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A REPRESENTATION OF COMPLETELY DISTRIBUTIVE ALGEBRAIC LATTICES.

by
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It is easily seen that the left—closed (==downwards—closed) subsets of a partial order
form a completely distributive algebraic lattice when ordered by inclusion. Here a converse
is proved; any completely distributive algebraic lattice is isomorphic to such a set of left—
closed subsets of a partial order. The partial order can be recovered from the lattice as
the order of the lattice restricted to its complete primes.

1 Basic Definitions.
The following definitions are well-known, see e.g. [Gra, CL, J].

For a partial order L. = (L, C), the covering relation < is defined by
t<yertly&r#Ay&(Vz.zC 20 y=2z=20rz=y)

for z,y € L.

Recall a directed set of a partial order (L, C) is a non-null subset § C L such that
Vs, t€cS3ueS. sCu&tl u

A complete lattice is a partial order L = (L, C) which has joins (=suprema=least
upper bounds) | | X’ and meets (=infima=greatest lower bounds) [] X of arbitrary subsets
X of L. We write z iy for | J{z,y}, and zMy for [I{z,y}.

An isolated (= finite=compact) element of a complete lattice L = (L, C) is an
element z € L such that for any directed subset S C L when z T | | S there is s € S such
that z T s. (In a computational framework the isolated elements are that information
which a computation can realise—use or produce—in finite time—see [S].)

When there are enough isolated elements to form a basis a complete lattice is said
to be algebraic i.e. an algebraic lattice is a complete lattice L = (L, Z) for which z =
|LI{e C z|e is isolated } for all z € L.

Let L = (L, L) be a complete lattice. We are interested in these distributivity laws:

M U z;= U Iz Lo (1)

i€l JET() JEK i€l
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where K is the set of functions f : I — |J;c; J(¢) such that f(i) € J(¢); when L satisfies
(1) it is said to be completely distributive.

UxX)ny=W=znyizeX} (2)
where X C L and y € L; when L satisfies (2) it is called a complete Heyting algebra.

MX)uy=I{zuylzeXx} (3)
where X C Land y € L. _

zU{yM2)=(zLy)M(zL2) (4)

where z,y,2 € L. This finite distributive law is equivalent to its dual in a complete
lattice—see [Gri]. Note that simple arguments by induction show that (4) implies finite
versions of (1)-—in which the indexing sets are restricted to be finite—and (2) and (3)—in
which the set X is restricted to be finite,

Clearly if a complete lattice is completely distributive, i.e. satisfies (1), then it also
satisfies (2}, (3) and (4).

The following definitions are perhaps less standard. Given a partial order P, we shall
order the set of left—closed subsets of P by inclusion. The points of P can be recovered
as the complete primes in this order of left—closed subsets. (Computationally, structures
like P, and accompanying structures of left—closed subsets, can be associated with sets of
events ordered by a causal dependency relation—see [NPW, W, W1, FT|.}

2 Definition. Let P = (P, <) be a partial order. A subset X of P is left—closed iff
P<peX=pecX

for p,p' € P.
Let X be a subset of P. Define the lefi—closure of X to be

[X) =aes {P€EP|IpEX.p'<p}.
By convention we write [p] for [{p}] = {p' € P |p'<p} when p € P.

3 Definition. Let L = (L, C) be a complete lattice.- A complete prime of L is an
element p € L such that
pC X =23xecX.pCx

The lattice L is prime algebraic iff z = | |{p C z | p is a complete prime }, for all z € L.
The definition of prime algebraic was introduced in [NPW]. However, it turns out that

the concept was already familiar in another guise; for complete lattices it is equivalent to
algebraicity with complete distributivity. Firstly we recall a theorem from [NPW]. A
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prime algebraic complete lattice can always be represented, to within isomorphism, as the
lattice, ordered by inclusion, of the left-closed subsets of its complete primes.

4 Theorem.

(i) Let P = (P, <) be a partial order. Its left-closed subsets ordered by inclusion,
(L(P), ©), form a prime algebraic complete lattice; the complete primes of (L(P), C)
have the form [p| for p € P. The partial order P is'isomorphic to ({[p] | p € P}, C), the
restriction of the ordering on left-closed subsets to the complete primes, with isomorphism
given by the map p — [p], for p € P.

(ii) Let L = (L, T) be a prime algebraic complete lattice. Let P = (P, <) be the
partial order consisting of the complete primes of L ordered by the restriction < =L [P
of C to P. Then 8 : (L(P), C) = L where 8(X) = (UX for X € L(P), with inverse ¢
given by ¢{z) ={p€P|pC z}forz€L.

Proof.

(i) Let P = (P, <) be a partial order. It is easy to see that L(P) is a complete lattice
in which joins are unions and meets are intersections.

Suppose z is a complete prime of (L(P), C). Then obviously z = {J{[p} | p € z}
which implies z = [p] for some p € P. To see the converse, consider an element of the
form [p], for p € P. If [p] C |UX for X C L(P) then p € z for some z € X. But z is
left—closed so [p] C z. Thus [p] is a complete prime.

It is easy to see that the map p +— [p], for p € P, is an order isomorphism between P
and ({[p] | pEP}, Q).

(ii) Let L = (L, C) be a prime algebraic complete lattice. Let P = (P, <) be the
complete primes of L ordered by the restriction of C.

Obviously the maps 6 and ¢ are monotonic ¢.e. order preserving. We show they are
mutual inverses and so give the required isomorphism.

Firstly we show o ¢ = 1. Thus we requirez = | [{p € P |p C z} for all z € L. But
this is just the condition of prime algebraicity.

Now we show ¢o 8 = 1. Let X € L(P, <). We require X = ¢ o 8(X) i.e. X ={p€
PipC X} Clearly X C {p€ P|p C |JX}. Conversely if p C |} X, where pis a
complete prime, then certainly p C g for some ¢ € X. However X is left—-closed so p € X,
showing the converse inclusion.

Thus we have established the required isomorphism. J
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5 Corollary. A prime algebraic complete lattice is completely distributive (and so satisfies
the distributive laws (2), (3) and (4), as well as (1)).

Proof. The distributive laws clearly hold for left—closed subsets ordered by inclusion and
these represent all the prime algebraic complete lattices to within isomorphism. |

The next step is to show the prime algebraic complete lattices are the completely
distributive algebraic lattices. A key idea is that algebraicity implies a form of discreteness;
any distinct comparable pair of elements of an algebraic lattice are separated by a covering
interval. The proof uses Zorn’s lemma.

6 Lemma. Let L = (L, [T) be an algebraic lattice. Then

Ve,yELzC y&zs£y=32,2€L.cC 2z <2 Cy.

Proof. Suppose z,y are distinct elements of L such that z [ y. Because L is algebraic
there is an isolated element b such that b [£ z & 6 C y. By Zorn’s lemma there is a
maximal chain C of elements above z and strictly below z | b, As b is isolated, from the
construction of C we must have z C | JC < zUb C y.. 1§ '

In proving the next theorem we use such coverings to construct complete primes of
a lattice. The distributive laws (2) and (3)—implied of course by (1)—make it possible to
find C- minimum coverings which correspond to complete primes. Algebraicity ensures
there are enough covering intervals, and so complete primes, for the lattice to be prime
algebraic.

7 Theorem. Let L be a complete lattice. Then L is prime algebraic iff it is algebraic and
satisfies the distributive laws (2} and (3).

Proof.
“only if”:

Let L be a prime algebraic complete lattice. Let P be the ordering of L restricted to
its complete primes. By the previous theorem we know L. = L(P) so it is sufficient to
‘prove properties for L(P). We have already seen the distributivity laws follow from the
corresponding laws for sets.

The isolated elements L(P) are easily shown to be precisely the left—closures of finite
subsets of P. Suppose z € L(P) is isolated. Obviously z = J{[X] | X ciin 5 }. But the
set {[X]|X cfin z } is clearly directed so, because z is isolated, z = [X] for some finite
set X C P. Conversely, it is clear that an element of the form [X], for a finite X C P, is
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necessarily isolated; if (X] C |JS for a directed subset S of L(P) then X, and so [X], is
included in the union of a finite subset of S, and so in an element of S. Clearly now every
element of L(P) is the least upper bound of the isolated elements below it, making L(P)
algebraic. S .

Thus L is an algebraic lattice satisfying the distributive laws (1), (2), (3} and (4).

uif” .

Let L = (L, ) be an algebraic lattice satisfying the distributive laws (2} and (3).

Let z < z’ in L. Define priz,z'] = [[{y € L| z'<z |y }. We show p == pr[z,z'] is a
complete prime of L. Note first that z Lip=[[{z iy |2’ C z iy} = 2’ by distributive
law (3). Now suppose p C || Z for some Z C L. Then p= ([{Z)Mp=U{zMNp|2€ Z}
by the distributive law (2). Write 2’ = {zMp|z€ Z},sop =12’ Thenz' =z ip=
sU{UZ)=1{zuz |z €2} Clearlys C zUz C z' forall z€ Z'. Asz < 2'
we must have ' = z || 2’ for some 2’ € Z’; otherwise x = z || 2’ for all 2’ € Z’ giving
the contradiction z = [ [{z iz | 2 € Z'} = 7. But then p . 2’ from the definition of
p. However 2’ = z M p for some z € Z. Therefore p _ z for some 2 € Z. Thus p is a
complete prime of L.

That L is prime algebraic follows provided for z € L, we have z = U{pr[:c; ]|z <
' & z}. Let z € L. Write w = [ [{pr[z,2'] | z < 2’ C 2}. Clearly w C z. Suppose
w 7% z. Then, by the lemma, w C z < 2’ C z for some z,z' € L. Write p = pr(z, ']
Then p C w making zp = z, a contradiction as z|Jp = z’. Thus each element of L is
the least upper bound of the complete primes below it, as required.

Thus we have established the required equivalence between prime algebraic complete
lattices and algebraic lattices satisfying (2) and (3). W ) B | 7
8 Corollary. Let L be a complete lattice. The following are equivalent:

(i) L is isomorphic to (L(P), C) for some partial order P,

(i) L is prime algebraic, _

(iii} L is algebraic and completely distributive,

(iv) L is algebraic and satisfies the distributive laws (2) and (3).

Proof. Combining previous results. |

In the special case when the algebraic lattice satisfies a finiteness restriction we can
obtain a similar representation of algebraic lattices mentioning just the finite distributive
law (4). The finiteness restriction says every isolated element dominates only a finite
number of elements. The corresponding axiom has been called axiom F, sometimes axiom
I, in [KP, BC, W]. (This restriction arises naturally for computations. When a partial
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order models the events and causal dependency relation of a computation it is generally
true that an event is causally dependent on only a finite set of events. The associated
left—closed subsets then satisfy the finiteness restriction.)

9 Definition. An algebraic lattice L = (L, ) is said to satisfy axiom F when {y € L |
y T z } is finite for all isolated elements z € L.

10 Theorem. Let L. be an an algebraic lattice which satifies axiom F. Then L is prime
algebraic iff L satisfies the finite distributive law (4).

Proof. The “only if” part follows from theorem 7. The converse, “if” part, follows from
theorem 7 provided we can show that, in the presence of axiom F, the finite distributive
law (4) implies the infinite distributive laws (2) and (3).

Let L be an an algebraic lattice which satifies axiom F and the finite distributive law

(4)-

We show L satisfies the infinite distributive law (2). Let X C L and y € L. Clearly
| {zMy|ze X} C (UX)My. To show the converse inequality, suppose b is isolated
and b C ({X)y. Then as b C || X and b is isclated, for some finite X’ clin x we
have b C | JX'. Thus

bC (UX)Ny=bC (UX)ry -
=bC U{zMNy |z € X"} (by the finite distributive law (4))
=bC|{zNy|lzeX}

Therefore, because L is algebraic, we have the converse inequality. Combining the in-
equalities we obtain (2), [I{zMy|z€ X} =(UX)Ny.

Now we show L satisfies the infinite distributive law (3). Let X C L and y € L.
Clearly ([IX) Uy C [1{zUy | z € X }. We require the converse inequality. Suppose b is
isolated and b C [I[{z Uy |z € X }. Then b= ([[{zUy |z X NNb=TI{(zUy)Mb|
z€ X} =[I{{znb)u{yrd) | = € X }. Now b dominates only a finite number of elements.
Thus there is some finite subset X’ Qﬁn X for which {zMb|z€e X'} ={zMb|z€ X }.
So in addition, b = [[{(zmb)u(ynd) |z € X} =TI{{zMb)U(yMb) |z € X'}. Now
by the finite distributive law (4), b = ([[{zNb |z e X' uynid) = ([I{znbjz €
XHhu@nd)=JIxnbuwnd C (JIX)uy. By algebraicity we obtain [[{zLly |
z€ X} C ([IX)yy. Combining the inequalities we obtain (3).
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