) 2 ) . T h e m a t r i x p e b b l e g a m e c a n b e gene ra l i zed in a n obv ious w a y t o p x q m a t r i c e s , 
w i t h t h e we igh t of cell M t J - se t t o s o m e n o i m e g a t i v e va lue W{j in such a way t h a t t h e s u m of t h e 
we igh t s in a n y c o l u m n is b o u n d e d by a c o n s t a n t , for all p a n d q. ( T h e lower t r i a n g u l a r m a t r i c e s 
u s e d in t h i s p a p e r c a n b e fit i n t o t h i s s c h e m e by s e t t i n g t h e we igh t s of cells n o t in Mp t o 0.) F o r 
a fixed p a n d cj, cal l c o l u m n j 6 [2,q — 1] a n inflection column if t h e r e is s o m e row i s.t . c i t h e r 
w t \ j - i > W{j a n d W{j < W t , j + i ° r Wij-i < Wij a n d W{j > w^j.^i. Le t 7 b e t h e n u m b e r of inf lec t ion 
c o l u m n s in t h e p x q m a t r i x . T h e d i v i d e a n d c o n q u e r a r g u m e n t is eas i ly e x t e n d e d to show t h a t t h e 
p x q m a t r i x h a s a s t r a t e g y of we igh t 0 ( l o g 7 ) . In p a r t i c u l a r , s ince 7 < q, t h e r e is a m a t r i x s t r a t e g y 
of we igh t O(logq). T h u s if t h e r e is t o b e a n y c h a n c e of e x t e n d i n g t h e m e t h o d of t h i s p a p e r t o show 
a l a rge g a p b e t w e e n o p t i m a l b l a c k - w h i t e a n d b l a c k p e b b l e s t r a t e g i c s , s ay a n n v e r s u s n l 4 " € g a p , 
t h e n v e r y long m a t r i c e s , w i t h q l a r g e c o m p a r e d t o n , m u s t b e u s e d . 
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Figure 1. A configuration of M 6. Legal moves are marked with "x", 
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Figure 3 . Schematic representation of G 5. 




